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The  ivork  now  befare  the  reader  is  the  most  extensive  which  our  Ian* 
*^  guage  contains  on  the  subject,  being  (exclusive  of  the  Elementsry 

lllustrationB,  at  the  end)  more  than  double  in  matter  of  the  Cam- 
bridge  translation  of  Lacroix,  und  full  hiilf  us  luiich  a8  Uie  great  work  uf 
the  same  uiitlior  in  three  volumes  quarto.  I  state  this  because  students 
-^.^  Bre  sometimes  apt  to  be  discouraged  by  the  apparent  slowness  of  their 
progrchs,  which  they  measure  bv  the  pat^es  read,  \\ith{)ut  uny  oilier  con- 
sideration. This  extent  of  matter  is  not  due  to  fullness  uf  explanation  or 
abundance  of  examples,  but  to  n  variety  of  fubjects  exceeding  that  which 
is  usually  introduced  into  elementary  writings.  There  are  many  works 
which  enter  more  largely  into  tlie  simpler  parts,  and  elucidate  them  by 
DOte  copious  instances,  both  of  which  my  specific  object  has  prevented 
me  from  doing.  That  object  has  been  to  contain,  within  the  prescribed 
limits,  the  whole  of  the  student's  course,  firom  the  confines  of  elementary 
algebra  and  trigonometry,  to  the  entrance  of  the  highest  works  on  mathe- 
matical physics.  A  learner  who  has  a  good  knowledge  of  the  subjects  just 
namedy  and  who  can  master  the  present  treatise,  taking  up  dementaxy 
works  on  conic  sections,  application  of  algebra  to'geometry,  and  the  theory 
of  equations,  as  he  wants  Uiem,  will,  I  am  perfectly  sure,  find  himself 
ahk  to  conquer  the  difficulties  of  anything  he  may  meet  with;  and  need 
not  dose  any  book  of  Laplace,  Lagrange,  Legendre,  Fbisson,  Fourier, 
Caochy,  Gauss,  Abel,  Hindenbuigh  and  his  followers,  or  of  any  one 
of  our  English  mathematicians,  under  the  idea  that  it  is  too  hard  for 
him.  It  may  be  admitted  to  be  desirable  that  some  one  writer  should 
endeavour  to  attain  such  a  result  as  that  of  placinir  before  the  student  all 
that  is  requisite  to  juit  him  la  conmmnication  vwih  the  highe-st  investi- 
gatnrs  ;  and  it  will  readily  be  seen,  that  unless  a  very  Inrg-e  work  tudi  i  li 
were  written,  no  r^uch  result  could  be  obtaiued  without  condensation,  par- 
ticularly in  the  higher  parts.  If  nmch  difliculty  should  be  experienced 
iii  the  elementary  chapters,  I  know  of  no  work  which  I  can  so  confi- 
dent iy  recommend  to  be  used  with  the  present  one,  as  that  of  M.  Du> 
hamel,  cited  in  the  note  to  page  68 1. 
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Tlic  incthorl  of  publication  in  numbers  has  aflTorded  time  to  cousuli 
a  laigc  iuiiiMuii.  of  wriiiii^  on  the  different  branches  of  the  subject;  the 
issue  of  the  parts*  has  extended  over  six  years,  dr. ring  two  of  which  cir- 
cumstance? with  wiiich  I  lind  nothing  <o  do  8toM|ii d  nil  pr<>L'res>f.  The 
first  number  was  prcced 'tl  by  n  ^bort  advertisement,  wiiich  f  shndd 
desire  to  be  retained  as  part  of  tlie  wurlc ;  for  I  have  no  opinion  iliere 
expressed  to  alter  or  modify,  nor  have  1  found  occasion  to  depart  from 
the  plan  then  contemplated. 

The  principal  feature  of  that  plan  was  the  rejection  of  the  whole  doc- 
trine of  series  in  the  eataUiahment  of  the  fundamental  parts  lioth  of  the 
Differential  and  Integral  Calculus.  The  method  of  Lagrange,t  founded 
on  a  very  defective  demonstration  of  the  possibilitj  df  expanding 
0(j<+A)  in  whole  powers  oth,  had  talcen  deep  root  in  elementary  works ; 
it  was  the  sacrifice  of  the  clear  and  indubitable  principle  of  limits  to  a 
phuntom,  the  idea  that  an  algebra  without  limits  was  pufer  than  one  in 
>vhich  tiiat  notion  wu?  introduced.    But,  ii\(^p^ident1y  of  the  idea  of 

*  It  raay  be  convene  nt  for  Tcfcrcucc  to  stutu  the  date*  of  pttbllealiOB  df  the 
dlfibrent  Numbstt,  and  alto  iht  eomijwndiag  Nuniiion  of  the  Library  of  Uwful 
Knowledge,  eedi  Number  eoDlainiig  d2^egcB 

DiAnential  CiMus,  No.  1,  Lib.  Veeral  Kaew.,  No.  SIA,  July  15>  1836. 

No.  221,  Aug.  15,  , , 

No.  221,0  ^t.  1', 
No.  2:7,  D.c.  1, 
Na.  2J'>.  Jan.    '2,  1S37. 
No.  'i-io,  July         , , 
No.  253,  Jan.   1,  1839.  ■ 
No.  259,  April  I,  4. 
No.  260,  May    1,  ,, 
No.  266,  Aug.  1,  ,1 
No.  273,  Dec.    1,  ,, 
No.  J/G,  Feb.  1,1810. 
No-  262,  A|>ril  1,   , , 

No.  291,  lime  1, 
No.  S97,  July  18, 

No.  280.  Aug.  1, 
No.  295,  Dec.    1,  , , 
No.  296,  Jan.    1,  1841.  " 
No.  300,  Mar.  1, 
No.3«4*Aimll5,  ,, 
No.  3a9«Jaly  16, 
No.  .n2*Oct.  15, 
No.  31-1  ^Poc.    b  •• 
No   :  ?:>,  May  16,  1842. 
iv»\  i40,  JttVc    1,    , . 

The  KUmiMt.iry  IT-u-trations  were  No<..  1^5  ami  NO  of  the  Library,  and  veto 
SLneiitlly  publibh«il  on  tkc  o£  ,St9|)tem'uer,  aad  tat;  loth  ul  Nitveiubcr,  IbiJ, 
iuiQiiu^  to^elliei  64  paguii.  , 

f  bve  page  177,  uoi«. 
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Ufflits  beiog  ab«olutely  necenary  even  to  the  proper  conception  of  a  con- 
vergent series,  it  must  We  been  ob^ioue  enough  to  Lagrange  himself,  that 
all  applicafion  of  the  science  to  concrete  magnitude,  even  in  his  own  system, 
leqoired  the  theory  of  limits.  Some  time  after  the  publication  of  the  first 
nombers  of  this  work,  ftui*  diffeicnt  tiestises  appeared  in  the  French 
laogn^  an  of  which  xejeeted  the  doctrine  of  series,  and  adopted  that 
of  limits.  I  have  dierefore  no  occasion  to  srgne  further  against  the  former 
netliod,  which  has  been  thus  abandoned  in  the  country  which  saw  its 
Ihdi,  and  will  certainly  lose  ground  in  England,  when  it  ia  no  longer 
maintained  by  n  supply  from  abroad  of  elementary  treatises  written  on 
its  principles. 

The  first  twelve  chapters  of  this  work  contuin  tlie  niore  elementary 
pordona  of  the  theor}-,  cuniprising  differentiatiun,  integration,  ordinary 
development,  differences,  trigonometrical  analysis,  signification  and  use 
of  diflferentiatioa  and  integration,  diircrcntial  equations,  and  algebraical 
applications.  The  thirteenth  clui]^t»'r  contains  a  large  number  of  exten- 
sions of  the  preceding  subjects,  particuliirly  on  development  in  series 
and  integration.  The  fourteenth  and  fifteenth  chapters  are  devoted  to 
geometrical  application,  the  sixteenth  to  the  calculua  of  variations,  the 
aefCBteenth  to  mechanical  application,  the  eighteenth  and  nineteenth  to 
interpolation«  summation,  and  transformation  of  series,  the  twentieth  to 
definite  integrals,  and  the  twenty*firat  and  last  to  extensions  of  the 
aabjeot  of  difierentiai  equationa  and  to  equations  of  dtlferences.  In  the 
tbajlten  on  geometry  and  mechanica,  it  should  be  remembered  that  I  am 
not  teaching  those  subjects  for  the  sake  of  their  results,  but  only  showing 
iMnrthe  diflcrential  eahsulus  is  applied  to  them;  neither  will  therefore 
be  found  to  contain  all  that  some  will  look  for. 

I  can  hardly  expect  that  a  mathematician,  to  whom  this  subject  is 
^miliar,  will  look  tbrough  the  whole  work  to  pick  out  here  and  there  a 
theorem,  ur  a  mode  of  proceeding,  which  has  some  |*oint  of  novelty.  I 
t^ierefore  subjoin  references  to  those  parts  of  the  work  lor  which  f  liave 
not  been  indebted  to  my  knowledge  of  what  has  been  written  biiurc  me  : 
much  of  "what  is  cited  is  prokibl)  not  nev. ,  indeed  it  is  dangerous  for 
any  one  at  the  present  day  to  claim  anything  as  belonging  to  himself; 
Kveral  things  which  I  once  thought  to  have  entered  in  this  list  have 
been  since  found  (either  by  myself,  or  by  a  friend  to  whom  I  referred 
it)  in  preceding  writers.  Page  &6  :  the  differentiation  of  a'  without 
•eriei.  p,frje  179,  &c.:  the  method  of  treating  the  cases  of  excep- 
tion to  Taylor's  theorem;  not  perfect,  but  better  than  induction  from 
isitiaces ;  it  needs  an  application  of  the  theory  of  dimensions  pre- 
*CBdy  notiocd.  Page  185,  &c. :  the  proof  that  only  one  constant  enters 
<be  sohition  of  a  difeential  equation  of  the  first  order.  Page  211,  &c. : 

*  '8m  paga  68 1»  note. 
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the  ptoof  that  fzs^O  imut  have  a  root,  finite  or  iiiftnite,  if  fz 
U  alwayp  finite  for  finite  valaes  of  ar.  Paget  831^281 :  the  treat- 
ment of  aeriei  and  the  rule  of  convergenfiy  (preeeotly  extended).  A$e 
393 :  the  elementary  mode  of  finding  1 .2.3*  * .  * jt,  when  x  tn  conrider- 
able,  Pofffi  318 ;  the  method  of  aummmg  ^elected*  terms  of  a  aerice* 
Pa<fe  32 1  —327 :  the  theory  of  dtmennoni  and  tett  of  convergency  (com- 
pleie)  ilic  first  that  has  been  given.  Page  329 :  the  mode  of  treating 
Aibugast's  dcrivatiou.  Pafjc  34\  :  the  extension  of  the  theory  of  the 
signs  of  geometrical  quantities.  P^f/ye  36*1  :  tbc  extension  of  the  cha- 
racter of  a  singular  si  lution.  Pages  3*1*2,  376:  the  Application  of  the 
theory  of  dimensions  to  the  sin^nilnr  points  (  f  curves.  Patje  3SS  :  the 
notation  proposed  for  fliflfercntial  co-efficienis,  which  I  have  found  of  the 
greatest  use  in  complicated  operations.  Pago  392,  &C.  :  the  treat- 
ment of  Legendre*8  method  of  double  integration.  Page  445:  the 
generalization  of  the  axiom  connecting  rtirvc  lines  and  lurfaeea  with 
straight  lines  and  planet.  Pla^i460,  463,  466:  the  correction  of  an 
oversight  made  by  vriten  on  the  calculust  of  variations.  Page  489 : 
the  algebraical  demonstmtion  of  Euler*s  theorem  on  rotation.  Page 
561 :  the  theorem  on  the  transformation  of  divergent  developmente. 
Page  569:  the  application  of  the  test  of  convergency  to  definite  integrals. 
Page  584:  the  mode  of  deducing  logTCl+x).  Page  613:  the 
extension  of  Lagrange's  treatment  of  the  series  of  sines  to  that  of 
cosines.  Page  650:  the  proof  (such  as  it  if)  of  the  property  of 
alternating  series.  P«^^  653,  &c. :  the  mode  of  treating  Mascheroni's 
and  Bidonc*s  intci^rals.  I^e  659 :  the  extoisious  of  Spencers  theorems. 
Page  (313  :  tbc  extension  of  Abel's  tlicorcms. 

The  theorem  "which  I  have  asserted  (page  561)  on  the  transformation 
of  divergent  developments  is  one  which  niav  be  open  to  animadvcndon, 
snice  catcs  may  easily  be  found  in  which  il  is  not  true.  But  it  is  to  be 
remembered  that  it  la  not  asserted  with  respect  to  any  series  of  which 
the  invelopment  shows  discontinuity.  In  many  instances  of  exception 
which  I  have  exsanined,  I  have  alwaya  found  that  the  fonction|  frpm 
which  the  series  was  produced  (usually  a  definite  integral)  was  not  per- 
fiactly  continuous.  Some  of  these  instances  I  shall  probably  discuss 
elsewhere;  in  the  meantime,  with  regard  to  this  and  several  other 
theorems,  it  may  be  observed  that  they  are  useful,  even  to  the  student, 
as  showing  what  sort  of  knowledge  we  have,  and  what  sort  of  difficulties 
appear,  when  we  come  near  the  boundary  line  of  our  attainments  for  the 

•  I  should  he  surpri«e(l  if  this  method  were  new  :  and  yet  I  can  find  it  nowhei*. 
f  The  vety  iem;uk;iMo  property  of  the  c. denary  lu  page  474  L«!  not  original:  I 

have  been  Hifotmcii,  :iiucc  it  was  printed,  that  it  ia  to  b«  (bund  in  a  paper  o£ 
IL  Ampire,  but  I  cannot  give  tlw  rsfiesHwe^ 

I  Wksnsvsi,  then,  the  theswBs  bsbnnd  to  bstme^  it  kasgood  an  svidcaes  as  we 
hats  that  then  u  no  diseondaoity  in  that  etis  s  and  the  contniy. 
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tte  ^ii^f*    A  disfiMjtiopi  sometimes  appears  to  reject  |iU  that  o£krt 
im-diSculty,  or  6am  QQtglvc  all  its  conclusions  without  any  trouble  in 
mwinitjiffi  of  lypiiept  contwdictiop^.  If  by  thii  il  be  moant  that  nothing 
4>pU  W  papnioently  mad^  and  implioitly  truited,  which  ia  not  tnaa  to 
the  Ml  aiteol  of.  fh»  aanrtion  made^  I,  for  one*  ahould  o£Eer  no  oppoii- 
lifln  to  an  ntional  a  couiae*  Bnt  if  it  he  implied  that  nothii%  ahould  be 
pndveed  to  the  atndent»  with  or  wiAoiit  warning,  which  eannot  be  on^ 
dmtood  in  all  its  generality,  I  should,  with  deference,  protest  agaioat 
8  restriction  which  would  tend,  in  luy  oplniuu,  not  only  tu  give  false 
views  of  wiial  is,  ucUially  knowji,  hut  to  stop  the  proajresa  of  discovery. 
It  19  not  true,  out  of  geometry,  that  the  mathematical  sciences  arc,  tn  all 
their  part^,  those  models  of  Enisbed accuracy  which  many  suppose.  The 
extreme  boundaries  of  analysis  have  always  been  as  imperfectly  under- 
wood ai  the  tract  beyond  the  boundaries  was  absolutely  unknown.  But 
the  way  to  enlarge  the  settled  country  haa  not  been  by  keeping  witldn  it, 
but  by  makii\g  voyagia  ^f  discovery,  and  I  am  perfectly  convinced  that 
the  student  should  be  exercised  in  this  manner ;  that  is,  that  be  should 
beianght  how  to  eiamine  the  boondary,  as  well  aa  how  to  cultivate  the 
iatarior,   I  he? e  flierefwe  never  acrapled,  in  the  latter  part  of  the  work, 
to  nee  methods  which  I  will  not  call  doubtful,  because  they  are  pre* 
aeoted  aa  nnfiniahed,  and  became  the  doubt  la  that  of  an  expectant 
leiner,  not  of  an  unaatisfied  eritie.  Experience  has  often  shown  that 
the  defective  oonelusion  has  been  rendered  intelligible  and  rigorous  by 
peneTering  thought,  but  who  can  give  it  to  conclusions  which  are  never 
iJlowed  to  come  before  him?    The  effect  of  exclusive  attention  to  those 
par^s  of  r.iut hematics  which  ofi'cr  no  scope  for  the  discussion  of  doubtful 
points  is  a  disita?te  for  modes  of  proceeding:  which  are  absolutely  necca- 
»*nr  to  tliL'  t  \t(  Tisi()n  of  analysis.    If  the  cultivation  of  tlic  higher 
p^rt.s  of  mathematics  were  left  to  persons  trained  for  the  pur]>o«!e,  there 
nnght  be  some  show  of  reason  for  keeping  out  of  the  ordinary  student's 
reach,  not  only  the  unsettled,  but  even  the  purely  speculative  parte  of 
the  abstract  sciences ;  reserving  them  £or  those  persona  whose  business 
it  would  then  be  to  render  the  former  clear  and  the  latter  applicable. 
As  it  is,  however,  the  few  m  thia  cbuntry  who  pay  attention  to  any  diffi- 
colty  of  maihematica  for  its  own  aake  come  to  their  pursuit 
thnmgh  the  caaualttea  of  taste  or  circumstances ;  and  the  number  of 
Mch  eaaualties  ahould  be  inereased  by  allowing  all  students  whose 
capscity  wiU  let  them  read  on  the  higher  branches  of  applied  maihe- 
matics,  to  hare  each  hfs  chance  of  being  led  to  the  cultivation  of  those 
parts  of  analysis  on  which  rather  depends  its  future  progress  than  its 
present  u?e  m  the  sciences  of  nmlter. 

There  is  one  subject  on  which  I  have  not  touphed,  tliai  of  elliptic  func- 
UoHs.   To  carry  these  int^;rals  down  to  the  actual  computation  of  re- 
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STilts  would  refjuire  almost  a  work  of  itself,  and  anything:  sljort  of  this 
would  be  of  little  use.  Writers  on  applied  raaiheiuaUcs  will  probably, 
for  some  time  to  come,  feel  obliged  to  utume  little  or  nothint^  of  ellip- 
tic fanctions,  l)ut  to  ineofpyit^  in  jlhc^r^^ewjpal  works,  the  full  oonsi* 
dcntioD  of  such  properties  as  they  shall  have  occasion  to  use.  There  axe 
aeveml  qtherv^ftached  branches  of  th^  inU^jral qUpiil|if..|vluicb n||rif{^^ece8- 
sanly  be  completely  (tontflficd  ia  t]|t:tttl^8e(»  l«>,wfaidi  tliey  tie  applied, 
eocli  as  the  equations  of  the  plsnetaiy  theory,  Ltplace*s  luDclioiii,  as 
they  are  called,  and  some  others.  On  these  of  couiae  I  have  not  touched. 

Smce  this  work  commenced,  Mr.  Gr^ry's  ezamplea  have  been  pub- 
lished, contaimng  mstances  of  all  the  latest  and  best  modea  of  treatmg 
the.det»iii«f  llie  diftnenlialjmd  integral  calcvhia.  I  nkoM  «trQi^ly 
recommend  the  veader  o^  this  w«urk  to'  use  Iheao-  eiamples,  ss  wciU;f  a 
those  (if  he  can  get  them)  jointly  pnblislied  by  Mes^tv.  Feaeoeki  He#- 
schel,  and  Bahbage.  A  large  quantity  of  examples  is  indispensable, 
ami  the  Kngli-h  bUidtiit iuiLuiialc  lu  tiicfuU  iiup^ly  wbicii  ^  uouiiaued 
in  the  works  iilludi d  lu.  '  ^ 

Tlie  Inrgeuess  of  the  table  of  Errata  may  convey  a^i  ini})rr^>um  that 
the  work  is  incorrectly  printed  or  revised,  which  is  not  the  rnse.  If 
every  niiithematica!  work,  at  its  completion,  had  the  frtiits  of  some  years 
of  examination  presented  to  the  reader,  I  know  of  none  whicli  would 
not  have  lists  as  large  in  proportion  to  their  dizfi  and  the  number  of 
symbols  contained  in  them,  as  the  presoot  one.  I  have  reason  to  think 
that  every  erratum  of  importance  in  the  more  elementary  portion  of  the 
work  Is  in  the  list ;  and  that  those  which  may  yet  remain  in  the  later  part 
are  not  of  much  consequence.  But  I  shall  be  much  obliged  by  the  com- 
mimication  of  those  ad4itiona]i  0Q€S  which  may  he  disooyered  by  any 
reader,  as  also  by  a  reference  to  any  writer  who  may  have  goneWore  me 
OB  any  of  tiM  pouMa  to  vhiak  I  have  dinctcd  «IAeRtttiL  inilha  pHoedPg 
j[isrt  of  this  preface. 

Ihmrtily  College,  LondQfiy  '         A.  Dii  MqacAN.  i 

JJfay  2, 1842.  .  •  i 
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ji,.         t   INTRODUCTOKY  CHAPTKR.  ^    ^  . 

Ineicactoen  of  ordinary  vicwf .  Msthemitkal  n<«  of  l^e  words  itnsll  And  gnB4t 
(yp.  4--8>.  NotioB  of  a  /imt  (8^1  !)♦  Use  of  0  as  the  n^-mbol  of  a  limit  (1  \ — 13). 
£x|i|anatMQ  of  near/y  r^Ma/ (13 — 16)^  Small  quantitii>«  not  nearly  e<)u&l  bccauM 
fnall  (16j  17).  Absolute  use  of  nothing  and  infinite  avoided  (IS,  19).  Method  of 
«lcmocst ration  employed  (20—22).  Rough  kind  of  DifloreoHal  Calculus  (22—23). 
Vse  of  the  ^rra  ift/nitt ft/  smal/  {t5'^27).  F^trther  ro<i{^h  appHcations  of  the  Dif* 
fereutial  Calculus  (27 — 29).  A  case  of  the  Inte^;ral  Cakuhim,  the  atea  of  the  paKt* 
bola  (30 — 33).    Slight  notice  of  ditVereiit  methods  iji^,  34). 

TLia  chapter  contains  ae  much  of  ex]to&ition  of  the  priuciples  of  the  Diffeteotial 
.Calculus  as  caa  easily  be  made  vritbout  recourse  tu  algebraical  uxpreastiou!!.  Tho 
&tudeQtis  particularly  recommended  to  leave  no  uncunqnered  difficulty  behind  him  in 
this  chapter,  which  embudtes,  aji  far  as  sxich  a  chapter  can  do  it,  tho  princt^tles  of  all 
the  revt  tT  the  work.  The  articles  Infinttet  Limits  Diffrrentiat  Cntouhttr  in  the  Feony 
Cyeli>]'a3(lia,  may  be  trad  in  coonvaton  with  it,  and  the  EUmMiarg  UluUrationSf 

 Chapter  I. 

'  '  Oy  THE  FROCESSKS  OF  DIRECT  DIFFERKNTIATION. 
•j.r  '»",   : —  

Rtrfciea  »ow  bivyFjigimAtwq.*^The  fundamental  eKpreesieos  of  algebra- (3$,  36). 
The  sum  or  tlitl'frence  of  two  fiinctions  (36).  A  function  nuiltiplied  by  a  c>'n>tant. 
a  product,  »  fraction  (37).  The  product  of  more  than  two  functions  (3^).  A 
fun'cfioo  of  a  finctton  (38).  Examples  (39).  SymbolKral  recapitulation  (39,  40). 
Succes&tre  dititreutiation  (40,  41).  Further  examples  (41,  42).  Examples  for 
practice  (43> 

*,*  This  chapter,  with  respect  to  the  algebraical  processes  peculiar  to  the 
differential  calculus,  stands  ia  the  same  position  as  the  former  with  respect  to  its 
principles. 

Chapter  If. 


ON  THE  GENERAL  THEORY  OF  FUNCTIONAL  INCREMENTS  AND 

niFFERENTIATION. 

Definition  of  ordinary  and  BinRular  values  of  a  function ;  between  any  ordinary 
aud  singular  value  an  infinite  number  of  ordinary  values  can  be  found  (44,  45). 
Law  of  continuity  of  value  and  of  continuity  of  form  (45,  46).  Tmborsm. — 
Between  a  and  a+A,  however  small  A  may  be,  must  lie  values  of  x  for  which 
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^  Cj-ff)  — ?jr  divitlid  by  6  has  a  finite  limit  when  (  dimiuiiihes  without  limit  (46, 
47).  Definition  of  diffeientmt  corffictent  (48).  Lemma  referred  to  in  the  preceding 
thgorem  (4S,  49>  Elucidations  of  tho  dilTorcutial  coffficieDt  (49).  The  limit 
of  a  fmiction  is  the  same  function  of  the  limits  (30  i.  Notation  of  Differen- 
tial Cuefficient^'*  (')(').  Diy vEnEWTiATiojf  —  of  sum  or  difference  of  func- 
tions (50);  -  of  a  constant  (51) ;  —  of  the  product  of  two  or  more  functioni  (51); 

—  of  a  fraction  (62).    Considerations  connected  with  the  inversion  of  functioni 

/  mr%\  d^  '^"f 

(53).    Dtivtflopinent  of  the  noeaning'of  — .  — -  k  I,  and  statement  of  its  points 

of  difficulty  (53,  :54).     Meaaing  and  proof  of  ^  =  ^.  ^  (64,  55).  Diy- 

FEiiKNTiATiON  —  of  j"  (55,  5G)  —  of  fi^,  and  why   left   incomplete  (56,  57)  ; 

—  of  lo^  X,  sin  r,  cog  r,  tan  x,  sin  Kc,  cos  ~'.r,  tan  -^x  (57,  58)  ;  —  of  functions  of 
the  preceding  elements  (58,  59).  Common  formulce  of  trigonometry  in  inverted 
forms,  and  consideiationa  connected  with  thtm  (59,  60).  Examples  (GO,  61). 
Primary  notation  of  successive  differentiations  (61).  Partial  difl'ereutial  coefficients 
(61,  62).  Specitic  equation  bet  ween  the  partial  differential  coefficients  of  an  arbitrary 
function  (G2>.  Formation  of  ditfi.reiitial  equiitions  independent  of  an  arbitrary'  constant 
(6'^,  63).  Decrees  of  inUe(erminaiene$$  in  functions  of  more  than  one  Tarialile,  and 
further  relatiuna  between  partial  differential  coefficients,  independently  of  tho  h|)ecific 
function  used  (63,  64).  Convertibility  of  ^differentiation  and  specification  of  con- 
stants (64).    Some  observed  rtiaults  of  differentiation  (65). 

The  object  of  this  chapter  is  the  investigation  of  the  results  of  differentiatiou 
without  any  assumption  of  the  expansion  of  any  function  in  an  infinite  series.  The 
point  left  unfinished  is  taken  up  in  page  76. 

CllAPTEa  III. 

ox  ALGEBRAICAL  DEVELOPMEXT. 

Special  exceptions  in  the  values  of  difierential  coefficients,  answering  to  singular 
values  of  the  function  (65,  66).  Tukoukm. — If  neither  ^  nor  f'x  become  infinite 
(or  otherwise  singular)  between 'xrra,  and  x—a-^hy  the  e<|uation 

is  true  for  some  value  of  less  than  unity  (66, 67).  Theorem. — If  ^j-,  f'x,. . .  ^(''-♦•Ox 
and>|>jr,         « .^^"'♦•'^j;  have  no  singular  values  from  jr as g  to  3*= a -f^  and  if  pn*^0^ 

'4,a=d,  if  gzzO, '^'a={) . .  .,pi")iir-{)^  i|^"''q  -^0,  and  if  ^^.r,         .  all  increase, 

or  all  decrease,  from  j^h  to  x— i^«-f-A)  :  the  e(}uation 

f(a^h)  (-H)(a  +  M) 
■i(a-^h)  ^/-(•+»)(a-hM) 

can  be  made  true  by  a  value  of  i  less  than  unity  (68»  69).t  Common  proof  of 
Taylors  Theorem  t  ^70).  Proof  of  the  same,  with  Lagrange's  theorem  expressing  U)e 
remainder  after  a  given  number  of  terms  in  a  finite  form  (71 — 73).  Applications  of 
Taylor's  Theorem  (74,  75).  Completion  of  the  result  left  unfiiushed  in  the  preceding 
chapter  (76).    Statemcot  of  a  question  left  for  consideration  in  the  next  chapter  (76). 

*»*  The  object  of  this  chapter  is  the  development  of  algebraical  functions  under 
luch  restrictions  as  to  the  use  of  infinite  series  as  will  enable  us  to  defer  the  general 
consideration  of  the  difficulties  of  such  series  to  a  later  (leriod  of  the  work. 

*  £/tm.  Jihat.,  pp.  13—15.       t  Appendix,  p.  767.     %  Elan,  I/lust.,  pp.  9—11. 
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5  .  CnATTER  IV. 

CALCULUS  Of'  TtmTV.  niFFKRRNCKS. 

Minner  of  forming  successive  differeucea  ;  use  of  the  symbol  A  (y^).  Kx|  ression 
of  differences  by  means  of  Urms,  and  th«  couvLTse  (78,  79).  Limit  uf  A""  :  (  Ax)* 
iithewth  differeatial  cotifficient  of  u  (79,  bO).  Notation  of  diflertiuial  cuefficient 
'  Mode  of  supplying  any  term  of  a  series  ;  u^canin^j;  of  A~^  ;  of  ^  (^2). 

Geoef il  ttrm  of  a  series  (^3  ;.  DitTereiices  of  a  rational  and  integral  fuuction  (83, 
%\).    Formula  of  summation  (S4j.    Limif*  of  S  ("-j-  Ij^  :  /<p^' 

%*  This  chapter  contains  those  parts  of  the  calculus  of  finite  differences  which 
are  most  esseatial  to  the  early  stages  of  thu  di^eieatial  calculus. 

Cbaptkr  V. 

ON  IMPLICIT  DIFFERENTL\T10N. 

Distinction  of  explicit  and  implicit  (85).  Exteusiouf  of  the  notation  of  diff.  co. 
f86j.  Two  or  more  independent  variables,  differentiation  (86,  87).  Implicit  rela- 
tions fcubaeguently  introduced  (87»  88).  Moile  of  tabulatiti^  the  manner  iu  which 
did.  CO.  entera  '  89).  Final  rule  [90).  Instances  (91— 94).  Distinction  of  total 
sad  partial,  explicit  and  implicit  (94,  95).    Instances  (95,  96). 

%*  This  chapter  contains  the  development  of  differentiation  under  implied  as  well 
as  expressed  relations  ;  a  subject  which  is  frequently  not  made  a  separate  head,  but 
treated  iucid entail/,  as  it  arises. 


Chaptbr  VI. 

MKANINQ  OF.  AND  PROCESSES  IN.  INTEGRATION. 

Primitive  function  (97).    Instances  at  length  of  the  summation  in  which  inte- 

yatioa  consists  (97,  9$).  Snmmatorij\  definition  of / ^xdx  within  given  limits  (99). 
Coaaexioii  of  the  primitive  function  with  ffxdx  defined  aa  the  limit  of  a  summatiuu 
(100).  In^taucea  (101).  Application  of  infinitCHimal  language  (101)'  Summation  which 

fpres  f^xdx  conducted  by  unequal  increments  (102).    Connexion  of / fx  —  dt  and 

ifxdx  (103).^  Why  intfgration  is  not  always  possible;  transcendentaU  (104). 
Siiople  uaiverfcal  integral  formula?;  formula  of  parts  (10"').  Instances  (IU6). 
Cuniequences  of  neglect  of  the  conytanl  (106^'.  Instances  of  formula  in  p.  103 
(U'7).  Instancea  by  parts  (108 — HI).  Fundamental  rational  functions  (112). 
Tr.i:isition  from  trigonometrical  to  logarithmic  form  (113 — 115).  Irrational  forms 
of  the  M.'cund  degree  (llo,  116).    Instances  of  definite  integrals  (117). 

%*  This  chapter  is  here  placed  that  the  elements  of  the  integral  calculus  may  be 
studied  at  an  earlier  period  of  the  course  than  is  usual.  The  integral  f  <^ds  is  con- 
sidered in  a  twofold  manner:  1.  In  the  form  in  which  it  is  usually  obtained  as  a 
result  of  ^Geometrical  or  mechanical  conceptions,  namely,  as  the  limit  of  the  summa- 
tioD  denoted  by  2fx Ax.  2.  In  the  manner  in  which  it  must  always  be  obtained  in 
practice,  nainely,  as  the  primitive  function  of  fx. 

*  Eiem,  lUust,^  pp.  31—35,  and  43—45. 
i  I6uL,  pp.  35— 41,  and  4G — 53. 
X  Jbui,  pp.  57 — 64. 
^  jjpptndtxt  p.  767. 
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CiiAPTKn  VTT.   -  .•■  ■' 

TRIGONOMETRICAL  ANALYSIS. 

Series  forthe  sine  and  cosine ;  their  convcrgency  (1 18).  i*v'~'sCQgx-t"  winarV—i, 
and  de<tiictions  (118,  119%  Cunnfatiou  of  the  circular  and  hyperbolic  iuuctionii 
(ll'J — 121).     K\^i:uisi  n  of  cO'>''t?  aiul  sin"    (1^1  —  Kxiiaai>ioa  of  f  from 

tag  tan  i  (\  24).  Verification  of  the  preceding  (1-5).  De  MoiTre't  Theorem 
(125.  120).  Extension  of  the  los-^riihmic  tht  ory  (126.  127).  Roota  of  umt>  (127 
— 130).  Renohttion  of  1  ;  (y*-H),  (130,  131).  Caution  required  in  taking  general 
logarithms  (131). 

%^  This  c1ia[>ter  is,  as  such  a  chapter  in  the  heart  of  a  work  on  the  Differential 
CalculiDt  miiiit  alwiiys  be,  for  those  ouly  M'hose  previous  trigonometrical  studies  haye 
not  bren  so  extensive  as  migltt  hiive  bocn  wished.  The  article  Srgativc  and Impo4- 
sihie  Quantiiies  in  the  Fenny  Cyclupaedia  may  be  usefully  read  in  connexion  with  it, 

CtlAPTEK  VIIT. 

ON  THE  MEANING  OF  DIFFERENTIAL  COEFFICIENTS.  AND  ON 
THE  FIRST  PRINCIPLES  OF  THE  APPLICATION  OF  THE 
KCIKNCE  TO  CtfcUMETRY  AND  MKCHANICS. 

The  ditr.  co.  considered  with  reference  to  its  sign  only ;  strict  theory  of  maxinaa 

and  nniniroa  (131  — 133).  Common  theory  (133,  134).  The  diffl  co.  considered 
with  reference  to  its  m.igiiitude'^  ( 13  1.  I  Jj).  Terms  to  be  consiilercil  (13.j,  1>Q). 
/Ji>g^/<"/i,f  tangent  of  a  ciirvf  (I3t>,  137).  Cunaturr,  circle  of  curvature  (137 — 139). 
Lengthfl  arc  of  a  curve,  (1 10,  141).  .^rra,  of  a  curve  (141,  142).  Stih</tty  or  toiume 
deferred,  see  afterwardu,  pp.  3'JO.  44C.  (142).  DtntUy  (142,  143).  VetocUy  ( 1 43— 
145).  F'-'fCf,  i.  c.  acceferatton  (145,  146).  GentT.il  reiruirks  on  these  terms  (14*^ 
14S).  Remarks  on  the  c  ise  on  which  either  is  negative  (14'J,  150).  Two  iu^pnrtnnt 
cases  of  motion  (loU,  ial). 

Tbi»  chapter,  by  briug'tng  together  the  funtlamental  conceptions  of  the  applied 
»eleucc8,  is  intended  to  t»how  the  le&euiblance  of  the  modes  by  which  the  Diilereutial 
Calculus  if  applied  to  them  severally. 

CllATTER  IX.  ,  , 

ON  THE  CONNEXION  OF  DIFFERENTIATIONS  OF  DIFFERENT 

Connexion  of  ^  ■"^  ^  (1*^ — M'i).   Integra  ion  of ^      "  (153,  154).  Intt- 

ffrationof— +M  =  »^  (155,  156).  Connpxion  of  ; — and —  as  far  as  n  =  5  (IhG. 
"  i/y*  dx*       dtr  ^  ' 

157).   Application  to  th«  reversion  of  series  (157,  158)..    Difllrenilations  of  u  with 

rrtipect  to  jr  when  both  u  and  x  arc  functions  of  t  (158,  IM).   Remarks  on  the  case 

of  several  independent  yariaMcs  (I'^^'.  DiflVrencts  with  two  in Jt- ;MiniUnt  vaiiablcs 
(160).  Kxtension  of  the  notatiuu  of  tlitfl  co.  to  two  or  more  variables  (lf>l.  \C>'2). 
Extenaiuu  ufTajhr'*  theorem  to  two  variables  (1G2,  1G3).  P^inciple^^  «>f  thecal" 
cuius  of  operations  (163,  164).   Expression  and  extension  of  Taylor's  theorem  hy 

*  E/fm.  IHutt.,  pp.  53—55. 

t  Ihid.,  pp.  18—20. 

:  IhiU.,  p.  20. 

{  ApptndtXf  p.  767. 
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that  calai!ti5  (164,  T65).  Meaning  of  A''^^jf  (IG5).  Expression'  of  a  Jiff,  co.  by 
difftrrncr*,  am]  verification  (lf>6}.  Inversiun  uf  tliflVrentiatiou  ami  John  BernovilU'g 
theorem  (167,  1681.    I>\place'sanJ  La^ran};c's  theoremg  with  instances  (168 — 171). 

%*  This  chapter  in  miscellaneous,  comprising  what  arc  commonly  called  the 
rhan^  of  the  independent  variable,  the  method  of  parameter*,  the  extensioa  of 
Tv^lsr't  t&eomn,  tlie  separation  of  the  symbols  of  operation  and  quantity,  aad 
Lairan^'s  theorem.  On  the  separation  of  the  symbols  of  operattoa  and  quantity* 
the  studrot  who  has  read  the  article  Negative  and  Imposstb/e  QuantUie*  in  the  Penny 
Cjcloppdia,  may  further  consult  the  articles  Oration  and  Htiation  in  the  tame 

OX  SINGULAR  VALUES. 
Collection  of  singular  forms  (172).   Discussion  of     and  examples*  (173,  174). 

OXgand^  (174).    0^,  a^  1**  (175).    Failure  of  Taylor's  theorem  (176).  First 

(ind  Imperfect)  theory  of  dimensioos  (177 — 181).  Applications  to  the  ordmary 
tiewof  the  failure  of  Taylor's  theorem  (181,  Detection  of  multiplicity  of 

uimsio  a  d>E  cu.  (Ia2,  1&3). 

*«*  The  theory  of  dimensions  here  given  is  imperfect,  ea  farther  explained  ia 
Rigfs  320—323. 

Chapter  XI. 

ON  DIFFERENTLAL  EQUATIONS. 

Tedtaical  meaning  of  the  term  differential  equation  (183).  Deduction  of  some 
fifffrentiAl  equationi  (183,  184).    Not  more  than  one  constant  can  be  eliminated 

bitneo  U»Ol,a»d  ^*"0  (184 — 186).    Remarks  on  syrobolic  imitation  of  actual 

pfoce»etfl^)i  "  Lagrange's  notation  (1&7).  Criterion  of  u  being  a  function  of  x 
indy  only  through  p  (187).  One  diff.  equ.  cannot  have  two  dihtinct  primitivya  with 
Kbit:ary  constants  (187,  1P8).  IIow  ningular  solutions  nrise  (lb8).  Singular 
tjlutiaa  ilgJuced  Uom  the  piimitive  function  (199,  ll)0).t  Singular  aolution  deduced 
^cm  the  differential  eguatioo  (190—193).^    V'nriotw  integrable  forms  of  tlifT.  t^ju. 

1%).  Complete  integraiion  with  two  Vitriables  (196,  198).  Independence  of 
th<  order  of  differentiation  and  integration  to  diH'erent  variables  (197).  Remarks  on 
'iigcreotijla  (198).  A  general  attempt  to  find  the  integrating  f.ictor  Icadt  to  a  partial 
<iJereatial  eqtuition  (199).  rfu  =  VV/N  implifg  that  u  and  V  are  functions  of  N  (199, 
W).  Criterion  of  intt-grability  (200).  Simultaneous  equations  (iUl).  Criterion 
ciBQltaneous  dependence  (201,  202).  Partial  diff.  equ.  of  the  first  order  and 
iegrw (iOi— 205).^  General  theorj-  of  arbitrary  constants  (206, 206).||   Criterion  of 

MtejrabilityinP.^+Pp-i^^j +...  (206,  208).    Use  of  this  criierion  in 

iate^ratloa  (209,910).  Linear  eqnatkms  (210— 213).  Equations  of  higher  degrees 
tiua  tbeficst  (213— 21d>4{f 

V  Thfi  subject  will  be  resumed  in  Chapter  XXI.  But  the  real  extensions  of  the 
R^ect  of  diff.  equ.  are  made  in  works  on  gpraTitation,  heat,  &c. 

*  Appendix^  p.  770.  ^  Apprndix,  p.  771. 

f  /AtJ.,p.  771.  l[  Jhtd.,  p.  77L 
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Chapter  XIT. 

FURTHER  APPLICATION  TO  ALGEBRA. 

Maxima  and  minima  of  functions  of  two  variables  (2 IG).  Conjugate  functions, 
iheanin};  P  and  Q  in/(j+y^- l)=^P-fQA/- 1  (217).     Every  function  fz  in 

which /^r  JofN  not  become  infinite  for  aiiy  finite  Tiilim  of  z,  must  have  a  root  (217 
—219).  Sturm'a  theorem  (219— 222).*  Conver^'o^cy  of  »criysf  (2'J2, 'i-23).  Suc- 
ceasive  Bubsiitution  (223,  224).  Expreasion  of  <Iq4'<*i^'4"' •  •  hy  ditfere pcca  of  ap 
(22-1,  225).  Various  analogous  cxpregsioiis  (225).  Theorem  ou  series  of  alternate 
Bi^ti  Serifa  Jfrivable  from  ^x-=iir-\-ix^iiX  auJ  digcoiitiiiuity  tiometime» 

found  in  them  (227 — 230).  Theory  of  ordinary  scries,  and  consideration  of  the 
question  of  disconiinuity  (230 — 234).  Convcrgcucy  of  seriei  (234 — 238).  Em^rei- 
sion  of  ab-^(i)byX-^,. ,  by  means  of  a^a^x-{■ . . .  and  'examples  (239.  240).  Proof 
of  the  last  by  the  method  of  opfrations  (210,  241).  .Applicdtion  to  trigonometrical 
series  (211 — 244).    Developments  by  Taylor's  theorem  into  trigonometrical  serica 

(m 

The  theory  of  eonvergency  here  given  is  only  partially  true  :  it  is  talicn  up 
ngaia  and  mode  unireisal  in  p.  32o. 

Chaptkr  Xlll. 

MISCELLANEOUS  EXAMPLES  AND  DKVKLOPMKTrS. 

(This  Chapter  is  divided  into  Articles,  to  which  the  references  are  made.) 

Difftrentiatiofu  and  fxpamiom  (pagei  245 — 253)  t—L  Differentiation  of  Pi*. 
2.  Difierentiation  of  PQ.  3.  Differentiation  of  P"*Q".  4.  Differentiation  of 
P^Q-".  5.  Differentiation  of  i*'.Q.  6  aud,7.  Differential  equation  of  y«rxf(cx). 
8  to  14.  Elimination  of  arbitrary  functions.  15.  Expausion  of  tan  x.  16.  Expan> 
won  of  *:(•'- 1)  ;  Bernovillrs  numbers.  17,  Expansion  of  1 :  (I'+l).  18.  Expan- 
Sinn  of  tan  x  by  Bernoulli's  Dumbert.  19.  Tlie  fcamo  of  cot  x.  20  and  21.  £«- 
pan»ion»  of  2:(i*4'«"')  and  sec  jr.  22  and  23.  Expansions  of  2jr:(»'  — |-')  and 
coiec  X.  24  and  25.  Approximations  to  arc  from  chord.  26.  Expansion  of  i  in 
ip(jf^h)=tpT-\r^{x-\-ih).h.  27.  Expansion  of  x  in  terms  of  sin  x.  28.  Series  Tor 
\m:  29  and  30.  The  last  series  proved  convergent.  31.  ^  in  terms  of  co«  x.  32. 
X  in  terms  of  tan  x.   33.  log  oin  i  and  log  cos  x  in  terms  of  .r. 

Differtnoei  (pages  253--266).  34,  35,  36.  Differences  of  sin  x  and  cos  x.  37. 
Diffi^renct's  of  0"*.  38.  TaplkI  of  these  differences.  3'j.  x*"  in  terma  of  0".  40. 
German  notation  for  factorials.  41.  Fmding  uf  Xr"*.  42.  Ueductiuu  of  .t**  to  fac» 
toriaU.  13  and  44.  Law  and  calculation  of  the  dillerences  of  nothing.  45.  x** 
in  descend in^;  facturiaia.  4S  to  j.3.  i)tfference8  and  »ums  of  facturia'i»  and  reciprocals 
of  factoriala.  56  to  .>'J.  General  expresiona  of  the  ditlerence»  of  nothin};.   60.  (i'—  1>* 

in  powers  of  /.    Finding  of      n  '^-^  ,.,.(0t  and  development  of  x ;  log'  (I  -f-x). 

62.  A"fr  in  terms  of  fV,  ^y.  See.  63.  Inversion  of  the  la&t.  64.  Development  of 
(1-f  .j".    63.  Development  of  the  nth  power  of  lug  (I-f  .t)  :  x.    GO.  i'inul  ex- 

pression o\  ^^J"*  by  OBeans  of  ditferencfs  of  G7  and  GB.  Definite  integratton 
by  means  t4  ditterences.  69  and  70.  Summation  by  means  of  integratiog  aod 
differentiation. 

Impiicit  Ihftretttmtion  (pnges  26G.~261)}.    71  to  76.  Examples. 

*  Appendix,  p.  772.         f  EUm.  J/luit.,  pp.  9,  10.  I  Appendix,^.  773. 


xif 


/n/eyratum  (pages  269—295).  77  to  79.  Diff.  co.  of  (x-fl)  px  and  S(jr-o)'"fjr 
yheo  x  =  a.  80  to  90.  Rfeductioa  of  fractioos  into  suma  oF  more  Bimple  frnciiong. 
9l)  to  &3»  Cdse»  of yU"*(o-f-^)*<^''''  to  96.  Ratiunal  functionst  (simple  instoncen). 
^T.A^djr  id+x*),  98.  fOof^  syx^dx,  99. /(ij :  (a --j-r")'.  10l>.  Rodnction  of 
J^',U  :  [a'+jr  ]-.  101  to  103.  Rodudiom  ol'/j-'(At^  + .  10-1.  Reduction 
of /.frA-f-Bx-t-Cx-JVj.  103  to  IPS.  Rcductiog  of /sin*"  ^  cos  V/^),  in  variuuK 
^»*»»»  of  ultimate  iotegr»\  forms.    110.  MigcelUueouB  reductiorm. 

in  to  113.  Seftral  gimple  reductions.    l\4.  /ilP:(a+b  eon  f).    H5. /./.i- :  (1-f  t'). 

1 1&.  R<;ductioas  of  form.  117.  Motiomial  irraMoiial  fmicfions.  1 18  and  I  I'J.  Sciu^h 

from  integratioti  by  parts.  120  and  121.  Applications  of  tct^unomHtrical  aimpliH- 
caiion  to  integration.  122.  Occasional  entrance  of  differeut  coustauta.  123.  Da- 
finite  integration  by  paits.  124.  nin -4d4,  1*25  and  126.  Approximation  to 
I.i.3...».  127.  Application  of  it.  128. r-'Vj-.  129  to  135.  Even  and  odd 
ftioctioaa,  and  chanf^es  of  the  limits  in  integration. 

Maxima  and  Minima  (pag^t  295 — 303).  136  and  l37.  Diacuwion  of  (a-f 
13f).  Diacuaaion  of  cos  x-\-a  sin  j*.    139 'and.  140.  Diacusaion  of  cob  (oj-f"^)*  co< 
(a'x-f  A').., .    141.  2A  coa  (al-fo)  must  have  a  root.     142  and  143.  Other  ex- 
amples.  144  to  152.  Geometrical  applications. 

i>tv€l»pmetft  4H  fffftcra/,  Cafcu/iti  of  Oprration$  (pe(|fe§303 — 320),  152.  Burmann^a 
theorem.*  153.  Expangion  of  in  powers  of  ^x.  154.  Deduction  of  Laj^range'a 
ttforom.  155.  Kxpan^iion  of  <p-'.r  in  powerii  of  .r.  156.  Reversion  of  series,  carried 
farther  than  page  156.  157.  Altered  form  of  the  t^eries  in  153.  158  and  159. 
Simple  examples  of  the  calculus  of  operntions-  160-  Her^chel'a  theorem.  Expaosion 
<>f  m  powers  of  J.  IGl.  The  last  reduced  to  g  ^(1 -f  A) -t''-  162.  Com))arison 
ot  Burnajuu's  and  Her^chel's  cot-fficiont.  163  and  10  1.  HeruouHi's  numhers  in 
twrna  of  the  differences  uf  nothing.  165.  Kxpantion  of  coa  jet')-  106  to  1^18. 
Conjcquencea  of  Herscherg  theorem.  169.  Expression  of  a  linear  function  of 
difTcrences  an  a  ftmcticm  of  diff.  co.  170.  Expression  of  a  linear  function  of  succes" 
t;ve  valuea,  as  a  function  oT  difl'erencea  or  uf  diff.  co.  171.  Expression  of 
fi-r  +  \ )  .ti-}-...  in  terms  of  i^.r,  t'j,  ^<^-  17'2.  Finite  sumtnatioii  with  terms  of 
alternate  Sign  by  means  of  diff.  CO.  17J.  Example  of  the  last.  174.  Another  form 
of  ?vr-^fi>-^l).  o-f . . .  175.  Another  form  of  ly,.  176.  Sj-"  and  Sj-'.  177. 
Slog  X  and  more  correct  approximation  to  1 .2.3. . 178.  aiAu,  —at  Ac. 
ar.d  afr-^'up'x.h+ . .  .  in  terms  of  ifr,  and  ^(j-f^^,  <p^(T-f &c.  179.  A^J^ 
mtt-rtin  uf  receding  difTerences-t  180  and  ISL/y^r/x  in  terms  of  receding  difll  renews ; 
ttLthodof  qMadr-iturcs  and  example.  184.  Development  of  J :  |(l-f3p)*—  I  \  in  powers 
ot  X.  lb')  and  136.  Summation  of  a  series  with  interposed  terms.  187.  Connexion 
of  S  and  A""'.  188.  Deduc'ion  of  the  method  of  (inadrat  ores  from  the  preceding. 
169.  Smnmatioo  of  series  with  interposed  terms  and  recedint^  differences.  192  to 
1*^^.  PruptTties  of  the  roots  of  unity  and  multisection  of  series  by  means  of  them. 

Vuory  of  Dlmenuont  (pages  320—  32S\  200,  201.  Explanations  relative  to  Chapter 
X.  202  and  203.  Cn/icg/ value  of  e  in     :  detined  and  determmed.  204.  Results 

the  "last  collected.  205.  Algebraical  dimenwions  of  a  function,  the  dimt-lients 
l*tB^  T,  log  J,  ]oy;  lo^  J,  &c.  '206  and  207.  Mode  of  determining  the  dimensiona. 
20S  to  210.  .-ypplication  to  the  determination  of  the  converpency  or  divergency  of  a 
wries.  211.  Preceding  errors  corrected.  212  and  213.  Development  in  positive 
«b4  ne^^ative  powett. 

Arhiigiut' $  Drrivathm,  Cambinatoriai  ^m/ysh,  Caicviut  ^  Generating  Ftmcdont 
328— 340).  214.  Theory  of  derivation.  215.  Table!  of  derivatives.  216. 
Kiannple.  217.  Generalized  derivation.  218.  Deduction  of  differentiation.  219. 
Kximple  of  differentiation.  220.  .\rbogast''8  own  mode  of  obtaining  derivatives 
221.  Reveriion  of  series.  222.  Reciprocal  of  \-\-I>t-\-cx-\-  . . .  and  {a^-\-i'x-\- . . .) : 
(I-t-Sx-h. . .).  223.  Combinatorial analy>l8.  224.  Development  of  (qo+qi-r-f  &c.)*. 

*  Appendix,  p.  774,  f  Ibid.,  p.  774,  |  Jbtd.,  p.  774. 
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lives,    227.  Most  iiiinple  Torna  of  fff-f-^r-f- . .  ."l*.         — g^^^.  ftrrsera^Vrg  fuQctioni|, 
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APPLICATION-  TO  GEOMKTRY  OF  TWO  niMKNSIONS. 

Theory  of  sigat  (341 — 343).  I^ifffrentlal  eqnations  of  curves  (344 — 347). 
Branches  of  a  curre  (347,  34Sj.  Greoeral  theory  of  contact  (349,  3j0).  T.tn^cnt 
and  normal  (350 — 363).  Euvelopin^,*  orthogonal,  &c.  curves  (354 — 357).  Polar 
cquafion  of  tant^ent  and  normal  (358).    Involute,  evoliite»  and  radios  of  curvature 

(359— %S).  F  rst  diff.  CO.  CSBH).  Strond  tlifF.  co.  (369—172).  Theory-  of  .limeii^' 
sions  applied  \o  the^c'  ilifT.  co.  ClT'l — 374).  Transformation  of  equations,  intersec- 
tions of  curvet  with  the  axes,  properties  of  the  tangent  (375,  376).  Asymptotes 
(376).  riexufe  and  curvature  (377).  Point  d'arrc t  and  cusp  (378,  3^0).  Multiple 
point  (37'J—3S2j.  Conjugate  point  (382).  Pointed  branch  (382— 134).  Area  aud^ 
length  (385,  386).   Problem  illustrative  of  the  singular  solntion  (387)7^  rrumrrn 
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APPLICATIOX  TO  GEOMKTRY  OF  TnRF.F.  DTMl^yslONS.     '  * 

Notation  for  higher  diff.  co  (388).  Double  integration, earliest  proceM(388,  389). 
GeometricHl  illustration  (390,  S91).  Extension  of  the  method  to  thecftse  in  which 
the  limits  of  each  vftrialile  are  functions  of  the  other  (391 — 39  3  ).  KxampK  a  (395--^ 
397).  Surface  of  a  spheroid  (397,  398).  Surface  of  revolutioa  gfuerally  (39b.  39U). 
Classes  of  surfaces  (399 — ^01).  Characicnsitc  of  a  swfuce  (4Ul ).  Connecting  aud 
connected  surl'aces  (enveloppet  and  enveiopp^cs)  (102^.  Connecting  curve  of  tluB 
characteristics  {aiile  <le  rehr'nnsemcnt)  (403).  Developable  surntccs  (4U3).  Surfaces 
on  which  a  straight  line  can  be  drawn  (403,  404).  Surface  passing  through  any 
number  of  curven  (404).  Remarks  on  tho  coordinate  planes  (405).  Tangent  plane, 
no/mal.  line  of  greatest  declivity  (406,  407  ).  Curve,  iis  tangent,  normal  plane,  antl 
osculating  plane  (407— 40't).  Osculating  and  [lolar  surface-*,  cuiTatur^'S.  flexures, 
and  evolutc«(410 — 415).t  The  screw  (41') — 417).  Kxpressitins  derived  fruni  Jifleteiit 
forrow  of  the  e<iuatbn  of  a  mrface.(417,  418).  Stwcirs  of  contact  yith  the  taugcol. 
plane  (419),  Sarfacea  generated  bj  the  straight  line  (420 — 1-36).  Jfotmal  ^^^r^^ 
faces,  and  curvature  (tf  surfaces  (426 — 436).  Method  of  drawing  figures  (430). 
Lines  of  cuiraturv  (434 — 440).  Variuus  problems  propoaed  ^141).  Shu^te^tll»e^ul  a 
surface  (442, 443).  Kxpressiuns  for  arc,  volume,  &c.,  and  axiom*  required  ( 143 — 146  u 
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^        .       ON  THE  CALCULUS  OF  VARIATrOXfi 

Illustration  of  the  object  in  view  (446,  447).  Fundamental  definitions  (447. 
448).  Variatioo  oi  mtt".  co.  (449>  Variation  of  /yrfx  (449,  450).  The  urme 
when  f  contains  another  integral  (450,  451).  The  same  when /^:r  is  givvn  by  a 
diflferential  equation  (451).  Variation  of /^//y  (451— 454).  Illustration  of  the 
use  of  this  calculus  in  rorehiinict  (455 — 458).   Maxima  and  minima,  full  consider^.. 


*  Etem.  Wutt.,  pp.  22—25. 
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tioa  of  the  iniiUQe«,of  the  »horU«t  line  between  two  poiutii«  aud  cases  not  usually 
censored  058— 4 6^.  Generajlxation  of  the  problem,  ami  instances  (461 — 465). 
iJcIattve  maxlina  and  m'minia,  and  Instances  (465 — 168).  Collection  of  the 
dif&rent  cases  into  one  form,  and  application  of  the  form  to  the  brachystut  hroa  in  a 
leftsting  medium  (468—471).  Instance,  with  two  independent  variables  (471—473). 
Solution  of  a  partial  diff.  equ.  (473).  The  uurface  made  by  the  revolution  of  a 
catenary  about  its  directrix  is  one  of  equal  and  opposite  curvatures  (474,  475). 
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*  APPLlCATtOy  TO  MECHANICS  *  ' 

Object  of  roechanics,  kws  of  motion,  connexion  of  pressure  and  velocity  (475— 
477;.  Principle  of  virtual  velocities  (477—479;.  Ptirpeiulicular  on  a  surlace  from 
a  poiat  infinitely  near  179^.  Coordiuate  motions  expre!.bed  iu  terms  of  rotation 
(479).  Every  motion  compoundtiU  of  rutatioii  and  translation  (4bU— 48'i;.  'I'rani^ 
fjrmdtiwD  of  the  expression  of  rotatiooa  (482,  483).  Geometrical  consideration  of 
rotation  (484^^59).  Every  cliange  of  place,  one  puiut  bfin^^  fued.  retlucible  to  one 
rotation  (488,489).  Qthtr  matters  comiected  with  rotation  (49U— 493).  lutc^^rala 
dgpendiogon  the  arrangement  of  the  parts  of  a  system  (191— 496%  Properties  of 
the  t-llipsoid  necessary  in  rotation  (496 — 19S).  Momcntal  ellipiioid,  moments  of 
rotation,  principal  axes  (198— 500).  Statical  application  of  the  prmople  ol  virtuaT 
VflacitiesVjQ  1—503).  Dynamics,  motion  of  a  point,  tangential  and  curvm^;  turcet 
deduced  from  the  mutioa  C.')U3— 505).  Inverse  problem,  fmuhimcut.il  cguiiiiom 
(505,  500).  Astronomical  form  of  these  equations  (507—509).  Motion  of  a 
tTrtem,  D'Alerobert's  principle  (oOQ,  510).  The  six  equations  ot  motion  (.^11, 
51i)u  Trans furnvition  of  the  eiiuations  of  rotation  (5li,  513).  General  principles, 
c«Bti^of  gravity,  coiis^r»ation  of  areas,  Sir  W.  Hamilton's  method  (514—518). 
Liyanj^'K  geaeral  method  (518—522).  Variation  of  parameters  53u;. 
Laygnt^c's  ffv  rwral  forms  (530—535).  The  fundamental  equations  connected  with 
aitracuuujt  i^53a — 541). 

Chapter  XVI IL 
,       '  ON  INTtlRPOLATION  AND  SUMMATION*         ,  "* 

0«i*ral  md«!e<  of  ifrterpolalioii  (54*2).   Ordinary  rcHlricted  interpolation,  with 

mmples  r543,  54  t).  InteTpolation  by  preceding'  and  xucceeding  values  (544— 54^. 
The  same,  without  direct  use  of  differences  (548— &dO).  Interpolaiiou  when  the 
?*hiet  of  the  variable  ahs  not  in  arithraeticol  proj^eftsion  (556—552).  Relalioa 
b»-twwn  «nms  of  series  of  powers  (552).  Summation  of  an  infinite  series  by  somu 
cf  Its  terms  and  an  iotegrol  (553).  Tablb  of  the  suma  of  power*  (554).  Summai.-: 
tioo  when  the  terms  are  alternately  positive  and  negative  (554—556).  Hutton's 
Bwthod  (557— 560).t 

.  •;     .. .  ^  T  •  • 
Chai'ter  XIX. 

OX  Tlin  TRANSFORMATION  OF  DIVERGENT  DfiVKLOPMENTS. 
Ceoeral  theorem  by  which  thie  transformation  may  be  frequently  efl^fc^^^^  and 
cvneqaeaces  (,560—565).   Particular  modes  of  eflecluig  the  same  (565,  ^CG).,  ^  ^  ^ 
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Ghaptkr  XX. 

i 

ON  DEFINITE  INTEGRALS. 

General  considerationa  (566— 569>    Mode  of 'ascertaining  whether  a  definite 
integral  ig  finite  (569,  570).    Remarks  on  the  case  in  which  the  subject  of  integra- 
tion becomes  infinite  between  the  limita  (571).    Periodic  integrals,  how  connected 
with  convergent  ones  (571.  572).   Certainty  of  the  appearance  of  discontinuity  in 
this  subject  (572).  /J'  tan— and /J.r-'tix  ;  (l+J^")  (573—575).  Divergent 
series  not  to  be  depended  on  afitr  integration  (576).       cos  iadlr :  And 
/o*  sin  bx,xdx :  (1        (576,  577).    Definition  pf  Tjt  (577).    Series  for  log  r(*+l), 
^  new  constant      how  obtained  (577—579).    Kiercisea  from  the  preceding  (579)! 
/;'^Ci-yrf^=- (579,  580).    rx.r(l~x).yr«-''"«^>(^0).   More  convergenUbmis 
for  log  I\x-H),  series  lor  liLTnonlli's  numbers,  their  convergency  (580,  58])^ 
Gfeucial  property  of  u.  reduction  of  \\m\n)  to  the  smallest  number  of  digtinct 
iranscendentals  (:)8 1—388).    Corredion  of  some  of  the  preceding  reasoning/and 
more  rigorous  't'g  r(jr+ 1)  (r>83— 385),    Resolution  of  «^±r^',in  j- 

and  cos  into  factors  (585,^586).  Series  for  log  cos  x  and  log  (^  'gin~;r)  (587). 
Tabus  of  ix.  (5S7— 5S9).  Mode  of  reconstructing  Legendre's  larger  table  (589). 
jAnr.F.  of  rr  fur  the  twelfths  of  ft  unit  (.390).  Determination  of  r.r  by  continued 
fractiuns      I  Interpolation  of  form  (593—597).    DifTerentiation  with  frae- 

1'!!"!^^  '"fr^a  C-^^>-^UU).  i^aplacfi'g  method  for  functions  of  hi^h  numbem  (601-1 
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ADVERTISEMENT. 


The  follo^-ing  Treatise  will  differ  from  most  others,  for  better  or  worse, 
in  several  points,  in  the  firit  place,  it  has  been  endeavoured  to  make 
the  theory  of  lirmtSt  or  ultimate  ratios,  by  whichever  name  it  may 
called,  the  sole  foundation  of  the  ecience,  without  any  aid  whatsoever 
/ram  tlie  tlieory  of  aeTiest  or  algebraical  expansions.  I  am  not  aware 
that  any  work  exists  in  which  this  has  been  avowedly  attempted,  and  I 
have  been  the  more  encouraged  to  make  the  trial  from  observing  that 
llif.  objections  to  the  theory  of  liiniiH  have  usually  been  founded  either 
ujx.n  tilt*  difficnlty  of  the  notion  itself,  or  its  unalgpbraical  character, 
and  seldom  or  never  upon  anything  not  to  be  defined  or  not  to  be  received 
in  the  conception  of  a  limit,  or  not  to  be  admitted  in  the  usual  conse- 
quences, when  drawn  independently  of  expansions,  that  is,  of  develop* 
ments  under  assumed  forms.  The  objection  to  the  difficulty  I  haye 
endeavoured  to  lessen  in  the  introductor}'  cbnjUer  ;  that  to  the  name  by 
which  a  K'ience  founded  on  limits  should  Ix?  cjiUcd,  1  cannot  feel  the  force 
of,  or  see  what  is  to  be  answered.  I  cannot  sec  why  it  i»  necessary  that 
every  deduction  from  algebra  should  be  bound  to  certain  conventions 
incident  to  an  earlier  stage  of  mathematical  leamii^,  even  supposing 
them  to  hsTe  been  consistently  used  up  to  the  point  in  question.  I 
should  not  care  if  any  one  thought  this  treatise  unalgehraicai,  but 
should  only  ask  whether  the  premises  were  admissible  and  the  conclu- 
sions loeical.  Secondly,  I  have  introduced  applications  to  mechanics 
well  as  geometry,  in  cases  where  the  preliminary  notions  are  not  of 
too  difficult  a  character,  and  I  have  throughout  introduced  the  Integral 
Calciilus  in  connexion  with  the  Differential  Calculus.  The  parts  of  the 
former  sdenoe  which  can  be  understood  by  a  learner  at  any  stage  of  the 
latter,  are,  I  suppose  it  wiU  be  allowed,  necessary  to  a  proper  view  even 
of  so  much  of  the  latter  as  precedes  the  point  supposed.  Is  it  always 
proper  to  learn  every  branch  of  a  direct  subject  before  anything  connected 
witti  the  mverbe  relation  is  considered?    If  so,  why  are  not  multiplicor 
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tion  and  invohilim  in  arithmetic  made  to  follow  addition  and  precede 
suhlrartion?    The  portion  of  the  Integral  Calcuhis,  which  properly 
belongs  to  any  given  portion  of  the  Diifer^ntial  Calculus  increases  its 
power  a  hundred-fold—but  I  do  not  feel  it  neoeaaary  further  lo  de&ud 
placing  the  question  of  finding  the  area  of  a  parabola  at  an  earlier 
period  of  the  work  than  that  of  finding  the  linea  of  cnmtuie  of  a 
surface.    Experience  hai  convinced  me  that  the  proper  way  of  teaching 
is  to  bring  together  that  which  is  Einiplc  IVum  all  t^uriricri,,  uiid,  if  I 
may  use  such  a  phrase,  to  draw  upon  the  sJirface  of  tlic  subject  a  proper 
mean  between  the  line  of  closest  connexion  and  the  line  of  easiest 
deductum.   Thit  was  the  method  followed  by  Euclid,  who,  fortunately 
for  ua,  never  dreamed  of  a  geometry  of  trianglea,  aa  diatinguiahed  from 
a  geometry  of  circles,  or  a  separate  a  p|)]i  cation  of  the  arithmetics  of 
addition  and  subtiacuou  ;  but  nuidc  one  help  out  the  other  as  he  best 
could.  At  the  same  time  I  am  far  from  ^.aymg  that  this  Treatise  will  be 
easy  ;  the  subject  is  a  difficult  one,  as  all  know  who  have  tried  it. 

The  absolute  requisites  for  the  study  of  this  work,  as  of  most  others  > ' 
on  the  same  aubject,  are  a  knowledge  of  algebra  to  the  binomial  theorem 
at  least  (accordmg  to  the  usual  arrangement),  plane  and  solid  geometry^ 
plane  trigonometry^  and  the  most  simple  part  of  the  usual  applications 
of  altrebra  to  geometry.  The  Treatise  entitled*  EkuuMitary  Illustrations 
of  the  Differential  and  Integral  Calculus/  will  be  bound  up  with  tiiis 
Volume^  and  referred  to  in  the  proper  places. 

A.  Dm  MoROAK. 

Londm^  July  U  1836. 
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INTHODUCTORY  CHAPTKR. 

Ir  the  iDAthematical  scieiKei  ivere  cultivated  wholly  for  their  practictU 
Qtifitj,  «8  it  is  called,  awuiitig  their  eppliciition  to  the  fonnaiioii  and 

management  of  nil  the  mechnnism  by  ^v^^ch  ihe  urts  of  life  are  arlvanced, 
it  wo«!d  not  be  necessary  to  consider  any  matrnitudc  ms  haviiif^  c\i«trnce 
at  all,  unless  it  were  stiffiriently  great  to  be  either  ut-i  lul  or  uoxious  to 
some  object  connected  with  &onie  given  apphcation  in  (juesliou.  And 
the  hvman  senses  would  fix  VHst  we  might  in  that  esie  call  the  Kmits 
ef  quantity ;  namely,  the  ^eatest  of  the  great  and  the  smallest  of  the 
small,  among  those  quantities  which  actually  are  measured  and  const- 
dered  in  astronomy  or  navigation  or  mamifocturcs,  &c.  The  longest 
line  wnnlfl  be  that  drawn  from  the  spectator  to  the  ffntliest  heavertly 
body  whose  distance  he  had  measured;  the  shortcut  would  be  the 
smallest  line  his  eye  could  |jerccive  when  aided  by  tlic  niicrosaijic,  or  by 
any  machines  which  multiply  small  moUons.  There  would  consequently 
he  as  many  systems  of  mathematics,  or  sdenoes  of  calculation,  as  there 
are  practical  af|ilicatbns  diflering  materially  in  the  nicety  of  operations 
which  they  require ;  from  that  of  the  joiner,  to  whom  the  length  of  the 
hunurcdth  of  an  inch  mr^v  he  considered  as  non-ex istinj^,  and  who  roni- 
pares  one  lenirth  wiili  aiKitlu  r  bv  mean?  of  a  rule  %vur])cd  bv  the  sun, 
worn  by  time,  and  divided  into  pnrts  by  deep  and  bnjad  furrows,  to  that 
of  the  astronomer,  who  lays  one  rod  by  tlie  bide  uf  another  by  the  aid  of 
a  powerful  micniscope,  having  first  levelled  them  hy  the  most  accurate 
instrmnents,  and  then  consult*  the  thermometer  tn  know  what  length  it 
will  be  proper  to  consider  the  rods  in  question  as  having  to-day,  camper^ 
with  what  they  had  yesterday. 

Tlie  first  eon«iderntion9  connected  with  nnmber  and  magnitude  always 
enter  the  rniuil  in  connexion  with  some  j>]iplication  to  the  rongli  jiur- 
poces  of  life,  more  or  less  approaching  to  exactness*  in  diflfereut  circum- 
^ances, — and  as  many  different  systems  uf  ndes  are  formed  as  there 
wn  diSeieot  modes  of  dealing  with  material  objects,  each  hy  itself 
relatively  more  perfisct  than  the  rest,  that  is,  better  adapted  to  its  parti- 
cular end, — the  consequence  is,  that  the  various  terms  which  imply 
T'  lnHon,  that  i^,  which  are  used  in  Fprr^king  of  one  quantity  or  magni- 
tude as  to  how  it  stands  with  respect  to  another,  are  really  used  in 

*  The  child  of  aa  artisan  exercising  any  of  the  more  isfHiiiiMS  manual  arts,  or  of 
a  »»Ta^'<  in  (lie  state  of  hfe  in  wliicli  arts  nave  made  the  propjresis  which  is  ]M)SMble 
mtkont  division  of  labotir,  might  perhaps  be  coiwiilered  as  being  mo&t  aUvantn- 
gseasly  lilttatedl  in  this  respect :  but  we  think  it  bsvoad  qtiMtion  that  the  childitft 
of  the  middle  and  upper  classes  in  Kn^^land,  it  may  Iw  thmqghout  Xiivops,  ars  in  ss 
■afcvwnaUs  a  positioa  as  any  of  theif  spscieSi 


Digitized  by  Google 


6 


DIFFERENTIAL  CALCULUS, 


many  different  senses  ;  or,  which  is  much  the  same  thing  in  the  diffi- 
ciiUv  which  it  creates,  in  manv  different  dcirrees  of  the  same  sense,  Tf 
is  hardly  necessary  to  insist  u])on  this  as  to  words  which  imply  j)ure 
relation,  such  as  small  or  tacal,  when  it  may  be  known  by  those  who 
have  tried  that  the  same  variety  of  degree  enters  into  the  notions  which 
have  heen  formed  of  poeitive  teimB.  If  a  class  of  boys  beginning  geo- 
metry at  school  (that  is  of  course  geometry^  not  saying  Euclid)  were 
thus  imt  to  the  question :  You  aU  know  what  a  straight  line  is  V 
there  would  be  but  one  answer,  and  that  in  the  aflSnnative  :  one  would 
call  to  mind  a  stroke  on  a  slate,  another  the  side  of  it,  a  third  ]ierha|)R 
the  lentrth  of  o  street,  and  m  on.  To  the  question,  "Can  two  straight 
lines  t  iirlit^c  u  space?"  there  would  l)e  a  majority  tor  the  negative,  con- 
sisting prmcipuUv  of  tliose  whose  primitive  straight  line  had  nut  been 
part  of  a  hounded  figure.  But  still  the  propositkm  is  not  a  "  common 
notion,*'  becAuie  its  terms  have  not  a  common  meaning.  When  the 
Iquestion,  Can  two  straight  lines  be  made  to  enclose  a  space  by  length* 
ening  them  ?**  was  proposed,  all  w  ould  answer  in  the  negative,  not  aa  to 
the  notion  they  had  previously  had  of  a  straight  line,  hut  h«  to  tlu*  new 
one  they  woidd  form  out  of  the  terms  of  the  t|uestion,  And  by  further 
liskiiiij,  "Can  two  straitrht  line«  in  anv  direction  w liatvoevcr  enclose 
a  ttpace?"  it  would  in  some  way  or  other  appear  that  all  tiic  straight 
lines  had  been  horizontal  straight  lines,  and  most  of  them  parallel  to 
the  sides  of  the  ceiling.  The  student  of  the  Diffisrential  Calculus  may 
by  such  an  illustration  be  brought  to  think  it  possible  that  the  terms  and 
ifieaa  whicli  that  science  requires  nmy  exist  in  his  own  mind  in  the 
-same  rude  form  as  that  of  a  straight  line  in  the  conceptions  of  a  lieginner 
in  geoFHPtrv.  Rrniombering  the  ackiutwledLred  dilliculty  of  the  subject, 
he  nni>t  prepared  to  stop  his  couise  until  he  can  form  exact  notions, 
ac(piire  precise  ideas,  both  of  re&emblauce  between  those  things  which 
have  appeared  most  distinct,  and  of  distinction  between  those  which 
have  appeared  most  alike.  To  do  this  sufficiently,  even  for  the  outset, 
formal  dehnitions  would  be  useless ;  for  he  cannot  be  supposed  to  have 
one  single  notion  in  that  precise  form  which  would  make  it  worth  while 
to  attacli  it  to  a  word.  One  reason  of  the  great  difficulty  which  is  found 
in  treatises  on  this  subject  has  always  appeared  to  us  to  be  tfie  tacit 
assumption  that  nothing  is  necessary  previously  to  actually  ernbmtying 
the  terms  and  rules  of  the  science,  as  if  mere  statement  of  detiuitions 
could  give  instantaneous  power  of  using  terms  rightly.  We  shall  here 
attempt  at  least  a  wider  degree  of  verbal  explanation  than  is  usual,  with 
the  Tiew  of  enabling  the  stoden£  to  oome  to  the  definitions  in  some  state 
of  pevious  preparation. 

Very  little  progress,  even  in  arithmetic,  makes  the  student  aware  of 
the  existence  of  ]irol)lpin«,  which,  being  absolutely  impossible,  arc  yet  of 
this  character,  that  iiimihi  rs  or  fractions  may  l>e  given,  which  shnll,  as 
nearly  as  we  please,  sniistv  the  foniii!! tus  uf  the  problem.  For  ui&iance, 
we  wish  Ut  had  a  Iractiuu  winch,  luulupiitd  by  lUseh,  shall  give  6,  or  to 

find  the  square  root  of  6.  This  can  he  shown  to  be  an  impossible 
problem ;  for  it  can  be  shown  that  no  fractbn  whatsoever  midtiuiied  by 
Itself,  can  give  a  whole  number,  unless  it  be  itself  n  wliole  numoer  dis- 
guised in  a  fractional  form,  such  as  \  or  V.   To  this  problem,  then, 

there  is  but  one  answer,  that  it  is  self-contradictory.  But  if  we  ])ro])ose 
the  following  problem, — to  tind  a  fracfi""i  \n hich,  nuilti]ilirfl  hv  it-rlf, 
Bhall  give  a  product  lying  between  (i  and  6  +  (i ;  wetindthiit  lini*  jirobleni 
admits  of  solution  iu  every  case.    It  therefore  admits  of  solution  boto- 
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fr^r  *mnlf  a  may  W :  for  instance,  we  ran  fnul  a  fraction  which,  multi- 
pJied  by  itseh,  lu-  Let  ween  6  and  fVOOOOl,  or  between  6  and  6-0000001. 
Wehtvehere  mt i  nduced  a  word  which  by  itself  lias  no  meaning,  namely, 
**8mall"  J  but  it  must  be  observed  that  wc  have  not  introduced  it  by 
ilielf,  a»  if  w«  laid  down  a  distinctioti  between  tinall  and  great,  but  ip 
coQnexioii  with  the  word  **  however,'*  meaning  that  whatever  a  may  be> 
and  whether,  being  what  it  is,  it  may  be  called  small  or  not,  we  can  find 
X  lo  that  X  X  shall  lie  between  6  and  6  +  a.  This  lue  of  the  woid  email 
nins  so  completely  through  the  whole  of  the  science  which  wc  propose  to 
treat,  that  it  demanils  the  Ttin-t  complete  elucidation.  We  must  observe 
that,  though  in  all  grammars  small"  is  called  positive,  and  **  smaller  ** 
amuHiraiive,  yet  iu  fact  the  latter  is  the  only  absolute  term  of  tlie  two, 
whde  the  fonner  is  purely  relative.  Assign  two  numbers,  and  the 
aoMller  of  the  two  ean  be  pointed  out  |  hut  anign  a  number  or  fraction^ 
tad  it  cannot  be  said  to  he  either  small  or  great,  because  these  words 
depend  ibr  their  meaning  upon  the  circumstauces  under  which  they  may 
he  rsed.  The  number  teti  stands  equally  for  a  large  family  of  children, 
a  -mall  srh.Kil  i>t"  Vsoys,  n  vprv  Fmall  number  of  men  to  be  lost  in  a  battle, 
ail  enorrnoiia  iiuuiber  oi  candidates  at  an  election.  But  nif>r  is  nlwavs 
smaller  than  teiiy  whatever  may  be  the  objects  of  reckunuig  m  question. 
When  we  say  then,  that  x  may  be  so  found  that  xx  shall  lie  between 
-6  and  6+%  howerer  small  a  mav  be,  we  merely  impl^  that  if  a  be 
named  at  pleasure,  any  number  whatsoever,  or  any  fraction  whatsoever, 
then  X  can  be  so  {bund  that  xx  should  exceed  6  by  a  smaller  quantity 
than  a.  We  can  conceive  ourselves  engaged  in  two  different  kinds  oi 
meta]ihy55!cnl  disputes  on  this  subject,  as  follows  •  Firstly,  A  denies 
that  the  word  small  ought  to  be  used,  on  account  uf  its  indefinite  cha- 
racter. We  answer  that  we  can,  with  more  expense  of  words,  dispense 
with  it  entirely ;  and  that  all  we  mean  is  this,  that  if  he  will  assign  ilic 
vahie  he  chooses  to  give  to  a,  we  will  take  a  smaller  value  (a  term  about 
wMeb  there  Is  no  dispute)  and  find  x  so  that  xx  shaU  lie  between  6  and 
6+  less  than  a :  and  that  the  use  of  the  word  small  is  merely  to 
remind  the  reader  of  this,  that  whatever  he  may  assign  to  be  the  value 
of  a,  it  would  not  interfere  with  our  power  of  solving  the  problem;  he 
might,  with  equal  Lcrtaiiity  of  receiving  an  ans%ver,  have  made  a  smaller 
than  he  actually  did.  But  B,  on  the  other  hand,  thinks  he  has  a  notion 
of  a  fraction  which  m  actually  small,  but  diifcrs  from  us  as  to  its  value. 
We  have  said  it  may  be,  let  a  be  a  small  quanti^,  for  instance, 
'0000001,*'  whereas  he  is  not  inclined  to  csll  any  quantity  small,  which 
h  greater  than  '0000000001.  We  answer,  that  the  matter  is  perfectly 
indifoent  j  it  is  as  easy,  in  every  thing  but  mere  labour  of  calculation, 
to  a«sign  as  the  unit  of  smaJhics.f,  any  fraction  which  he  mnv  plcn-^e  to 
name.  What  we  nipn!i  to  say  is  this,  that  we  never  use  tlie  word 
jtmall,  unless  where  it  implies,  a«  small  as  ijou  please.  Similarly  we 
never  u»e  the  word  near,  unless  iu  the  sense  of  as  near  as  you  please ; 
or  great,  unlets  in  that  of  as  great  at  you  pleate.  And  the  same  with 
an  other  terms  which  ave  purely  relative.  We  reject  them  in  their 
lehsive  sense  because  the  relation  is  indefinite ;  we  adopt  them  again  as 
a  mode  of  signifying  a  relation  which  we  may  make  what  we  please  in 
ihe  extent  to  which  we  carry  the  idea  of  the  relation  in  question. 

In  the  qiiestions  which  occur  in  arithnu  tic  and  algebra,  relating  to 
problems  the  conditions  of  which  can  he  satisfied  only  as  nearlv  as  we 
pleaie  but  not  exactly,  it  is  usual  to  create  a  solution  by  h}  [)i)tl;i  :>i>, 
and  to  eny  that-  we  contiiiuaily  approach  to  that  solution,  ilie  mure 
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nearly  we  solve  the  prubl( m.  Thus  it  is  never  said  that  there  is  no 
such  thing  as  a*,  which  makes  xx  aciually  equal  Ui  6 ;  but  it  is  said 
tliHt  tliere  is  such  a  thing  as  the  square  root  of  6,  and  it  is  denoted  by 
^6.  But  we  do  not  say  we  actually  5nd  this,  but  that  we  approximcUe 
to  it  If  we  take  the  following  series  of  numbers  or  iisctions^ 


1. 

3 

7. 

2-449490 

2. 

2-5 

8. 

2-4494898 

3. 

245 

9. 

2-44948973 

4. 

2-450 

10. 

2*449489743 

5. 

2-4405 

11. 

2-4494897428 

6. 

2*44949 

12. 

2*44948914219 

and  multiply  each  bj  itself,  ire  shall  find  the  product  to  spprosdi  nearer 

and  nearer  tu  6,  and  always  exceeding  it,  so  that  while  the  first  multt* 
plied  by  itself  exceeds  six  by  3  units,  the  last  multiplied  by  itself  does 
not  cxcf^pd  f)  by  so  much  as  the  thousand-million tVi  part  of  a  unit.  We 
thence  get  the  idea  of  a  continual  approach  to  the  fractioii  which  satif" Ties 
the  problem,  lhaugli  in  trutli  there  is  no  such  traction  ;  but  all  that  wccan 
say  is  that  we  have  found  a  fraction  which  has  a  square  lying  between 
6  and  6  +  one  thousand-millionth  psvt  of  a  unit  And  also,  which  is 
the  essential  part  of  the  problem,  tnst  we  might  have  made  the  last- 
mentioned  frsetion  still  smsUer,  to  any  eitent,  and  have  found  a  core- 
Sponrling  solution. 

This  non-existing  limit,  if  we  mny  so  cull  it,  actuallv  has  a  more  defi- 
nite existence  in  geometry  than  in  arithnictic,  but  only  when  we  take  a 
sort  of  supposition  which  is  practically  as  impossible  as  the  extraction  of 
thesqusre  root  of  6  in  arithmetic.  Let  there  be  such  things  as  geome- 
trical linesy  nsmely*  lengths  which  have  no  hieadths  or  thickneas»  and 
let  it  be  competent  to  us  to  mark  off  points  which  divide  one  part  of  a 
line  from  another,  without  themselves  filling  any  portion  of  spai^;  then 
it  is  shown  in  Euclid  that  the  side  of  a  square  which  contains  six  square 
units  is  a  line,  which,  when  we  come  to  apply  arithmetic  to  jieumetry, 

must  be  called  ^6  whenever  our  arbitrary  linear  unit  is  c-illrd  1 . 
And  the  lines  represented  by  the  preceding  twelve  fractions  will,  in  svich 
case,  he  a  set  of  Imea  which,  being  always  greater  than  tlie  line  in  (jucs- 
tion,  yet  are  severally  nearer  and  nearer  to  it.  This  line  can  no  more 
be  expressed  by  means  of  an  arithmetical  fraction  than  ^^6. 

We  have  then  got  an  idea  of  a  limit  towards  which  we  may  approach 
as  near  as  we  please,  but  which  we  can  never  resch.  We  shall  take 
another  instance  of  a  similar  kind,  in  which  the  limit,  though  equally 
unattainable  under  the  conditions  prescribed,  is  yet  a  definite  number 
or  fraction  Take  a  unit,  halve  it,  halve  the  result,  and  so  ou  conti- 
nually.  This  gives — 

1      *      i      i      iV      tV      »V      tIt.  Ac, 

Add  these  U^thar,  beginning  from  the  first,  namely,  add  the  fiist  two» 
the  fint  three,  the  first  four,  £e. 

The  first  is          1  or  2  all  but  1 

The  first  two  give  |-  or  2  .  •  .  i 

•  .  .  •  three  •  •  -f^  or  2  •  •  •  ^ 
....  four  .  .  or  2  .  •  •  4 
....  five  ,  ,  or  2  •  .  .  tV 

•  •  .  .  six  .  •  41  ch:  2  .  •  •    tV  ' 
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We  wc  then  a  contmuai  approach  to  2,  which  is  not  reached,  nor  ever 
viU  he.  ibr  the  dtfficii  ham  2  is  always  equal  to  the  last  term  added. 
And  the  reason  is  simple.   Let  AB  represent  3  units 


I;  1  ^  r-' 

A  C  U     K  B 

Halve  AB  by  tlie  ])oint  C,  CR  by  tlie  point  D,  1)B  by  the  point  K,  and 
soon.  Now,  whatever  degree  of  approximation  may  be  made  to  the 
point  B  by  passing  from  A  to  C,  from  C  to  D,  from  D  to  £,  &c.,  it  is 
dear  that  as  much  remains  to  be  passed  over  as  was  passed  over  at  the 
Itst  step,  nor  can  the  length  which  remains  ever  he  passed  over  by 
passing  over  its  half.  We  have  then  here  a  case  in  which  there  is  a 
limit  iniattainablc,  by  the  process  described,  but  eapabls  of  being  attained 
within  any  decree  of  nearness,  however  g^eat. 

The  following  phraseology  is  in  continual  use.    We  say  that  — 

1,    1  +        1+i  +  i,    l  +  *  +  |  +  &C.&C. 

is  a  series  of  quantities  which  continually  approximate  to  the  limit  2.  Now, 
the  truth  is,  the^e  several  quantities  are  fixed,  and  do  not  approximate 
to  2,  Tire  first  is  1,  the  second  is  ^,  and  so  on  j  it  is  wc  nurselves  who 
approximate  to  2,  by  passing  from  one  to  another.  Similarly  when  we 
sajy  "let  x  he  a  quantity  which  continually  approximates  to  the  limit  2,*' 
we  mean,  let  us  assign  different  values  to  x,  each  nearer  to  2  than  the 
preceding,  and  following  such  a  law  that  we  shall,  by  continuing  our 
steps  sufficiently  £ir,  actually  find  a  value  for  x  which  shall  be  as  near 
to  2  as  -we  please.  In  the  second  place,  2  is  not  tlie  limit  of  the  preced- 
ing sets  merely  because  eiich  is  nearer  to  2  than  the  preceding  :  for  by 
the  same  rule,  each  is  nearer  to  1000  than  the  precedint^.  But  we  cannot 
assign  one  of  the  set  which  shall  be  as  near  to  1000  as  we  please  ; 
though  we  ^n  assign  one  which  is  as  near  to  2  as  we  please.  The 
AOowing  is  exactly  what  we  mean  hy  a  lihit. 

Let  there  he  a  symhol  r  w  hieh  naa  different  vahtea  depending  on 
different  successive  suppositions  of  such  a  kind  that  any  one  of  the 
suppositions  Vin^  niade,  we  can  thence  deduce  the  corresponding  value 
of  X :  let  the  several  values  of  x  resulting  from  the  diiiereut  suppositions 
be 

tficn  if  by  passing  from  a,  to  from  <i<  to  (tj,  &c.,  we  continually 
approach  to  a  certain  quantity  /,  so  that  each  of  the  set  differs  from  /  by 
less  tlmn  Us  predecessors  ;  and  if,  in  addition  to  this,  the  approach  to  / 
12  ui  such  A  kind,  that  name  any  quantity  we  may,  however  small, 
nsmely  z,  we  shall  at  last  come  to  a  series  beginning,  say  with  and 
continning  ad  infinUumt 

<*imH  .  •  •  •  &c. 

all  the  terms  of  wiiich  severally  differ  from  /  by  less  than  z  :  then  /  is 
called  the  limit  of  x  with  respect  to  the  mpposition  in  question. 

When,  either  in  the  way  of  hypothesis  or  consei|uence,  we  have  a 
series  of  valnea  of  a  quantity  which  continually  diminish,  and  in  such  a 
way,  that  name'any  quantity  we  may,  however  small,  all  the  values,  after 
s  certain  value,  arc  severally  less  than  that  qiiantity,  then  the  symbol 
bv  which  the  values  are  denoted  i?  sai  l  tn  diminish  without  limit.  And 
if  the  series  of  values  increase  in  suti  rs-i  iii,  so  that  name  any  quantity 
we  may,  however  great,  all  after  a  certam  ponit  will  be  greater,  then  tiie 
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genes  is  m\d  to  mcrease  wUfioui  limit.  It  is  also  frequently  said,  when 
a  quantity  diminishes  without  limit,  that  it  has  nothing,  zero  or  0,  for  its 
limit :  and  that  when  it  inenaMs  witboiit  limit,  it  has  iiifinity  or  ob 

or  ^  for  its  limit.    For  instance,  we  may  ask  what  is  the  Imut  of 

when  X  increases  without  limit.  That  is,  supposing  we  give  to  xa  set 
of  sttooeaaive  valiiOB,  increasing  in  order  and  without  limit,  what  will  die 

X 

set  of  values  of  -r — ^ ,  which  correspond  to  the  values  of  x,  have  for  a 

limit,  or  will  they  alpo  increase  without  limit,  or  diminish  without  limit. 
Let  us  choose  for  the  set  of  values  of  x  in  question, 

1,    10,   100,   1000,    10,000,   Ike.  « 

Whenjpicl  =  I 

Wben  4r  =r  10  =  <  tV 

When*  =  100  s=  ,rWfT<T*T*' 

and  so  on,  whence  it  shoiiM  seem  that  the  fraction  in  qtiestion  diminishes 
without  limit,  wlica  x  is  increased  without  limit.  B\it  to  be  sure  of 
this,  we  must  remember  that  we  have  not  yet  proved  diminution  withoiU 
limitt  but  only  diminution,    fiut  we  may  easily  see  that 

r  1  I 


but  as  X  increases  without  Uinit,  ^  diminishes  without  limit ;  still  more 

X 

then  does  -i — ;  which  is  less. 

X 

Secondly,  let  us  ask  tor  the  limit  of  when  x  continually  dimi- 

nisbes  towards  the  limit  1 .  Let  us  take  a  set  of  fractions  which  con- 
tinually diminish  towards  I ;  for  instance — 

l+J.  Ac. 

If«  =  l  +  *  -^=3 

j: — 1 

If «  =  1  rf  *  =  4 

If*  i=  1  +  i  »  5,  Ac. 

*  «— '1 

To  show  that  this  increase  is  without  limit,  let  «s14>v.  Then  any 
supposition  which  gives  x  the  limit  1,  makes  v  diminish  widieut  limit* 
And  substitution  gives 
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which  increases  witliout  limit  when  v  tliminishes  without  hmit,  that  is, 
vheo  jc  is  made  lu  appruach  to  the  limit  1,  or  to  approach  without  limit 
(as  to  the  degree  of  approximatioti)  to  1. 

Ossea  of  tius  sort  ao  not  oiler  the  complete  difficulty  of  the  Diflbren- 
Itsl  Cslctiliis,  and  we  shall  therefore  only  add  a  few  examples  for  exer- 
cise. 

Wc  use  the  followinfif  notation  :  when  we  wish  to  say  that  we  suppose 

X  to  increase  without  limit,  we  5shv  "  let  .r  be  oc  **;  similarly,  "let 

r  be  0"  means  let  x  tlimuuah  without  liimt»aud  "let  x  be  • ,  •  «a'* 

meaua  let  a:  ^avc  tiie  limit  a. 

•  .•••f  if    be  «c 

 1    ifx  be 

 0  if  x  be  3 

The  use  of  the  introduction  of  linuts  is  as  follows : — The  ideas  attached 

to  the  words  nothing  and  infinite  do  not  pcnuit  the  application  of  many 
rules  in  the  strict  and  direct  sense  in  which  they  are  applied  to  numbers. 
They  are  necessarily  whaf  may  be  called  nejjative  terms,  implyintr  either 
the  absence  of  all  magnitude,  or  uubouiuled  magnitude.  The  first  term 
is  comparatively  easy,  but  only  for  this  reason,  that  the  mere  mention  of 
%  or  noCAtfij^,  makes  us  turn  our  thoughts  to  one  particular  rule  of  atith- 
pietic,  with  respect  to  which  it  is  a  rational  result,  that  is,  does  not 
involve  the  necessity  of  extending  any  term  beyond  its  primitive  signi> 
fication.  If  from  a  we  tjtke  a  there  remains  0,  and  in  this  sense  only 
can  nothing  be  received  as  an  absolute  result  of  calculation.  When  we 
»ay  that  6  taken  from  G  leaves  the  remainder  nothing,  we  have  no  occa- 
sion to  pause  and  consider  what  remains  after  taking  away  5,  or  5J,  or 
io  order  to  assure  our  minds  that  our  extreme  case  is  consistent  with 
those  which  precede  it.  For  the  connexion  of  the  idea  of  talcing  away 
with  that  of  a  complete  absence  of  all  quantity  is  more  simple  than  that 
which  exists  between  any  other  operation  and  its  result.  The  easiest  of 
all  subtractions  is  a  —  n,  and  the  taking  away  all  tbrre  are  to  take  is  more 
simple  than  the  takin;^  away  of  a  part.  Hence  0  comes  to  be  introduced 
in  arithmetic  as  a  result  of  calculation,  and  takes  a  ])lace  in  the  series 
0,  1,  2,  3y  &c.  to  which  it  is  entitled  whenever  we  consider  tlic  series  as 
formed  by  addition  from  the  beginning  to  the  end,  or  by  subtraction 
from  the  end  to  the  beginning. 

But  when  we  consider  multiplication  or  division  by  0,  we  can  only 
attach  to  the  process  a  clear  idea  of  what  we  are  doing  by  considering 
the  limit  to  which  we  shall  come  by  continually  multiplying  and  divid- 
lUii  by  smaller  and  smaller  quantities.  What  is  a  multiplied  by  tuVt  ? 
TliQ  answer  i&,  a  taken  the  thousandth  part  of  a  time,  or  the  thousandth 
part  of  a,  and  by  increasing  the  denominator  of  the  multipUer,  that  is 
H  diminishing  the  multiplier,  we  show  that,  if  v  be  diminished  without 
limit,  etc  is  also  diminished  without  limit.  Again,  what  is  a  divided  by 
W^w*  or  how  many  times  does  a  contain  the  thousandth  part  of  a  unit  r 
The  answer  evidently  is,  a  thousand  times  as  often  as  it  contains  the 
umt ;  but  a  itself  is  meant  tn  e>:]>rr?s  the  number  of  times  it  contains 
the  unit,  and  therefore  1000  a  is  the  auswer.   And  we  see  that,  by  suffi- 
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ciently  increasing  the  denominator  of  the  divisor,  that  is,  by  sufficiently 
dtminwliiiig  the  dhritor  itself,  we  make  the  result  of  diviaion  as  great  as 

a 

we  please.   Hence     when  x  diminishes  without  limit,  itself  increasea 

X 

without  limit,  which  is  the  only  intelligible  view  we  can  attach  to  the 

equation  ^  ss  x  .    Siiniiaiiy,  vyUcu  jc  increases  without  limit,  ~  dimi- 

v  X 

nishes  without  Umit,  which  is  the  only  meaning  we  can  attach  to<^=0. 

There  is  one  more  case  in  wlilcli  we  attach  somethiDg  like  an  absolute  ' 

notion  to  0,  uamply  in  a*,  which  signifiea  unity.  But,  we  must  observe, 
thftt  this  notion  only  applies  ^rhe•^^  we  comi*  to  the  0  in  question  by 
subtraction.  When  we  con^dcr  the  scries  ...3,  2,  1,0,  and  the  cor- 
responding series  o*,  <7\  a",  w<»  ^ee  that  each  intelligible  term  is 
formed  from  its  predecessor  by  dividiite  by  a  ;  thus  aaa  divided  by  a  is 
oo,  which  divided  by  a  ia  a,  which  divided  by  a  ia  1.  But  a\  a\ 
Tequlre  that  the  next  term  should  be  of,  which  is  therefore,  if  we  would 
preserve  uniformi^  of  notation,  a  repreaentation  of  1 .  But  let  us  now  con- 
sider a®  as  the  limit  towards  which  we  approach  by  contintting  the  aeries 

a*,  a^,  a^,  a^,  &c  where  it  ia  clear  that  the  limit  of  1,  ^,  i,  i,  &c.  ia  0* 

Now  the  extraction  of  the  third,  fourth,  fifth,  &c.  roots  of  any  number 
is  a  series  of  processes  by  which  a  succession  of  results  is  produced, 
wliirlt  continually  approximate  to  unity,  and  without  limit :  so  that  there 
is  no  f  raction  so  near  to  unity  l)nt  t*omc  root  of  any  given  munber  is 
iKKier.  And  thus  wc  see  that  the  0  which  results  from  division  is 
equally  proper  to  be  written  in  the  equation  a'  =  1  as  the  0  which  re- 
eults  from  flubtraction. 

The  idea  cf  making  a  difference  bet^veen  the  0  which  results  from 
one  process  and  from  another  may  be  entirely  new  to  the  atudent ;  but 
we  must  endeavour  to  make  him  see  that  the  distinction  is  as  necessary 
m  the  introduction  of  0  itself.  Undoubtedly,  the  better  way  would  be 
to  disj)<?nse  with  all  ideas,  ns  well  as  hvnihols,  which  give  trouble;  and, 
unquestionably,  books  nugiit  be  written  which  should  dispen^  alto- 
gether with  the  aymbola  as  well  as  ideaa  of  0  and  oc .  But  two  questions 
woidd  arise.  1.  Would  the  extensron  of  mathematical  works  to  four  or 
five  times  their  present  lengUi  he  desirable,  if  it  could  be  avoided  by 
devoting  Fome  space  to  the  method  of  abbreviation  (for  it  will  he  shown 
to  be  nothiuL^  more)  by  which  .r  =r  0  ia  made  the  representation  of  a 
train  of  siij^nnsition?,  and  the  final  result  arising  from  them  ?  2.  Would 
the  books  &o  writLcu  present  results  more  correctly  *  deduced  from  more 

*  We  should  liave  suid  /uyua//^,  but  we  are  ashamed  of  thu  use  which  has  fre* 
qiMOtly  been  mids  of  this  void  by  inathemat}ciaii>«.  in  England  at  least.  By  S^kmi 
we  catiDot  AfZTtv  to  infan  anything;  but  an  abbrtniation  ol  "  thr.t  which  is  a  cvrscet 
application  of  the  priuciplca  of  lugic;"  and,  on  looking  into  WTit«rs  on  that  subjectf 
we  find  thai  logic,  from  Anstotlit  downwards,  hat  always  meant  the  art  of  ntaiKiD^ 
correct  dmhictions  from  Ih--  principles  rmiiloyiMl,  and  accnriliii^ly  we  find  that  writers 
ou  logic,  with  the  exception  of  a  few  who  have  imagined  tliat  metaphysics  and  logic 
vera  the  same  thin^^s,  huvu  confined  thtmaelves  to  msthnds  of  tfeducing,  not  to 
mvtbods  of  testing  the  princtp/fH  from  which  deducfionn  arc  to  be  made.  Let  us  ^ 
back  to  the  1  nn*  nf  Wftllis.  who  wn<<  a  stiffirient  spt'cimen  both  of  tne  lop^irisn  and 
the  matheni.it ic-ian,  and  take  an  example  out  oi'  his  bi  ok,  wbich  im  given  tut  correct 
«N  /ojic.  When  the  sun  shines  it  is  day ;  but  the  sun  always  hhines,  thsfefbre  it  ia 
always  day.**   Did  Wtdlis  fsslly  mean  that  the  sun  alwaj-s  sbines  ?  Suxely  not.  Uut 
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intelligible  principles?  The  stii<lpnt  must  settle  this  ps  int  for  ]iim?elf 
in  due  time  :  for  ibe  present  wc  shall  go  on  with  our  ati<  uijit  to  make 
0  and  oc  intelligible.  A  century  ago,  Fonlenellc  retnarkcd  that  these 
symbols  had  conquered  by  numbers,  and  by  their  obstinacy  in  present* 
iiigtliansdves  tmougbout  the  mAtheiiuitical  ecienoes. 

n  e  have  said  that  the  symbol  0  cannot  be  absolute^  but  must  be 
COSttdered  nith  reference  to  tne  manner  in  which  it  was  obtained.  Con- 
sequently, we  cannot  reason  upon  0  as  such,  because  it  is  only  a  symbol 
of  part  of  a  result.  It  expresfses  that,  in  some  manner  or  other,  a  jier- 
fect  rvl)scnce  ot"  all  magnitude  whatever  is  either  arrived  at  or  is  the 
'  limit  iii  a  series  of  supposiuous.  Bui  uliy  d<>es  not  this  equally  apply  to 
1,  2,  3,  &c.,  which  may  alio  betbe  readta  of  an  indefinite  number  of 
operationa  ?  In  the  Team  far  thia  diatinction  between  0  and  repreaen- 
tatifea  of  magnitude  lies  one  of  the  most  important  parts  of  our  subject. 

It  would  seem  at  first  to  be  a  sufficiently  obvious  principle,  that  if  a 
certain  equation  being  ab^ohitelv  trur  is  the  test  (  f  a  certain  ]>rrblem 
beinj^  j^oUed,  then  the  fame  etjuation  bcinir  ut^urhj  true  (whateve  r  tli  u'ree 
of  approximation  we  choose  to  nieaii  by  nearly)  wUl  be  the  proper  test 
of  the  problem  being  nearly  solved  (in  the  same  sense).  For  instance, 
what  IB  that  number  which  is  doubled  by  adding  ten  to  it  ?  Answer, 
whatever  number  satisfies  the  equation  2j;  =  «-f  10,  namely  x=  10.  If 
we  choose  to  call  *001  a  imail  fraction,  then  certainly  9*9999  is  nearly 
a  solution  of  the  preceding;  for,  by  adding  iO  wc  get  19" 9999,  and  by 
doubling  we  get  19'99y8  diltering  by  only  "OOOl,  which  in  a  ^niall 
quantity.  And  it  would  seem  etjually  obvious  that,  if  two  equations  lie 
absolutely  of  the  same  meaning,  so  that  oue  inmi  be  true  when  tlie 
other  ia  true,  and  one  can  be  deduced  from  the  other :  it  would  aeem» 
we  say,  that  any  number  which  nearly  solvea  the  first  nearly  solves  the 
second,  let  nearly  mean  what  it  Uiay.  I^et  us  then  ask,  what  are  the 
testa  of  absolute  equality  between  s  and  y.  The  equation  xsstf  may  be 

conTerted  either  into  x  —  v  =  0,  or  into  -  =:  I.   Either  of  these  two 

y 

equations  may  be  made  to  follow  from  the  other :  if  x  —  y  =  0»  then 

X  X 

*  =  y,  or  -  =  1 ;  if  -  =1,  then  a:  =s  y,  or  «  —  y  as  0.    So  that,  as 

tests  of  abi^uiute  equality,  they  arc  in  fact  the  same  equations.  If  then 
the  first  equation  be  nearly  true,  so  w  ill  be  the  second,  we  might  ihmk. 
What  ahau  we  mean  by  nearly  1  Let  us  say  that  an  equation  ia  nearly 
satisfied,  when  the  error  made  by  taking  aa  a  solution  that  which  is  iiaf 
a  solution,  does  not  amount  to 'COOK  Let  x=  *0009,  ys=  '0001. 
We  have  then, 

only  this :  tliat  the  ubuve  in  guud  logic,  ua.mcly  (hat  ihe  cottdusiuQ  is  a  correct  and 
■wssary  constquran  of  the  i  re  mi  set,  ami  that  logic  is  mnplv  the  art  of  dedueia; 
correct  and  ncccssnn,'  t!cdiicti  ns  IVoth  pri'?nisos.  Now  oiir  books  tif  controveisial 
nathemaiirs  swarm  with  the  u!»e  of  the  words  io^cat  and  iUogicai,  not  as  applied  to 
Methods  of  deducinf?,  hut  asto  the  priuL-iplc!!,  from  which  deduction  is  to  be  iiiaa«.  One 
axaQmesiafinltfU  mh.iH  qiuiiititi.  s,  which  Ih  very  illxfu  u!.  says  another  ;  one  approves 
<^  Euclid*!  axiom,  which  another  says  \%  a^aiiikt  ail  good  logic.  It  is  clear  then,  that 
ssethnaaticians  must  have  got  the  habit,  since  tho  time  they  left  off'  studying  lo^^c, 
sf  aaahSng  the  word  tiMfk-ni stand  for  rujht,  ur  true,  or  rgoioiiflftfc,  ot  proper,  or  cvrrrct, 
cr  wim«?  such  term.  thert  fnri-       h  lvc  tfi  t:se  tlie  term  corrr'  t  iTistead  of  logi- 

cal, not  that  there  would  be  uuy  harm  m  makxug  ihe  word/o^ca/  (ur  chemical)  ktand 
larcw-rref,  but  only  because,  where  there  are  two  woids  meaning  difierent  things  in 

r'logy  and  wsfs  oot  of  naHMiDtties,  it  is  onneecsssiy  to  oourert  one  into  the 
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ar  — y  =  0008  less  than  •001  or  j;    y  =  0  is  nearly  true ; 

^   =  t:;;^^  0^  w  and  —  =  1  is  very  far  nom  the  truth, 
y        '0001  y  ' 

Consequently,  conaideied  as  means  of  estimating  approach  to  equality, 
these  equations  mean  very  different  things.   And  if  we  look  at  x—y  we 

shall  see  that  there  are  twn  ways  of  making?  it  very  small  (whatever 
small  may  mean)  :  either  let  x'  and  y  be  no.t  small,  but  very  nearly 
equal,  my,  for  instance,  x  =  7  000001  y  =r  T  :  or  let  x  and  y  both  be 
very  buiull  without  considering  whether  they  are  nearly  equal  or  not,  for 
then  s  —  y,  being  smaller  than  x,  is  also  small.  Bat,  it  may  be  asked, 
are  not  all  small  quantities  nearly  equal  7  Are  not  all  small  quantities 
nearly  equal  to  nothing  and  are  not  quantities,  which  are  nearly  equal 
to  the  same,  nearly  equal  to  one  another  P  A  student  who  has  been  in 
the  hahit  of  usini(  0  as  a  quantity,  without  reference  to  any  explanation, 
will  be  sure  to  tiiink  so:  but  that  he  phonUl  not  think  so,  and  should 
clearly  see  the  grounds  on  wliich  he  is  not  to  think  so,  is  as  necessary 
for  the  Differential  Calculus  as  the  notion  of  space  to  geometry  or 
number  to  arithmetic.  We  must  therefore  proceed  to  consider  the  fun- 
damental axloma  of  mathematies,  in  order  to  see  what  modifications  are 
required  when  the  conditions  of  an  axiom  are  not  absolutely  fulfilled, 
hut  only  nearly  so,  where,  hy  the  word  nearly,  we  are  at  liberty  to 
signify  any  detrrcc  of  approximation  we  please. 

Let  us  first  take  the  ahsolute  condition  of  equahty  x  —  y  =  0  coupled 
with  the  relative  notion  of  nearly  equals  simply  defined  as  a  phrase  to 
signify  that  x  —  y  is  small.  We  know  then,  that  the  doubles,  the 
trebles,  the  quadruples  of  equals  are  themselves  equals,  and  so  on  for 
ever ;  hut  the  same  does  not  follow  of  the  velatiTe  notion.  For  if  «  —  y 
besmaU,  yet2«  —  2y  will  be  twice  as  great,  3 x  —  3y  three  timea  as 
grest,  and  so  on :  therefiire,  let  small  mean  what  it  may,  there  must 
come  a  value  of  nx  —  ny  which  is  not  small,  when  x— y  is  small.  Let 
X  exceed  y  by  only  '0001,  which  rf\n  n  f^mall  rniantity,  and  let  10, ()(>() 
be  the  first  quantity  which  shall  he  called  great.  Then,  thoutrli  .r  i  td 
y  only  by  'OOOl,  yet  a  hundred  million  tunes  x  exceeds  a  hutidred 
million  times  y  by  100,000,000  x  'OOOl  or  by  10,000 :  that  is, 
though  X  is  nearly  equal  to    yet  lO^x  is  not  nearly  equal  to  lO^y.  But 

let  us  now  signify  absolute  ec^uality  by  —  r=  1,  and  let  nearly  equals  as 

applied  to  x  and  y,  mean  that  ~  di£[ers  from  1  by  the  quantity  we  call 

small,  or  by  less.   Then  we  have 

X     2*    3*    4«  .    .      .  .  _ 
y     2y     3y     4y*  ^ 

NT  X 

whence  —  is  always  as  near  to  1  as      and  consequently,  under  thia 

.  .  y 

signification  of  nearly-equal,  it  follows  that  any  equimultiples  of  nearly 
equal  quanlitieb  ui  e  nearly  equal,  which  is  true  of  the  first  notion  only 
within  certain  limits.  But  it  must  he  observed  that  this  definition  of 
nearly-e({ual  agrees  with  the  first  when  the  magnitudes  in  question  are 
not  such  as  are  called  small,  and  differs  from  it  when  they  are  very 
small  or  verv  great.  Thus,  '001  being  called  small,  1*001  end  1  ai« 
nearly  equal  on  both  suppositions :  fiv 
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the  first  near  fo  1,  the  second  .^ma/l.  But  '001  and  -0001  are  only 
nearly  e<|uul  on  the  hypothesis  that  this  phrase  is  to  be  applied  when 
X  —  y  is  small,  fot 

s  iO      DOl.-'OOOI  Si  -0009* 

•0001 

Bnty  on  the  other  hand,  if  «  be  100,000  and  jf  s;  90»900,  we  ihall  find 
that  j:  —  If  is  not  small,  but  —  is  near  to  1. 

y 


we  proceed  to  fix  on  the  neaning  of  the  words  nnurfy  equal  for 
luliimaM,  we  iliall  aak  wMoh  term  would  be  adapted  by  common  veage. 
We  know  that  to  t  carpenter,  the  hundredth  and  the  thousandth  parts 
of  SB  inch  ere  the  same  thine,  that  is,  both  such  small  length*  as  to  be  of 

BO  con?cqMpnre  whatever  They  may  therefore  be  called  by  him,  without 
inconvenience,  nearly  nrevt  ii  absolutely  equal ;  but  only  in  this  sense,  that 
his  means  of  measunrig  do  not  serve  to  distinguiah  one  from  the  other, 
Qor  is  it  necebsary  that  they  Bhould.  But  if  ever  it  became  necessary 
to  work  with  exactoeai  to  the  thonaandtb  pert  of  an  indi,  aneb  power  of 
njcction  would  no  longer  exist,  and  the  hundredth  part  of  an  inch 
would  he  called  a  great  error,  and  by  no  means  nearly  the  aame  thing 
as  the  thousandth  part.  On  the  same  principle,  a  sum  of  money  is 
considered  as  deriving  its  commercial  importatice,  not  from  its  own  mag- 
nitude, but  from  the  projwrtion  which  it  bears  to  the  whole  in  question. 
A  man  who  should  incur  a  debt  on  his  own  representation  that  he  pos- 
sessed a  thousand  pounds,  would  not  be  held  to  have  committed  a  fraud 
if  it  turned  out  that  he  had  only  nine  hundred  and  ninety,  or  ten  pounds 
leas.  But  a  man  who  ahould  do  the  same  on  his  own  assertion  that  he 
could  command  twenty  peunda,  would  be  auapected  if  it-  turned  out  to 

be  nnly  ten 

The  method  of  using  the  t(  i m  wariy  equate  which  is  the  most  conve- 
nient in  rumnion  life,  also  will  appear  to  be  the  most  convenient  in 
mathcmaiicul  reaBoniug,  and  we  shall  therefore  adopt  it  in  the  follow  ing 
definition.  Two  quantitiei  are  said  to  be  more  nearly  equal  than  two 
oihen,  when  the  greater  of  the  first  divided  bv  the  leae  la  nearer  to 
unity  than  the  greater  of  the  second  divided  by  Uie  leas.    Thus  200  ia 

260  B 
nearer  to  250  than  8  is  to  1,  because  r:z7:  ia  nearer  to  1  than  •-  is  to  1. 

260  7 

Or  anoi,  in  the  pnoeding  definition,  j^-^  1  ta  leaa  ^ 

«  and  6  ate  more  nearly  equal  than  e  and/,  it  IbDowa  that       la  leaa 

than        thai  ia,  not  that  a--  ^  ia  leaa  that  e-*/,  but  that  a  — 6  ia  a 

leis  part  of  b  than  e  — /  it*  oi  J. 

Let  us  now  consider  the  axiom  :  if  equals  be  added  to  or  tukt  a  frwn 
equals,  the  remainders  are  equal.    This  may  follow  according  to  the  | 

of  acaiiy  equal,  derivad  l!H>th  from  a  —  6  s  0  and  from  r  ^ 

o 
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IlUt,  fur  reaBont  gir^a  befoie,  it  does  not  follow  for  any  number  whatso- 
ever of  nearly-equals  aocoiding  to  the  fint  definitiou.  But  it  follows  of 
any  mimber  wbatweTer  of  nearly  equale  accozding  to  the  teoond :  for  if 


a 


a 


It 


j3-  =  l+  V  45=1  +  .' 


•  •  •  • 


•  •  • 


that 


it  will  be  shown  of  a  +  a'-f  ....  and  ^  -f  6'  + 

b  +  b'*^  •  •  •  • 

where    must  lie  between  the  greatest  and  least  of  0^     • .  •  t  and  there* 

fore  must  be  called  small,  if  all  the  set  «,  1/  are  severally  small. 

But  the  convenience  of  this  mode  of  dcHninu  nearly  equal  will  suffi- 
ciently npiK-ar  in  tlie  re^t  of  this  work,  and  we  therefore  pass  to  it» 
most  important  application.  It  appears  that  two  cpmntities,  however 
small  they  may  be,  are  not  to  be  considered  ns  approximating  on  account 
of  their  &malluesB  ;  for,  in  fact,  thev  may  be  ^ssibly  receding  from 
each  other,  even  while  they  are  absolutely  diminishing,  or  approaching 
too.  The  fellowiDg  inatances  will  show  this  to  happen  in  certain  cases. 

T 


B 


Let  a  circle  be  draiRii  of  which  any  diameter  A  B  is  taken.  Let  any 
point  P  be  taken,  as  near  to  B  as  may  be  chotecn,  and  draw  P  M  per- 
pendicular to  the  diameter  A  B.  Fium  0  draw  O  T  perpendicular  to  the 
same  diameter^  and  produce  B  P  to  meet  OT  in  T.  We  have  then  a 
rectilinear  triangle  11  BP,  the  sides  of  which  become  smaller  and 
smaller  as  P  is  placed  nearer  and  nearer  to  B,  in  such  a  manner  that,  by 
making  P  sufficiently  near  to  B,  we  ma^  render  either  of  the  sides  aa 
small  ns  we  plense.  If  P  absolutely  comcide  with  B  there  is  no  such 
trinnLl(  at  nil.  The  question  is,  what  relations  do  P  M,  M  B,  and  B  P, 
as  tin  V  diiuiiush,  assume  or  tend  to  assume,  not  with  respect  to  any 
fijLcd,  or  given,  or  couslant  magnitude,  &>uck  as  0  A,  but  wiih  iciipecl  ta 

each  other  f  As  P  aporoaches  towards  B,  it  is  e^Hdent  that  the  angle 
O  B  P  incieases.  For  the  angle  P  O  B  duninishes*  and 


POB 


% 


ZOBP:='^----'^^-^"-y--^^Q^  =  Arightangle--^  ^  . 

As  P  approaches  without  limit  to  B,  the  angle  POB  diminishes  without 
limit,  or  the  limit  of  the  angle  O  B  P  is  a  right  angle  :  that  is,  the 
line  B  P  T  continually  approaches  to  a  state  of  paraUeUsm  with  O  T,  or 
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the  point  T  recedes  'from  O  farther  and  farther  without  limit.  Place 
the  jwint  T  ever  so  far  from  O,  nnd  TB  will  rut  the  circle  FOTncwherr. 
If  O  B  were  «nc  foot,  and  if  OT  were  a  hundred  thousand  feet,  still  P 
would  be  a  dibtiiict  puiut  from  B.  It  is  true  that  the  arc  PB  would 
*  hardly  be  the  thousandth  part  of  an  inch,  but  that  has  nothing  to  do 
vitli  the  comparatiye  dimensiont  of  the  triangle  PM  B.  It  is  perfectly 
within  the  limit  of  geometrical  conception  to  imagine  all  the  diagrams 
of  the  six  books  of  Euclid  drawn  within  the  compass  of  a  square, 
having  fur  its  side  the  thousandth  part  of  an  inch  :  perhaps  many 
of  our  readers  have  seen  the  Lord's  Prayer,  tl)c  Creed,  and  the 
Decal<^ue  written  within  the  compass  of  a  sixpenny  piece.  In  the 
firet  caBe,  every  figure  would  have  tlic  Bume  proportions  existing 
between  its  parts  as  in  the  largest  diagram  ever  displayed  in  a 
lectme^room :  in  the  second,  the  length  of  two  letters  would  preserve 
the  same  proportion  as  in  the  largest  handwriting.  Hence  all  we 
know  of  the  sides  P  M,  M  B,  and  B  P,  being  that  they  become  small 
together,  smaller  together,  and  finally,  as  the  phrase  is,  ran/?A  together, 
we  cannot  from  this  alone  affirm  any  thing  as  to  whether  or  no  they 
approach  to  or  rt^iede  from  ctpiality  according  to  our  definition  of  such 
approach  or  recession  :  for  this  depends,  not  upon  the  ahsulutc  mag- 
nitudes of  the  quantities  in  question,  but  upon  how  many  tinjes,  or  parts 
of  times,  each  is  contained  in  the  other.  Two  quantitiea  may  both  he 
mall,  but  one  may  be  a  thousand  times  the  other :  two  quantities  may 
both  be  great,  but  one  may  contain  the  other  only  one  time  and  a  thou- 
sandth part  of  a  time.  Hence  we  must  examine  the  figure  itself,  and 
from  its  particnlnr  properties,  as  distinguished  from  all  others,  we  nuist 
ascertain  the  nvanner  in  which  the  law  of  relation  changes  (if  it  do 
change)  while  the  triangle  is  diminished. 

Since  the  triangle  PMB  must  be  similar  to  the  triangle  TOB,  we 
see  that,  whatever  may  be  the  abeolnte  magnitude  of  the  former,  TO 
bears  to  O  B  the  same  proportion  as  PM  to  MB.  Consequently,  as 
often  as  O  B  is  repeated  in  T  0  so  often  is  M  B  repeated  in  M  P.  But  as 
P  approaches  towards  B,  the  point  T  recedes  without  limit  from  O,  that 
is,  there  is  no  point  so  distunt  from  O  but  T  must  reach  it  before  P 
re-aches  B.  Therefore,  tlicre  i«  no  number  so  great,  hut  MP  will  con- 
tain M  B  more  timea  limu  that  number  before  P  reaches  B.  This  in  the 
awst  difficult  of  all  the  fundamental  points  of  the  Difierential  Calculus : 
iwo  qiumliiiei  both  dimniik  without  limit,  yet  as  they  diminish  more 
omd  mortt  one  contains  the  other  more  and  mo^e  times  without  limit, 
so  thai  if  fee  msh  to  designate  anf  wmhery  however  greats  we  can  do 
it  by  af signing  anmc  position  ofP  near  to  B,  (md  raying  it  is  the  num- 
ber of  limes  which  PM  contains  MB  ;  and  the  greater  ihc  number  W(* 
frifh  to  designates  the  nearer  rnusl  P  be  placed  to  B.  This  result  as 
announced  lu  i-t  a])pear  surprising  at  first:  but  it  is  sufficiently  evident 
by  eoondehn^  lUat,  as  to  proportion  of  its  dimensions,  the  triangle  TOB 
is  oflJy  a  magnified  repvesentation  of  the  triangle  PMB. 

The  difSculty  of  the  proposition  lies,  firstly,  in  our  not  being  used  to 
consider  that  the  proportions  of  figures  do  not  depend  upon  tlicir  size, 
but  upon  what  £uclid  terms  the  ratio  (Xoyoc)  which  be  says  *  is  (if  we 

•The  translftton  and  commentators  of  Euclid  have  fint  cut  this  definition  to  • 
piaees  that  tbty  might  quarrel  atxiut  putting  the  parts  together  again.    To  English 
Mdcn  eTeiT  woid  of  BucUd  ii  curiotti,  and  we  shall  tbeteforc  sliow  liuw  ihcy  have 
managed.   Simson,  and  all  the  rccopnised  editiont  in  our  lanirnitrf.  express  tli^-m- 
Mlres  to  this  e^t Batio  is  a  mutual  relation  of  two  magaitudca  with  respect  to 
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mfty  eoin  tueh  an  English  word)  fhe  numbef'-cf'Umei'neti,  or  ^imniIii- 
p/tetfy,  of  one  quantity,  considered  with  respect  to  another.  Because 
we  seldom  have  to  consider  small  quantities  except  as  paffta  of  larger 

ones ;  we  carry  with  us  our  notion  of  smallnees  to  the  comparison  of  two 
small  quantities,  where,  in  propriety,  the  notion  of  smailoess  ought  not 

to  enter. 

The  second  cause  of  difficulty  lies  in  our  being  apt  to  run  to  the  limit 
at  which  our  suppositions  cease  to  exist,  and  to  say  that  if  P  M  contain 
M  B  more  and  more  tiroes  without  Umit  before  P  can  reach  B,  then 
wh^  P  actually  reaches  B,  P  M  must  contain  M  B  an  infinite  number 

of  times,  or  one  nothing  contains  another  nothing  an  infinite  number  of 
times.  To  this  we  must  say,  in  the  first  place,  that  the  result  is  not 
absurfl,  hut  only  vague  and  indefiTiito.  for  nothing  may  be  sii]i]>o5ied, 
Avithout  pnlpabK'.  contrndiction,  to  cuniuin  noihwfj  what  number  uf 
times  we  like.  Jii  the  second  place,  we  have  seen  that  0  must  be  con- 
sidered with  reference  to  the  way  in  which  it  was  obtained,  before  we 
can  attempt  to  say  what  are  its  ]}ruperties.  And  in  the  third  place,  that 
whether  the  two  preceding  arguments  be  good  or  bad,  we  have  nothing 
to  do  with  them,  but  content  ourselves  with  asserting  what  we  can  prove, 
in  circumstances  which  we  can  understand,  namely,  that  P  may  be 
placed  so  near  to  B,  as  that  P  M  shall  contain  B  any  given  number 
of  times  however  irreat.  If  you  *  name  a  million,  we  can  calculate  to 
any  degree  of  exactucps  you  please,  the  angle  POB  which  will  give 
P  M  a  million  times  MB:  if  you  name  a  higher  number,  we  can  do  the 
same ;  name  any  number  you  please,  whieh  can  he  named^  and  we  can 
do  the  same.  What  have  we  here  to  do  with  either  nothincj  or  infinity  f 
We  say,  that  as  P  approaches  towards  B,  the  ratio  of  P  M  to  M  B 
increases  without  limit,  which  is  our  way  of  stating  the  theorem  just 
explained  more  at  length.  If  you  say  that  you  cannot  conceive  P  con- 
tinually ajiproachiug  to  R,  and  its  consequencef,  without  forming  some 
notion  abuut  what  will  become  of  these  consequences  when  P  actually 
reaches  B,  we  answer  that  you  are  at  liberty  to  form  your  notion,  and 
it  may  be  anything  you  please,  or  that  you  cannot  help ;  all  we  say  is, 

quantity.**  Tlie  oUl  Ijatin  versions  simply  call  it  a  certa  alterius  ad  alteram  hafat- 
ftt(lc»."  Hilliii^slov.  the  nIfU'sf  of  the  English  (Motors,  calls  it  a  "  hn^it'ifle  of  one 
to  the  oiher  accutdiug  tu  4uautity."  WiUiamsuu,  in  the  last  cenlu),  wViO  prided 
hinwelf  upoo  bis  ttaundi  adiitimie*  to  Euclid,  ^ves  it  correctly  in  a  D<>te,  but  not  in 
tht' t-  xt  ;  fiites  snw  the  projiriety  of  an  alteration,  hut  did  uut  b.ick  to  the  Greek 
to  make  it,  but  says  it  u  a  mutual  relatiuu  "  secundum  cumraiwvm  mensuram," 
while  much  ditnitfton  has  ensosd  upon  ths  mesnio^  of  tbs  maaitM  definitkuu  W* 
cannot  say  what  they  would  have  dune  in  France,  for  their  editor,  Peyrafd,  hsssnitlAd 
the  fifth  hook  altogi-ther,  hut  rpiotes  it  in  the  sixth.  The  words  u!  Kiir!i<l  aro 
irr*  tfvD  fJL\yi£mit  i^iyivmn  n  za-m  <rnA<x«r>iTct  tfXA.itX4»  w'tta  r^:<rii,  the  bL^t-utii  aud 
eig^hth  wurds  of  which  were  rendered  by  Wallis  and  Gregory  secundum  qtiantHplici- 

Intem.     In  fact,  maffintnttr  itself  ((xiyife;)  is  Eudirs  tfiUJ  f -r  qiiautit}  !:i  tl."  irvT:il 

KngUsh  senve.  'Ihe  defioitiun  seems  to  biat  at  the  very  di»tinctiou  drawn  ui  the 
text  It  is,  when  vs  talk  of  ratio,  we  do  not  talk  <^  one  quantity  or  magnitude,  for 
it  is  a  mutual  relation  between  /toe  quantities  or  magnitudes ;  nor  do  we  speak  of 
their  quantity,  or  of  how  much  they  are.  hut  cf  th(  ir  muhial  quantnplicity,  or  how 
many  timeit  one  conlaiiui  the  othtr :  uo  that  two  magnitudes,  however  small,  may 
kave  the  same  ratio  as  tipo  others  huwemsr  frmi.  or  may  give  the  same  answer  to 
the  question,  how  many  times  tlot-s  tho  first  contain  the  hecuml  ?  It  is  true  that  the 
wurti  used  by  Buclid  does,  accordm^  to  lexicographers,  mean  quantttj/  as  wcU  a»qutm- 
impiicity  ;  bat  as  Eudid  had  alresdy  a  word  for  quantity  or  magnitude,  we  tluoK  the 
tense  iu  which  he  employed  it  is  sufficiently  clear. 

^  ^Ve  have  taken  a  locutoiy  Style  m  the  most  easy  to  writer  and*  «•  believe,  the 
uioft       to  understand. 
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that  ynvr  ca?e  ?'<  imt  included  in  our  theorem  (wlicther  it  oufjht  to  be  or 
not,  \Nr  neither  know  uorcare)  ;  all  \\t  liave  said  (and  it  hafbcen  i)roved) 
is,  tiuit  aa  P  approaches  to  B,  the  ratio  of  PM  to  MB  Cfmtinually 
iocreases,  and  without  limit.  If  a  supposition  of  yonr  own,  Buperadded 
to  ours,  laises  a  difficulty,  you,  who  made  'the  suppodtion,  must  remoye 
ft  as  you  mey.  But  we  ctn  show  that  the  difficulty  comes  too  late; 
and  that,  upon  your  owa]dan  of  adding  suppositions  to  the  expressed 
statement  of  theorems,  yon  ought  to  be  m  tbc  middle  of  the  first 
book  of  Euclid,  witlumt  any  h<)j)e  of  reaching  the  second.  For  when  it 
is  rhowii  of  all  triangles  whatsoevt  r,  that  the  sum  of  two  sides  is  greater 
than  the  thnai  and  when  it  ib  added  that  this  lemaiuii  true,  however 
small  the  sides  of  the  triangle  may  be  (wbich  la  a  necessary  oonse- 
queoce  of  its  bdng  asserted  of  any  triangle  whatsoever),  there  comes  the 
difficulty  implied  in  asking  what  the  theorem  means  when  the  triangle 
is  diiBiiiished  to  a  point,  and  all  its  sides  are  severally  nothing.  Are  two 
nothings  added  together  greater  than  a  third  nuthintc  ? 

But  arc  we  Ticccssarily  ohliLcd  to  suppose,  that,  because  V  contiuually 
aud  lor  ever  approaches  to  B,  therefore  it  will  at  last  come  to  B  r 
By  no  mcaui,  a»  the  foliuwing  reasoning  will  ghow.    Suppote  a  circular 

W 


arc  B  Y  (whose  centre  is  Z)  falling  perpendicularly  upon  one  of  two 
parallels  X  Z  and  Y  W,  Along  Y  a  point  V  travels  at  the  rate,  say  of 
a  mile  an  hour,  and  at  every  point  of  its  course  the  line  Z  V  is  drawn, 
meetinw  the  cirele  in  P.  It  is  elear  first,  that  as  V  proceeds  from  Y 
along  Y  W,  the  point  P  will  move  towards  B,  for  V  cannot  progress  in 
any  degree  whatsoever  to  the  right  without  requiring  a  line  Z  V  which 
fhzW  plncp  P  somewhat  (be  it  ever  so  little)  ncnrer  to  R.  Rut  P  cannot 
reach  B,  for  to  suppose  that,  would  be  to  Fuppn^p  that  Z  R  produced 
meets  YW,  which,  by  previous*  ?u])position,  it  dues  not,  he  it  e\er  so  far 
produced  We  can  then  actually  suppose  P  to  move  for  ever  without 
reaching  B,  and  as  we  have  shown,  during  the  whole  of  that  motion, 
tte  ratio  of  P  M  to  M  B  increases  continually,  and  without  limit. 

The  third  cause  of  difficulty  lies  in  unluniti d  diminution  removing 
fignrea  out  of  the  province  of  our  senses,  which  are  a  very  great  assist- 
ance in  understanding  the  elementary  prop.^pitinns  of  jreometry.  In 
a^bra,  the  ditViculty  i«  not  so  aj)parent,  because  the  pcnses  do  not  give 
the  same  assistance  in  any  formula  "svhich  has  the  lcn«l  complication. 
Compare  for  a  moment  the  degree  of  evidence,  indepciuicat  of  reason- 
Big,  which  attaches  to  the  two  foUowiDg  propositions. 

Geometry.  * 
Any  two  sides  of  a  triangle  are  to- 
J.  _^  gether  greater  than  the  third. 

This  ditlicuUy  arises  from  the  student  depending  somewhat  too  much 
on  ocular  demonstration,  and  not  entirely  on  reasoning,  in  his  preceding 
QDimiCt  vmI  xuk  only  be  overcome  by  d<ne  attetttion  to  the  leaaoning. 
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"  We  have  the  Tetult  of  all  that  precedes  in  the  following  prapotition. 
If  ivao  qwmlities  dumnisk  together  vdihtnU  lindt^  their  ratto  may  eith^ 

P  M 

increase  withiU  /umX  or  dimmsh  wi^oul  /tmil.  :rp^  is  an  instsnoe 

M 15 

MB 

of  the  first,  end       of  the  second.   For  to  say  that  P  M  may  be  as 

many  times  M  B  as  wc  please^  is  to  say  that  M  B  may  be  as  small  a 
fraction  of  P  M  as  we  j)lcase. 

But  we  also  have  the  foUuwing  proposition.  If  two  qua/Uitics  dimi' 
msh  without  Hmit,  their  ratio  may  either  increase  or  decrease^  but  not 
witlioat  limits  Uud  ti,  matf  haoe  a  finie  Kniit,  Let  ns  suppose  the  sac* 
cession  of  quantities  diminishing  mthout  limit, 

1  4^  4-  i  f  4* 

the  ratio  which  each  bears  to  its  predecessor  will  be  an  increasing  ratio; 
finr,  dividing  the  second  by  the  first,  the  third  by  the  second,  and  so  on> 
we  have 

i  1  f  f  {  !•  *c. 

which  is  a  series  of  quantities  increasing  for  ever,  that  is,  it  ne?er  ends, 

and  each  term  is  greater  than  the  preceding.  But  thf  increase  if  not 
wilfiout  limit;  for  sine r  evciv  numerator  is  less  than  its  denominator, 
every  one  of  the  fractious  is  letis  than  unity.  And  unity,  as  the  limit  for 
the  preceding  series  of  fractious,  may  be  thus  represented, — 

1-i,  1-f,  &C. 

which,  being  generally  1  —  i,  may  be  brought  as  near  to  one  as  we 

71 

please,  by  making  n  sufficiently  great.  We  now  return  to  the  figure  in 
paL:('  l('),  and  ask,  what  limit  will  the  ratio  of  PM  to  P  B  assume,  as  P 
approaches  without  limit  to  B.  The  only  thing  we  kuow  immediately 
from  the  nature  of  the  figure  is  that  P  B,  the  hypothenuse  of  a  right 
angled  triangle,  must  always  be  greater  than  P  M  the  side.  But  as  P 
approaches  to  B»  does  the  inequality  increase  or  decrease  ?  Can  we,  in 
ue  manner  proved  of  PM  and  M  B,  place  P  so  near  to  B,  that  PB 
shall  be  a  thousand  times  PM  ?  Since  P  M  is  contained  in  P  B  in  the 
same  manner  as  T  O  in  T  13,  wc  must  examine  the  cliange  of  propor- 
tions of  the  two  latter,  while  T  recedes  without  limit  from  O.  And 
since  the  two  sides  uf  a  triangle  differ  from  each  other  by  le«8  than  the 
third  side,  it  follows  that  T  B  can  never  exceed  T  O  by  so  much  as 
OB*  And  since,  by  sufficiently  removing  T,  we  can  make  OB  less 
than  any  given  fraction  (say  one  millionth)  of  T  O,  it  follows  thai  (since 
removing  T  brings  P  nearer  to  B)  that  by  sufficiently  approaching  P  tn 
B,  we  can  make  P  M  differ  from  V  B  by  less  than  its  millionth  part. 
Consequently,  the  limit  of  the  ratio  of  PB  toPM  is  unity ^  for^aa  we 
can  take  P  so  near  to  B  that  the  equati  n 

PB:sPM+ipMor^=l  +  l 

n  PM  n 

shall  be  satisfied  where  ii  may  be  great  as  wc  please,  it  follows  that 
the  second  side  of  the  equation  shall  be  brought  as  near  to  unity  as  we 
please. 

We  may  make  it  appear  by  the  following  meiluid  that  it  by  no  means 
follows  that  the  mere  dimhnttion  of  two  quantities  gives  the  right  to 
infor  anjthiDg  at  ta  the  alteiatioii  of  lewtive  magnitude*  _  A  and  B 
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^limi!,i>h  tope tlier,  but  it  nmv  l?c  iliat,  while  A  1n?rs  one  Imlf  of  its  first 
mag^iutudi ,  }'j  loj^cs  tlircc-teui)i8  oi  itHelf.  This  is  one  niethotl  of  diminu- 
tioii ;  and  if  w  e  call  a  and  b  the  mugnitudes  of  A  and  B  at  the  first  staple, 
then       and         are  their  magnitudes  at  the  second  stage  alluded 

\e&&  tiian  before.  But  if,  nvhile  A  lost  its  half,  B  did  the  iainc,  the 
ntio  would  be  the  same  in  both  cases.  And  if  A  lost  only  one-tenth  of 
itaell^  wliile  B  loet  nine-tenthiof  itaelf»  the  ntio  of  the  two  would  be 
incveaBed  by  tbeir  diminution.  Consequently,  nothin{^  can  be  inleRed 
of  a  latio  from  the  diminution  of  its  terms,  unless  the  eimultaiieoue  ]iro- 
portions  of  themscUcs  whicli  the  terms  lose  he  given. 

The  next  diflicully  is  one  which  should  be  of  a  more  serious  nature, 
because  it  docs  not  arise  from  the  preceding  views  of  the  student  being 
too  limited,  but  from  his  uot  having  had  the  necessary  considerations 
|)teeeiited  to  bim  in  any  manner  or  degree.  Let  us  suppose  it  made 
perfectly  dear  that  two  quantUiet  may  'have  limite,  to  which  they 
appvuach  together  under  the  same  circumetanceB;  and,  moreover,  ai  in 
pveoediiig  inatanoes,  that  though  may  approach  the  limits  as  near 
a?  we  plense,  yet  we  mo'^t  ?iot  consider  the  supposition  pushed  to  the 
extent  of  their  being  actually  Tenched,  either  because  we  have  then  to 
deal  with  nothings^  or  with  injindcs^  as  in  ]).  20,  where  we  caunot,  iu 
Aikyjinite  number  of  terms,  reach  the  limit  in  questu)n.  The  difficulty 
how  are  we  to  reason  upon  caaea  which  we  are  not  dlowed  to 
suppose  ?  The  actual  state  of  the  problem  in  which  a  quantity  haa 
reached  it«  limit  is  expressly  fiirbidden  to  be  considered.  If  the  limit 
itself  be  known,  this  may  seem  to  be  immaterial ;  but  it  may  be  that 
the  limit  it^rlf  i?»  to  he  found,  by  means  of  other  limits  which  (1r]>rnd 
vy>on  tVic  same  circumstancef«.  In  tins  case,  we  can  only  determine  the 
uukiiovvn  luiiit  by  means  of  an  equation  which  combines  it  with  the 
known  limits.  But  sucli  an  equation  we  arc  not  allowed  to  form. 
The  question  is,  by  what  method  are.  we  to  proceed  f 

There  are  two  general  ways  of  proving  any  assertion :  the  6nt,  in 
which  it  is  expressly  proved  that  the  aaaertion  ia  true,  in  all  the  cases 
which  it  includes ;  this  is  ca^ed  direct  reasoning  :  the  second,  in  which 
it  is  proved  that  every  proposition  which  contradicts  the  assertion  is 
fal*e  ;  this  is  called  indirect  reasoning.  It  seems  customary  to  look 
upon  indirect  rca-oning  as  being  of  a  less  conclusive  character  than 
direct  rcasuuuig,  and  therefore  to  be  avoided  if  possible.  Perhaps  this 
may  depend  upon  the  mental  constitution  of  the  individual  to  whom  the 
itseoning  la  supposed  to  be  addreaaed ;  to  ua  it  seems  equally  conclu- 
sive whether  we  prove  that  every  equiangular  triangle  is  equilateral,  or 
that  he  who  asserts  that  any  one  equiangular  triangle  is  not  equilateral, 
asserts  at  the  same  time  that  the  whole  is  lesf»  th?ni  its  part. 

Let  us  FHp]X)se  that  there  iire  two  qunntitict^,  P  and  Q,  of  which  it  ia 
the  propcTlv  that  Pis  always  double  of  Qi  and  let  any  supposition 
whatKut  ver  make  P  aud  Q  approximate  at  the  same  to  the  limits  p  and 
o,  so  that  it  is  allowable  to  suppoae  P  and  Q  respectively  brought  to 
oifer  from  p  and  q  by  quantities  leaa  than  any  we  may  assign,  however 
small.  Here  P  and  Q  are  what  are  called  variables,  namely,  symbols 
which  have  different  values  upon  different  suppositiotis,  but  w  hich  at  the 
lame  'ime  are  always  comiected  by  the  equation  P  2Q  ;  and  p  and  q 
are  iued  limits.  What  we  have  to  prove  is,  that  psz2q:  but  we  are  not 
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at  lilicrty  to  say  that  P  ever  can  lie  actually  =  ;»  or  Q  to  7,  but  only  that 
P  ami  Q  may  Bimultancnusly  -.ipproach  within  any  di  {^lec  of  nearness  to 
p  and  q  ehort  of  abtiolute  equality.  That  ns,  if  we  say  let  P  =  -f  and 
Q  =  q  -\-  fi^  were  at  liberty  to  s^uppose  m  end  p  emaller  then  any  quan- 
tity we  may  name,  but  not  absolutely  nothing.  We  shall  not  prove  thk 
propoeition  ^  =  2  g  to  be  true  ;  but  Tve  rihall  prove  everything  whioh 
contradicts  it  (obe  false.  Now,  what  are  the  propositioQa  which  con- 
tradict 

p  is  equal  to  2  q? 
evidently  only  those  contained  in  the  following — 

f  is  greater  than  2  f ,  or  p  is  less  than  2  9. 
If,  then,  p  be  greater  than  2    let  it  be  2  ^  +  m,  therefore  we  have 

P;=:p  +  ff  =  2  7  +  m  +  of 

Qsss9  +  ^and2Q=2r^4-2/8  =  P 

or, 

now  eince  o  and  q  are  given  limits,  not  changing  when  P  and  Q  change 
(being  in  net  the  fixed  quantities  to  which  P  and  Q  in  their  changes 
Continually  approach),  it  follows  that  fn,  the  dilTerence  between  p  and 
2  9,  must  also  be  a  fixed  quantity  throughout  the  changes  of  P  and  Q. 
Therefore  2  ft  —  is  always  the  same  :  but  it  is  allowable  to  suppose  oe 
and  ft  as  small  as  we  I'lcase,  find  tliereforc  c<  —'2  ft  mny  be  n.><  Fniall  as 
we  ]i]ef\*sp.  That  is,  a  (piuntity  both  has  a  fixed  value,  and  may  be  as 
snmll  as  we  please,  which  is  absurd.  Thence  p  =.2  q  +  m  is  false  ; 
a  nmilar  train  of  reasoning  will  show  that  p  =  2  o  —  m  is  false,  what- 
ever m  may  be  in  either  case,  provided  it  actually  have  some  valoe. 
But  either  p  =z  2  q  m  ot  p  ^  2  q  or  p  ss  2q  m;  the  first  and  last 
are  false,  therefore  the  second  must  be  true. 

This  will  give  fin  idea  of  the  method  by  which  it  i?  possible  to  prove 
propositions  with  respect  to  limits,  without  actually  8»q)|<osinu:  the  quan- 
tities in  question  to  have  attained -tlicir  limits.  We  sfiull  now  proceed 
to  a  rough  and  practical  kind  of  Differential  and  lutej^ral  Calculus, 
preparatory  to  more  exact  methods. 

Draw  a  circle  with  a  fine  pencil,  and  nearly  cover  it  with  a  straight- 
edged  piece  of  paper,  and  more  and  more  neatly  until  none  of  the  int»* 
rior  is  visible,  but  only  a  small  part  of  the  circumference.  That  this 
cnn  be  the  case  at  all  arises  from  the  roughness  of  the  edge,  and  the 
thickness  of  the  circumfercnt  line  :  for  it  is  impossible  that  a  peomc- 
trirftl  line  should  coincide  witli  the  boundary  of  a  circle  for  any  Icncrtli 
^vliatsocver.  Draw  two  fifraiLjht  bnes  meeting  eacii  other,  and  cover 
them  in  the  same  way,  and  a  sunilaretiect  will  not  be  produced,  at  least 
not  nearly  to  the  same  extent.  And  even  if  a  ^geometrical  drele  could 
be  drawn,  and  a  geometrical  straight  line  applied  to  it,  provided  only 
We  could  conceive  these  hnes  withsut  brcadlh  to  rcHect  hght,  and  be 
visible,  the  same  eifeet  would  be  produced.  Let  A  B  be  the  imaginary 
edge  of  the  paper  (supposed  perfectly  straight),  and  A  D  B  a  part,  either 


c  3r\ 


of  the  circle,  or  of  the  interBecting  straij^ht  lines,  according  to  the  figure 
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dioten,  vrhile  CBmih  both  eaies  a  perpendkmlar  dropped  firom  tlie 
higbeat  point  upon  AB.  Let  us  now  conceive  the  edge  of  the  puper 
uoved  up  parallel  to  itaelf  very  near  to  D.  As  our  eyes  cannot  per- 
ceive len^bs  of  more  than  a  certain  degree  of  suiallness,  let  the  mini' 

mum  risibite  (least  visible  portion)  of  length  be  named ;  it  mattera 
little  what  it  may  be,  say  it  is  one  millionth  of  an  inch.  Then  let  the 
edge  of  the  pa])er  be  moved  up  until  C  D  is  in  l>oth  cases  less  than  one 
millionth  of  mi  inch.  The  coiisequeucts  will  be  vci)  diiiereiit  in  the 
two  cases.  In  the  straight  hiiee,  CD  B  always  change  so  as  to 
scmain  nmilar  to  its  ficit  fonn,  that  is,  the  proportion  of  C  D  to  D  B 
will  not  alter.  If  we  suppose  DB  and  D  A  together  to  be  6ve  times 
CD,  then  so  soon  as  C  D  is  less  than  the  five-millionth  part  of  an  inch, 
there  will  be  no  visible  length  in  the  triangle  ADB,  and  nothing  will 
be  fsecn  but  n  point.  But  in  the  circle,  if  we  f^uppope  the  melius  to  be 
one  foot,  it  will  follow  that  whf'!i  C  1)  \h  ihf-  fn  r'-niilbonth  part  of  nn 
iijch,  AB  will  be  more  than  Juut  tecn-tfu^n  uuid  tinics  as  fjieat  as  CD, 
that  i&,  nearly  three  times  the  thousandth  part  of  an  inch,  aud  w  ill  there- 
foie  be  a  visible  length.  This  depends  upon  what  has  been  already 
proved,  that  the  smaller  C  D  is  taken  or  the  nearer  B  approaches  to  C, 
the  BOTO  times  wSl  C  B  contain  C  D,  and  this  without  limit. 

In  practice,  then,  a  small  arc  of  a  curve  may  be  considered  as  a 
straight  line,  the  words,  i«  practice^  always  implying  that  there  arc 
lengths  fo  t^mall  that  they  may  be  nb«?Alutcly  rejected  as  inconsiderable, 
nnd  wiiliotit  sensible  error  for  the  ol'it  ct  in  view.  Suppose  now  wc 
were  to  divide  a  circle  into  a  ihijiisiiiid  eijual  aic.H  :  measure  <  acb  arc  very 
accm-ately  as  ii  it  w  ere  a  straight  liiic,  timt  is  from  end  to  end  along  A  C  B, 
iMtttd  of  nuad  A  DB,  and  put  die  whole  results  together :  wtmUl  the 
iUai  4um$  of  these  meaiuremenU  be  a  tolerably  correci  value  of  the 
tircma^erenee  of  the  etrdef  By  no  means^  would  be  the  first  answer 
wliich  suggests  itself:  for,  however  small  the  error  may  be  in  taking 
each  indivitltif.l  nrc  to  be  a  straight  line,  there  is  an  accumulation  of  a 
tfiousand  errors  in  the  summation,  and  we  do  not  gain  anything  l)y 
measuring  twelve  separate  inche«,  each  (me-tenlh  too  small,  to  avoid 
measuring  a  foot  upwards  ot  a  w  hole  inch  too  s^mall.  But  the  preced- 
ing answer  is  not  correct ;  for  it  happens  that,  by  diminishing  the  arcs, 
we  not  onhr  diminish  the  absolute  enor  made  by  reckoning  an  arc  to  be 
e  straight  line,  Ma  we  alto  dmimish  the  proportion  which  each  error  is 
of  Us  whole  arc*.  If  C  D  be  the  tive-inillionth  part  of  an  inch, 
then  A  C  B  will  not  fall  short  of  A  D  B  by  its  fourteen-thousandth 
part  ;  but  if  the  arc  ADB  were  one-Hixth  nt"  the  whole  circle,  A  (J  1> 
would  fall  short  of  A D  B  by  more  tl  an  its  twenty>fifth  part.  It  we 
estimate  an  error,  not  by  its  a(  tr.;Ll  magnitude,  but  by  the  pmporfinn  it 
boLTs  to  tile  lliiug  measured,  tiieu  the  error  ui  liic  first  measurement  is 
km  than  €hat  of  the  second  in  the  proportion  of  25  to  14,000.  To 
flfaetmle  thia,  trj  the  ibikiwiag  ezpermient :  Draw  a  fioe  circle  of  three 
inches  in  radius,  the  circumference  of  which  n  therefi)re  extremely  near 
Is  1S*85  incites  or-eigbteen  inches  aod  seventeen* twentieths- of  an  inch. 
If  we  take  an  opening  of  the  compasses  of  three  inches  and  carry  it 
round  the  circle,  we  nhall  lind  it  rnntninrd  exactly  six.  times:  or  taking:; 
chords  instead  of  arcs,  we  then  find  eighteen  inciies  ns  a  first  n]iproxi- 
fiiiiiion.  Now,  lake  an  opc»iing  of  one  inch,  which  we  t-iuiil  tind  to  go 
round  the  wh-.U  circuniiLriiKc  eit^hteen  times,  with  an  arc  over,  having 

*  *  Tlte  stiuieat  must  particularly  attend  to  this.  If  any  one  Mvuteuce  in  the  whoio 
.M  a^  to  1*  sriW  M«  <]litaakvl  Cstohis;  this  ii  it 
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a  chord  of  about  thirteen-twentieths  of  an  inch.  Siil)]*  <  t  then  to 
the  errors  of  tuking  chords  for  arcs  iu  this  sccutid  nieasurciucal,  we  con- 
clude the  circle  to  be  18if  inches,  considerably  nearer  the  tmth  than 
the  first  Now,  though  in  the  tecond  meaaurement  we  have  aocumulated 
nineteen  errors,  while  in  the  first  there  were  only  six,  yet  each  error  of 
the  first  measurement  amounts  to  this,  tliat  the  chord  ntUs  short  of  the 
arc  by  about  its  twenty-fifth  part,  while  iu  the  second  mcasnreinent  the 
chord  falls  short  of  the  arc  by  only  about  its  two-huiulrcdth  part. 
Consequently,  the  total  error  of  the  Fccond  will  be  less  than  thtit  of  the 
first  ill  about  the  proportion  of  200  to  25  or  8  to  1,  which,  in  the  actual 
rough  measurement  we  have  given,  is  not  far  from  the  truth. 

In  this  way  we  may  see,  what  will  afterwards  be  more  strictly  proved, 
that  the  following  assertion,  Am(  are  of  a  curve  is  equal  to  ih!e  sum  of 
the  chords  of  Us  parts^  is  of  this  kind  : — 

1.  It  is  never  true  :  for  every  chord  is  shorter  than  its  arc. 

2.  If  the  whole  arc  be  divided  into  a  moderately  great  number  of 
parts,  it  is  guflicit'ntly  near  the  truth  for  practical  purposes. 

3.  It  can  \yQ  brought  as  near  to  absolute  truth  as  we  please  (that  i«, 
the  error  involved  in  it  can  be  made  as  small  as  we  please)  if  we  are  at 
liberty  to  divide  the  whole  arc  of  the  curve  into  as  many  parts  as  we 
please. 

When  we  speak  of  one  false  proposition  as  being  more  near  the  truth 
than  another,  we  mean  that  the  numerical  error  made  by  acting  upon  the 

first  is  less  than  that  made  by  acting  upon  tlie  second.  And  by  saying 
that  an  assertion  rnn  be  brought  us  near  the  truth  as  we  please,  wc 
mean  that,  by  some  particular  disposition  of  the  circumstances  which  it 
leaves  at  our  disposal,  we  can  make  tlie  numerical  error  which  it  involves 
as  small  as  we  please.  For  instance,  the  preceding  proposition  is  an 
assertion  about  an  are  divided  into  a  number  of  parts  whieh  it  does  not 
fix.  It  is  never  true ;  but  the  greater  the  number  of  parts  of  whieh  it 
is  supposed  to  speak,  the  less  will  be  the  error  it  asserts,  and  that  with- 
out limit.  The  consequence  is,  that  if  we  imagine  the  arc  fir^t  divided 
into  ten  parts,  afterwards  into  100  part?,  Afterwards  into  a  1000  parts, 
and  60  on,  and  if  we  add  together  die  ten  chords  in  the  first,  giving  A, 
the  hundred  iu  the  second,  giving  R.tlie  thousand  in  tlie  third,  ifiving  C, 
and  so  on,  we  shall  have  a  series  of  terms  A,  B,  C,  &c.  which  approach 
continually  towards  a  certain  limit,  whieh,  however,  they  never  actually 
reach.  With  reference  to  the  problem  of  finding  an  are  of  a  known 
curve,  the  Differential  Calculus  ascertains  what  is  the  form  and  value 
of  the  parts  which  are  to  be  added  ;  the  Integral  Calculus  adds  them 
toprcthcr  anfl  f^ives  the  result.  At  least  this  is  the  fint  rough  defini- 
tion of  these  terms  which  can  be  given  to  a  beginner. 

In  the  following  form  tlie  preceding  assertion  is  strictly  true.  The  arc  of 
a  curve  is  the  Umii  of  the  sum  of  the  cfwrds  of  all  its  parts.  No  addition 
ofchordswiUbe  sttfikient ;  we  must  observe  the  sum  of  the  chords  of  10 
l^ts.  of  100  parts,  of  1000  parts,  and  so  on,  and  find  liom  the  proper* 
ties  of  the  series  of  terms  so  obtained  the  value  of  their  limit.  It  might 
be  said  that  the  proposition,  The  arc  of  a  curve  is  equal  to  the  sum  of 
the  cliords  of  all  if^  pr\rts,**  is  actually  true  if  all  the  possible  pnrts  he 
rcallij  iaken.  But  the  determination  of  all  the  possible  ]mrts  into 
which  a  whole  can  lie  divided,  is  the  same  thing  as  the  determination  of 
an  infinite  number,  which  is  impracticable  even  in  imagination.  Every 
part  of  a  magnitude  is  itself  a  whole  so  far  as  subdivision  i&  concerned  : 
that  is,  it  admits  of  as  many  aubdivisions  aa  the  whole  from  which  it 
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WHS  obtai^K  «1.  And  it  is  therefore  impossible  to  ^ulMlivide  tlic  magui« 
tude  until  there  is  no  such  thing  a?*  further  bubdivit^iun. 

But  the  theorems  which  we  have  been  considering,  led  to  the  notion 
4f  in/initely  small  quantities,  the  most  convenient  of  all  simpUfications, 
mhm  propawd  in  a  proper  manner.  Seeiug  that  every  magnitude  can 
Uaubdivided  into  parte  which  shall  aevenoly  be  as  small  as  we  please, 
it  waa  imagined  that  all  quantities  could  be  said  to  be  made  up  of  an 
infinite  number  of  infinitely  small  parts,  each  of  those  parts  being  in 
tna2Tiitude  less  than  any  assigned  fraction  of  the  whole,  and  yet  not  abso- 
luu  ly  equal  to  nothing.  On  the  glaring  untruth  of  this  conception, 
lVJ^i■i\ely  considered,  it  is  unnecessary  to  say  a  word;  but  it  is  nevcr- 
ihclcsi»  one  of  thu&c  u::sertions  which  can  be  made  as  near  as  we  please 
to  Inith.  For  a  quanti^  can  be  made  up  of  aa  many  parts  aa  we 
please,  each  of  which  shall  be  as  small  aa  we  please.  And  all  the  con- 
aeqoenoes  of  this  assumption,  properly  deduced,  will  be  true ;  so  that  it 
may  be  considered  aa  an  ablmviated  way  of  representing  the  necessity 
of  diviclinj*  quantity  into  parts,  which  arc  to  be  supposed  to  be  as  many 
as  we  plf  fige.  The  onlv  dunirrr  is,  tliat  the  student  should  fall  into  the 
error  of  treutiug  the  assumption  itself  as  an  absolute  truth  ;  but  from 
this  he  will  perhaps  be  saved  by  observing  that  tliou^h  the  doctrine  of 
infinitely  small  quantities  appears  simple  and  natural,  owing  to  the 
mind  being  always  accustomed  in  practice  to  reject  quantities  on 
account  of  smallness,  yet  that  its  immediate  consequences  present  unna- 
tural nbeurdities.  Allow,  for  a  moment,  the  notion  of  infinitely  small 
quantities,  and  in  the  figure  of  page  16,  suppose  P  B  to  be  infinitely 
^mnW.  Then  P  M  and  M  B  will  be  infinitely  small,  but  the  latter  will  he 
iii>w  an  absolutely  incoiuprehensibility.  For  since  it  has  bti  u  &howii  that 
the  smaller  P  M  i?,  the  more  times  does  it  contain  MB,  it. follows  that 
when  P  M  is  infinitely  small,  it  contains  M  B  an  infinite  number  of  times ; 
ao  that  M  B  ia  only  an  infinitely  small  part  of  an  infinitely  small  quan- 
tity. This  beata  all  our  power  of  imagining  subdivisions,  and  therefore 
(which  may  appear  strange)  we  may  be  justified  in  retaining  the  terms 
of  the  infinUesimal  Calculus  as  a  method  of  abbreviating  stricter  ])ro- 
positions,  when  properlv  ujulerstood.  For,  if  the  student  should  ever 
fur  a  moment  imagine  that  he  sees  reason  in  the  use  of  infinitely  tn^iU 
f;'iantitie?i,  abfolutelv  considered,  he  has  onlv  to  rrrall  to  mind  the  iticu 
uf  an  mfinitely  small  part  of  an  infinitely  small  (|UuuLiiy,  and  he  will 
sorelj  remember  that  tlie  modes  of  speech  employed  are  only  abbrevi* 
anons  of  assertions  which  are  to  be  reasoned  on  in  their  strict  form, 
ikough  expreaaed  for  shortness  in  one  which  is  not  absolutely  correct. 

In  algebra,  the  use  of  the  term  "  infinitely  great "  is  universal,  though 
the  notion  attached  is  not  that  derived  from  the  etymology  of  the  word. 
To  use  the  word-*  in  finitehj  great  in  any  sense,  rind  to  reject  thecorrcs})ond- 
iBiz;  method  of  using  tl»e  words  inpniiehj  ^mnll^  is  to  accustom  our- 
•eives  to  false  distinctions,    if  it  be  proper,  lu  any  manner  whatsoever, 

to  say  that  x  is  infinitely  great,  it  is  equally  proper  to  say  that  —  is 

infinitely  email.  It  is  usual  to  say  that  when  x  is  infinite,  —  is  nothing; 

ind  the  meaning  is  simply  this,  that  there  is  no  limit  to  the  smallness 
sf  — ,  if  there  be  no  limit  to  the  greatness  of  x,  or  that  by  making  « 

wtfkiaHly  great,  ire  may  make    aa  small  as  we  please*  When  we 
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have  to  compare  —  with  a  fixed  quantity,  for  inBtance,  in  tlie  expres- 

MOD  a  4"^i  we  may  indifierently  use  the  phraaea  nothing  or  infinitel|' 

email,  because,  in  every  lenae  in  which  it  has  ever  been  proposed  to  uae 
them,  they  here  mean  the  snme  thing.  The  notion  of  infinitely  small 
cjuantities  is  in  fact  that  of  comparing  different  nothings  springing  from 
different  suppositions,  as  if  they  had  relative  magnitudes  depending 
\ipon  the  suppositions  which  produced  them  :  a  method  of  reasoning 
which  vA-ypT  can  he  admitted  in  any  mrumcr  or  to  any  extent  whatso- 
ever. W  hat  here  mean  to  ilhi?triite  is  this  ;  that  the  form.-;  of  jij)c:ik- 
ing,  which  such  an  hypothciiia  would  req^uire,  may  be  made  to  give  use- 
fttf  abbreviations  of  propositions  deduced  i^om  stricter  methods.  It 
must  be  remembered  that  in  mathematics,  as  in  everything  else,  no 
definition  of  single  words  is  always  sufficient  to  define  the  meaning  of 
words  put  together  in  a  sentence,  and  the  following  explanations  arc  to 
be  considered  as  the  meaning  which  we  intend  to  affix  to  the  aentencea 
in  italics. 

1.  Tii'o  iiifinllrhj  small  quantities  mat/  havf  a  fralc  ralio.  Two 
quantiLics  may  diminish  without  limit,  and  may  still  preserve  a  finite 
ratio,  which  is  either  a  given  ratio,  or  which  becomes  nearer  and  nearer 
without  limit  to  a  given  ratio,  as  the  two  quantities  diminish.  The 
ratio  may  or  may  not  alter  as  the  (piautities  diminish.  And  when 
we  say  that  two  infinitely  small  (piantities  have  an  infinitely  great  ratio, 
wp  mean  that  the  first  divided  hy  the  second  increases  without  limit  whea 
the  quantities  themselves  diminish  without  limit. 

2.  When  x  is  vifinitelij  small,  B  is  equal  to  C.    By  this  we  meau 

B 

.  that,  by  making  s  sufficiently  small,  we  may  make  —  as  nearly  equal  to 

unity  as  we  please. 

3.  fThen  x  is  injinitdy  smalls  B  is  infitdiety  near  io  C.  This  is  the 
last  in  a  different  form»  and  will  illustrate  what  we  have  aaid,  that  the 
theory  of  infinitely  small  quantities,  in  the  ahsolute  meaning  of  the 

terms,  is  equivalent  to  giving  relative  mngniludcs  to  noUtinfjs.  If 
we  have  to  consider  C  without  refereiict;  to  the  difference  between  H 
and  C,  and  if  the  dimiuutiou  uf  x,  without  limit,  give  the  limit  1  Ui 
B 

we  simply  say  that  the  limit  of  C  is  B.   But,  if  we  have  to  con- 

eider  the  diminishing  difference  of  C  and  13,  and  to  compare  it  with 
*  or  any  other  simultaneously  diminishing  magnitude,  in  order  to  see 
whether  the  ratio  of  the  two  remain  finite  or  not,  we  then  simply  say 

that,  instead  of  considering  B  and  C  as  equal,  they  are  infinitely  nev  Io 

each  other,  or  their  difference  is  infinitely  small. 

4.  Of  two  hifinitely  sni'f//  qvanlitic^^  m\c  mny  he  infinitely  greater 
than  the  other.  By  this  we  mean  to  abbreviate  the  following : — ^l\xo  rpian- 
tities  may  dilni^i^•ll  without  limit,  so  that  the  more  they  are  (liminipiitd, 
the  more  times  dues  une  of  them  contain  the  other  ;  and  this  without 
any  limit  to  the  number  of  times  just  mentioned. 

^he  term  infinitely  great  is  used  as  an  abbreviation  of  corresponding 
propositions  relative  to  magnitudes  which  increase  without  limit.  Thu^, 
when  we  speak  of  two  infinitely  great  magnitudes,  one  of  which  is  inH« 
Jiit.  lv  f^reati  r  than  the  other,  we  B]>eHk  of  two  quantities  which  simuU 
taueously  increase  without  limit,  but  one  of  which  increases  so  much 
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luler  Afta  tine  oCher*  tlitl  it  may  be  made  to  oontain  the  otiiftr  as  many 
^mes  as  we  p1eaB&|  by  making  both  rafficienUy  great.  And  here  we 
ilhatt  observe,  once  for  all,  that 

1.  When  "\ve  «?pralc  of  a  magnitude  increasing  without  limit,  we  do 
not  menn  that  it  p.<:tu;.llv  increases  fo  as  to  he  above  every  limit  which 
could  be  nanu-d,  for  thiit  i?  inip()s>ib]e ;  l)ut  tliat  we  can  make  it  greater 
llian  any  quaaiily  wbi'-h  wc  iictiiully  do  name. 

2,  That  when  we  epeak  of  a  quantity  changing  its  value,  we  do  not 
mean,  or  at  least  we  need  not  be  supposed  to  mean,  that  the  quantity 
itself  grows,  or  JUfws^  iu  the  language  of  fluxions ;  but  tliat  we  have  a 
symbol  of  magnitude  to  which  we  attribute  different  values  in  Bucces* 
iion.  Rut  whether  we  take,  for  example,  straight  lines  of  dldt  rent 
lengths,  and  compare  them  tourcdipr,  or  whether  v  c  take  a  straight  line, 
g'lpposf*  it  to  acquire  dilVcrcni  IciiLiths  by  the  m  li  )*!  of  one  of  its  e\- 
treinc  ])oint«,  and  con>]»are  together  its  length  at  one  time,  and  its 
length  at  another  time,     perfectly  inditicreut. 

la  future  we  shall  use  the  theory  of  limita  in  all  reasonings ;  but 
when  we  abbreviate  the  results  into  the  language  of  the  infinitesimal 
calculus,  we  shall  inelose  the  psiagraphs  so  introduced  in  brackets  [  ]« 

We  shall  now  proceed  v  ith  our  rough  sketch  of  the  principles  on 
wlilcli  the  Differential  Calculus  is  founded.  Our  object  is  to  show 
that  there  is  jio  prrat  refinement  or  ahstrusene^s  in  the  nature  of  the 
fuiulamcntal  idcfi^s  cf  the  science;  hut  that  ihcy  do,  in  fnct,  suggest 
thciii^clvea  in  variuus  cases  which  uceur  in  common  life,  wherever  a  dis- 
tinct notion  is  to  be  formed  of  the  actual  state  of  a  variable  magnitude 
at  any  given  epoch  of  its  variation. 

It  is  observed  that  when  a  stone  fallis  to  the  ground  from  a  heisht 
(the  resistance  of  the  air  heing  first  allowed  for)  its  motion  is  of  this 
kind.  Let  i  be  the  Jliimber  of  tecmids  r>r  fractions  of  snrmuh  elapsed 
from  the  hc^rinnin^  of  the  motion,  then  tlie  htigli*^  fallen  throntrh  is  verv 
nearly  16  , 'j-  X  tt  in  frcl.  We  ask,  at  \^h!it  ra''\  tM-  \\\\\\  \\\\\:\  \v\'.)c'\\\\ 
will  the  ptone  be  failiiisr  at  the  end  of  three  s-er.dub,  wheu  it  will  alto- 
ticUier  have  fallen  through  IG^'i,  X  9  or  144  [  feet.  By  velocity,  wc 
mean  the  space  actually  described  in  one  second  when  the  body  moves 
uniformly ;  but  here  there  is  no  uniform  motion,  or  the  lengths  described 
fal  successive  equal  times  continually  increase.  Still,  if  we  examine 
file  lengths  described  in  successive  very  small  times,  we  shall  find  them 
nearly  equal,  and  more  nearly  so,  the  ymaller  the  v:;N  of  time  in 
qiTe?tin:),  niul  --o  (»n  \v'.:hf)nt  linjit.  To  show  tliiiJ,  let  us  cai!  1<>,'^  feet 
a  nif^^'vrc  ;  then  the  number  of  mrapure?  fallen  thr<in(:;h  in  /  seconds  is 
tt.  Let  us  now  sujipose  a  very  small  portion  of  time  /?,  and  let  the 
[lositiou  of  the  stone  be  A  at  the  end  of  t  seconds,  B  at  the  end  of 
f  -f  ft  seconds,  C  at  the  end  of  <  +  2  A  seconds.  &c.  Let  Q  be  the 
point  from  which  the  stone  iell.  Then  by  hypothesis,  the  values  of  the 
nnee  expressed  in  measures  are  as  follows : — 

Q 

QA  =  i*  QB:=     +       QC:=0  +  2/r)*,&c. 

— A 

AB=rQB-Q  A  =:2a  +  /:^=(2/+  k)  k  ->B 
B  C  =r  Q  C  —  Q  n      2  f  /M  3  /r  =  (2  /  +  3     k  — S 

CD  =  QD— QC:=2iik-f  5i^'=:(2/  +  5A)A,  &c. 

er  fbe  idative  proportions  of  the  successive  spaces  described  in  equal 
intcrvsAs,  each  being  the  part  A  of  a  second,  are  those  of 
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to  each  other.  Now  it  is  clear,  1.  That  the  spaces  described  In  Micccssive 
equal  times  are  never  equwl,  for  no  two  of  the  precedinc^  c  an  be  equal, 
however  small  k  may  be.  2.  1  liat  if  t  have  any  value  whatever,  that  is, 
if  we  commence  the  comparison  after  any  given  period  has  elapsed, 
during  which  the  ttone  has  fallen,  we  can  take  the  interval  k  so  amall» 
Chat  the  lengths  described  in  auGoesBiYe  equal  intervals  shall  be  as  nearly 
equal  aa  we  please.  For 

k_ 

AB""2I+  ife"*^2<  +  *'"'^.  * 

which  can  be  brought  as  near  to  unity  as  \ve  please,  it'  k  bo  made  a  suf- 
ficiently small  Iractiun  of  t.  Therefore  the  notion  of  equal  lengths  in 
equal  times,  or  uniform  velocity^  is  one  which  approaches  wiUioat  limit 
fo  the  truth.  What  then  is  the  velocity,  or  rate  per  second,  to  the  effiBcta 
of  which  the  preceding  motion  more  and  more  nearly  assimilates  ?  It 
is  2  ^  measures  ixrr  second  :  not  that  any  thing  near  this  rale  is  conti- 
nued through  a  whole  second,  but  that  the  rate  of  nniforin  motion  ^vbirh 
would  carry  the  point  through  2tk  +  A*  measures  in  a  second,  approaclirs 
without  limit  to  the  rate  of  2<  measures  per  second,  as  A  is  diminished 
without  Hniit.  For 


lontrtb  described  in  a  unifnmi^        f        fiaction  k\  f^^^^^"??^^^ 
11:1  u  n  during  the  fractiuu  A  >  =:  <          ^         >    <8cnbed  in  a 
oi  a  i^ccond  J       I  J    (whole  second; 

and  if  we  suppose  v  measures  ]>»  r  second  to  bo  the  necessary  rate  at 
which  2  £  A  +  A'  measures  will  be  described  iu  the  fraction  A  of  a  second, 
we  have 

2//t  +     =  *u  or  2i +  *  =  v; 

the  smaller  k  is  supposed  to  be,  the  more  nearly  will  v  s  2  <  be  tvaCt 
which  is  the  proposition  as*itM  tod. 

The  notion  of  velocity  ib  one  which  it  is  alvvava  custom ;ir\'  to  define 
by  means  of  uniform  motion,  and,  this  nKxle  of  cora|)arison  being  taken 
for  granted,  the  preceding  is  the  only  way  iu  which  a  body  moving 
through  unequal  lengths  in  equal  intervals  can  be  said  to  have  a  de6- 
nite  velocity.  At  the  end,  then,  of  one  second,  the  velocity  is  2  mea- 
sures per  second,  at  the  end  of  ten  seconds  it  is  20  measures,  the  mei^ 
sure  beini?:  merely  n  term  of  abbreviation  for  16  feet  1  inch. 

There  18  one  reinarkable  case  of  exception,  which  will  illustrate  (he 
manner  in  which,  thrnui;hout  the  Dilicrcntial  Calculus,  particular  c  ases 
may  require  rules  of  their  own.  If  we  count  the  small  intervals  k  from 
the  very  beginning  of  the  stone's  motion,  that  is,  if  we  make  <  0,  we 
find  the  total  lengths  described  in  A,  2  A,  SA,  ftc  of  lime  to  he  A*, 
0  k*^  &c.  or  the  lengths  described  in  the  successive  intervals  to  be  it*,  3  k\ 
5  k^,  &c.  which  cannot  be  made  as  nearly  equal  as  we  please,  for  the 
second  is  three  times  the  first  for  every  value  of  h,  liowever  small.  But 
here  wc  find  the  velocity,  as  obtained  from  the  preceding  procc«?,  to  be 
0:  that  is,  the  rate  per  second  with  which  would  be  described  lu  tlie 
fraction  A  of  a  second,  diminishes  withgul  limit  at  the  same  time  as  k» 
This  follows  from  A*  s  Ai^  or  v i^t 
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la  the  precediiig  mtniier,  let  the  etndent  deduce  the  Mlowing  pro^x)* 
Btion.  If  a  point  move  alung  a  straight  line  in  such  a  meaner,  that  at 
the  end  of  t  seconds  from  the  beginning  of  the  motion,  the  length 
described  ^^hrtU  nlwnys  1>e  t*  t  units  of  length,  then  the  velocity 
vfh'irh  tiiat  pu  nt  niu.  t  ha\c  attheeudof /8ecoiids^iaalwayB8i*  +  2^+l 

Onit^  of  leiigtii  per  bcc(Jiikl. 

[If  a  body  move  as  just  dc;»ci  xbcd,  and  if  tu  ihu  tune  I  already  elapsed, 
«D  infiiutely  mudl  time  k  be  added,  the  Infinitely  small  apace  described 
in  the  time  k  will  be  uniionnly  described  with  a  Teloci^  at  the  rate  of 

3/*  +  21+  1  units  of  length  j  cr  second.] 

Problem. — ^The  curve  0PM  is  of  this 
nature,  that  the  area  inclnflcd  between  any 
abscissa  O  the  corresponding  ordinate  PM, 
and  the  curve,  is  the  third  part  of  the  square 
described  on  O  M.  Required  the  algebraical 
msttmoa  for  the  oidmate  PM  in  tenna  of  the 
abwmeaOM? 

Let  OM  contain  x  imitsof  length,  and  PM  v  units :  take  M  N  A 
unite,  and  let  KQ,  the  ordinate  to  ON,  exceed  P  M  by  Z  Q  containing 
k  units.  Then,  by  the  law  of  the  curve,  the  area  O  Q N  is  one-thini  of 

the  square  on  O  N,  and  contuna  ^(x  -f  A)*  square  units,  while  the  area 
0PM  is  one-third  of  the  square  on  OM,  and  contains  ^.i*  square 
units*   Hence  the  area  M  P  Q  N  contains 

I     +  or       +  4V  square  units. 

But  this  area  is  U-ss  tUua  the  rectangle  M  W  Q  N,  coTituining  h  (y-^k) 
square  units,  and  greater  than  M  PZ  N,  containing  ht/  square  units. 
Therefore,  whatever  may  be  the  values  of  k  and  A, 

f  A      A'  must  lie  between  A  (y  +  A)  and  Ay 

+   y  +  A  and  fj. 

Now  h  nnd  k  arc  so  related,  that  by  diminishing  the  first  without  limit, 
we  diminish  the  second  also  without  limit,  r?u1  t  and  //  arc,  with  respect 
to  h  and  A,  li  vrd  quantities.  Couscqueutly,  y  must  be  -Ij:;  for,  if  not, 
Iti  t  O  M  exceed  P  M  by  any  quantity,  however  small.  This  excess  of  |  «r 
above  y  doeanot  change  when  h  and  k  are  diminished.  But  as  the  pre- 
ceding relation  must  be  tme  for  all  values  of  A  and  A,  take  k  less  than 
the  exoeas  ot%x  above  y.  Then  y  +  k  must  be  less  than  -fx  and  there- 
fore leas  than  ^x-{-^hyOrix  +  ^h  cannot  lie  between  y  k  and  y, 
which  it  has  been  proved  to  do.  Therefore,  cannot  exceed  y; 
neither  can  it  he  kaa  than  y,  for  in  that  case  take  h  so  small  that 
X.Z  +  ^  h  shall  not  be  80  great  as  y,  ia  wiiich  case  it  cannot  lie  between 
y  and  y  -f  A,  as  required.  Therefore,  y  =  |  x,  or  the  curve  (as  we  sup- 
posed it)  most  be  a  straight  line  passing  through  0,and  inclined  to  OM 
at  an  angle  whoee  tangent  is  I-.  In  this  case,  since  the  relation  so  obtained 
holds  for  all  points  of  the  curve,  wc  have  y  +  A  =  4(jr  +  A)orA  =  fA, 
and  we  sec  that  !  r  -f  i  h  lies  between  y  +  /•  nr  *  r      » /*  and  y  or  ^  r. 

[IfMN  be  infinitely  small,  QPZ  is  an  intinitely  small  part  of 
QPMN,  and  QPMN  of  the  whole  QON  ] 

The  preceding  is  a  problem  of  the  Ditierential  Calcidus ;  wc  shall 
now  take  a  corresponding  problem  of  the  Integral  Calculus^  the 
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algebraical  difficulty  of  which  lies  entirely  in  a  proposition  which  we 
shall  here  take  for  e^ranud,  namely,  that  the  sum  of  ull  whole  square 
iiumberB,  1,4,  9,  IG,  &c.  up  to  n*  is 

1  +  4  +  9+16  +  +(nwi).  +  ..="("  +  ^K2^>+l) 

thil  may  be  easily  verified  in  individual  cases ;  thuB, 

,     l.2»3   ,  ,  .    9.3.5  3.4.7  - 

Isr-g— ,  1  +  4= -g—,  1+4+9  =  — Ac. 

Feoblbm. — In  the  curve  OM  P,  the  ordi-  ^ 

nate  M  P  (t/)  is  always  a  timca  the  number 
of  sfjuaro  units  contained  in  the  squan-  of  the 
abscibsil  O  iVI  (r)  ;  or  y  =  a  2  r :  ru([iured  the  f^" 
number  of  square  units  iu  the  aicu  0  MP  ?  c^l^ ' 

Divide  O  M  into  n  equal  parts,  n  being  any 


whole  number :  that  is,  we  mean  to  trace  the  o 
consequences  of  dividing  O  M  into  a  number  of  equal  parts  as  great  as 
w  c  nuiy  find  necessary  to  choose.    We  represent  tnis  in  the  fi^^ure  by 

dividing  OM  into  Buch  a  number  of  equal  parts  as  the  dimensions  of 
the  figure  makes  convenient.  By  drawmg  ilic  ordinates  at  every  j)oint 
of  section,  and  completing  such  a  coustructiou  as  is  seen  in  the  figure* 
we  have  to  notice  ^ 

1.  A  curvilinear  triangle,  together  with  »— •  1  rectangles,  all  falhng 
inside  the  curve,  and  mucing  up  an  area  less  than  that  of  the  cunre 
required. 

2.  A  number  n  of  other  rectangles  having  severally  the  same  bases 

as  the  preccdintT,  but  each  c\-'-ccdin;^  it?  portion  of  the  nirvilincnr  area 
by  a  small  curviiiuear  triangle,  and  altogether,  therefore,  making  up  an 
area  greater  than  that  of  the  curve. 

3.  A  series  of  small  rectangles  diagonally  cut  by  the  curve,  the  first 
of  which  is  a  rectangle  mentioned  in  (2.),  but  all  the  rest  of  whifh  are 
the  difierences  between  the  rectangles  in  ( 1 .)  and  (2.)  The  sum  of  all 
these  smaller  rectangles  is  erpial  to  the  last  rectangle  in  (2.),  or  that 
which  has  the  side  P  M,  for  all  the  bases  are  the  same,  and  the  sum  of 
the  altitudes  of  the  reef  auules  whirli  are  dia^onallv  cut  by  the  curve  IS 
et]ual  to  the  altitude  ol'  the  rectangle  ou  PM  just  uiei^nuued. 

Hence  it  follows  that,  by  making  the  number  a  (;f  subdivi^iou8  greater 
and  greater,  we  coniinually  make  the  sum  of  the  reetangleis  in  either  (1.) 
or  (2.)  approach  to  the  area  of  the  curve  required ;  for  the  area  of  the 
curVe  roust  lie,  as  to  magnitude,  between  the  sum  of  the  curvilinear 
triangle  and  the  rectangles  in  (1.)  and  the  sum  of  the  rectangles  in  (2.) 
But  these  only  diifer  from  each  other  by  the  difference  between  llie 
rectnn'j^le  adjacent  to  PM  and  the  curvilinear  triaoLde  at  the  commcnre- 
ir.ent,  which  may  both  be  ni:.<le  as  small  as  we  please  by  increasini:  the 
number  of  t^ubdivisions.  Ti:erefore,  by  increasing  the  number  of  sub- 
divisiont^  without  limit,  we  shall  find  the  required  area  of  the  curve  in 
the  limit  towaids  which  the  som  of  the  rectangles  in  (2.)  continually 
approaches.   Let  OM  be     then  the  several  intervale  between  the 

points  of  section  are  equal  to     and  the  distances  of  the  points  of  section 

from  O  are  severally, 
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—    —    —   up  tu  OM  =71— or  J 

n      n      n  n 

tk  corresponding  ordinates  to  which  are 

2«      4jr*      9j"  .  . 

a— 5   a — a — ;  up  to  air— =  or  a  jr, 

iiid  the  areas  Qsi  square  uiiits)  of  ihe  several  rectangles  are 

the  sum  of  which  is, 

a^]  (i  +  4  -f  9  +  4-  (n-  ly  +  n') 

a*   n(it  +  l)  (2n+l)     ax'  l)(2fi+ 1) 

or  a  — 1  -  or  — r—  — — — — — 

6  6         n .  n  •  n 


a  J*   71  +  1    2  n4-  1  a 
~6"      ft    '     iS  6 


f(-i)(»-;> 


expresses,  for  erery  Ttlfie  of  n,  the  sum  of  the  rectangles  in  (3.), 
and  SA  Ji  increases  without  limit,  the  term  diminishes  without  limit, 
IS  that  the  limit  of  the  precediiig  aiimmatioQ  is, 

But  that  eame  limit  is  the  aiea  of  the  carve  in  qneatioii,  whence  we  have 

Bimely,  the  third  of  the  rectangle  deacribed  on  OM  and  MP.  It  is 
Moos  that  the  mecesa  of  ihb  method  depends  on  our  being  able  to  sub- 
statute  the  definite  fopnida  ^  n  (fi+ 1)  (2  »  +  1)  instead  of  the  indefinite 
Invmls 

1+4  +  9+  +(n-.l)*  +  »« 

lad  thdt  a  eitnilar  substitution,  if  ^^e  are  able  to  make  it,  will  euuble 
Ds  to  find  the  area  of  any  other  curve. 

We  have  examined  cases  in  whidi  the  limit  of  e  ratio  has  difficultiea 
•risiiig  from  the  unlimited  diminutioa  of  the  terms ;  we  shall  now  show 
tease  in  v  !ii  ]i  the  limit  is  to  be  singled  ont  from  an  infinite  nnmher  of 
noks,  ail  of  which  appear  at  first  sight  e((ually  possessed  of  that  cha- 
ncU'T  :  fciT  instance,  wnen  t  wo  straii^ht  lines  intersect  r  tIi  other  in  a 
poit;i.  aril!  then  continually  ap})roach  to  coincidence,  sliittnii^  tl  f^ir  point 
^  iiitersection  with  the\r  changes  of  position.  When  they  are  actnally 
Wousht  to  coincide,  they  have  all  their  points  in  common,  or  every  point 
ii  s  poiut  of  coincidence.  The  question  is,  which  among  all  these 
yoiiti  of  coinddenoe  ia  the  point  towaida  which  the  point  cf  intersec- 
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tion  always  tended  wLilc  tiiere  was  intersection.    Let  Q  R  be  a  straight 
line  which  alwayi  moves  peq)endicttlar  to  p 
the  tangent  of  the  eunre  PQ»  white  Q  moTes 
towards  P :  and  let  P  R  be  perpendicular  to 

the  tangent  at  P.  As  the  point  Q  approaches 
to  P,  will  the  point  U  recede  from  P?  If  so, 
wiW  it  recede  without  limit,  that  is,  may  any 
point  in  P  R,  however  distant,  l>ecome  the 
intersection,  by  bringing  Q  sufficiently  near  to 
P?  Or  win  It  recede  with  a  limit,  that  ia» 
though  alwaya  receding  while  Q  approachea 
P.  will  there  he  any  point  in  PR  beyonit 
which  it  never  can  he  found  ?   Or  will  it  ap* 

proach  to  P,  and  if  so,  will  the  approach  l)e  without  limit  as  to  near- 
neaa;  or  can  a  point  be  assigned  in  P  R,  within  Avhich  and  P,  the  inter- 
section will  never  be  found?  Tlie  answer  to  tlicse  questions  depends 
upon  tlie  nature  of  the  curve  PQ;  ■^ve  ask  tlicni  here  tliat  t!ie  student 
may  be  able  to  sec  whetlier  lie  siill  retains  notions  of  limits  derived  from 
anything  but  deniouBtration.  in  the  '  Elementary  Illustrations,  &c.' *, 
page  22,  a  case  will  he  founds  in  which  the  limit  of  ao  intersection  is 
deduced. 

AH  woilca  which  treat  of  the  Differential  Calculus,  for  the  most  part. 

make  more  or  less  reference  to  the  discovery  of  the  metlitKl,  and  the 
celebrated  dispute  upon  the  right  to  the  honour  of  it.  We  shall  here 
state  in  few  word»  as  much  as  wc  think  necr^^sary  upon  that  subject. 
Unquestionably,  the  first  whom  we  know  to  have  solved  any  problem 
of  the  Differential  Calculus  was  Archiutedes,  in  whose  treatises  on  spirals, 
on  the  quadrature  of  the  parahola,  and  on  the  cone  and  sphere,  are  to 
he  found  processes  which  depend  upon  the  comparison  of  curvilinear 
figures  or  curved  surfaces,  with  the  inscribed  rectilinear  figures  or  plane 
solids.  A  method  of  limits  is  really  introduced^  the  basis  of  w  hich  ia 
the  projMjsition,  that  by  fsncccsivcly  taking  away  more  than  half  from 
any  quantity  and  the  remainders  obtained,  the  la^t  remainder  may  be 
made  less  than  a  i^iven  quantity,  and  a  process  suuitwhat  like  that  in 
page  22,  is  made  to  furnish  rigid  demonstration  of  the  results.  Taking 
all  the  curves  and  surfaces  which  were  considered  in  his  time,  Archi- 
medes has  produced  most  of  the  results  which  even  the  modern  Diflferen- 
tial  Calculus  can  express  in  Jinite  terms;  and  he  was  stopped,  not  by 
the  inadequacy  of  his  method  considered  with  reference  to  the  distinction 
between  the  Dilferential  Calculus  and  other  branches  of  iiiathematics, 
but  simply  by  ihe  w  ant  of  a  more  powerful  instrument  of  expression, 
such  as  is  algebia  wlien  compared  with  geometry.  He  could  overcome 
the  ditliculty  which  answers  to  writing 

;  »  («  +  1 )  ( 2  »  +  1 )  for  1  +  4  +  9  +  +  („  - 1)  I  + 

hut  he  eould  not  ohtain  the  approximate  ezpreaiion 

(3*14159....)' 


6 


for  1  +  ^  +  ^  +  adinfi 


the  lancruage  and  ideas  of  his  time  hardly  admitted  an  adequate  concep- 
tion ot  tlie  preceding,  or  of  anything  e(piivulcnt  to  it,  and  the  metboda 
of  operation  w  ould  have  been  utterly  unable  to  discover  it, 

«N«Sil35aiidl40ofths«Libtstyof  UssfidKiiovlsdge.'  ; 
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Btiwc^u  the  time  of  Archimedea  and  the  end  of  the  bixieeuth  cen- 
tury, there  it  nothing  to  aireat  oar  attention.  The  diicovery  of  a  very 
fern  new  propositioiis  having  jntt  this  affinity  with  the  DiiFerential  Cid- 
cafaM  Ihat  they  are  easy  cases  of  it,  is  all  that  can  be  adverted  to.  Vieta, 
the  iiit  user  of  general  ejaihols  in  algebra,  that  is,  of  letters  designat* 
ing  any  quantity  whatsoever,  and  Des  Cartes  in  applying  the  algebra  so 
obtainetl  to  geometry,  by  what  is  now  called  the  method  of  co-orcHnates, 
were  the  crlgrinal  creators  of  the  power  of  algebra,  and  they  were  fol- 
k>wed  by  a  multitude  of  partial  discoverers,  who  added  isolated  theorems 
OQ  series  and  developements  to  the  general  stock.  At  the  same  time 
flia  feneral  thenry  of  curve  fines  was  receiving  similar  accessions,  and 
the  nmltitiide  of  analogies  suggested  to  severiu  the  idea  of  oomhining 
them  under  one  general  form.  In  the  first  half  of  the  seventeenth  cen* 
tniy,  Cavalieri  proposed  his  no/ton  of  indivisibles  *,  and  Roberval  his 
notion  of  fluxions.  We  say  notions  instead  of  method?,  because,  in  fact, 
no  methods  could  spring  o\it  of  thpm,  unless  by  the  application  of  a  more 
powerful  algehra  than  was  then  ]Hi?sr-so(l.  It  is  difficult  to  imagine  that 
either  idea  hud  not  occurred  to  Aichimedes,  and  been  used  by  ium 
as  a  method  of  discovery,  though  rejected  as  one  of  demonstration. 
Rdherral  considers  curves  ss  formed  by  the  motion  of  a  point ;  and  hy 
swigning  the  law  of  description  of  the  curve,  and  the  consequent  velocities 
of  point  in  any  convenient  direction,  he  obtains  the  direction  of  the 
tangent  of  the  curve  by  the  composition  of  these  velocities.  He  also  lays 
dfjwn  the  connexion  between  the  method  of  indivisibles  and  of  infinitely 
traall  quantities  in  the  manner  cited  in  the  note  f.  But  every  point  in 
which  either  RoIh  i  val,  Cavalerins,  or  any  other  of  their  time,  could  go 
beyond  Aiclumedes,  was  owing,  not  to  any  notion  that  could  be  formed 
«f  the  method  of  generating  quantity,  but  to  the  increased  power  of  alge- 
ta.  This  becomes  still  more  apparent  in  the  ArUhmetie  of  Infinites  of 
Wallis,  in  which  a  laige  number  of  problems  of  the  Integral  Calculus  is 
•oH«d,  and  which  contained  more  hints  for  future  disooveiy  than  any 
other  work  of  its  day. 

Newton  and  Leibnitz  had  independently  come  to  the  consideration  of 
quantity,  and  each  made  the  new  step  of  cnnnertinL'  liis  ideas  with  a 
specific  notation.  If  one  line  depend  upon  uuotlicr,  and  both  increase, 
Ke«iun  supposed  the  first  line  x  to  increase  or  flow  with  a  velocity  j', 
is  eonaeqaence  of  which  the  second  increases  with  a  velocity  Lah^ 
nitz  supposed  an  infinitely  smsll  increase  dxio  be  given  to  j-,  in  conse- 
quenceoif  which  y  receives  the  infinitely  smsU  increase  dy.  These 
^noost  amount  to  the  same  thing :  if  we  suppose  an  infinitely  ^^nmll 
time  dt  to  elnp^e,  during  which  the  motion  supposed  by  Newton  causes 
the  increase  supposed  by  Leibnitz,  we  have 

•  See  'K^Fmcntan-  T!!tist rations,*  .^'c,  p.  61. 

f  ^Pour  tixer  des  coadusions  par  le  moyea  des  indivisibles,  il  ikut  supposer  ^ue 
tnle  ligne,  soat  droHe  on  courbe,  sc  pcut  dhriser  ea  ime  inlfaiittf  d«  purties  m  pelitfi 
fipm  tootas  %ales  entr'eilet,  ou  qiu  suivent  cntr'eUeR  telle  progression  (lue  Ton 
vmdra^  com  me  dc  quarr^  il  quarr^,  de  cube  i  cabe^  ds  qaaR6-quan6  1  9^anr^ 
fsanft,  ou  seioa  quelqu'  autre  puissance. 

*0r  d'avtani  qm  tonte  Kgae  se  tenDias  pir  de  points,  au  lieu  de  Wgnes  on  se 
SHTtra  d<-  p  wnN  ;  et  puis  au  lieu  de  dire  q'le  toutcs  los  petites  lignes  sunt  u  telle 
diost  to  ccrtaine  raisoOt  on  dira  que  tous  ces  points  sent  ft  telle  chose  cn  ladtte 
Mhoii.'*^Roberval,  Traite  de*  IndttiiiUet.  Rofacmd**  flmigiis  SIS  to  be  foiiiMl  in 
bs  '  Obsenrations  sur  la  Composition  d«8  Mouvemens,'  tbt  wotk  of  a  ptipil  from 
Iilt  Inrtr^ictions.  with  his  remarks.  Both  tfiatisss  in  'DifCfS  Oumges  (Is  Matb^* 
mlM^m^^  &c   Fari^  1693,  foiio. 

n 
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The  merit  of  this  etep  being  granted  to  belong  equally  to  both*  it  only 

r^ju^|l)9  to  ^  whic)i  did  mg»t  )ow»r4»  a^ignipg  thg  y4ue  9^  -  j  QK  iNl 

e^ual  •-T^  m  e? ery  poieible  case.   And  here  thpxe  paa  be  no  questioa 

tliat^  (imoDiud  theorem  of  Newton  Is  a  mucfi  larger  qonsUtuent  o^t]i$ 
difference  of  power  between  Archimedes  and  the  immediate  successors 
of  the  former,  than  anything  else  wliatsocvcr,  unless  it  be  the  step  made 
hy  Vieta,  ulrcaily  mentioned*.  It  is  perfectly  true  thut  l^ibnitz  auvance4 
the  Ditierential  Calculus,  in  conjunction  with  the  Bernoulli^,  to  a  much 

g eater  pitch  of  perfection  than  Newton  or  his  liughsh  contemporaries- 
ur  preceding  femairks  are  only  i^^ended  (o  draw  -tile  attention  of  lih({ 
•tu^ent  to  the  distinctiop  between  the  metaphysics  and  iiotatkm  of  t|i§ 
•uSiect,  and  t)ie  algebra  which  makes  them  servicealile. 

T^e  nota^on  of  Newton,  w)iich  prevailed  ^n  Englaud  till  after  th^ 
commcnrcmcnt  of  the  present  century,  has  been  discarded  by  all  writers 
in  the  universities,  and  by  most  out  of  them.  Tliere  arc  those  whQ 
object  to  tbe  cliaiige,  and  wjio  consider  the  fluxional  notation  as  at  least 
equa),  if  not  superior,  , to  that  of  ^i)}uitz.  ^Viihout  discussing  thjj} 
—'pt,  we  ajre  inclinc4  to  consider  f{ie  jigi^fnality  of  ^  no|^t|on  ff 
i)l>nit2  ^foughout  t^  whole  of  tpe  dvilized  Vwldy  an4  ^he  fac| 

{.  qf  t^  ^i^o^^i*'^^  made  since  ^ni^^  of  Nfiw^ii,  jlpl^  in  purj; 
icmatlcs  and  physics,  being  expressed  by  meaiif  of  M  itself  a 
Bj^fficient  reason  for  adopting  it.  V^wi  we  shall  m  the  proper  place  give 
tptp  notatiouii,  and  explain  the  method  of  converting  one  into  the  other. 

"We  shall  also  emjeitNour  to  teach  the  Integral  Calculus  at  the  same 
time  as  the  Dil^erentiul.  |ie  separation  of  t|)e  two  which  ta^es  ]>1b^  in 
pip.ftt5pfk9t  ^jioug^  cpnv^n^ept  )n  aon^e  respppts,  and  those  po^ 
portant,  yet  deprives  the  student  of  the  means  of  ley^ipg,  a]:  ^e  s^^ 
time,  subjects  between  yrhich  t^^  ai}f4o)nf  i*  *9  Jtf^tjitteii 
»d.4i)^n  and  sub^S^^PH.  '  \ 

•  IcibnUf  complained  that  when  he  spnke  of  the  DifermHal  Caleuhu,  hitt  nppo- 

nenii  answered  him  tj-"  K-fctcncc  to  the  mrtho-l  cf  seriiu  '  y[.  Monfiicta  re^narkson 

thiS|  |bat  ''agcomettf  might  have  been  in  pottieBsion  of  the  method  of  Mfrhfs,  and 

]ba«e  bsen  able  to  square  a  multitude  of  curves,  and  yet  not  have  been  in  poueteioa 

m  the  eateut  des  JluTion$  rt  Jtumtes**    But  what  those  wori^'  ineiin  when  abstracted 

!ffoTn  the  method  (if  si  rii's  hi-  dues  not  ' state  ;  but  g'oos  on  to  ndd,  "  tbe  exprc*t.l6n 

for  the  ordinate  of  a  curve  being;  reduced  into  a  series,  if  ih*  case  required,  tt«& 

methods  of  WalHs,  lOiealDr,  CatalcKos;  or  retniai; would -faavs  saficed^MlM 

area."    Considcrinff  that  lA'ibnitz  himself  admitted  the  priority  of  Newton  ih  the 

method  of  series,  and  tbnt  tliete  is  no  question  at  all  of  the  labours  of  Leibnitz  m 

tUt  lespeet  beinij  in  no  degree  to  be  corijptred  with' those  of  Newton,  thli^  te-Sofbe- 

tbinp  like  concediiifr  the  point  in  question.  It  is  diffichl(>to  eerwhsct  Montncia  means 

we  should  infer  in  favour  of  Loihnitr,  from  hi«  admission  that,  irtM  NilOMtt  MtktM 

^mrict,  there  were  four  integral  calculi  m  existence  before  Leibnits.  ••^•^ 
J  '    '  •••  »       ••  ••»"•»♦•». 
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'CHAm»  I. 

fi^         P?^QpKSSpS  OF  DIRECT  DIFFSBBNTIATION. 

Tbm  ndet  hf  yMi^  qnaiititiet  mre  difEbre&tiated  mutt  be  studied  uBtQ 
Oej  tie  pcmcflj  known,  and  easy  to  practiie.  Without  demonstrating 
Iheai^^SittdSfe;  oT'eveii  definbg  them^'ive  prefer  to  place  them  'l^ 
^Msmselres,  and  to  reconunend  fhe  student  to  practise  them  while  read- 
ing the  following  chapters,  considering  them  simply  as  methods  whioh 
gnat  be  frequently  employed  in  the  sequel. 

Tlie  process  here  employed  is  called  dij/lrt'iitiation^  every  algebraical 
expression  having  what  is  called  a  difjerenlial  rm-fjicicnt  with  respect 
to  anv  letter  which  may  be  named.  If  the  expression  do  not  coutniu 
that  letter,  the  diflerential  coefficient  ia  0;  but  if  the  expression  eontain 
the  letter  in  question,  the  proper  rule,  from  among  those  which  follow, 
must  be  employed.  Thus  the  dlfoditial  coefficient  of  0+6  with 
respect  to  x  is  0.    This  particular  case  needs  no  further  examples. 

The  letter  with  respect  to  which  differentiation  takes  ])lace  is  called 
the  independent  vanablc.  The  expression  differcntiuted  should  be 
called  the  depi^ndcnl  variable,  hut  the  plirase  is  not  found  necessary. 
Every  expression  which  in  any  way  contains  a\  or  depends  for  its  value 
upon  the  value  of  :r,  is  called  a /unchon  of  x. 

In  what  Ibllof^lhe  Independent  variable  will  always  be  ». 

1.  The  diftrential  coefficient  of  mx  is  m.  Thus  x  gives  2x  gives 
2, 1 J  gives  I,  —  a*  gives""— 1,'  — givfes  —2. 

2.  The  diflerential  c6'efficient  of     ia  mx"*~'.    Thus  9  gives  1  x*"*  or 
or  1,  aa  before )  x^  gives  j2d:;  x*  gives  Sx*^  x'^  gives  (p  +  9) 

jf*'"  ' ;  gives  |-x^ ;  gives  —3*"^  or  —  3 The  following 
^vrtnstaEnces ;  over  the  columns  of  functions  in  question  is  w  ritten /x, 
jneantDg  the  Junction  of  x  ;  over  the  column  of  ditierential  coefficients  it 
written  f/jc,  which  stands  for  the  differential  coefficient  of  /x. 


• 

f 

1 

x-«  or  — 

—  2x-»  or 

1 

109  4e!* 

1 

*  •  or  —= 

ST 

—  3*"*  or 

""3j^» 

.  _1 

X  Tor  , — 

—  ^x'^or 

1 

2x* 

i«"*or-ir- 
3«t 

— ix'f" 

• 

4-»"^or — ^ 

jr*or  ~ 

—  l«'*ot  — 4 

■  x-i 
B  2 
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3.  If  logjr  to  the  base  a  be  the  function,  the  differential  coefficient  is 

M 

— ,  where  M  it  the  modulus  of  the  ayitem  of  logarithme  hAving  the  hue 

X 

fl.  or  the  logarithm  of  e  (=  2-7182818)  in  that  system,  which,  when  a 
is  10,  is  *4342945.  But  in  this  subject,  and,  indeed,  in  all  hranches  of 
pure  analysis,  the  only  system  of  logarithms  employed  is  the  one  which 
has  «  or  2*11828 ....  for  its  hase,  the  modulns  of  which  is  unity. 

Consequently,  in  this  case,  the  dilfercutial  cocflicicnt  of  logj  is  — . 

4.  Tlie  differentia!  coefficient  of  a' is  log  a  (here  logarithm  of  a 
is  taken  to  the  base  £,  wliich  is  always  meant  when  no  other  ba^e  is 
specified).  The  differential  coetlicicnt  of  is  t'  itself.  The  diti'erential 
coefficient  of  (a  -i*  by  is  (a  +  by  log  (a  +  h),  &c, 

5.  The  diff.  co.  of  sin  «r  is       cos  j? 


cos  «r  . .    —  sin  « 

.tano?  . .  1  +  tan^je  or 


COB*J? 


6.  By  sin~*j7,  we  mean  the  angle  which  has  the  sinedr;  hy  eos'~'«, 
the  angle  which  has  jp  for  its  cosine,  &c.  Thus^if  a=  sui6  bsi  sin"*a» 

The  ditf.  co.  of  sin  ''jj  is     -  ^ 

1 


of  cos'"*jr  is  — 

•  1 

of  tan"' J?  is 


All  ane-lrs  are  measured  m  the  manner  described  in  the  *  Study  of  Ma- 
thematics %  namely,  by  the  number  of  times  which  any  arc  subtend- 
ing the  angle  contains  its  radius,  and  an  angle  so  expressed  may  be 
turned  into  seconds  at  the  rate  of  206264*8  seconds  to  a  unit,  and  thence 
into  degrees,  minutes,  and  seconds. 

1,  To  differentiate  the  sum  or  difference  of  any  number  of  functions, 
differentiate  each  sej)arately,  and  put  the  same  signs  between  these  diff, 
CO.  as  are  between  the  functions  they  spring  from.  Thus, 

The  diff.  CO.  of   jr"  +  a'  +  log  <r  —  sin  x    cosx  + 

is4        n  x'"^  +  a'  log  a  +   cos  r  —  ( —  sin  j:)  + 

or       iiJE^"^-f  o;' logo +        COS  0  + sin 

Diff.  CO,  of  jf  +  c      is  +  0  or  » 4c"~* 

-      cos  *J1S  ;  + 


...  1  —  ./       is       0  —  1  or  —  1 . 
*  Libiaiy  of  Utsfid  K]umle4ge,  No.  90,  pp.  H  98, 116. 
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B.  Tlie  difll  CO*  of  a  foncUon  of  x  multiplied  by  a  constant  *  it  fonned  by 
tfemtifttuig  the  foBctkm,  aod  then  moltiplyiiig  by  Uie  oolutant  Thus 

the  di£co.  of  clog«uex  -^or-^. 

Diff.  CO.  of  ca*  — c'a'+  aclogf—  (a  +  c)  tan~'j? 

IS       ncj*    —c' a' log  a  +  —  — -r— — 

°       a?      1  +«■ 

Di£co.  ofpsxn  *«— gaiua?  ^ 

Difi:co.of  l+2j:  +  3jr«+  4r*+   5     +  Ox* 
ia  2  +6jr  -I- 12a;'  +  20j;'  +  30j^. 

9.  To  differentiate  the  product  of  two  functions,  muUipty  each,  by 
die  dtC  00.  of  the  othcTi  and  add  the  results  (with  their  proper  sigas) ; 

the  di£  co.  of  l^g  »Si  njf"*logj? X  —  oriiJf"*logjr *. 
 ...^fluurla  1  xaia.v  +  «X  coa;por  sm«  +  'cob'- 

 -  tan  j;  is  — -r .  tan*  H   j« . 

r  X  coa*« 

 (1-J^)  (J^  +  ^O  w 

(0  -  2  j)  (x  +  jr*)  +  (1  -x«)  (I  +  3x-)  or 

10,  To  diflBerentiate  a  iractioa»  form  the  following  fraction*— 

Den'  X  (dift  co.  numQ  —  nnm'  x  (diC  eo.  denQ 

(Denominator)* 

1   log«x2ap     ,  ^. 

c..rf_lSLi-i,  *1  

^  ^  ' 

'  ainj;        ooe  x  x  coax— sin «(— sin <)  1 

 ^  is  1  ^  ^  er  ^  ■  ■  * 

coa*x  coB*x 


l+x     .    (1-r)  (0+l)-(l-|,4g)(0^1)   2_ 

' 1-*    "  (1— ^ 

«]QgVx0^1  X  (Iog«+«-^)  , 

,   ^      is——-  ar/^^  lugr+1 

" jrlqgx  a:^(logx/  <(logj?)*' 

1— «nx  .  (1  .f  sin j)  ('-coa;c)— (1  —  sin^r)  (cos x) 

 l-fsinx  (l+einor)*  ^ 

2coaj 

(l+8inx)«* 

11.  To  diflerentiate  the  imkhiet  of  any  number  of  functions,  multiply 

*  A  c»n*taHtf  with  respect  to  j:,  ia  a  fuactioa  which  does  not  dspsod     ;r  ;  thu% 
»  •  is  a  oomtantj  if  chsng«  in  x  produce  no  change  in  tu 
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the  diff.  CO.  of  each  function  by  the  product  of  .ajl  the  pt\^r/up<i^io 
and  add  the  results.    Thus,  the  diff.  co.  of  i  x  sinx  X  cosxk  ^  Jsl^rl 
member  that  t'  dues  not  change  by.diflferentifttion)  . 

X  sin  X  cos  X  £*  +  X  cob  •  j  c*  —  x  sin  *j  t'  +  sin  x  cos  x  i'. 
Some  examples  of  these  processes  will  be  j^ivwi  at  thn  cixl  of  this 
chapter  ;  but  the  best  examples  are  those  which  the  sLudeut  forma  for 
liimMlf  in  the  foUowmg  manner^  l^ake  any  function  Which  can  be 
ditfereotiated  hy  one  rule,  and  throw  it  into  another  form,  in  which  it 
requires  another  rule..  nifferentjate  each.fonn  by  ita  own, rule,  and 
see  whether  the  results  can  be  made  to  agree.'  For  iDatapc^  all  the 
following  fonns  are  the  same  function^  «*• 


x'  (I  +  J)  -  x\ 


and  theur  difif.  co.  are, 


Si* 


X 


2jr(l +«)  +  «•  (0  +  l)  —  2» 
ihow  ihat  the  latter  Ihree  of  iKcBe  femu  are  severally  equal  t6  ihe  llhrt. 

We  have  now  differentiated — 1.  the  fundamental  foima 

Jt^ ,  a' ,  log  d? ,  sin  « ,  coe  x  ,  tan  x ,  sin      ,  co8~*a? ,  tan"**. 

2.  All  functions  of  them  made  by  the  fundamental  rules  of  addition, 
subtraction,  multiplication,  and  division.  It  rentains  to  point  out  how 
to  differentiate  more  complicated  functions  of  funotions. 

Rule. — ^To  differentiate  wiik  respect  40 a  function  of  Vt  where  v  is 
a  function  of  difierentiate  with  respect  io  theii  ^iffn:'ehtiate  v  v>ith 
respect  to  x,  then  multiply  the  two  results  together. 

This  rule  needs  some  elucidation,  but,  when  understood,  w  ill  be  found 
the  best  help  to  the  memory.  If  we  have,  for  instance,  the  double 
function  log  sin  x,  the  logarithm  (not  of  x,  but)  of  sin  J.    We  sec  that 

11 

in  toe  preceding  rules  logje  gives — .  Does  log  am «  ^ve  -: — r 

YcB ;  when  diticrentiated  wiUi  respect  to  (not  but)  sin  x.  We  have 
hete  made  sin  x  stand  in  the  place  of  x.  To  differentiate  with  respect 
to  X,  diffn^ntiate  sin  or  with  respect  to  x,  giving  cos  x^  and  multiply  the 

i 

preceding  result  by  cos  giving  t —  .  cos  j;,  or  cot  j:,  the  result  re- 
quired. 


/* 

fx 

fx 

log  Bin  « 

I 

sin  X 

.  coa« 

log*" 

X*                '  S 

kgooac 

1 

cos  X 

log  tan  « 

1 

taa« 

(1  +  tan*jr) 

sin  <r* 

cos  2^  X  2« 

*  AeeoQBl  fat  ths  simplicity  of  ihsssiesalls* 
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.  -      -  J  ft.  ^    ,  , 

cot.  log  «  X  — 

* 

•m  c' 

COS     X  «• 

f*'  ^  cot* 

i*+*'X(0+i) 

i-'xr-ii 

-_1 


.  -1'  1 


(1  + 
(1  -  ^)'' 

(femj+coBOP)" 


6(1+J^)' (0  +  2  r) 

7?  (0-1) 

12  C^+45»)"  (2j:+3j:*) 

ii(«ii«  +  coei)'"* 
X(c(itir— fiii&x) 

Diff.C0,(tf(a  +  i'«+car«)*  it  »(a  +  6x  +  c j')""'  (6  +  2cx) 

....    co6(cos  j+ sinjr)i8 -BinCcos^r  +  Binj:)  X  (-sinir+COSJ?}; 

"We  ^kn  iidw  differentiate  functions  of  functions  oF  functions  of  x, 
Sn^^llte  Ire  bAT«  log  sin  a*'"'.  By  the  last  rule  we  have, 

DiE  Co.  of  (log  iiH  i*^')  is  .         X  DiflEi  co.  of  (sina**")  ; 

tin  A 

:  ;  :  :   (sm  «         wcoi  a""  X  Diff.  co.  ofCa-^-) 
•  .  .  .    (  a"")       U  a*"' .logdXDiff.  CO.  of  (sittx) 
:  •  •        lElffli)      It  obtip 

.  ,  .(kgtina'**Ois-T-^Xeoia''''xa'^'.logaxcosx 

'    sin  a 

BiS  eo.  tf    4-  4ir^y  it  2  (« + /^*^)  x  Difi:co.of  (»+ V?^  ) 

; : : . ,  ti+T?^)  =  liiff: co. of Diff. co. of 


=  1  + 


X  Dili.  CO.  of  (x*-l) 


1  + 


»  -a 


 S  1  +  -  .  ^ 


INKm.  Va**-!)  S3   — • 


ing  tymbf^llcal  recapitulation,  efery  cate  of  wliiqh  the 


q£  ^j;  fmd  ^x;  and  bo  on. 

(♦5^  ijr»-  j|^»y«  ♦'jpf  ysr-  x'* 
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{  (0  X)*"  }'        =  m  (0  j)        ^:>'47     {£  f       =  Cf*  . 


By  0    J  we  mean  the  same  function  of  y  jt,  which  ^  «  is  of  x :  thii% 

if  0  I  be  log  r,  (p^/  X  means  log  ^  j.  By  0'  we  always  mean  that  ftinc» 
tion  of  r  which  arises  simply  from  clifTerentiating  0  r  ;  thus,  m  we 
mean  that  r  0i;  has  been  dilferentiated,  we  BubfiUtute  a:  instead  of 
iC.    We  have  then, 

The  differential  coefficient  of  the  differential  coefficient  is  called  the 
second  diffcrcntiHl  coeflicient;  the  differential  corfHrifnt  of  the  second 
differential  coelVicient  is  called  the  third  difTerentiul  cociiicient,  and  so 
on.  The  several  ditl'erential  coctticicnts  of  (p  r  are  denoted  by  0'^*,  0"^*, 
<p'"x,  0'^,  &c.;  and  it  is  custoiuar}'  to  use  Jioman  uumeraU  to 
ezpreat  annmberof  accents,  when  they  are  too  many  to  be  conveiiiently 
written.  Thos,  the  tenth  diflbrential  coefficient  is  written  ^«r.  But 
when  a  letter  represents  a  number  <  f  Mccents,  it  is  cuatomary  to  place 
it  in  brackets:  thus,  the  nth  differential  coefficient  of  0x  is  wiitten 

This  process  i&  called  successive  difoeutiation»  and  its  easiest  cases 

are  as  follows : — 

1.  Let  0  x  be  jc"  ;  then  0'x  is  /ia""',  0"j:  is  n  (» —  1)  JP*"\  0"'j:  is 
n  («—  1)  («  —  2)  0"j  is  n  (n-1)  (fi  -  2)  (n— 3)*^,  and  ao 
on.  In  the  following,  the  function  difleientiated  is  the  first  of  the  Um, 
and  it  is  followed  by  its  sucoeaaive  difoentud  coefficients. 

a?»,  4a^,  4.3j:»,  4.3.2.x,  4.3.2.1,       0,0,0,  Ac 

X*,  5j?*,  5.4ir*,  5.4.3J*,   5.4.3.2x,  5.4.3.2.1,0,0,  &c. 

1      J_    2         2.3        2.3.4         2.3.4  .5  - 

^     »  ? 

1       n      »(n+I>    n(it-H)(n+2)  n(n4-r)(w+2)(i»'f3) 

W\   -i'i^'K  i.i.i*'^'  -i.f.i.  V*  ''f&c. 


w»  n  — IT"        m  — 71  m  — 2/1  — r~  . 

una  H     II        n  ' 
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2.  «^lofa»  «-Cloga)*.  a'(loga)\  a'(k)ga)S  Ac. 

3.  f*,      f*,  **•  «*,  ^,  to 

4*  i«9  «      y  >       ^*      ^      Me  last  page.) 

5.  mux,      ooftj:,   — suur,    -co«x,   sia j:,      cos j,  &c. 

6L  coejp,   ^iin^t   --coedF»      eindr,  CQe»»   — aiiidPi  Ac*  - 

Jfenorotuiiiiii.*— Obiem  tihat  in  every  ciae  a  fimctioii  of  «  +  ^  doea 
not  xeqiiife  any  leooiid  prooen  in  difeeatiatioDi  for  inetanoe* 

Diffi  CO.  of  rin  (x  +  c)  as  eos  (x  +  c)  x  Diff  eo.of  (x  +  c). 

But  the  difierential  coefficient  ot    +  c  is  1  +  0  or  1. 
We  shall  now  ^ve  some  examples  *  for  practice. 
Let 

or  (1- J-)"*  ^jfa  

X  ^      V  1  —  j:*-J?diff.CO.  of  Vl-Jf*  1 


—  <Ar  +  X  diff.  CO.  of  ^1  -  ~  j  diff.  co.  of  ^1 4- J 


X 


— 9 


1  +  x 

(l  +  *)  +  0-*) 


3  0  +  ^)  (i  +  j)  vrz?' 

Re<Iuctions, siicli  as  are  here  to  be  made,  aad  succrss  in  which  depends 
on  tbe  expertuess  of  the  student  in  common  algebra,  ioim  the  greater 
part  of  the  difficulty  of  the  succeeding  examples. 

-           Va«-x*       ^  fl« 
9«=  —       9^*=  —  -7-7-— 

^  a     hi  •\-  CJ* 

00?=:         , .  ■ ,  ■■  qf^r 


*  Theia  axe  two  vrorks  in  Eaglish,  which  are  express  culleciiuns  of  examples  for  tlie 
l«ftrner.  1.  *  CoUectiou  uf  Examples  of  the  Difierential  and  Integral  Caloilua.'  By 
iitwfp  Fneock,  A.M.,  ftc,  Cambridge,  1820.  This  work  ii  now  oat  of  print  aad 
•carcs^  and  ws  have  been  freqtiently  indebted  to  it.     2.  <A  Digested  Series  of 

Example*,*  ^c.  By  John  Hindf  Bf^.,  Dfif^hton.  CtiTnWiHpf,  and  Felluwes, 
Loodon,  Tills  worlc  would  be  very  usetui  ta  tiie  studeut  who  wu>l^C8  tor  more 

•Bsmples  fbn  0Bi  work  cu  ghra. 
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Ru£B.— ^heii  two  fUhctionft  ditfet  only  in  tbe  tign 'd  ibe  diS:  to* 
of  one  mayi)e  found  from  that  of  the  other  by  changing  the  ligb  of  dP^ 
and  then  changing  the  sign  of  the  whole.  The  laat  ia  an  ezampfe. 

'it  )  —  jpt  ^  ^ 


.        6   ^         5  .r 


The  proceia  may  aometimea  be  leudeied  lev  imhetram  hf  AS  liae 
of  loganthmfly  aa  mttows.  Suppoee  we  wiah  to  diffeientiate 

where  all  the  cafotal.  letten  are  funetionaof  jp,  and  P'  Q',  fte.  axe  thetr 
d]£Eerential  coeflSdenta.  Take  the  log^rithma  of  both  sidea  (and  let  X 
•tand  fiir  log) 

X0x  =  XP  +  XQ  — XR~XS  +  -i-(mXV  +  XW-XZ); 

fi 

differentiate  both  sides  (it  being  true,  as  hereafter  noticed,  thnt  the 
differential  coefiicicnU  of  cc^uai  functions  are  equal),  and  we  have 

F        R'    s'    1  /  y  w 

whence  we  get  0'.r  by  multiplying  together  (1)  and.  (2.X  The  sjudent 
should  ^r^t  try  the  following  example  by  himself,  and  when  he  has 
completed  his  result,  may  consult  the  following  process. 


Process.  X0«js2 X(a  +  t)  —  X(6  +  x)  +     (6*  +  x«)  -iX(a«  +  «*> 

_    1  i     .   1     2x        1  2t 


^«     a  +  «     6  +  «     2  ^  +        2  a'  +  A* 


(a  +  ^)  (6  +  J)  •      (6"  +  n  (a'  +  x*) 


-  f&-.fl^  [ +  ^)  +  -ia  +  b)ia  +  X)  (5  +  J)  XI  . 
^  ^        ^  I         (a  +  X)  (6  +  X)  (a*  +  j;*)  (6*  +  .r»)  J' 

(a*  +  ir^C6'  +  Jt^  .    ss  d*  6*  +  (a*  +  **)    +  i?« 

+  6)  (a  +  J^)  (6  +  i)  ^  =  (a+        x  +  (a  +  6)« x"  +(a  +6)a^. 

When  the  numerator  of  the  preceding  fiMUition  Ui  ^ 
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a«^  +  (a*  +  i«  — +    — (a6»  +  Jf*)  or 


49 


^jp  =  (6  — a) 


~  In  tfee  foUowmg  list,  each  function  is  foUowed  hf  iU  diflfereutial  coef- 
ficient. 


1 


2 


log  ix  jiF^y, 

^  ^  1  +  cos  cc'    sin  J? 


1.-  .r 


— >  sin  «E  cos  X,   2  sin'  •£ 


1+** 


2i 


e'x 


1  +  ,(l4-r)' 
Binnx  Mn(?i~l)>r 

sin  (sin  x),   coa  sin  j? .  cos 


vr 


C0B"*-rr-T  >  — 7".  -  - 


a  4*  6  COB      a  +  6co>JP* 


having  thu^^  laid  down  the  mere  rules  of  differentiation,  we  proceed 
to  investigate  and  apply  these  rules. 
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Obattbr  II. 

ON  THB  OBNSBAL  THEOTIV  OF  FUNCTIONAL  INCEEIiBNIS  AND 

DIFF£E£NXIAXION. 

When  any  function  of  x  is  given,  we  can  determine  by  common  algebra 
die  vmlue  whidi  the  fonetion  recdves  when  js  receives  any  given  value, 
tay  a,  and  also  the  change  of  value  which  takes  place  when  «r  heeomes 

a  +  ^  hy  which  we  merely  mean,  when  we  pass  from  the  conudeiation 
of  the  function  of  a  to  that  of  the  function  of  a  +  A.  Thus,  "  let  x  =  a,** 
followed  in  th^  same  problem  by  "let  r  =  «  4-  does  not  mean  that 
we  make  these  suppositions  both  at  once,  but  that  we  consider  x  as 
changing  its  value,  or  ourselves  as  changing  the  value  we  attribute  to  r. 
Of  course,  the  consec^uences  of  the  two  BuppositioiiB  may  exhibit  any 
wnt  of  diffiBrence. 

When  we  consider  x  as  having  some  assigned  and  specific  value  a, 
the  function  0  X  may  exhibit  two  distinct  species  of  phenomena. 

1.  It  may  have  a  finite  and  calculable  value,  positive  or  negative. 
Thus,  j:  +  r  is  beyond  all  question  6  when  the  value  of  jp  is  2  ;  and 

—  \  when  T  is  —  {. 

2.  It  may  exliibit  one  of  the  varieties  of  form  which  arises  out  of  our 
&u[)po6ition  l>eiug  followed  by  an  absence  of  all  magnitude,  or  0,  in  a 
pkce  where  the  general  form  of  the  function  would  lead  us  to  suppoee 
there  ia«oine  numher  or  fraction  to  he  operated  on  or  with.  Such, 
forms  are. 

For  instance,  in  the  function  (1  —  t)  we  see  that  the  supposition 
of  J  =  2  offers  no  difficulty,  for  the  function  then  becomes  (  —  1)"'  or 

—  1 ;  hut  when  xszimt  have  no  means  of  operation  left,  except  such 
as  are  implied  in  the  svmbol  0^,  which  offers  xu>  ideas  of  numerical  value. 

With  regard  to  such  cases,  it  may  or  may  not  be  proper  to  say  the 
function  hss  existence  and  value:  but  w  e  i]o  not  enter  mto  that  ques- 
tion. We  examine,  in  such  a  case,  not  what  (1  —  r)'"'  becomes  when 
J- =:  ],hut  we  ask  to  what  does  it  a))])roacli  witliout  limit  when  r 
approaches  without  limit  to  1.  If  we  can  prove,  as  we  may  hereafter 
do,  tliut  liie  preceding  function  also  approaches  without  limit  to  1  when 
X  approaches  without  limit  to  I,  we  may  then  abbreviate  the  preceding 
proposition  into  these  words  *'  when  x  is  1,  (1 — .r)^~*  is  also  1  :**  but  wo 
use  the  preceding  sentence  in  no  Other  signification.  Therefore  we  have 
the  following  definition. 

Definition. — Tlic  function  is  said  to  have  the  value  A  when  r  has 
tlic  value  cither  when  theconnnon  arithmetical  sense  of  these  ])hrasea 
applies,  or  when  by  making  x  suiliciently  near  to  a,  we  can  make  the 
function  as  near  as  we  please  to  A.  In  the  first  case  A  io  simply  called 
a  value,  or  an  ordinary  value,  of  the  function  :  in  the  second  case  A  is 
called  a  singuiar  value. 

jPotiulcUe  1. — If  0  a  he  an  ordinary  value  of  0  x,  then  h  can  alwajra 
be  taken  so  small  that  no  singular  value  ahall  lie  between  0  a  and 
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0  (a  +  A),  that  is,  110  singular  value  shall  correepoud  to  any  value  of  jp 
btcween  x  =  a  and    =r  a  +  A. 

The  truth  of  this  postulate  »  matter  of  obtervatioii.  We  always  find 
nugular  yalues  separated  W  au  infinite  number  of  ordinary  valuei.  If 
wt  Uy  doWki  all  the  possible  values  of  x  on  a  atraight  line,  meaiuring 
them  when  positive  to  the  right,  and  when  negative  to  the  left,  upon  the 
suppositio!!  tliat  some  certain  given  straight  line  represents  1 :  and  if  we 
then  lay  (iown  the  values  of  the  function  upon  linea  perpendicular  to  the 
values  of  -r,  placing  each  value  of  the  funcUou  on  the  line  drawn  through 
the  variable  extremity  of  the  linear  value  of  -r,  and  measuring  it  above 
or  below  the  axis  of  according  as  it  is  positiTe  or  negative,  we  have 
the  well-known  method  of  representing  a  function  by  means  of  a  curve» 
which  is  the  foundation  of  the  application  of  algebra  to  geometry,  as 
given  by  Des  Cartes.  M'c  have  drawn  the  representation  of  a  function 
below,  so  as  to  exhibit  every  variety  of  singular  value,  and  nir>rc  than  the 
skill  of  the  niost  prnctiBcd  algebraist  woulil  at  present  be  able  to  find  a 
function  for.  The  btars  mark  the  singular  values,  or  rather  the  places 
at  which  there  may  possibly  be  a  singular  value ;  all  other  values  are 
ordinary,  however  near  the  singular  values  they  may  approach  in  posi- 
ticm.  And  we  see  that,  however  nearly  a,  the  value  of  j,  may  approach  to 
b  the  value  of  x  at  one  of  the  singular  points,  it  must  he  possible  to  take 
a  +  h  lying  between  a  and  5. 


PosbUaie  2. — If  0a  be  any  finite  value  of  0<r,  it  is  always  possible 
to  take  k  so  small,  that  0  (a  +  A)  shall  be  as  near  to  0  a  as  we  please, 
and  that  fp  t  shall  remain  finite  from  jr  =  at0<rsa  +  h,  and  always 

he  between  0  a  and  0  (t/  +  /')  iii  niagnitude. 

Thi-  again  is  a  ])art  of  our  experience  of  algebraical  functions.  It  is 
gencrnUy  assumed  under  the  name  of  the  law  of  continuity.  The  latter 
part  of  the  postulate  may  be  true  of  the  whole  extent  of  suuie  functions ! 
tboa,  however  great  h  may  be,  perpetually  increases  between  and 
(a  +  h)\ 

It  is  possible  to  imagine  a  function  which  does  not  observe  this  law, 
bat  we  cannot,  without  further  consideration  of  singular  values,  find  the 
means  of  expressing  it  algebraically.  For  instance,  in  the  following 
figure,  the  function  represented  by  A  B  C  D  £  F  is  discontinuous  at  B 
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and  D.  But  we  have  no  meanB  of  expressing  such  a  function  in  common 
klirtbta.  'We  may  call  the  law '  expressed  ifi  this  postulate  the  law*  of 

continuity  of  value,  to  distinguish  it  from  that  of  the  next  postulate  ; 
and  we  may  say  that  functions,  which     no^  ohey  this  law,  lif  an^,  ^ 

discontinuous  in  ra/»/e. 

'  Postulate  3.-— K  any  function  follow  one  ^aw  for  every  value  of  j: 
|>ctween  Jcz=a  and  j  =  a  +  Ai  however  small  h  may  he,  u  followB  t|>e 
|ante  Uw  ihrdughottt :  that  is,  the  ciirv^'oF  no  two  algebiaiod  fiihe> 
tions  can  entirely  coincide  with  each  other,  for  any  arc,  boweyef  small. 
\f  0i  he  for  every  vajue  of  jr  between  a  and  a  4*  however  small^ 
triay  he,  it  is  j:*  for  everj'  other  value  of  x.  This  irc"may  call  (he  law 
i)f  continuity  of  form,  or  peniiancnce  of  form. 

Exceptions  to  tiiis  law  may  he  rej)rescutcd,  but  cannot  yet  be  alge- 
braically fonued.    As  in  M N  P  Qft,  %Ne  may  conceive  a  function  which 

g represented  by  an  arc  of  a  circle  joined  to  one  of  a  parabo)B,  which 
Wlf  j6iiied  to  a  part  of  a  straight  line,  and  ao*  on. '  pn'cli  a  mnc^dii 
^onld  he  called  discontinuom  in  forriit  Kod  though  not  now  exh'ibitei| 
algebraically',  may  actually  occur  in  practice.  Sup])osc,  for  instance^  a 
ipiring  of  the  forrii  M  N  PQR  fixed  at  the  end  ^I,  and  disturbed  at  the 
other  end.  The  number  of  its  vibrations  per  second  might  become  a 
Bubject  of  inquiry.  • 
*' 'X.et  0  be  a  function,  continuous  in  forni  and  value,  which  we 
always  mean  unless  when  the  contrary  is  expressed.  Let  us  take  tWo 
consecutive  values  of  x,  namely  a  and  a  +  A ;  bnt  instead  of  suppoiing  « 
to  be  a,  and  then  to  become  a  +  A  at  once,  let  it  pass  throngb  n  ateps 
alt(^gether,  becoming  anccetrively,' 

a,  a  +  9,  a  +  29, .  •  .  •  a  +  (n  — >  1)  9,  a  +  : 

that  ii,  let  n0  be  &,  to  that  by  increasing  the  number  of  mha^em  mere- 
nients  by'wtiicli  a  becomes  d  +  A,  we  may  diminish  each'  increment  f 
witbouOimit.  The  corfeajponding' Values  of  the  function  are  0  a, 
0(a  +  ^),  0(a+  2  0),  .  .  .  .  up  to  0  (a  +  «e)  or  ^(a+ A). 
ifl^  f^y^ni  increments  *  of  the  values  of  the  function  are  thep*— 

Let  ^ a  be  called  P„  let  ^ (a  +  9)  be  catted  Pt,* &c.  up  to  6  (q,  fn^ 
which  is  called  P..  Consequently  the  ihcrements  0^  the  function  are 
3P,  —  Po.  Pe-  P..  Pa  -P.,  .  .  .  .  P» ~  P.-i  («  in  nurtlber)  the  sum 
ofwhichiaP,  — P«or^  (a  +  A>— '^a.   We  have  then,'    *     "  '  '» 

e     +    e     +....+      $      =:   ne  ssh' 

j[P, -Po)+(Pt-P.)+  .  .  .  '  •f(P>-P>>i)^^(a-i-^)-0a  • 
e       4-        0      4-....+        0     '  -  .    k  '^l 

so  that  {h  and  a  being  given)  the  fraction  made  by  tumming  the  nume- 
rators of 

Pt-P,      P.-P>  P.-P-t 
0  $  d  • 

for  the  numerator,  and  the  denominators  for  a  denominator^  !■  dpud  to 
the  same  quantity  whatever  may  be  the  value  of  n* 

•  If  the  function  decrease  mstoad  of  inowssing,  we  must  either  use  the  word 
decrtment,OT  appiy  the  terra  increment  to  both  potittve  and  negative  qusiitities,  A 
negative  increment  being  a  decrtmeut.    We  take  the  latter  altt^ruative. 
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|C  n  increaie  withcut  limit,  0  diipiiiiahca  withoot  limit,  and  ao  do  all  the 

numerators  of  the  fractions  in  qaestibnj  which  last  therefore  all  apprdach 
dha  aiogulmr  (brm  ^,  and  we  have  now  toasoertain  whether  the  Umita  of  all 

or  any  must  be  finitf,  or  whether  they  may  severally  inereasc  "vvithnut  limit 
ordimmLgh  without  limit  Now  (wt  refrr  the  student  to  the  lemma  fol- 
lowing fhis}  tjicy  cauuut  all  increase  without  limit  or  all  diminish 

iptil^l  l^t:  fiif  if  ia  abown  that  among  the  firactiona  ^ 

lihere  must  always  be  some  which  are  algebraically  greater,  and  some  which 

are  mlgebiaically  lesa  (aome  means  one  at  ieas()  than  r-r—.  ; 

Ibt  onl|  po^ihle  eaae  then,  uhleaa  there  }>e  finite  limits  among  them, 
qtlt^t  |ome  increase  without  liini^  aiid  all  the  rest  either  dimiius|i  wit)iout 
or'ipcrieaae  n^a^vely  without  limit* 

Now,  whatever  theae  quantities  Qi,  •  •  •  •  may  be,  a  law  of  coi)- 
tinuity  must  exist  among  them,  fur  they  may  all  be  made  from  the  firat, 
by  cl»nging  a  into  n     $  time  after  time.    Thus,  * 

by  changing  a  into  a  -^0,  And  we  have  reduced  the  question  to  thi^ 
intemativc  f  either  there  are  finite  limits,  or  snmc  inrrcasc!  withbirf  limit 
and  the  rest  diminish  witliont  lin^ir  :  if  the  latter,  \vc  shfill  have  two 
contitnious  fractions,  one  of  which  is  as  'imall  as  we  ])h'ase,  and  the 
othei  iis  great  as  wepleaae :  or  we  shall  6nd,  fur  a  builiLtcntly  great  value 
of  aomewhcre  or  othefin  the  aefitt  Qi  Qs  •  • . .  a  phenomenon  of  thia 
aoft,  fijt  amaller,  say  than  'OOOOl'or  anything  else  if^e  may  name,  and 
great4!^'t!han'a  million,' or  tiny  other  num^f  wc  miy  nainel*  Cft 
Qk  will  be  pofM¥e,*  ahd  negative,  both  numerically  as  great  as  we 
please.  This  cannot  be  true  of  ordinar}'  and  calculable  values  of  the 
function,  n!ifl  can  only  be  true  when  is  the  fraction  which  is  near  to 
some  .^intjuiar  value  o\'  tb«'  fnnrtion,  or  when  a+  kd  is  near  to  a  +  / 
currejs|>onding  to  a  singular  vuiuc  0(a  +0»  ^  +  ^  lying  between  a  and 
o  ^'''hl  But  9M  h  mflQr  be  at  the  ontaet  as  imall  aa  we  please,  let  na 
aroid  tfa)9  by  taking  a*new  value  of  A,  namely  so  that  a  +  A'  is  leas 
thlin  a  I'*  Bepeat  tlie  whofe  procesa  and  argiihient  with  a  and  a  +  h\ 
by  the  same  reasoning  it  will  appear  that  if  we  refuse  to  admit  finite 
limits  to  some  of  the  set  Q,  Qa  •  .  . .  where  nO  is  now  A',  we  arc  driven 
to  suppose  tmother  singular  value  of  the  function  corresponding  to  a-\-k\ 
lying  between  a  and  a  -f  Avoid  this  aiiain  by  reasoning  in  the 
tame  way  on  a  and  a+  h"  where  h"  is  less  than  A";  we  shall  be  obliged 
to  a^mi^  aiioth^''^nKular  value,  and  so  on*  £iUier»  then,  there  a|r^ 
flnde  iBmita  to  iiome  of  the  set  contained  in  the  geneiftl'  eipreaaion 

0(a  -f  Ae)  -  0  (a  +  A— 1 0) 

^   9  * 

or  the  function  admits  of  an  infinite  number  of  singular  points  between 
f  =  a  and  x  =z  a  +  h:  i\r.vi  is,  is  nut  according  to  the  poatu^te.  Xl^ere- 
ibre,  we  have  tiie  following  theorem. 

\       being  any  function  of  x,  aud  a  uud  a  +  A  any  consecutive  values 
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of  JT,  where  h  may  be  givtiii  as  bmall  as  Nse  please,  there  must  be  iuiilc 

liinite  to  the  fractioD  $ifjL^  ^  which  B  dinuniihet  wiUuwt 

limit,  for  Rome  Talues  of  «  between  «  =  o  and    sr  «  ^.  A. 

The  limit  of       +  ig  called  the  differential  coeficieni  of 

0  dp  irith  respect  to  x,  and  the  theorem  jwt  proved  ia  aa  followa Every 
function  either  has  a  finite  difierential  coefficient  when  s  haa  the  specifie 
▼alue  o,  or  when  it  haa  a  value  a  +  k  where  k  may  be  aa  amall  aa  we 

please. 

There  are  points  in  the  ])rrceding  demonstration  which  lie  open  to 
certain  objections,  dependingupon  the  way  in  which  the  terms  of  the 
postulates  are  understood.  The  student  may,  if  he  pleases,  c  msider  it 
only  as  giving  a  very  high  degree  of  probability  to  the  fact  slated,  since 
we  ahalf  pieaently  demonatrate  of  all  claaaea  of  fnnctiona  aeparately, 
that  the  preceding  fraction  haa  a  finite  limit  fi>T  all  valuea  of  witb  tiie 
ocoeption  of  a  limited  and  aangnable  nnmber  of  valuea  for  each  fuac- 
ti<m« 

a  d  a!' 

Lemma  referred  to  in  the  preceding  demonstration.    If  -r*  tt^ 
be  aseriea  of  firactiona  thenumeraton  of  which  are  of  either  iign,aiid  the 

denominaiors  all  of  the  same  sign,  then  ^  ^  *  ■  mnat  lie  alge- 
braically between  the  gi  cutest  iiasitive^  and  the  numericaUy  gieateat 
negative,  of  the  precednig  iVacLious. 

To  take  a  case,  suppose  the  fractions  to  be 

2    4       3  2* 

which  are  arranged  in  algebraical  order,  the  algebraical  ginettcal  beii^ 
fint,  and  the  least  *  of  the  aame  kind  last.  Then  we  have 


3  _3 
2  ""2 

or 

3s 

3 

2  • 

2 

2" 

-5 
2 

or 

—  5 
S 

.2 

4  ^2 

or 

1  < 

3 

4 

-5 
2 

or 

—5 
2 

.3 

3^2 

or 

-2< 

3 

2  • 

3 

-.5 
2 

or 

1> 

—5 
2 

.4 

2  ^2 

or 

-6< 

3 

2  • 

2 

i> 

—  5 
2 

or 

3> 

--5 
2 

.2 

Hence,  by  addition 
<3+l  — 2-5)<  ^(2+4+3+2), 


or 


2+4+3-1-2  "^^2 


(3+1 -2  -  6» -5(2+4+3+2), 


3+  1-2  — S  — 5 
2-+4+3  +  2^  2* 


*  Sia  'fltody  of  Mtdiemliet,'  p.  49.  To  avoid  eonfMoo,  it  woaM  be  desiraUe 

to  talk  of  the  9matU»t  of  quantities,  wheu  we  speak  of  arithmetical  magnitude,  and 
of  the  frftsf  wh*>n  we  spoui  algebraical  order;  Imt  the  uecossity  for  the  distiac- 
tiua  Keidom  occurs* 
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aqJ  any  other  case  may  be  treated  iu  the  same  way.  We  have  odiptcd 
in  instance,  to  keep  the  ideai  of  the  student  fixed  upon  the  algcbiuicui 
idatioil  of  greater  nnd  whieb  ii  neeeiuury  to  the  proposition.  If 
tbe  denominatunLHim  «11  n^gttivey  the  tuna  tiling  might  be  deduced  ? 
1iiei»  if  the  iet  were 

^  JL 

iincc  if  p  lies  between  </ and  r,  it  follows  that — p  lies  between  —  q 
and  —  r,  then,  since 

3  +  1  —  2  —  5       ,  3  ,  -5  ,  , 

o  J-  k  -t.        o       betwecu   —  Lac  gtcaler  ana  — —  the  lees 

• ;  :i2^^_^3__2  ^ ihegreater, 

Ti^e  object  then  of  our  fint  inveatigatioua  must  be  to  determine  the 

ThA  of  i<±±^-z£?  when  0  diminhhe.  ^(hont  Inmt,  in  every 

possible  case ;  which  we  shall  see  amoinit«  to  substantlatini:  tlie  rules 
given  in  Chapter  I,  But  first  we  mmt  acquire  some  more  precise  idea 
of  the  mcanmir  of  the  preceding.  We  see  that  x  is  first  sii])posed  to 
have  some  specuic  value  a,  whidi  is  changed  into  a  ^-  It-  usual  to 
write  X  itedf  for  its  first  value,  and  to  call  $  the  imremeni  of  list 
Ax  he  tiie  ebbreviation  of  tbe  words  difference  oC  x,  or  merement  of 
X,  we  see  then  that  6  is  en  erbitTErilv  assigned  value  of  Ax*  And 
0(a  4-  e)  —  0  a  is  the  increment  or  diffisrence  of  0x,  for  it  represents 
the  alteration  of  0  x  made  by  changing  x  from  a  into  a  +  0.  Hut  it  is 
not  arbitrarily  assi^ed  ;  for  0.r  being  a  g^iven  function,  anil  a  and  a  -\-  0 
given  val'ic?  to  he  used,  0  (a  4-  ^)  —  0a  is  given  with  a  and  0.  Hence 
A^x  reprcfcctus  0(a-f  — 0o»  or  if  u  =  0x,  wc  have  Au  = 
0  (a  +  0)  ^  ^a,  or  the  diilei  cntial  coefficient  is  the  limit  of  the  fraction 

— ,  which  we  cennoi  Moerteia  from  this  form,  because  when  A  x  s  0 

Ax 

that  is,  when  the  valtte  of  the  independent  variable  is  not  altered, 
A  •  s  0,  or  tbe  value  of  the  function  is  not  altered.  For  instance,  let 

the  limctMn  in  question  be  — •  We  have  then 

1,11  e  - 


X  X  «(x*|*9) 

Ax  =  d  "I — —  :: — : — Tv* 

Ax  x(x  +  «) 

we  use  A  X  on  one  side,  and  B  on  the  other,  which  tnnat  appear  a  Bifper^ 
floity  of  notation,  because  we  thereby,  on  the  left,  preserve  a  better  repre- 
sentation to  the  eve  of  the  process  which  is  going  forward,  while  we 
have  a  more  convenient  working'  Fvnibcfl  on  the  other  side. 

The  limit  of  the  preceding  fraction  is  easily  ascertained  ixonx  the 

1  1 

Mend  side  ef  the  equation  to  be  —  of  r.  For  when  no  m- 

^  X .  r  a? 

^?ui;r  i.inn  is  produced  by  making  0  0,  tlic  latter  gives  the  way  to 
adC^naiu  the  limit  towtirds  which  we  approach  by  diminishing 0  with- 
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out  limit.    But  this  supi  osition,  namely  0  =i  0»  ia  merelj  A  step  of  the 

work,  nnd  not  ii  nccebbai  y  part  of  the  reaeonincf. 

Theukem. — If  |i,     &c.  be  the  limits  of  P,  Q,  &c.  to  which  tlicv 

kp|>nNich  when  0  dimiiiiBheB  wiilioat  limit,  and  if  netie  bf  the  set  l\ 

&c.  exhibit  singular  forms  when  0  b  0,  then  the  limit  Of  any  fiinctioii 

is  found  by  sub  til  ut  ii;^'  instead  of  P,  Q,  &c.  their  limits  p,f,  &C.  pro- 

Tided  no  singular  form  be  tiiereby  obtained.  Let  us  take  as  an  instance 

P  p 

the  limit  of  which  we  assert  to  be  — .   To  prove  this,  observe  that 

whence  it  follows  that  ^  and  k  diminish  without  limit  at  the  same  time 

us  0,    Tliii  gives 

P  _ 7^  _  ip  4-  ct)  ♦/  —  (9  4-     p  ^  qts  ~pK  ^ 

tlie  last  fraction  has  a  numerator  which  diminishes  without  limit  With 

if  and  a  denominator  v^liich  continually  approaches  to  the  finite  quaii« 

p 

tity       Thia  fraction)  therefore)  i^imttfiaKnf  without  limit,  ^at  is, 
approaches  trithout  limit  to  ^,  or  the  latter  is  the  limit  ctf  the  Ibmtt* 
It  is  Usual  to  represent  the  limit  of  ^  by      on  which  the  student 

should  now  read  the  remnrks  in  pp.  13 — 15,  of  the  *  Elcmcntery  THu^^tra- 
lions.*  This  latter  fraction  docs  not  mean  a  quantity  (in  divided  by  a 
quuuiity  (/x,  nor  are  its  parts  to  be  hcpaiatcly  cunsidcred  in  the  theory 
of  limits.  [But  in  that  of  Leibnitz,  pp.  21,  29,  it  is  said  that  if  dx  be 
an  infinitely  small  increment  given  to  jr,  du  is  the  corresponding  infi- 
nitely  small  increment  thereby  given  to  the  value  of  v,  and  the  diift^ 
rential  coefficient  is  the  ratio  oi*  these  infinitely  small  increments,  lima 
it  would  be  alloi^ablc  to  say,  that  if 

1        dtt        1       ,  1  ^  , 

"VVlu-n  r  becomes  i  -h  A  r,  we  ?nppoBc  that  ?/  becomes  u  +  ^fj  P 
comes  P  +  AP,  die.    Let  us  now  buiiposc  that 

tt  =  P  +  Q-R  +  C, 

P,  Q,  and  R  being  functions  of  i?,  and  C  a  constant  Let  P,  Q,  and  R 
have  finite  and  determinable  differential  coefficients.  This  relation,  being 
required  to  remain  true  for  all  values  of  jr,  exists  when  x  is  changed  into 
X  4-  ^  «r>  and  gives 

tt  +  A  tt  =  CP  +  A  P)  +  (Q  +  A  Q)     (R  +  A  R) 

tlic  coiibtaat  not  being  affected  by  a  change  in  the  value  of  X.  Subtmct 
the  preceding,  which  gives 

A  AHA.  An  At>  APAQ  AR 
Au=:  AP-f  AQ— AR,    —  =— +-  ~, 

Ax     Ax     Ax  Ax 

let  A  «  diminish  without  limit»  io  which  case  the  fractions  in  the  last 
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du 


t  •  du 
equftiion  severally  approach  without  liimt  to  what  wc  represent  by  -r-, 


rfP  rfQ        dR     , .  ,  . 

S '  "57  ^""^  ST'  s''^' 

Wc  lee  that  the  coufttant  C  does  not  appear  in  the  result.  If  it  had 

d  C 

been  a  function  of  x,  we  should  have  found  ^  added  to  the  preceding. 

Bui  at  present,  if  we  suppose  ahy  other  term  in  the  last  equation,  it 
can  only  be  -f  0.  It  may  be  said  then,  that  when  C  is  a  constanty 
dC 

7—  IS  0.   The  i^ropotitioii  to  which  this  may  he  (fiOnsMcied  as  a  sort  of 

ox 

limitintc  theorem  is  the  following.  U  a  function  increase  slowly,  its 
differential  coefiicieut  is  small :  the  less  it  increases,  for  a  given  increase 
of  X,  the  wnalleT  is  the  clifferential  coefficient.  Finally,  if  it  do  not 
increase  at  all  when  w  increaaes,  the  differential  coefficient  is  nothing. 

Let  u=  PQ 

tt  +  Att=(P  + AP)  (Q+  AQ)  =  PQ+  PAQ+QAP  +  AP.AQ 
QrHlMfei«,A«s  PAQ  +  QAP  +  APAQ 

A*        Ajt         Aar  a* 

the  last  term  of  the  precedini^  consists  of  one  factor  which  ap])roac]\o?«  a 
fiuitc  limit,  and  another*  A Q,  which  diminishes  without  limit.  All  die 
increments  At/,  A  P,  &e.  diminish  without  limit  with  Ajt,  though  their 

AP 

is^  do  Dot.  Consequently,  the  term  —  •  AQ  itself  diminishes  with- 
mt  Knit  with  Ax«  and  we  have 

*L„p^  +  Q£?(p.31,Bak».) 

dr  dx  ax 

Let»sPQRs(P  Q)R. 

Then,  as  just  found,      =  P  Q      +  ^ 

And  by  carrying  on  this  process,  wc  may  obtain  the  following  general 
mh  :  to  differentiate  the  product  of  }i  qunntities,  differentiate  each  and 
malttply  by  all  the  rest.  If  u  be  the  product  of  n  functions  PQR  •  •  • 

then  the  product  of  all  hut    is  p  >  and  so  on ;  whence  we  have 
rfjr      P  i<r      Q  <fx  ^  R  d4f  • 


u  V  dM      Q  dJt      &  dx 
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Tills  reinaikable  relation  is  miiiiuiteiy  conuected  with  the  theorj'  oi 
logarithm^.  If  \P  meao  the  logariilim  of  P,  &c.,  and  if  «  s  PQR  •  •  • 
it  luUows  that 

and  it  will  afterwardi  be  shown  that 

d{\u)  _  1  du         <^(XP)_  1  dP 

dx        u  (It  dx         V  dx* 

Let  11=  5  A«c=Q^-^-Q, 

«  QAP  -  PAQ  Aw  _  ^  a  jp 

orAM-    ^  +QAQ  Ax  Q^+Qi^Q 

taking  t]ie  Umit, aud  remembering  tliat  QAQ  diminishes  without  limits 
we  have 

^  s  q5  (p.  37,  Rule  10.) 

We  shall  now  pi  coed  to  find  the  diflerential  coefficients  of  the  fun- 
damental forms.  But  Brst  we  must  premite  the  fidlowing  consideration. 
If  ?/  >)c  ;i  given  function  of  x,  then  x  n  also  a  given  function  of  though 
not  always  au  asBignable  function. 

For  instance,  Huzsj^^  then  x  s      ;  if  u  ss     then  x  ss 

If  tt  a:  ax^  -\-  ox        *  =:    ^  ^, 

we  see  then  that  a  function  may  have  more  values  than  one  for  the  same 
value  of  the  variable,  and  we  know  from  algebra  that  such  functions 
will  nrisc  from  the  invor?inn  of  any  direct  operation,  cxccnt  only 
addition  Thus,  if  we  cfjii&idcr  the  e(|uati  m  m  =  r*  +  and  if  the 
question  ho,  L-'iveu  x  to  find  t/,  we  hnvr  Imt  one  value  of  n  to  everv  value 
of  .1  ;  but  11  11  he,  given  u  to  tiud  we  have  to  solve  an  equuuuu  ol  the 
second  degree,  with  two  values.  In  the  differential  calculus  we  must 
always  distinguish  these  two  values  as  if  they  arose  from  difEerent  func- 
tions; thus,  there  are  two  differential  coefficients,  one  to  each  value. 
With  this  restriction  we  apply  the  rules  separately  to  every  difiereut 
valno  of  an  inverse  function.  Thus,  when  we  say  if  w  =  0  x,  then 
let  X  \i/  r/,  we  mean,  let  v  be  one  or  other  of  the  values  of  x 
obtained  from  tlic  fir<t  etpiation  ;  hut  v.hich'^vpr  it  may  be,  do  not  use 
one  in  one  part  of  the  question,  and  another  in  auolhiT.  It  is  usual  (or 
rather  itisbeconun^  usual)  to  let  ^"  '«  bland  fur  the  value  of  obtained 
irom  «  =r  0  J ;  or  to  say  that,  in  such  a  caae,  x  =:  0~'  u. 

If,  when  X  =  a,  II  =  6,  we  are  at  liberty  to  say  that  when  «  s  6, 
;r  =  a  is  one  of  the  values  of  x  corresponding  to  that  value  of  f/.  If 
therefore,  w  =  ^jt  makes  x=i^u  a  necessary  consequence,  and  if 
b  =  a  1);"  true,  then  n  —  'l>  h  must  ho  fr^r,  not  nir/c/  he  the  only  true 
consequenc'-.  If  then  the  value  of  «  c  irr'^pnndmg  to  a -{- A  a  be 
b  +  A  6,  or  it  6  +  A  6     ^  (a  +  A  a),  and  it  u  =  0  j;  makes  x  =zy^u 
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« iMceesarj  consequence,  it  then  follows  that  a  A  a=  (6  +  A  6)  is 
s  troth.  That  is,  wc  may  consider  A  a  and  A  6  as  simaltsneous  incre-' 
ments  of  i/  nnd  .r,  uitliort  a-l  ing  by  which  of  tlie  two  equations  either 
is  derived  from  the  other.  And  the  same  of  Au  and  A  r,  when  we  rlrop 
the  reference  to  spcciiic  values  of  u  and  r,  which  we  have  used  for  dia- 
tinctii€S4s.    If  wc  use  the  first  equation  w  =  ^  j^,  wc  obtain 

—  Ibe  limit  IS  a  functioii  of  s. 

If  we  use  the  second  equation  x:=zfv,  we  obtain 

^  =  f  ^t<) — fu^  and  the  limit  is  a  fimotion  of  ii. 
All  Au 

CaUiog  these  limits  ^«  and  Y^u,  as  in  the  first  chapter,  and  remember- 
ing, tlut  for  all  Talttes  of  A  u  and  A  jp  we  haTe 

AtlAd!  All  A-T 

—  X  —  =  !•  v«  see  ^bat  limit  of  -r—  X  limit  of  —  L 
Aj;     An  Ax  Au 

as  in  p.  22.  That  is,  (p'x  x  f'u  =  1,  which  will  be  reduced  to  an 
identical  equation  1  ss  1  by  the  snbstitution  of  0  «  instead  of  as  in 
the  following  example. 

a  a 

Let  u  or  0  X  =  -  +  6,  then  x  oxHfU=^  r 

Aj     AjpU+Aj^       \x       J\  jfCr-f-Aj)' 

the  limit  of  which  is  —     or  0**  =  — 

*•  or 

Ajt^  1   1        a  _      g    \  _   «  

Att*^Tii  i»-f>  An  *6        »  —  6J     ""(u— 6)  (u  +  Aw  —  6)' 

the  limit  of  which  is  -  -.^^tt;  or  Y^u  =s  -  7-^  » 


then  will  — ::r  X  —  7  rri  =  1» 

(u  —  6)* 

not  ontfefssDy,  but  only  when  the  (throughout  this  process)  permanent 

relation  u  =     +  6  is  also  satisfied.   And  we  sec  that  the  latter  rela- 
9 

tion  gives  u — 6  =     and  therefore 

^'ir  obtained  from  u  s:  0x  hss  been  signified  by 

obtained  from  or  =:    u  will  be  signified  by  ^ 

dx      ,       dx  I 
thexefore  -3-  x  3-  =  I  qt  y  =-3-  . 

du  du  au 

dx 

We  have  iUnstiated  this  at  length  in  order  that  the  student  may  not 
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thmk  Kt  ieet  it  too  soon,  which  he  will  always  do,  bcoRUiA  ihtM  it 

between  ^  and      a  resemblance  to  -r  a^d  —  of  cpipniou  alj^cbra, 
ax       du  b  a 

which  leads  hrai  to  think  that  the  preceding  ei^uatlon  must  be  as  true 

?  X  -  =  1,  uud  tur  the  same  reasun.    This  is  the  drndvantcu^e  of  th4 
b  tt 

du 

notation,  but  it  ceafscs  to  be  such  when  ft  is  understood  that  —  is  nql 

(IT 

a  symbol  in  which  we  cnrt  prparately  speak  of  (hf  and  d  x,  but  an  inde^  . 
compnnhie  symbol,  the  pait^i  ol'  which,  though  they  serve  to  remind  us 
of  the  manner  in  which  its  value  is  obtained,  have  no  separate  meanm(| 
in  connexion  with  that  value. 

±i  derived  from  «=0*,  arbitrarily  atiifids\|»p^^  0  (x  +  A  t)  -0  JC^ 
dx  for  I  A*  * 

^  impUea  a  consequence  of  the  Freccding,!^^^^^      (u-f  Au)- j^u  ^ 
du      namely « ss  ^u,  and  stands  for     i  A  u 

Cover  the  left  side  of  the  preceding  with  the  hand,  and  see  in  what 
degree  it  is  evident  from  algebra  that  the  product  of  the  two  limita  Spe- 
cified at  length  is  1 ;  for  that  degree  of  evidence,  and  np  more,  should 

du  dx 

attach  itself  in  the  mind  of  the  learner  to  the  equation       X  ti 

djT 

independently  of  the  demonstration.   In  the  same  manner  — ,  which 

teems  moat  evidently  1,  must  not  he  received  as  such  without  the 
following.  If  V  =  «  for  all  values  of  and  if  increasing  j;  by  A  j?  mdcca 
u  increase  by  Ait,  we  have  u  +  Ausc  +  Air,  and,  subtif^g  the 

former  equation,  AM=Aj:or  —  =1,  which  being  true,  however  small 

mx 

A  j:  is  taken,  has  the  limit  1,  and  now  *  wc  may  say  that  — ,  (which  ia 


1)=.. 


Let  U8  now  suppose  that  u  is  a  function  of  jr  (0y)  where  y  is  ^  Ain^ 
tionof  <r  We  have  then 

1*  =  0w  from  which  we  can  find  iimit  of  -r-  or  v~i 

yss^fx  htm  which  wa  can  find  ImU  o^  ^  or  ; 

du 

but  we  have  no  equation  fmm  whence  to  find  — ,  though     can  make 

(J  X  • 

*  In  the  beffiuinni;  of  every  science  cornea  ihe  difficulty  of  understanding  why 
some  apparenUy  selt-evident  things  are  urovod,  »im1  others  not*  We  cannut  here 
cuter  into  tins  qtMNtion,  but  we  recommena  the  student  to  inquire,  IT  he  baa  never 

thought  of  it,  why  luiclid  shows  how  to  cut  off' a  part  coual  to  the  less  from  the 
greater  of  two  straight  hnen,  when  he  does  not  prove  that  a  straight  line  can  be 
drawn.  We  have  hardly  thought  it  necessary  to  prove  that  if  two  function*  be 
«iWay«  equal,  their  difTtrential  co«rfRcieat«  are  eqtial.     It  is  evident  their  increments 

must  he  tlie  ^nn-c.  *,ht*  ratio  of  these  increments  to  that  «  f  the  indeyeudent  vuriabla 
,the  tame  i  aoU  variable  raUoi  which  are  always  t(^ual  muftt  have  the  same  hip^t* 
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one  by  substituting  the  value  of  y  in  m,  pv'm^  u  =  0  (V'  r).  Yet,  if  r 
become  .r  +  A  r,  y  will  receive  a  certain  increiTiuiit  Ay,  in  consecjncnce 
of  which  u  will  receive  an  increment  Au,    And,  from  common  algebra, 

=  —  X  — whence,  ©,  80, 

Ax     Ay  Aj; 

Ax         Ay         A<v     oj;  dx 

wlridi  also  team  evideiit  from  algebra*  and  the  preceding  lemayka 
apply.  In  fact,  retainiiig  the  noUtion  of  Chapter  I.,  and  8U])posing 
that  V  (^')  ia  X"^'       equation  might  have  been  deiUiced  in  this  form 

=  <f)'y  X  i//'r,  which  does  not  appear  self-evident, 

and  is  only  trae  Under  tjvo  jm|)licd  ccjuatious,  Dauiely,  x '  =  0 tV") 
and  y  =  ^x,  ' 

Thus,  if  w  =  y^  y  —  ^  giving  u  =  j^,  it  will  he  proved  that 

^  =s  3 ~-  =  Sa*,  and  alao  that         6  J^, 

r/y         ^   dx  dx 

ep.fb  pquation  in  the  lower  line  following  from  one  in  the  upper,  in- 
dependently of  the  others.  Bnt  from  the  connexion  of  those  iu  the  first 
line  follows  thia  connexion  .between  those  in  the  ICCOnd,  namely, 
6j{*=3y*x2jr,  which  is  eyidentW  true  if  y  ^ 

In  tiie  aame  way  we  m  ight  prove,  if  of  the  variables  u,  r»  w,  y» «,  each 
19  ft  ftnetioii  of  the  following,  that 

dv  ^  du  dv    dit     du  dv  (hr         ^  ihi  dr  dro  dy 
*"*      ^    dy^dvdwdif     dx'^  dv  dw  dy  dai 

<ir]iere— ,       — ,  — ^,  are  directly  obtained  from  the  supposition: 

dv  dw  dy  dx 

du 

hat  —  implies  that  ii  has  been  made  a  function  of     which  can  only 
dw 

be  b;  ^ubstitutiog  in  m  =  ti^  fi  tbe  valne  of  «  from  v  s   tP,  dud  so  on. 
Let  na  suppose  u  s     (n  being  a  whole  number  ;  observe  that  by  n 
m  we  al^nifs  mwk  whole  numbers,  unless  otherwise  specified)  that 

11,  let  u  be  Che  product  oi  n  functions   (»)•  Then  by  the 

fopmla  ip  psge  51,  we  have 

du      u  dx     u  dx  ,  ,   .   . 

ax     X  dx    X  ax 

X  1  =  w^^  =  »^-',(p.35,part  ofRule2.)  * 
xdx        X  X 

m 

Now,letii=5«»orit"  =  jT.  Let  p  =  ti",  where  «  is  a  function  of  x. 

Thexefore  ^  =:  =  nu*"*  ^  by  the  last,  but  p  is  also  of*, 

dx      dudx  ax  * 

wtaiee  ^  a  usi^-^.  Tbeiefm 

ax 

^1  ^  .  m  i--^  _ «  ^=-1  /P-  35,  Rule  \ 

5^=*^  '    di=n.7^"-n*  .   l,2,inpart.  ) 

■  ■  #  -  ■ 
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Xiow  let  u  =  x''',  where  p  is  positive,  whole  or  fractional 

i^-^-l  X  — 

1    ,   ,  ^  ^    f/u  drf  rf* 


dx        '  dx 


dl  d 

y-  =s  0,  —J—  =5  JO      (by  the  two  last  cues) 


du  _     px^-'      .      .  .     _     ,     ^  /p.  35,  Rule  2\ 

Let  tt  s  0*.  which  giyes 

Am     or***  — a'  a*'-l 

Ax  Ax  Ax 

1 

and  the  questioii  it  now  reduced  to  finding  what  limit  has  — —  when 

'      -  I 

B  diminishes  without  limit,  the  singular  foim  bnng  (Q  =  0)  — —  or 

^  ^  ^  or    as  In  other  eases.  This  limit  must  be  some  function  of  o,  for 

^  cannot  appear  in  a  function  which  (when  a  proper  form  is  giveu  to  it) 

is  foond  by  making  0  s  0.  For  the  same  reason,  the  limit  of  — —  in 

the  same  function  of  a,  if  tlirniiiifch  without  limit.  We  obtain,  there- 
fore, the  same  limit  if «:  be  a  function  of  6,  provided  both  diminish  with- 
out limit  together.  Let  r  s  h0,  b  being  a  constant  Then  we  hare 

a'^^—l  a*— 1 

limit         ss limit  — j— •••  •  C^-) 

But  ^      ^-  as  I  ^,  which  second  frctor  only  diffisn  from, 

a'—  1 

~2 —  in  having  a*  substituted  finr  o,  and  tiierefore  its  limit  is  the  same 
function  of  a*,  which  that  of         is  of  a.   Let  the  limit  of  this  latter 

9 

be  J  a,  then  we  have 

r      1  («*V-  1      1  V      (a*V-  I      1  ,^ 
Imnt  J  5^-^  s=  -  hmit  =  j/(a*). 

consequently  (1)  the  function  fa  is  such  that 

~/(fl^)  =  /(a)or/(a*)  =  6/fl» 

and  a  and  b  arc  indcpeiuiciit  of  each  other.  If  a"  be  7,  we  have 
l(>g  g  =  6  ioga,  whatever  the  Use  of  the  logarithms  may  be.  This  gives 

^      loga  *^       log  9    log  a 

and  ^  and  a  may  have  any  difierent  values  we  please,  finr  though  9  =  0^, 
yet  smce  6  may  he  what  we  please,  it  may  be  so  taken  (exactly  or  with 
imy  degree  of  approximation  we  please)  as  to  give  q  any  other  value. 
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fci 

Therefore  fak  such  a  tuiicuan  as  to  give         this  property,  that  it 
icaaiiM  the  rame  if  any  other  quaQtity  q  be  tubttituted  for  a.  That  ii, 

is  a  constant  independent  of  a,  which  call  C« 

loga 

.'.  fastClof^a;  bat  the  equation 

_  s=  of  — T  gives  3—  r=  a'  X  limit  —  

<fti 

er^sClogaXo^*  where  all  that  is  known  of  C  i«»  that  it  is  inde- 
pendent of  a»    It  must  clearly  depend  on  the  hate  of  the  logarithmt 

dMMeii»  and  it  will  afterwards  be  shown  that  Vfhen  ike  logarithnu  are 
Nap^rrum^  then  C  =  1.    But  this  \mnt  must  be  rcserycd  till  the  next 

chapter.  Remember,  that  for  the  present,  all  differentiations  which 
contain  a'  are  nut  finally  demonstrated  until  it  shall  have  been  shown 

that  if  «=  tf*,  ^  =s  Nap.  loga  X  A* ;  all  we  know  is  that,  taking  these 

logarithm?,  it  must  be  of  tlie  form  C  Nap.  loga  X a*  where  C  is  not 
determined,  but  assumed,  lur  tlie  present,  lo  be  =1. 
From  this  it  will  follow  that  if  a  =  •  =  2*7182818 ....  the  base  of 

Napier'a  logarithms,  or  if  log  •  =:  1,  and  if    =  6%         X  X    ==  4% 

(p.  36,  Ride  4.) 
Let  V  s  log  or  to  the  base  a  or  «  s=  of 

then  ^  s  a*x  loga  =  «loga 

du^2_  _1  M 

djD  loga~  Of ' 

dm 

wbeie  M  is  the  modulus  *  of  the  system  of  logarithms  having  a  ^  ill 
base.   Hcnce^  since logt  = 

if  M  =  log  OF   zr^  ~  ^P'  ^0 
ant  9 

sinO 

(Read  here  the  proof  that  the  limit  of  the  ratio  of       is  1  when  6  di- 

minishes  without  Ihnit,  giren  in  the  'Elementary  Illustrations/  dsc*  p. 

4.) 

^\  0 

Jjti  us^iinx      Atf  _  sin (Jg  +  6)  —  sing  _  2cos (j 4- a  1  sinx 

Axsze  '  A*"         e        ^  ^ — 

s=coi(«+  2  J  ^  — J—,  whose  limit  is  COS «xl. 

"5 

•  By  a  weli-known  relation,  logj,  (tu  basey)  X  lo^'^  to  basej-)  =  1. 

  ■■     as  log  t  (ban  a)  ss  Modului  of   stem  whose  base  ii  a. 

tof^  a  ^baso  i} 
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Hfnoe tip«  giyea  ^  =:  cos «,  (p,  36>  Ru)e  |,  m  part.) 


(*4-Q) — cos  Of  2  J  2 


Lettt;5  0Qs«     ,  _  ^  

Ad?  0  a 


sm 


0\  2 

=       (j?  4-  -J  — —  whose  limit  is  — einj  x  1. 


2 

dii 

Hence  »=«w«  gires  ^  =  r-ani«,  (p.  afit  Rule  B>  in  pvt.) 
Let«  =  tan^  ^rz?gi' . 

(J^^member  taD  a- tan  6  =  ;  ss  f-  ) 

^"  oosa    cotd  cosacosd/ 

_        1  ^  WHO     t       V        •  ' 

co8(jr+t^)  coBo?      6  cos  J.  cos  J  ' 

du  1 

qr  If  =:  tap T  gives  —  =  I  +  tan**,  (p.  36,        5,  in  part.) 

liet  u  =:  sin'^j;  at  xts  sinu 

==-7==^=^  =  7=-,  (p.  36,  Rule  6,  in  part) 

Let  w  =:  cos" '  X  or  j?  =:  cos  u 

3-—  'T-  ^  — : —  —  —5=;,  Cp.  36,  Rule  o,  in  part.) 
d J    *p    —  sin  u        vT^S    r     >         »     r  / 

Let  If  =  taa'*4f  or  4;  =s  tanu 

clu     1  1  I 

,  ^  We  lunwnow  differentiated  ihc  component  parts  of  the  commoa  iu)ic- 
tiona  of  algebra,  including  trigonomet^.    It  only  remains  to  show  how 
to  difierentiate  the  compounds  of  these  elements. 
Let  u  =:  (0  j)" :  if  then  we  denote  0x  by  y,  we  have  u = y"*,  y =0 

du  ,  du 

Letff=(coadr-jr)*"       5~  =  '»  (cos  ar-x)"*-»(-.8in*-.l). 
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ON  THB  GENERAL  THBORY  OF  FUNCTIONAL  INCREMENTS.  &9 
The  ftlldwnig  cases  deserre  wpec\t\  attention 

5«|ie  folio  vir-  eqitatimis  aie  the  fundamental  rclationa  of  trigonome- 
trf  in  another  form : — 

mr*  JT,  or  |he  angle  vbicb  )>aa  z  for  its  sine,  U 

p,-'V!-«',  t«--==.  cot-— J—,  lec  '^j::^  coipc  -J 

wr^Xs  or  tbe  angle  which  has  x  for  its  cosine,  is 

tur^x^  or  the  angle  which  has  x  for  its  tangent,  is 

X                  11  VT-Sh** 
Bin-*  -5=,  COS-*  -p  ,  cor*       scc-Vl+x-',  cosec:*  — ♦ 

Vl+:^  Vl+JP«  *  * 

cot"*jr,  or  the  angle  which  has  x  for  its  cotangent,  is 

on-*  -=i=-,  cos->  ,  tan-»  1,  sec-»  1^1±^,  cosec"* 

iee'>«,  or  the  anf^e  which  has  s  for  its  secant,  is 

cc-'i,  *.n-'^x,  «-««-';^i> 

r**,  or  the  angle  which  bas  x  for  its  cosecant,  is 
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60  DrFFERENTIAL  AND  INTEGRAL  CALCULUS. 

Beginners  usually  find  some  difficulty  in  comprelieudiiig  these  rela- 
tions, owing  to  there  not  being  distinct  names  for  sin"'  j*,  &c.  Wc 
shall  call  sin"*  J  the  inverse  sine  of  x\  meaning,  not  that  x  is  an  angle 
and  we  are  speaking  of  ita  tine^  but  that  jp  is  a  sine^  and  we  speak  of 
its  angle :  an  inverse  sine  is  the  angle  which  belongs  to  a  sine. 

The  following  are  the  most  common  formula  of  trigonometiy  trans- 
lated into  this  language. 

sm~*  -zr  =  -^       COB"'  -^T  =  tan  ,  1  =  -7- 

2      6  2      3  -  4 

ain  (&in~'  OOB  (C06~^  x)ssx  tan  (tan"'  x)  as  fte. 

WW  w 

COB"*  X  +  sm***  *  —  "2"        '  +  tott"'*  —  2         * '  2' 

flin"»ar  +  sin'* y  as  sin"'  (jVl-y* iyVl-o;^) 
COB"»  X  ±  COS"* y  rr  cob~*  (ry  ^     — j:*  ^  1  — y') 


In  sin  (sin"*  jr)  we  see  something  niialogous  to  x  +  a-^a,  and 

other  cases,  in  which  two  ojicrations  are  successively  performed  on  .r,  one 
of  which  by  definition  destroys  the  otlier.  The  qucstiun,  '*VVhiit  is  the 
sine  of  the  angle  whose  sine  is  jc  ?"  is  not  readily  answered  at  first  j  but 
the  difficulty  vanishes  when  we  use  more  familiar  objects — What  is  the 
foim  of  the  letter  whose  form  is  A?'* — What  is  the  name  of  the  man 
whose  name  is  B  ?" 

An  angle  has  but  one  sine,  one  cosine,  &c.  Therefore,  tiup, 
^y),  &c.  have  but  one  vahie.  But  a  given  sine  has  an  infinite 
number  ol  angles,  as  is  shown  in  triganomelry.  Thus, 

e,  e  +  27r,  9+4t,  &c.   TT-e,  3t-0,   Bt-o,  &c. 

all  have  the  same  fcine.  If,  then,  sinO  =  r,  0  is  only  one  of  the  values 
of  8in~' r,  the  others  consisting  in  tlie  several  terms  of  the  series  just 
written  ;  and  the  same  iur  the  cosine,  tangent,  kc.  We  shall  return  to 
this  subject. 

Since  the  expressions  in  the  six  lines  abore  cited  are  equivalents, 
their  difierential  cocffidoits  are  also  equivalents.  By  equivaienis  we 
mean  formulic  which  express  the  same  value  in  different  forms*  The 

verification  of  this  assertion  will  furnish  thirty  useful  instances  of  diffe* 
rentiatioD,    W  e  ahail  take  one  of  the  most  complicated  at  full  length. 

Let  u  =  sec"*  ■   =  sec"'  y  where  y  = 


^  =  ^ .     which  two  ate  to  be  separately  £mnd. 

1      dv  1      rf.cosu  s'mu 

tfSsecur:    -  —  — .  ,  —  

cosu'  c^a        cos'tt      du  cos*u 

vi-cos«tt    /'    T"       .  /"  r  ,  , — 


Digitized  by  Google 


ON  THK  OBNBRAL  TRBORT  OV  FUNCTIONAL  IKOBnCBNm  $\ 

(Observe  that  whea  P  is  a  comi^s^d  cxpreasioui  it  is  ty^^raphi- 
emy  more  conmient  to  write       than     J  • 

dx  d 


 jp_^^-i  ^j3_x_j 


Thmfare4^^r^$^  =  il:iix-      ^      '  ^ 


Again,  let  u  =;  coeec'x  or  x scobccu  = 

amu 

du_  ^  ,  dx  ^ 


I         (/.sillM  COST*  /I  1  - 

—  — — ss--— =  — ^1  — — ^coaecPi* 
ru      du  8m*w         V  cosec'u 


Ibat  viy  amtc'^x  and  sec"'         ■  have  the  same  difTerential  coeffidentBy 

aa  they  should  liave,  being  equivalents. 

We  have  hitherto  considered  onlv  the  first  diff.  coeflP.  and  u  function 
of  only  one  variable.  But  successive  differentiation  is  only  a  repetition 
of  the  aame  sort  of  operation,  and  it  merely  remains  to  find  a  proper 
notitkm  to  express  the  diff.  coeff.  of  the  diff.  coeff.  or  the  2nd  diff.  coeff., 
ftc.  For  the  present,  we  have  only 

if  — 

*  dg     d  du  ^  .  dtt 

—= —  or  — ~  —  to  express  diff.  co,  of  — 

dx       ax  dx  dx 


d 

'dx 

dx        d    d    du  -  d  du 
 or  —  -J- .  -  -  to  express  dm.  co,  of      3-  , 

dx  di    dx  dr        '  dx  dx 


and  so  on.  But  we.  shall  afterwards  point  out  a  method  of  nrriving  nt  a 
jiystemntic  nnd  short  notntinii,  aiul  not  till  then  can  the  Student  see  the 
full  advantage  of  the  symbol  wc  have  chosen. 

As  to  functions  of  tnoic  than  one  variable,  they  are  considered  for  the 
present  as  under  the  condition  tljat  none  of  the  possible  variables  do 
actually  change  except  one,  with  respect  to  which  differentiation  takes 
place.  Thus,  in  a  function  of  x  and  the  latter  is  a  constant  in  dif* 
feitntiating  with  respect  to    the  former  in  differentiating  with  respect 

to  y.    Thus,  if  w  =  .11/  +  y%  we  have  —  =1/,  just  as  in  differentiating 

M  =  CwC  +  c\  "we  have  —  =:  c:  we  also  nave  —  =r  x  +       juat  as  m 

ax  dff 
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it  DimBBMIIAL  AND  IlfTEGftAL  CAXCOhXM* 

tts=: cy4-s^  we  have  —  s:  e  H-  Sy.  If  ii  be  a  functioii  oi x  and  y,  de- 
noted byy*(a:,  y),  we  have  two  increments  fur  w,  according  aa  we  sup- 
pose ^  or  J?  to  receive  an  increment :  that  is, 

An ^ /(,H.Ax  y) -/(..,)        ^  ^  ^ 


/x\      tftt  .     *  * 

«=sco«(  — ),    7- :=  —  am — -J  =  — 


Ay  Ay 
but  Atf  doea  not  mean  the  iiime  thing  in  both,  which,  however,  makea 

110  objection  to  our  calling  the  lujiU  of  the  first  -^Sind.  of  the  second  ~. 

For,  nfe  tliesic  fractions  are  only  symbols  v,hcn  cnnsidtTcd  as  wholes, 
without  reference  to  the  meaning  of  tlieir  parts,  then-  is  no  more 
separate  consideration  «luc'  to  the  dv  of  one,  nf^  distincuisiiR'd  Irom  the  du 
of  the  other,  than  to  lIic  loop  of  a  6  as  distinguislicd  from  that  of  a  9. 
The  denominator  (or  what  we  ahoold  call  sach  in  an  algebraic  fractbn) 
points  out  what  variable  has  been  used,  the  numerator  what  fundion 
has  been  differentiated. 

1  .  « 
—  sin  — 

du         ,  X     d    X  ,  X      X  .  X 

—  =— Sin-   s  —  am  ~  X  :=-:i8in— . 

dy  9    ds  y  y         y^    f  9 

du     _  .  du 
tcss^(jp-l-y)  sa  4»  (t>)  wheTeos:«  +  y 

E""3»'3jp""  dy^dvdy"^^ 

Therefore  «  s  ^  (or  +  y)  gives  ^  =      an  mporiani  res1^it» 

The  jstiuleni  may  think,  and  ])erlin]is  oiiiilit  to  think,  tliat,  in  applying 
the  reasonings  hitherto  given  to  functions  of  more  than  one  variable,  we 
are  extending  our  conclusions,  without  further  |)roof,  to  cases  which  the 
preceding  proofs  did  not  embrace.  If  so,  now  is  the  time  to  make  him 
reflect,  that  from  the  beginning  we  have  meant  by  a  function  of  ir,  a 
function  of  j,  and  a  constant  These  constants,  upon  other  suppnxi- 
ffnn^,  might  rhnntrr  their  vnlne,  that  is,  they  are  constants  otily  with 
rr'^jirrt  to  X ;  &  chanirr  in  r  doi-s  niit  change  them.  We  are  tlicrcfoTift 
juiiUlied  in  apjdving  our  coiichisions  to  the  variation  of  any  sintxle  varia- 
able,  with  attention  to  the  proper  rules:  we  must  only  take  care  m 
practice  not  to  mrply  to  consequence*  of  tfte  varfation  of  one  vitriable^ 
the  supposition  that  Ihcy  were  produced  by  that  of  another,  except 
where  we  can  prove  the  variation  of  both  to  give  the  same  re^t,  ak 
in  the  case  of  0  (x  -}-  y). 

To  familiarise  the  stmlent  Avith  thr^e  con?'drration«,  we  phall  taVc 
this  opportnmtv  pointiim  out  tliat  relations  may  rxivt  junonu;  dithren- 
tial  coethcicnlii  which  are  not  deiivable  frt^ni  one  or  two  partieidar  t'unc- 
tions,  but  from  an  mfinite  number,  that  is,  are  equally  chaructenstic  of 
all.    And,  firstly,  as  to  one  variable  only.    Let  te  =:  i  -f  c,  where  c  ia 
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du 

KBCf  constant.  Then  —  s=  1,  whatever  c  might  have  been :  thus^ 

uszx'^      u  =  j-f6>&c*aU  give  ^  =  1* 

t  du  du 

ax  dx 

du 


or  w  «  f  ~  — 2x) 

\  at 


a  relation  whidi  exists  w  hatever  c  may  be,  provided  only  it  is  ron^fduL 
This  is  the  distinction  between  an  arbitrary  con.^tant  and  a  variaUe ; 
the  former  may  be  what  we  please,  but  must  keep  one  value  tliroughout 
the  prooees :  Uie  latter  may  be  di£fexentiated,  which  infers  variaHon  of 
tatue,  as  one  of  the  steps  of  the  process.  Thiis,  the  answer  to  the 

miestion — "  AVhat  function  of  x  nmst  u  be,  in  order  that  -r-  =  1 

at 

h  imaoBwerable  in  definite  terms.  It  is  m  =  or  4-    (at  least  this  is  one 

ra*e  ;  we  are  not  to  infer  now  that  Lci  ause  t/  =  .r  +  ^  is  ah  answer 
that  It  is  the  only  answer)  where  c  is  auy  couatant  whatever. 
Prove  the  following ; 


du     .  .  /  du\ 


ftt*sO;     iftf  =  -      — +— =sO; 


dx  X      dx  9 


,  du  du  . 

if  tt  =  cj:  —  log  J      ^  ~  ^"^"^ 

Whenoe  we  have  the  following  theorem if  ir,  a  fanction  of  dr,  also 
contain  a  constant,  that  constant  ean  be  diminated  between  the  values 

du 

of  tt  and  -T^^  and  an  equation  proihiced  which  does  not  contain  the  con* 
dx 

atant,  and  is  triie  for  every  value  of  it. 

In  considering  a  function  of  jc  and  y,  such  as  /  (r,  y)  it  is  important 
to  ohsene  that  there  arc  two  sorts  of  tndelerTMnatenesi  in  its  form. 

Under  this-  general  svnibol  are  contained 

1.  All  tlie  functions  of  J  -f-  y>       4-  yT  log      +  y)>  &c. 

i.  All  ihc  functions  of   xy,        (^yY  log    i^y)^  <^'c. 

3.  All  the  functions  of  x'+y,    (t'+y)"  log  {  t*  +  2/),  &c. 

ftc.          %c.         &c,  ad  injiniiftm, 

m  the  first,  let  x  and  p  be  said  to  entet  through  x  +  y.  in  the  second 
through  ry,  in  the  third  through  ^  +  y,  &c.  And  we  shall  now  con- 
Bder,  notlhe  gwieral  form  f{Xty)  ;  but  some  restricted  forms  in  which 
1  and  y  enter  throngh  given  functions  of  x  and  y.  We  have  already 
had  one  result  in  the  case  of  0  4"  y)»  where  x  and  y  enter  through 
'+y 

Let  u  =  0  (I'+y-)       J*  +  ^- =  i>       ?f  ~  00 
rfu     du  dv       .       ^         du      du   dv  * 

dt    dv  dx    ^  dy     dv  dy  ' 

£&lBSiitfe       and  v        *  -r  =  0. 

<ij?  dy 
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Here  k  a  relatioii  which  must  eziit  fat  all  faaeti<ms  whatsoever  of . 
+  thai 

,     y  .  .         rfw        2x     du  "I    du      du  ^ 

M=(«"+yV,^=:2(4:«+y«).2jr,  ^=2(ap*+y«)2y  j  in  hoth  caaei. 
Let ^+^=0}  «s0(xy).  *^  =  V;^ 

Let  M  =  ar"  ^  I  ^  ) ,  v  =  — ,   M  =  J?"  <{>!;, 

ox  <tr  ox 

du        d(l>v      .      t/u     dv        y    dv  I 
dy  ay     dx  ay  x 

from  all  these  deduce  that  J        ^  particular  case  Haa 

heen  already  found  ? 

We  have  chosen  such  iustauces  as  we  knew  to  give  simple  results : 
let  us  now  take 

-r  <^  (i-y  log-O, 
^ss0(jr— y  logjc)  +4;0'  (x-y  logx)  (I— ^) 

^=  X  ^'  (jp    y  log«)  X  (-bg  x), 

from  which  deduce  ^4-  (1—  — ^  —-7-  logar  ss  —  ti 

We  thus  see  that,  ho\\'cver  r  and  7/  may  cuter  throu^li  a  funrtinn  of 
.r  and  ?/,  wc  can  hy  nutans  of  the  tv  f)  difl'.  coL'tV.  of  ?/  and  the  given 
eqn  ihon,  eliminate  the  a/^/Vrci///  t)i.''lion  altogether,  and  produce  an 
ctj[uation  which  is  true  for  any  form  tiial  may  be  assigned  to  it. 

When  any  specific  value  is  to  be  given  to  an  arbitrary  constant,  which 
remains  such  throughout  the  process,  it  is  immaterial  whether  the 
specific  value  be  assigned  at  the  beginning  or  the  end  of  the  process. 
For  the  rules  of  differentiation  are  the  same  whatever  the  specific  value 
of  the  constant  may  be.   The  simplest  case  of  this  is  as  follows »If 

ti    cr,  ^  =s  c.   Now,  if  all  this  time  c  be  s  5|  we  may  either  differ 

rentiate  «  =  bx,  giving  ^  =  5,  or  «  =  cj?  giving  ^  s  c,  in  which  we 

then  make  .i=  5.    This  remark,  however  slight  it  may  appear,  is  ol' 
great  inipuitance. 

With  regard  to  the  results  ofdtfferentiation,  observe  I.  that  all  rational 
and  integral  functions  (ajE*  +  +  ^  for  example)  are  lowered  one 
degree  I  V  it.  2.  That  when  is  a  factor  of  u,  it  is  also  a  factor  of  the 
diif.  coeff.  Thus,  if  u    ^«  x  Jr, 
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du 

of  wluch  i^'  u  alM  a  factor.  3.  Tbat  no  factor  is  e?ermade  to  disappear 
fimn  a  denominator;  bat  on  the  contraiy,  ia  introduced  with  a  higher 
exponent. 

We  arc  now  to  proceed  to  the  appUcaUun  of  this  calculus  to  algebra. 
We  must  call  the  attention  of  the  student  to  the  fact  that  we  have  not 
MMuncd  any  algebraical  development  into  an  infinite  aeiiea,  directly  or 
indirccdj.  He  may  therefore  diamiaa  from  hia  mind  entirely  (until 
further  proof  shall  be  oflSered)  all  such  developments  and  their  conse- 
quences. The  assumption  which  is  usually  made  in  algebraical  worka 
iai  the  eatabliahment  of  auch  developmental  ia  that  certain  functiona  of  or, 

for  example,  can  be  expanded  in  a  aeiiea  of  whde  powera 
of  2  of  the  form 

A  +  B*  +  Cj:*  +  E^4-&c. 

ifchcreA,  B,  C,  &c.  are  not  functiona  of  i".  Of  this  no  legitimate  proof 
vaa  evcnr  given  depending  entirely  on  algebra.  Nor  is  the  abbumptioa 
imversdly  true.  That  we  mav  make  use  of  infinite  aeries,  we  ahall 
fnd;  but  it  ahoold  be  matter  of  proof»  not  of  aaaumption.  By  rejecting 
iiiBnite  series  we  are  unable  aa  yet  to  complete  the  differentiation  of  a'. 
We  have  only  found  it  to  be  ca'loga,  and  have  assumed  that  c  is  1 
rshen  If^'g^  is  the  Napcrian  logarithm.  Tliis  assumption^  which  is 
excusable  while  wc  arc  only  inquiring  into  what  will  be  it?  consequences 
if  it  be  true,  i  just  be  abandoned  in  all  applicaUous  uutii  we  can  pro- 
duce a  proof  ut  it. 


Chaptbr  III. 

ON  AtGSBRAICAL  DEVELOPMENT. 

AaaoMixG  tt=       we  have  shown  how  to  fmd  another  function  ^'jr, 

vUdi  baa  Ais  property,  that    ^  ^  ^  — ^  may  be  made  as  near 

we  please  to  ^'jr,  by  taking  Ax  suflicicatly  small.    Let  the  first  of 
tiic^e  dilFer  from  the  second  by  P,  which  is  therefore  a  function  of  x  and 
Ax,  baring  this  property,  tliat  whatever  x  may  be,  it  diminishea  iidtli- 
oot  Vmil  with  Ax. 
There  may  be  apeeial'  excepttona  in  eaeh  particular  function.  For 

iailance, if  ii=log(j— o), s=  — which  is  ftmtc  for  every  value  of 

r  except  only  x  :=  a.  lliese  casea,  observe*  we  except  for  the  present ; 
that  they  must  be  finite  in  number,  or,  if  infinite  in  number,  belonging 
only  to  a  particular  class  of  values,  separated  by  iiitcrvals  in  which  no 
*f!ch  thintr  t;ikcs  place,  apjHiars  as  follows.  TliC  only  cases  in  wliich 
%t  can  conceive  them  to  happen,  are  those  in  which  buch  a  value  is 
fint  aaaigned  to  u;  tua  uiakcb  a  liumerator  or  a  denominator,  or  an  ezpo- 
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nent,  one  or  any  of  tljem,  nothing  or  infinite.  Now,  in  nil  known  func- 
tions, the  values  oi\r  whicli  satisfy  such  a  condition  are  separated  by  in- 
tervals of  JinitudCf  and  there  is  no  fuuctiou  whieh  id  nothing  or  infinite 
for  evcnr  value  of  »  between  a  and  a  +  b  (for  any  valne  of  h  however 
email)  m  all  the  lixnctions  of  algebra.  If  there  be  such,  we  have  notified 
in  the  postulates  at  the  head  of  Chapter  II.  that  they  do  not  form  a 
part  of  what  we  have  called  the  Differential  and  Integral  Calculus,  but 
their  considt^n^tion  forms  a  science  by  itself.  This  condition  is  ex- 
pressed or  luiplietl  in  every  treatise  on  the  subject. 

Let  there  be  two  limits  a  and  a  -f-  A,  such  that  neither  for  them  nor 
between  them,  are  there  any  singular  values  of  01".  Thus,  ftrlog^ 
from  «  =  2  to  a;  &5  3,  there  ia  no  singular  value^  nor  is  1q|  2  or  hgS 
either  of  them  singular.  We  have  now  P,  a  comminuent  *  with  A  jr, 
whatever  the  value  of  x  may  be,  between  a  and  a  +  h.  Consequently, 
P  and  A  r  will  still  remain  comminucnt,  even  thotich,  ^vhilc  A  x  dimi- 
nishes, .r  slundd  vary  in  any  manner  between  a  and  a  -\-  h.  Thus,  for 
instance,  Aj:  and  j:  Ax  are  comminuents,  even  thougii,  while  A  x  dimi- 
nishes without  limit,  x  increase  from  a  to  a  +  h.  JLiet  us  Bup^ose  Ax 
to  be  the  ittii  part  of  A,  so  that  A  x  dindnishea  without  limit  as  n 
increases  without  lunit  Let  P,  which  is  a  fonctbn  of  «  and  A<r«  be 
denoted  by  /  (x>  A  ic),  and  we  then  have 

now  substitute  successively  jp  +  A «  for  je  until  we  come  to  have 
^  (j?  +  n  A  jc)  or  ^  (jr  +  A)  in  the  numerator,  which  will  give  the  fol- 
lowing set  of  equations  (n  in  number)  : — 

\/   ^   =  ^'x  +  /  (x,  A  X} 

rv   =  f  («  +  A*)  +/(*  +  Aof,  At) 

^(x+3Ax)--^(x+2A«)       ,,    .         X  .         .  A  V 

i-i-i^  \       ^  J  s=  ^'  (j^  +  2  A  J?)  +/(x  +  2Aa  Ajf) 


^(x  +  «— lAj:)-^(x+n-2Ax)  ,   x  ,  /./  .  T^k    a  % 

t  ^   ^>   r=  f  (x +fi~2 Ax)  +/(j+fi-2AxAr) 

Ax 

^  (r4-    A  0  - (  r+  ~l  A  r) 


^  f  (x+n— 1  Ax) -HJ  C*  +  « - 1  Ax,Ar). 
Ax 

Form  the  fraction  which  has  the  sum  of  the  numerators  of  the  pre- 
ceding for  its  numerator,  and  the  sum  of  the  denominators  for  its  deno- 
minator, it  being  clear  that  all  the  denominators  have  the  same  sign. 

This  gives 

*  Too%iMil  tlic  tedious  rt'petitiuu  of  a  quantity  which  diminishes  without  limit 
whcu  Ax  diminHhes  without  lunit,"  I  have  coined  this  word.  If  ever  the  constant  re- 
cumiiei  of  a  lunf(  phrase  justified  a  new  word,  liero  is  acote.  There 
lories  fur  the  dtrivatioii,  or  at  any  rate  we  nuist  not  want  words  because  Cicero  did 
not  know  thtt  Difltrrcntial  Culcuhi;;.  Hencu  wu  add  to  our  dictionary  as  follows: — To 
comminute  two  quantities,  is  to  su|)jK>se  Xhtm  to  diminish  wiihouthmitto;;vt)ier :  com- 
«mtVfr//io;i,thu  correspondiog  iubstautive ;  ntmrnintientt,  ({uantttiei  which  diminish  with- 
out limit  to^i  ther.  To  '^'•mmmwU  his  biou  usod  IB  the  MDSS  of  U>piU9tTvctt  «a4  is 
thfifefoid  rtM:o|^UMti  iai^iuli. 
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or  i-i  — ^ — z^QfZ^  J.  1-., 

n  A  X  h 

which  Diust  therefore  lie  between  the  greatest  aud  least  of  the  preceding 
6ractioiiSy  or  of  their  cciuivalcutB,  all  contained  under  the  formula 

/(x  +  A  A  j)  4- +  A  A  X,  Ax). 

Now  let  the  first  value  of  x  be  a,  and  let  C  and  c  be  the  values  of  v 
which  s^ive  0'r  the  greatest  and  least  possihlc  values  it  can  have  between 
T  =  fl  and  r  =:  cf  +  A-  (We  have  supposed  that  ^'t  docs  not  become 
inHnite  between  these  limits.)  And  let  and  be  the  values  of  x  and 
k  which  give  /*(x  +  ^  Ax,  A  x)  the  greatest  value  it  can  have  between 
the  limiti,  and  </  and  A'  those  which  give  it  the  least.  Then  still  more 
do  we  Imow  that 

y(a-f  ^)->^a  ^  /(C+K'  Ax,  A X) 

and^c  +  /(c'^fVAdT,  A«), 

in  which  the  two  functions  marked  /  nro,  as  we  have  shown,  commiuu- 
cnts  with  Ax.  Now,  if  a  quantity  always  lie  between  two  others,  it 
must  lie  between  their  limits  :  for  if  not,  let  it  be  ever  so  little  greater 
than  the  greater  limit,  then  we  can  bring  the  greater  i|uantity  nearer  to 
that  limit  than  the  one  we  have  supposed  to^be  always  mteraiidiate.  Otf 
~  1,  suppose  P  and  Q  to  he 


PA  B  X  Q 

 1  1  — I— I— 

moving  points  which  perpetually  approach  the  limits  A  and  B :  if  X 
(a  6xed  point)  must  always  lie  between  the  two,  P  and  Q,  it  must  lie 
hc^^rcen  A  and  B  ;  for  if  not,  let  it  be  at  X,  then  by  the  notion  of  a  limit, 
Q  may  be  Ijrought  nearer  to  B  than  X,  or  X  dors  not  always  lie  between 
A  aod  R  :  which  is  a  contradiction.  The  limits  ot  the  preceding,  when  n 
iocrcauBos  ui  A  ^  diminishes,  are  ^  C  and  ^  c :  whence  we  have  the 
JbUowing  THBORBM : — 

If  f  #  be  a  function  which  is  finite  and  without  sbgular  values  firom 
jr=atOT:=a  +  A  inclusive,  and  if  the  differential  coefficient  be  the 
nme,  and  if  C  and  c  be  the  values  of  x  which  make  ^x  greatest  and 
kast  between  these  limits,  then  it  follows  that 

A(a  +  A)  — 6a  ,     ,  ^,  , 
 J — - —  lies  between      and  ^c. 

C0R0U.ART. — Since,  by  the  law  of  continuity  of  value,  a  ftmetion 
not  pass  from  its  greatest  to  its  least  without  passing  through  every 


0  (rt  +  /i)  — 0  a 

mtennediate  value,  and  siuce  is  an  intermediate  value  of 


f  r  hetweeo0C  and  f  and  nncea  +  Bh  where  B  lies  between  0  and  1 , 
iS|  hf  ptoperly  assuming  9,  a  representative  of  any  value  which  falls 
Wlweea  a  mod  a-j-h^  aim  oonaequently  between  C  and  c»  it  foUowa  thai 


h 

if  true  for  some  positive  value  of   less  than  unity 
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Af  an  inatance,  it  muat  be  true  that 

ja-hhy—a^  =:  3  (a + eh)'  gives  6  <  1  for  (We  Talue, 
A 

To  verify  this,  expand  both  sides,  which  g!vea 


±V  3  A  * 

which,  takiog  the  positive  sign,  gives  d  <  I ;  for  a'  +  oA  +  4^'  is  not 

so  ijrpnt  as  fl'4-2<///  +  A',  whence  the  square  root  in  question  is  less 
than  ^  +  A,  the  numerator  less  than  A  the  denominator,  and  the  fraction 
less  than  1. 

Let  there  now  be  two  functions  <px  and  fu  ,  the  second  of  which  has 
the  property  of  always' increasing  or  alwaya  decieaaing,  from  =  a  to 
Jtssa'^h^in  oUier  reapecta  fiilfiUiug  the  conditiona  of  continuity  iu 
the  aame  manner  aa  ^  x. 

v?hcnce/,  (jc,  A  i)  is  comminuent  with  A«s*  We  have  then,  aa  before,  a 
aeries  of  equations  of  the  form 

^ (jp+*  Ad?)— 0  (x+k^  Ar)   .   

 At   0^(j4.  j^- 1  Ar)  4- f(x  -fi^- 1  Ajt,  Aj) 

\p  (■f+/cAj:)-Vr(j:+A  -lAx)"^  •4/'(^+A- 1  Ajr)-i-^;(x4- Ax, AJf) 

Ajt 

or 

0(r-^Z;  (.r-f  ~A.O         4 iPi Ax)  Ajf, Ajt) 

(x+k  Ax) -  ;// (x+A^  A r)  ^{r+^-l  Ax)+/,(x+A-l  Ax, Ax)' 
from  which,  by  summing  the  numerators  and  deuuuinmtuis  of  the  Grst 
aidea,  which  gives      ■ .  — —  if  the  forat  value  of  «  be  <i,  and  if 

7iA  r=A ;  by  observing  that  the  dcuominators  are  all  of  one  sign  by  the 
suppoution  either  of  continual  incieaae  or  decrease  in  fx  from  x=a  to 
x^a-^hi  we  find  the  preceding  fraction  to  lie  between  the  greatest  and 
least  values  of  the  fractions  on  the  accond  side  of  the  aet»  and  therefore 
(using  the  preceding  reasoning)  between 

-rp.  and      the  greatest  and  least  values  of  — s-^ 

from  x=:r/  to  i^za-^-h.    And  this  must  as  before  correspond  to  some 
0'x 

Talue  of  —  for  a  value  of  x  lying  between  xss.a  and  «8Ba+ A,  Let  it 

be  X  =  o  +  OA  as  before,  and  we  have  the  following  theorem  :— 

If  4^4P  and  ^«  be  oontmuoua  in  vahie  fi^m  x^a  to  jr=a«f  At  and 
if  in  addition  4/x  and  i^*x  be  the  same,  and  if  also  y  x  alwaya  increases 
or  alwaya  decreases  from  xsa  to  x=a4>A,  then 

0(fl-f-/O~0a_0'(fl4-e/O    ^  . 
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CoROLLARY.^ — If  thc  two  functions  bc  8uch  that  0rT=O  Eiid  ^a=0 
without  any  discontiuuily  or  singularity  of  valuc^  wc  lUcu  have 

0(a+A)_0Xa-MA) 

Let  OS  mm  consider  fx  and  Y^j;  as  new  functions  of  x  heving  for 

diff.  CO.  *f>"T  nr\(\  f'^.ty  nnd  take  the  limits  xr=a  and  x—n-^^k  (0  being 
detennineil  by  the  last  equation)  and  suppose  that  in  addition  to  the 
prccedinir  conditions  yft'x  continually  increases  or  decreases  bctweeu 
=  a  aud  x  =  a  +  Qh,  and  also  that  0'«r=O  y'a  =  0  without  discon- 
tinuity or  singularity,  and  tliat  and  y^^'x  have  no  singular  yalues 
Irom  x^atx^s^a-^Oh*  The  same  theorem  then  gives 

Now  consider  </)"x  and  "^"x  as  new  functions  of  x  having  diff.  co. 
(^"'i  and  wliich  give  0"'a  =  0  '^'"a  =  0,  without  discontinuity  or 

aiogularity  from  to  x  =z  a-^-OiBh,         from  which  the  same 

theofciii  gives 

and  so  on.  Now  rcmemlicrlng  that  we  know-nothing  of  0,  0,,  &c.  except 
that  they  arc  severally  less  than  1,  in  which  cn«e  all  their  products  are 
severally  less  than  1,  wc  may  include  all  the  terms  a  +  ©  A,  a  +  ^^i 
&c.,  uudcr  thc  general  symbol  a+Oh  (0  <  1),  and  if  wc  collect  thc 
several  sets  of  conditions  under  which  this  theorem  will  apply  to  all 
fuDctiovis  vp  to  the  nth  diff.  co.  inclusive,  and  observe  that  thc  first  side 
of  (1)  has  a  succession  of  values  found  ibr  it  in  the  second  sides  of 
(2),  (3),  .  .   .  wc  have  the  following  tiioerem  *  : — 

If  there  be  two  functions  0  x  aud  y  x,  having  the  series  of  diff.  co. 

thx  <b'x  <b"x  <b"'x  w,(.)]^(,+o  Jail  continuous  and  without 

f-x!     :  :^J.*.q;i^^}^n'yi^-«« 

and  if  as  a  second  set  of  conditions, 

0«=:O,  0'a=O,  4>"azzO.  .  .  up  to  0^">a=O 
foi^Ot  y'a=0,  Y'"«=0  ...  up  to  y^^^tf^sO 

and  if,  ss  a  third  set  of  conditions, 

f  Xt  fxj  yf/'x, .  .  .  up  to  Yrf*>x 

be  functions  which  either  continually  increase,  or  continually  decrease 
from  j;ssato«  =  a+  A:  then  there  is  a  value  of  0  less  tnan  unity, 
which  will  satisfy  the  equation 

{a  +  A)    ■^^■+'^  (a  +  eh)'    .  . 

If  we  were  at  once  to  proceed  witli  the  consequences  of  this  tl.c  rem, 
the  gtndent  \vould  not  be  well  able  to  see  why  so  apparently  cunil)ri)us  an 
apparatus  of  proof  is  necessary  to  obtain  what  is  called  Taylor*8 

•  Remember  that  wlmtcver  is  assumed  to  be  true  from  x  =  a  fo  jr=:  a -f »** 
true  bam  x  =  a  io  xz^a-^-Qk,  from  je:^a  to»sa<f  &c.»  if  Q,  0i  &c.  be 
Mvvrally  less  tlian  1. 
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Theorem!  we  shall  therefore  make  what  is  often  giTcn  as  a  proof  pre- 
cede what  we  consider  as  really  a  proof. 

Thboabm*   II  it  be  allowable  to  suppose  that  ^(x-\-h)  can  be  ex- 
panded in  a  leriet  of  wKole  powers  of  A,  of  the  finrm 

^0  «r  ^  .  / aiiothcr\  ^  r  .  Z' a  third  \    . .  ,  /a  fourth\  ....  - 

then  thai  series  must  be  the  iuUowing,  and  no  other : 

0ar  +      .  A  +  0"a: .  ^  +        J|l  +  0'^^  -^-^  +  &c. 

We  have  shown  that  u=:^  (x  +  h)  has  the  property  ^  ^  ix»- 

able,  let 

0(*+A)  =  ii=:  A  +  BA  +  CA«  + EA»+ FA*+ &c.  arf  t>i/fn. 

and  let  us  assume  (which  we  consider  as  rather  a  qiicsnonahle  abbiunp- 
tion)  that  the  property  which  is  true  of  ^  (a?  +  h)  is  ulsu  true  of  its  ex- 
pansion.   Then  we  have  (A,  B,  C  being  functiona  of    whieh  A 

IS  not,  and  A,  B,  C  . . « •  being  not  fiinctione  of  A :  all  this  is  in  tiie 
original  snpposition,) 

du     dA  ,  dB  ^  ,  dC,^     dE  rfP., 

which  we  will  write  as  foliows  ; — 

u'=:A'+  B'h+  C'A«+  E'V+  FA*-f&c. 
But  ^  :=  B  +  2  CA  +  3  Eft«  +  4  P*P  +  5  GA*  +  &c. 

and  ^  =:  fi'  or  ^  for  sll  values  of  *  and  A,  whence  by  the  common 

theory  of  nltrcbra,  called  by  the  name  of  that  of  indetermncUe  coejffici'- 
eniSt  wc  have 

B  =  A'  2Cs=: B'=      which  call  A"     C=  — 

dx  2 

dx    2  dx      2  2.3 

4F  =:  B'sr  — =  ==  —  A''  or  F  =  A'' 

dx     2.3  dx      2.3  2.3.4 

and  80  on ;  whence  substitution  gives 

=  0  (X  +  A)  =  A  +  A'A  +  A«  ^  +  A'"  ^  +  A-         +  Ac. 

It  only  remains  to  determine  A,  to  do  which  another  doubtful 
asBumptiou*  is  usually  made,  namely,  that  when  A  =  0,  the  series  just 

^  Observe  that  we  do  not  say  these  astiunptioiis  «e  mUme,  but  not  seir-evidsDt, 

and  therefore  not  to  be  assunud  w  ithout  proof.  We  may  iva<lily  see  that  the  SUp- 
jNMiition  P=Q  when  A=0  i»  vury  wispicious,  unless  we  can  show  that,  l»y  makinp  A 
tnull  (neer  to  nolhini^)  as  we  please,  we  can  make  P  an  near  to  V  wc  please. 
Now,  iu  tht:  st'i  icH  itt  uuestion,  thuu|fh  by  making  A  as  amall  as  «e  plMMO,  WS  CsA 
read^  all  teim»  after  the  fint  inOividuaUy  as  BoiaU  as  we  pletie^  j«t  U  !•  lo»  be 
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found  i?  reduced  to  its  first  terra.      If  so,  then  by  making  A  r=  0 
0  (r     /,')  hecoracs  0./,  and  the  equivalent  series  becomes  A  :  therefore 
^  J  —  A,  and  A'  A,  '  &c.,  are  the  succeaaive  diff.  co.  of  A  with  respect 
to    whanoB  the  theoiem  will  follow. 
We  shall  treat  the  preceding  process  as  nothing  more  than  rendering 

'  h* 

u  highlj  probable  that  0  (  a  +  A)  tuid  0  a  +  0  a  .  h  +  0"a     +  &e. 

hsfe  lelatim  which  are  worth  inijuiring  into.  But  as  ^c  arc  deters 
mmed  to  know  nothing  of  infinite  series  without  proof,  we  shall  take  a 
finite  number  of  terms, 

ifta-f  0'fl  •  ^  +  0"«     +  up  to  +  0^"^a   , 

^  3*3«  •  •  ft 

which  we  proceed  to  compare  with  0  (a+ A),  as  to  its  excess  or  defect. 
Or  rather,  as  we  have  used  0  x  in  a  particular  theorem,  we  shall  vat  fx 
haCf  and  proceed  to  consider 

f(fl+h)-{fa+fa  .  A+/"ay+... .  J  . 

Let  0  he  a  fixed  quantity,  but  let  a-i-h  be  variable,  and  let  it  be  called 
Then  substituting  dr-afor  A,  we  have  the  following  fiinction  of^:--* 

Let  us  suppose  1.  that  fx  is  continuous  and  orduiury  from  x  z=  a  to 
X  =  a  +  A.  2.  That  the  values  of  its  diff.  co.  when  ^  =  a,  namely, 
fa, . .  ^0  are  none  of  them  infinite.  Let  this  fiinction  be  called  0v 
and  kt  it  be  difeentiated  it  times  in  succession  with  respect  to  x. 

0«-«)x s/<^-«ar-/^-«a-/Wa  (x-o) 
The  student  must  ascertain  that  in  the  series 

tich  one  is  the  diff.  CO.  of  its  successor,  or  to  dififerentlate  any  oiie,  that 
he  must  pass  to  its  predecessor.   The  general  process  is, 

lemeiabMeil  thai  (he  oumlHir  ut  them  ut  intiuit«,  and  we  have  no  evideace  whatever 
fkrt  ken  will  be  SB  ttaUmtted  number  of  imall  queatitiee,  whoM  fwn  must  be  small 

too.  For  a  sufficient  numlH-r  of  parts  as  small  as  wf  yh'.\^c  irill  r(.ni|M>s.-  mn  r[n,Tn- 
titv.  j^teat  or  small.  It  is  true  that  we  shall  hereafier  ^rove  i-ctituH  cwks  la  winch  wo 
an:  juOiiuMl  iu  the  ii»8umptioii  to  which  this  aolS  istmltMi,  but  «e  IMVflV  saw  a  pioof 
lAieb  eusbnoBd  sveiy  css^ 
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dx2,6,,,H     2. 3... 11  rfx 

n  /  \— » 


X  (j— O)*"*  X  12=   


2.3... 71-1. i»     ^       '  2.3. ..(«-!)■ 

He  must  fliso  observe  that  a  constant  fa  in  the  fintt/'a  in  the  leoood, 

&c.,  vanishes  at  each  step,  and  a  now  constant  appears,  resulting  from 
the  differentiation  of  the  current  term  of  ilic  form  (x  — a)  which  givCB 
p.  But  the  best  way  will  be  to  try  several  particular  cases,  such  as  the 
following  (7t=4) 

0*==/«-/a-/'a(«-«)-/''ai^-^-/»'ai-^^  '"^^ 273.4 

On  looking  eitber  at  the  general  or  ipecifie  case,  we  tee  that  fa^fa^ 
fa  np  to/^^a  being  all  finite  or  zero,  this  function  can  present 

no  singular  values  for  a!iy  finite  value  of  x.  And  moreover,  wlien  rrra 
each  expression  presents  a  finite  number  of  evanescent  terms,  and  we 
therefore  have 

0a  =0    0fl  =  O    ^"a  =  0....  .0^'>fl=O: 

consequently  tliis  function  completely  satisfies  the  conditions  of  the 
theorem  in  p.  09.  We  hnve  now  to  lo  ok  for  a  form  of  r  with  which 
to  compare  it,  this  luucuun  bi  ing  dctcnuiued  by  the  conchtiuus  to  be 
such  that  Y^^t  H''^  •  *  •  up  to  are  sevendly  =0,  that  f^'^^^x 
does  not  give  singular  values,  and  that  fx^  fx ....  aie  all  aeveral^^ 
increasing  or  decreasing  throughout  the  extent  of  the  (unction  from 
X  =  a  to  X  =  a  h.  It  will  be  found  that  (or— a)*+*  complies  with  all 
these  conditions,  and  the  general  and  specific  cases  will  be  as  follows:— 

GenersL  8]iecific  Cm=s4.) 

Yrj=(x-fl)-+'  yjf  s=z  <«-a)* 

y (71  + 1 )  71  (j  -  ay-'  fx=  5 . 4 .  (X  -  ay 

ij.^'«s:(n+l)»(«-l)  (4F-»)-*.  Y'"te5.4.3.(x-fl)« 

 y**=5.4.3.2  («-«) 

•        •        •        •        «  s5»4«8«2« 

^c*>xs=(fi+ 1}  ft  • « .  •  3.8  (x- 0) 

yH4>jp=(ii+l)n....d.2 

In  which  it  is  clear  that  all  the  diff.  eo.  up  to  the  irth  inclusive,  are  in- 
creasing from  T=<i  or  «^as=0  to  xsia-i-h  or  x—a^ht  and  also  that 
they  all  vanish  when  jsa.  It  is  moreover  evident  that  the  (w+  l)th 
diff.  CO.,  being  a  constant,  presents  no  singularity  of  form.  We  have 
then,  writing  a-^^  fw  a;  (p.  69.) : — 
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2.3>.ii (tf+e^) 


2.3.... n+l 

wlwre  9  is  leas  tlutn  1 ;  or  we  hm 

nb|ect  only  to  tbe  condition  thai  no  one  of  the  aet  /b^  /'a ....  np  to 
f^a  is  infmite.    We  msy  cany  this  series  (if  no  duf.  co.  L(  come  in^ 
nite)  as  far  as  we  please :  it  -will  aAerwards  remain  to  be  pointed  out 
trhat  are  the  cases  in  which  wn  may  legitimately  suppose  it  carried 
tnfiniium.   Whaterer  these  cases  may  be,  in  them  we  have 

f(a-\-h)=fa  +f'a  ,  h^f'a  .  j+fa  .       +  Ac.  ad  injin. 

■which  is  TatlorV  Theorem  *  ;  nnd  we  fcc  tlint  vrc  mny  stop  at  any 
term,  and  give  an  expression  for  the  value  ot  tiie  rest,  beginning  Ht  that 
tcmi,  by  writmg  a Oh  instead  of  a  in  the  term  we  stop  at,  and 
expunging  all  that  come  after,  the  value  of  this  accession  lying  in  its 
hafing  been  proved  that  B  is  less  than  1.  This  is  Lagranos's  Tbeorkm 
Off  TBS  UM1TS  OF  Tatlor's  8KRIBS  f*  If  WO  csll  C  End  0  the  greatest 
and  least  values  of  0^*^'  (a+M)  from  BssO  to  9ssl,  we  know  that  by 
stoppuig  at 

y  (»>a  we  commit  an  eiior  <^A*^'  _J^5!!L. 

8.3. »«  which  lies  between  2.3..  .n      2.3..  .n* 

We  can  now  demonstrate  the  binomial  theorem  :  for  if  0  x  s  ji*  we 
hai«  <^'s  =  aj^S  4^*Ji  sfi  (n^l)  and  therefore  0a  =  oT,  =  na**^ 
fte.  This  gives 

A*  A' 

+  +11,  (/I- 1)  («~i>)a-^» 


2.3....p4-l 
+  »(»-!)....  (n«p-l)  (a+eA)-^«  . 
or  (a+ZO'sa"  +n(fl4- 

srrf'+JM^-'A+n'i^  a-*A*+«'^  ^  (a+eA)"-***,  &c., 

•  Dr.  Brook  Taylor  (Tern  K.*^'  nf  F.dmnnton,  died  1731)  first  crnvc  this  thoorPTn 
in  bit  *  Methijdus  iQcrcmL-nturum/  uublished  ia  171ii«  in  the  same  year  vHli  hi»  ex- 
ccUrot  trvatise  on  Perspvciive ;  th«  utter  htlng  fts  fsiieh  thtt  firattdalkm  of  most  of 
tth.it  hds  betn  done  rince  ia  pcispective,  as  the  former  of  th«  Diffi^rviitial  C'alcuUia. 

f  lyAlembrrt  first  f^ave  a  proof  of  'J'aylur's  Thi  .irpin  which  involved  a  raethoil 
of  dtttrmictiiig  the  limit;*,  but  thi»  waa  only  lacKluutul.  Lagrauge  iirtit  formally 
took  up  tbtiulgcct  ia  bii'I^tcons  •tula  Cslcnl  d«f  FMiclioai»*  firiipuMiihcdiB  1601. 
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wliere,  however,  it  must  be  observed,  that  though  6  is  less  thau  unity  in 

every  one  of  these  cases,  it  is  not  the  game  in  all. 

8in(a4-'^)=  8in  o+cos  (a-i-t^/i)  .  h 

=  ^in  a+ OOB  a. A  »  un  (a+ 64) 

s  8m<»4*  COS  a. 4 — sin  a  —  —cob  ia+6h)  — ,  Ac. 

We  shall  ascertain  the  truth  of  tlie  first  line  by  an  instuiice,  which 
will  also  serve  to  iUiiBtnte  the  way  in  which  angles  ate  measured  in 
anahfeis  (a  point  on  which  the  notions  of  moat  students  are  remarkably 
conmsed  :  see  Penny  CvcLOPJiniA,  article  Amole,  *  Study  of  Mathema- 
tics,' p.  89.)  Let  a  be  (in  common  degrees  and  minutes)  33°,  and  let 
Abe  10".  When  these  enter  under  a  sine  or  cosine,  it  is  most  conve- 
nient to  express  them  in  degrees,  minutes,  &c.,  l)ccause  the  sines,  &c.  are 
given  to  those  denominations  in  t]\e  tahleB,  and  are  the  same  lor  the  same 
angles  in  whatever  way  we  may  measure  the  angles.  But  when  an  angle 
enters  as  an  angle,  the  truth  of  all  theorems  yet  obtained  depends  upoa 
measuring  that  angle  by  the  fraction  which  its  arc  is  of  the  radius*. 

The  angle  of  10^  must  be  expressed  by  '1745329.  The  assertioa 
then  which  we  wish  to  Ytnfj  amounts  to  this :  that  if  we  find  B  from 
the  equation 

sin  (35°  +  10°)  =  sin  35°  +  cos  (35*^     0  x  10°)  X  1145329 
we  shall  find  it  less  than  unity. 

BUI  45°  =-7071068       log  1335304       r-1255601  '  ' 

sin  35°  s=  5735764      bg  1746329  1-2418773 

'1335304     log  COB*  40<^  5'  1*8837028 

35^  + «X  I0°s=:40°Tir       ©  =  ^  =  501  nearly. 

We  now  come  to  a  modification  of  the  preceding,  which  is  usually 
called  Madaurin's  Theorem,  but  which  should  be  caUed  Stirling  s  Thetf> 
rcnif-  If  we  suppose  a  =:  0  to  satisfy  the  conditions  under  which 
Taylor's  Theorem  exists,  that  is,  if  we  suppose  /0,/'0,/"0 ....  to  be 
ail  finite  up  to  /*0  we  have,  by  Taylor's  Theorem, 

/(o+A)=;d+/'o.a+/"o  ^  +r'o      ....  +/-0 


3  2.3 3.8. 

*•+» 

^  ^    ^2.3... .(/»+!)' 

and  remembering  that  h  being  anything  whatever,  we  may  write  jc  for 
A,  we  have 

*  It  may  be  worth  while  to  revert  to  the  fundamental  step  on  which  this  rv'<U.  It 
If  atheoram  deritableftDm  « Elementary  Illustrations/  p.  5.,  that  the  li 
of  a  comiuiuuent  nine  and  angle  is  1.     Now  this  theorem  is  not  true  of  the  number 
of  ^rcond*  M  oil  mgitt  but  only  of  the  fraction  which  the  aic  of  the  angle  is  of  iu 

radius. 

f  MacUurio»  in  odr  view  of  the  subject,  was  the  fiist  who  wrote  a  logtcol  lieatiee 

on  Fluxions.  The  reader  who  would  verify  the  assertion  imjilicd  in  the  text  for  him- 
iielf  mu»t  comjiare  Stirling's  *  Metbodus  Diiierentialis/  Loudon,  1731),  p.  102,  Iliuc 
«  ovdinet*  Curne,  Ac.'*  with  MftclaQrin*s  Fluxions,  Bdinburf(h,  1749,  610,  The 
f  ill  i WIT  -  theorem.  The  fact,  we  doubt  not,  would  be,  that  both  Maduurin  and 
biirling  would  have  been  astonished  to  know  that  a  |»articuiAC  ctae  of  Tayloi'e 
theorsia  woold  bo  called  by  either  of  their  names. 
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2  2*3 » •  •  •  n 

8 1 •  •  •  91  "i"  1 
of  wbidi  the  IbOowiiig  ii  an  uuttnce : — 

fass  tin  jr,  /'jPaaoMdr,  /"« &3 — lindr,  /"'.fs  — coex,  /**xs=iin jr, 

=  0  +  1  X  *  .  OX  I  -1 X  ^3  +      fl*  &e. 

^  J* 

or  lin jr s=  COS ^ .  jrir  x— tinftr~  —  *-co»6r  — 

3  2*3 


2.3  '  2.3.4         2.3  '  2.3.4.5 

273+  2X4:5  "■*"^2,3.4'!5.6.r  • 

where  6  is  not  (as  far  as  inre  know)  the  same  Inclion  in  any  two,  but  ]d 

all  is  less  than  unity.  The  first  (me  is  n  remarkable  relation,  and  may 
be  e^preaaeti  thui :  a  aina  divided  by  iu  augle  is  the  coaiue  of  a  smaller 

\\  c  now  proceed  to  the  coinpletiou  of  the  process  of  differentia- 

du 

faxrOf  by  determiniDg  the  value  of  the  constant  which  enters  ^  where 

11  =  a",  having  found  that  if  0xas«^  ^jrsC  log  a  a",  (C  log  a)*  a\ 
kc. 

Thie  gives,  by  Taylor's  theorem, 

h*  A" 

«'+^=o'  +  Clogfl.a^A+(Cloga)'a^  ~  +  .  • . .  +  (C  lug  a)"  a*  5-;  

^  2*S«  tfl 

Now  the  value  of  C  depends  npon  the  base  of  the  logarithms  chosen ; 
whdeh  base  being  generally  derived  from  an  infinite  series,  we  shall  not 
take  H  for  granted,  hut  reverse  the  question  :  that  is,  instead  of  asking 

what  miiHt  C  be  when  the  base  chosen  is  2*71828  ....  usually  called  c, 
we  shall  ask,  what  must  that  base  be  for  vsliirh  C  I.  Or  LMveii  0=1 
t>j  (Icterrnine  n.  Taking  the  value  of  a  for  the  base,  we  have  lognrrl, 
and  takmg  C  =  l,  wc  have  to  determine  u  this  equation  (derived 
from  the  preceding  by  dividbg  by  the  common  factor  a%  and  substitut- 
ing 1  Ibr  loga  and  for  C) 

1+A  +  ~  +  -^^  +  ....  +  -^■-+  rr- 


2      2.3  2.:i  .  .  //         2.3  7i-f  1 

Tiii»  Will  be  true,  lor  the  proper  value  of  a,  whatever  A  may  be  :  let  us 
therefore  make  /i=:l,  which  gives 

1  + 1  + 1  +       . . .  +  ^+     «^     e  <  1 . 
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nnd  takinc:  the  extreme  values  which  a*  can  have,  namely  a?  and  or 
1  aud  u,  wc  imd  that  a  must  lie  between 

1  1 


2.3. .»    2.3. .n+1 
1        >  a 


and  ^  +  ^+  ••••  +  X37:ii'^2.3..(ii-H)' 

the  two  laattenoB  of  which  may  he  made  aa  small  as  we  please  by  talcing 
It  sufficiently  great,  at  least  unless  a  itself  he  infinite.    But  if  a  be  less 

than  p+ga  where  7  is  <  1  (which  is  the  present  case),  it  is  impossible 
that  a  can  be  infinite :  for  by  that  rule  a{l—q)  is  less  than  p  or  a  ia 

less  than  For  instance,  the  preceding  shows  that  a  is  less  than 

1-  1- 1  +  ^  or  ^  less  than  2,  or  a  less  than  4.   Hence,  since  a  lies  be- 

tween  the  prccciling  finite  scries,  it  cannot  differ  from  either  by  so 
much  as  they  differ  from  each  other,  that  is,  by  so  much  as 

a  — I  (less  than  3) 

2.3.4...,(»+ 1)  ' 

but  this  may  be  made  as  small  as  we  please,  by  talcing  11  sufficiently 

great,  whence  it  follows  that  the  scries  1+ 1  +  ^  +  •  •  •  summed  contl- 

nually  approaches  without  limit  to  a.    This  sum  is  found  to  be 

2-  '?172«18'28  . . .  which  is  tlic  usual  approximate  value  of  f,  and  this  is 
thcrcfure  the  base  of  the  logarithms  for  which  C  =  1. 

We  shall  now  defer  this  subject  until  we  have  further  considered  the 
connexion  of.  the  successive  diffinential  coefficients.  As  yet,  we  only 
know  of  the  nth  diff.  00.,  that  it  is  the  result  of  n  snccesaive  operations, 
each  performed  upon  the  mult  of  all  which  {Hrecede,  and  that  each 
operation  involves  I.  in creasincj  the  value  «)f  a  variable;  ^.  Inking- thr 
increment  of  a  function  go  obtained  ;  3.  dividing  by  the  increment  of 
the  variable  ;  4.  taking  the  limit  of  tlie  ratio  so  obtained,  upon  the 
supposition  that  the  increment  of  the  variable  diminishes  without  limit. 
Consequently,  the  fifth  diff.  00.,  were  it  not  for  our  rules  of  abbreviation, 
would  rei^uire  twenty  operations,  every  fourth  one  of  which  is  the  taking 
of  a  limit.  Now  it  would  be  desirable  to  reduce  the  formation  of  the 
77th  diff.  CO.  to  tlie  performance  of  a  certain  number  of  defitiite  oppra- 
tionp,  followed  by  the  taking  of  a  limit  only  once.  To  put  what  \\c 
mean  more  before  the  eve,  let  us  sitrnify  the  first  nf  the  preceding  ope- 
rations by  I,  the  second  by  S,  tiie  ihird  by  Q,  aud  the  fourth  by  L. 
Then  we  cannot  represent  the  4th  diff.  eo,o{<f>x  in  any  more  sunple  way 
(as  yet)  than  the  following 

^^'xas  LQSI{LQSI[T.QSI(LQSI0j)]}. 

Nowsmmose  we  change  tlic  order  in  which  these  operations  are  made 
to  the  roUowing 

LLLL  QQQQ  SI  SI  SI  SI  ^ ; 

the  question  is,  can  we  get  a  clear  idea  ui  wlmt  \vc  arc  doing,  and  can 
we  advantageously  make  that  idea  serve  for  Ae  further  elucidation  of 
higher  diflerential  coeffidenta  than  the  first  This  we  proceed  to  discuss 
in  the  next  chapter. 
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Cbaptbr  IV. 

ON  THB  CALCULUS  OF  FINITE  OIFFEBXNCEa 

Bt  the  word  finite  we  here  mean  that  the  tlieorems  of  this  Bubject  sup- 
pose qoantititt  to  hm  given  tugmentationi  or  iocreinente  whidi  do  not 
decrease  without  limit.    Not  that  we  debar  owidves  horn  niing  ell 

legitimate]cona€qtienccs  of  any  theorems  which  may  ntM  irom  rappoeed 

diminution  without  liniit,  but  that  \\c  therchy  clmngc  the  name  under 
vhich  we  view  the  subject,  and  pass  from  the  Calculus  of  Finite  Diifer- 
cnces  to  tlie  Calculus  of  Di^reuces  dimiuiiihiug  without  limit,  or  to  the 
JJul'creuuai  Calculus. 

Observe  fint  the  conseipience  of  forming  a  set  of  series,  each  of  which 
itmide  by  sabtractin^  every  term  of  the  preceding  series  from  its  suc- 
cessor ; 

a    b-a      c— (  -30+36— a      /-4c4-6c—46  +  a,  &c. 
k   0-6      e— 2c+6     /-3e+3c-6  -3r-4/+6e-4c+6 

(J  &c. 

&c 

'  Observe,  secondly/'that  wlien  au  opcr»\tIon  \s  performed  two  or  more 
times  in  sncccsFion  upon  a  function,  it  will  be  convenient  to  make  a 
symbol  for  the  retiult  by  writing  the  symbol  of  the  single  operation, 
with  ihe  nnmber  of  times  it  is  repeated  in  the  manner  of  an  exponent. 
Thns,  if  Ajf  denote  an  operation  performed  upon  and  if  the  operation 
be  repeated  upon  the  result,  it  will  be  convenient  to  denote  A  (Ay)  by 
Hhf,  and  A  (A'y)  by  A'y.  Here  A  is  not  a  symbol  of  "quantity,  but  of 
operrttinn  ;  A"  is  not  a  symbol  of  ii  quantiticamultipliedtogetheributof  » 
operations  snccessivcly  jierformed. 

Let  1/  Vic  a  funcUon  of     and  let  Au  be  the  iucremeut  received  by  u 
when  Aa.  is  added  to  x.    This  gives 

At4  ^<i»{<£     Aj  )  —  4tx  ; 

without  proceeding  further  in  the  Differentia^  Calculus,  repeat  tliis 
operation  again.  Let  X  become  jr+Ax,  and  hud  the  iucremeut  of  A  u. 
This  givi  s 

ACAu)  =  [<i^(j+2Ar)-f/>  (r-f  Ar]  - f.r 4- At) -rArl 
<this  is  wiiat  Au  becomes  >  \iixi&  is  Au  U&elf.j 
[when  X  becomes  x+Ar.) 

or  A«7/ =  0(x4-2  Ar)— 20  (r4- A  j)+^  T. 

Repeat  the  operatiou  again  :  when  x  becomes  x  +  Ar, 

AHi  becomes  ^  (^+3  Ar) -2  ^    *f  2  Ax) +0  (x+^) 
^•v     is    ^(x+2Ax)-2^(x+  Ax)+^x; 
nod       as  changed) — ( A*tt  as  it  was)  or 

AHr=0(r+3Aj')-3*(x+2Aj')  +  30(x+Ax)-0X 
Pruccctinig  hi  this  way,  and  supposint!; 
t<=0x      i/j=0  (x+Aj:)      Vi=0  (t-i-2Aa)  .  . .  .t/»=0  (x+7i  Ax), 
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and  writing  ?/,  &c.  instead  of  a,  6,  &c.  in  the  preceding  P^ge,  and 
also  putting  for  each  subtraction  the  symbol  by  which  we  have  agreed 
to  represent  its  rettilt,  we  have  the  fettowing  table  (only  altered  by 
tmting  each  quantity  between  those  of  which  it  is  the  dimenoe  made 
by  subtracting  the  mgher  from  the  lower) 


Values  of 

First 

Second 

Third 

Fourth 

Diff. 

XMiL 

DHL 

Difi; 

ttt 

«t 

A'ui 

«• 

AVi, 

«* 

■ 

• 

• 
• 
• 
• 

«• 

• 
• 

• 

• 

• 

Ac 


and  the  actual  performance  of  the  operations  indicated  gives 

Am       — w        A'm        — 2//, -f A*M  =M,  — 3wt+3wi — m 

&c.    &c.  &C.         &c.  &c.  &c. 

The  general  law  is  evidently  that  of  the  cocihcients  of  the  binomial 
theorem  combined  with  the  successive  values  of  the  function  in  the  fol- 
lowing formula  (n  a  whole  number)  : — 

AV=  I/,— /iu._,+n .  . 


■      »— I      ^  , 


and  so  on ;  the  upper  sign  being  true  when  n  is  even,  the  lower  when 
is  odd.    This  may  readily  be  proved ;  for  if  we  assume  the  preceding 
to  be  true  for  thejpresent  value  of    we  then  have  for  A"tit— AHi,  which 
is  the  same  as  A'^u 


A^+Hisu^i.,— (n+ 1)  M,  +  +  n  ^ti^i  —  &c, 

which  follows  the  same  law.  But  this  law,  being  proved  by  insjicction 
as  to  the  second  difference,  is  therefore  true  of  the  third,  and  therefore 
of  the  fourth,  and  &o  ou. 

Now  let  us  suppose  u  and  all  its  differences  to  be  givep,  from  which 
we  are  to  recover  the  originsl  succession  of  values  «( Vi  v, ,  Sbc 

u^szu  +Att  AtftSsAu  +A*tt  A'}/,=A*i/  +A*ii  &c. 

ff,=:ii,<4.Ai«,  =  At/,=sAi/,  +  A»w,  A»t^=A«t/x+A"f/,  &c. 

tt,t=ii|+Ai/,  A//a=A«t4-A*t/,  A'f/3=A«i/,+AVg  &c. 
Ac.   Ac.         &c.       6ic,            &c.  &c» 
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as  is  cvitleiit  Iroiii  the  table  pi\  ceding,  the  method  of  its  formation 
being  recollected.    We  have  tliun 

A//,=u  -f  A?z  +Au  +A*«  =u  +2  A«  +A*n 
«3=:i/,-^.A;/^:=T/,  + Ai/,  +  Am,+A'w,=i/,  +  2  Am,  +  A^j/j 
=u  -f  Au+ 2  (Au+ A^O  +  A»7/  +  A'w=:  u  +3  Att+3  A^u  +  A'm. 

Similarly  A%sAu+3  A'u+3  A^'m  +  AV 

1*4  or       AMa=w+4  A«+6  A«i/+4  AH*+A*tt 
and  tbe  coefficients  of  the  binomial  theorem  (when  n  is  a  whole  number) 
■gam  appear  as  follows 

tt.=K  +jiAm  +  /4^^-^A%-j-...+n^^^A-V+nA-'u+A"u 
Att^sAu  +  n  A*tt  +  n  ^  AH*  +  . . .  +n  ^  A-»i*+iiA-tt+A*+H*, 

2  ^  • 

from  which  as  before  it  follows  that  u.+Ai/.  or 

w*t4  =  w  +  C«  + 1 )  Am  4-  (wTi)  ~  A*i*  +....+  (m  + 1 )  A"tt + A*+' w, 

or  the  truth  of  thb  theorem  for  ioiy  one  talue  of  n  enables  us  to  infer 
its  truth  for  the  next  higher. 
We  know  that  A»,  A'm  &c.,  are  oommtnuent  with  Ax,  as  also  are 

Aw,  A*f/i,  ^,7  ,  Sic.  In  the  same  manner  A<^(r+7;)  is  cnniminnent 
with  Ar,  and  the  same  Trniniii'^  true  if  p  itself  be  commmucnt  ^vith 
At.  And  the  following  equation are  easily  proved.  If  id  =  u  ^  « 
Au?  =  Au  ^  Au,  if  M  =  cu  Au  =  c  At.  And  Aj:,  remaining  the  same 
m  all  the  processes,  is  a  constant,  as  are  nil  its  powers.  If,  then, 
ussv  y.  ( Ar)",  At*  c=  An  x  (Aor)".  And  we  hive  proved  that 

^ (*+ A *)  ss  ^a?  +      .  Aof +        + ^-j^i 

if  then  we  write  w  (for  convenience)  on  the  second  side  instead  of  Ar, 
we  have  for  0  (vC+ Ar)— or  for  m^— m,  or  for  Am 

By  the  same  rule  we  have  (making  v'  or  <l>'x  itself  the  original  func- 
tion, and  therefore       and  4'^''jp  its  &rat  two  diff.  co.) 

or  Att'    =1*"  .  or-t-i^  '  ix-{-eiU})-^ 

Simdarly       Ai*''    =tt'"  ii»  +      (j?  +  ^i")  -  j        <  1 
•  ••••• 

where  by  n' m",  .  .  .it^"^  \vc  mean  tlic  functinns  obtained  by  successive 
diffcreniiutiou  of  a,  in  llie  manner  ulicudy  described,  and  which  it  is 
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our  object  to  compare  with  the  results  of  Jiniie  differetices.  From  the 
fint  of  thoie  equations  find  AV,  by  equating  the  oifiwrences  of  the  two 
equivalent  ibnni  (leroembermg,  what  we  need  not  expresst  that  in 
(x+Oc»),  e  itself  is  a  function  of  x  and  «i,  Init  always  less  than  unity 
in  value)  and  using  these  equations ; 

If  w  =  if+cz  Au?=Au+cA2'. 
We  have  then 

A'U  =  uj  Au'+  —  A^"  (x  +  0a») 

=  w  ^t"w  +^<tf"  («+ V) ")  +    A*"  (»+ei.) 

\  w  or  A  X    y  2 

On  the  lonu  ol  ihe  complicated  coeiliclcntof  —  we  need  know  nothing 

J* 

except  this,  that  it  remains  finite  'when  w  diminishes  without  limit,  the 
first  term  havinc;  the  limit  0"'r,  and  the  second  term  liaving  for  its 
hmit  a  differential  coefficient,  as  is  evident  from  the  form  of  the  frac- 
tion.  Let  us  cull     the  term  iu  question  :  we  have  then 

Repeat  the  process,  which  gives 
AX=w' Au"  +  Y  AAfl 

where    remains  finite  when  m  diminishes  without  limit,  as  before. 
Proceeding  in  this  way  we  come  to  a  general  equation  of  this  form 

between  A"w  the  7ith  difference  of  w,  w  or  Ar  the  difercnce  of  r,  and  m^"* 
the  Ttth  dtfT,  CO.  of  7^  :  A„  being  a  function  of  «r  and  of  which  all  we 
know,  or  need  to  know,  is  that  it  is  finite. 

A«ttSttW  »- +  iSr, «,»f«. 
If  we  diirade  both  sides  of  this  by  w*  or  (Aj)%  we  have 

tlif^  ^ocnnd  term  of  which  is  comminuent  with  and  by  diminishing  w 
Without  Umit^  wc  have 

Limit  of         ss      the  tetb  diff.  co.  Of 
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As  an  instmec^  we  ■hall  find  tbe  leeoiid  di£  oo.  of  j^,  witbont  find- 
ing the  fint 

USX*      «,sr(;r  +  «#y      tt^     («  4. 2»y 

A*u  =  Wj  —  2i/4  +  w  =  (j  +  2«)'  —  2  (x  +  w)'  + 

— -  =  G  X  4-  ti  w,  the  limit  of  which  is  6 

Fkom  du%  anotatum  may  be  obtained  for  the  looeeaiive  diE  co.  of  « 

with  respect  to  x.    Fur  Buice  the  limit  of  ^  has  been  denoted  by  ~  , 

*  d  (lit 

and  rinoe  we  have  now  (bund  -j-*-r  the  same  thmg  as  the  limit  of 

tuc  Cue 

TT—- }  it  will  be  ooosiatent  to  signify  the  latter  by  r-r-r.y  to  which  aa 

(^)*                                      ^    ^  ^  {dry 

a  toUU  symbol,  the  remarks  in  pp.  50  and  54  apply*  The  diif.  co.  of  the 
diff.  eo^  of  ^  beiog  found  to  be  the  limit  of  T^^ra*  we  may  denote  it  by 


;  and  ao  on.  Hence,  to  connect  the  notationa  we  have  uaed«  we 
have  the  fuUuwiu:^  t:quatiuas  (it  is  ubuul  to  Ituvc  out  the  brackets  in 

what  would  be  denominators,  if  the  prcculiug  were  algebraical  fractions) 

Ibe  usual  way  of  reading  these  \B*'d  u  by  d  x^*  "  d  two  u  by  d  « 
square/'  d  three  v  by  d  X  cttbe>*'  and  80  on.  Thos  Taylor'a  iheoicm 
becomea  the  following : 

when  «  beconea  «  +  A 

•  beco«e.t.  + jgA  +  5j;  2-+ jp  — +  4c. 

When  we  wish  to  exwesa  a  diff.  co.  aa  it  beeomea  when  the  variable 
icerifeaa  specificTalueo,  we  shall  aometimea  write  it  thusf—j  :  but 

in  this  ca«c  it  is  more  convenient  to  write  <^x  for  t/,  since  0'*  then  ex- 
presses the  i^cncral  diff.  CO.,  and  4*'a  the  paiticular  value* 
Thus  we  liuvc 

when  X  changes  from  a  to  a  ^ 

u  ckiiiges  from  (u).  to  C^)«  +^  j;^^^  •  *  +  {jj^ J  2"* 

We  ahall  now  nrooeed  with  such  leaulta  of  the  Calcnhia  of  finite 
difereicea  aa  will  be  uacd^l  in  lutnre  parte  of  this  work.  I^t  ua  aup- 
pose  a  series  of  terms  connected  according  to  such  a  law  that  a  certain 
difference  (say  the  fourth)  is  always  =  0.  Then  we  have,  u  hsiof^  any 
tena  whataoever^  U|  the  nextt  Ut  the  next,  and  so  on. 
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hence  we  can  express  any  term  l>y  means  of  the  four  nearest  to  it, 
ddier  on  one  fide  or  the  other,  or  both.   For  instance, 

4  (Mj  +        (u  + 1/4)  .       -     .  ^  . 

o 

If  the  fourth  difference,  instead  of  being  absolutely  nsro,*  should 
be  Q  smaller  quantity  than  is  requisite  to  be  taken  into  account,  these 

theorems  will  be  sufficiently  near  the  truth  for  the  j)ur|)ose. 

It  is  ])liiiM,  by  tlic  iiuUiod  of  constnictinfj  differences,  that  the 
(m  +  /i)th  Uiliereiice  of  ft  is  the  same  as  the  mlh  difl'erence  of  tlie  ?ith 
diflferehce  of  ti,  or  that 

mv}  if  we  attempt  to  give  meaning  to  such  symbols  as  A"m,  A~'f/,  A~*m,  &c. 
it  will  be  convenient  to  apsign  such  meaninir?  as  will  satisfy  the  preced- 
ing equation.  Accordingly,  A^u  nuist  be  tiie  baiue  as  u,  in  order  that 
tre  may  ha^e  A*"*'*tt  =  A'"ik*«  or  A"*tt  =  A*  A*te.  We  now  ask  what  is 
the  proper  meaning  of  A~*i/.  Sjnce  we  are  to  have  AA~*u  or  A*  A^'u 
the  same  as  A'  ~'  u  or  A^ti  or  u ;  that  is  since  A  A"Hi  is  io  ^*  «,  then  A~*tf 
is  the  quantity  whose  difference  is  t/.  If,  then,  we  take  the  series  of 
terms  u  w,  .  .  .  .  and  ask,  not  what  arc  thnir  difTf^rencp^,  bnt  whnf 
arc  ihcy  the  (lijjcri'nrrs  i>J\  we  find  that,  taking  any  quantity  wc  plen'^e, 
C,  to  begin  with,  the  folluwing  iirst  column  has  the  second  column  iur 
its  di£ferenoe8,  the  third  column  for  its  second  difierences,  and  so  on. 


Values  of  the  functioo. 

IstDiff. 

SZdDiE 

3rd  Difi:  &c. 

C 

u 

Ah 

A% 

A«, 

A«t*. 

Atf, 

&c. 

Sec. 

Hence  A^'m  [»  an  arbitrary  constant  C  ;  A~^U|  is  C  +  u 
A~X  is  C  +  u  4*  «t  •  and  generally 
A"*tt,  isC  +  tt  + Hi +  «•+••••  +       +  V,.,. 

From  this  being  a  summation  it  is  customai;)  to  signify  A~'k«  by  £tf«  : 
thus, 

C+H-2  +  3-f-.  .  .  •  +  (ar—  1)  is  denoted  by  Ix 

C+ 1.2+2.8+3.4+ .  ,  .(»— l)x  2jr(x+l) 

meaning  by  Z  ^  the  sum  of  all  the  values  of  for  ev  cry  whole  value 
•f  X  mm  any  given  number  up  to  «r      increased  by  an  arbitrary  con- 

*  Some  sliideuts  may,  Ixum  their  previous  rcu(lin^«  have  an  iiloa  of  this  mri  of 
process,  but  niott  will  not  Obiem  that  what  «e  are  hat  doing  is  not  ttacitig  tho 
proi>oriu-s  of  defined  symbolsi  but  finding  out  how  to  dsilae  a  symboI^SD  tbsl'  it  any 
have  a  cectain  pcopsrty* 
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stant.  But  unless  the  contrary  be  mentioned,  let  it  be  presumed  that 
the  arbitrary  constant  is  0,  antl  that  the  series  begins  from  the  fir^t  term 
of  which  there  i:>  question  in  the  problem.  Thus,  in  treating  of  the  suc- 

eewioQ  of  terms  uuiu^  ,  by  In,  we  mean  tbe  lum  beginning  with 

«,  and  ending  with  * 

It  may  be  that  we  have  a  nnmber  of  terms  given,  but  not  their  gene- 
nil  l:iw,  and  we  wish  to  ascertain  what  law  they  do  follow.  This  ia 
always  to  be  found  from  the  equation 

n-1  , 


for  we  thus  have  a  fiinction  of  n  which  expresses  the  n  +  1th  term. 
Suppose,  for  instance,  we  ask,  what  is  the  general  hiw  of  1,  4,  9, 16,  2S, 

shutting  our  eyes  fisr  a  moment  to  the  evidence  of  the  terms  them- 
selves, in  order  that  we  may  deduce  tlie  law  by  a  method  which  is  not 
aimple  observation.   Taking  the  diffisrences  of  this  set  of  terms 

lisl  Aiiss3  A*tfss2  AH»88sa  A*ttsO|&0« 
v,=I  +  «  X  3  -h  II 2^  2  -f  0  +  0  +  ... 


=1 -|-3«  +  !*• -n  =  (n  +  !)• 


1 

3 

4 

5 

a 

0 

9 

2 

0 

7 

0 

16 

9 

2 

a 

25 

11 

2 

36 

the  Cn+  0  th  term  is  (n-f  1)"  and  the  fith  term  is  n*. 
Let  the  student  take  some  simple  formula,  such  as  x  (jr4-l)>  give  x 

a  n«ml>cr  of  whole  values  heirin nine:  from  1,  and  then  reconstruct  the 
funnula  by  the  preceding  method.  Thus  j;  1)  gives  2,  6,  12,  20, 
30,  42,  &c. 

«=:2      ^u=4      A'u  =  2      ^H«s=0,  &c. 

this  is  the  i n      \  )t1i  ;  to  (md  the  nth  term  write  n  for  Ti-f"  1  or  1 
for  «,  which  gives  n  (m  1). 

The  utility  of  the  preceding  method  is  most  obvious  in  a  case  in 
which  all  orders  of  difierences  vanish  after  a  certain  number.  And  we 
shall  prove  that  this  is  always  the  ease  in  a  rational^algebrBical  expres- 
sion.  Take  for  instance, 

If Stfj^  +         +  cj^**+  ,,,,  +px  +  q  ; 

and  let  i  become  .r  4-  givincr  7/,.  Expansion  will  inuncdiafely  make 
it  obviou?  tluit  tlic  highest  tcnu  of  each  disappears  when  u  is  taken  from 
Ki  and  that  we  have  a  result  of  the  form 

A»  Ac  being  functions  of  «.   The  same  reasoning  applied  to  tbss  pro* 
gives  ft  tetolt  of  the  form 

o  2 
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A*ti  =  am  {ill — 1)     ~*  -f  A'a?*"*  +  •  •  •  • 
aud  cootinuiug  m  this  mauuer,  we  come  to 

s:  am  (m^l).  • « .3.2  «  +  £ 
L'*  us:s am (m->l)... .3.2.1  aoonstant 

In  tills  manner  we  can  alwfiys  arrive  at  a  finite  algebraical  i 
for  tlic  sum  of  n  valuea  of  a  fuuciiou,  provided  tliat  fnuotioa  b« 
and  integral  function  of  the  yariable.   For  let 

U=:C    UjSsC  +  tt    U.  =  C  +  u  +  «»    U,  =  C  +  M^ 

s  C  +  tt+ +  ttf  +  •  •  •  ti)H4. 
By  the  general  truth  already  provedy  we  faiow  that 

l)ut  U  i«  C,  AUia  «,  A*U  is  Ai/,  and  generally  A-U  is  A** 
U,  is  C  +  u  +  . . . .  +       .     Substitutingy  and  taking 
term  C  from  both  sides,  we  find  that 

71—  1  a| 

i«+«4+    •+  W|,_i=:  «u  +  »— 5— Am4"  •    •  +  wA**' 

n  TC17  convenient  formula,  if  all  the  diffierenoes  vmnish  f 

nnsnber.  Let  us  apply  it  to  the  finding  of  1  +  4  -f  9  -f .  • . 

we  may  denote  by  ^  (/i  +  I)**  It  appears  that «  s  1  / 

Aii=3,  A*i»=2|  AHisOy  &c.,  whence  ^  . 

• 

which  is  tlic  formula  assumed  in  p.  30. 

If  we  now  consider  1*  +  2'  +  y  4*  •  •  • .  +  n',  we  have  proved  that 
the  diffinencet  of  vanish  from  and  after  the  (p  +  l)th  and  that  the 
(p)th  difference  is    (p— 1)... .3.2.L   We  have  then  (calling 

•  •  •     the  first  p  difierenoea  of  K) 

tm  *   nm   i  .    „•  .       W— I,  ,  «  (fl  —  I) .  .  .  (?i  -  p) 

but  ff^p.p-  I ...  1,  whence  the  preceding  sum  ia  (we  ahall  aoott  aee 
why  the  last  term  is  particularly  attended  to) 

.  ""2.  -L*        .  n(n-l)  (yt-2)...(it— p) 

«+«-3-*^i+«-3-  —  • 

This,  it  is  evident,  might  be  e\'pnn<lcd  term  by  term,  and  itfLr]  \v;ir(la 
arraugcd  iu  powers  of  n.  And  siucc  ia  each  factor  there  is  ouly  ihe 
first  power  of  n,  it  is  obvious  that  the  higheat  power  of  n  comes  out  of 
that  term  in  which  there  ate  moat  faetorsy  namely  out  of  the  last.  Iia 
thia  last  term,  there  are  p-j^l  ^c^ctors,  71  the  first,  11  — I  the  second^ 
itOQ  the  thirdf  dec  up  to  ft-*p  the  (p  +  ^)  ^       highest  term  im 
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therefore  :  and  no  power  so  high  can  otherwiie  appear  in  this  factor, 
because  no  otWr  term  in  compounded  of  all  the  ttN  ;  nor  in  any  other 
part  of  thi  expression, bccaviBc  in  no  other  temi  wliiLisnever  are  (p+l) 
us  multiplied  together.  And  from  tiiis,  remembering  tliat  the  last  term 
has  the  divisor  Qt+l)t  ^nd 

l»+y+.•••+llr  =  -^-r^- An'  +  Biir-*+  ..•.Pn  +  Q 

when  A,  B,  ftc  aie  fimctionft  of  p,  not  of  n,  whicb  might  be  [found  by 
expaiiflioii,  but  with  which  our  present  object  gives  us  nothing  to  do, 
except  to  remark  that*  ham  ffmttama  of  p  only,  they  aie  not  changed  by 
auppoaing  n  to.change.  Ilus  gives 

and  now  we  see  that  the  greater  n  is  supposed,  the  smaller  will  all  the 
term?  of  t!ie  second  ««if]c  be, except  the  first  which  does  not  depend  on  n. 
Tina  first  tenn  is  the  limit  when  n  is  increased  without  limit,  and  we 
thu»  have  the  fullowiug  theorem.  If  the  sum  of  the  pih  powers  of  all  the 
netonl  numbers,  up  to  n  inclusive,  be  divided  by  the  (|?+l)th  power 
of  the  last,  the  greater  ft  is  supposed  to  be,  the  nearer  is  the  result  to 

— — -Ti  and  this  without  limit.  {Eitrmentary  lUustraUoni^  p.  33.) 
p  -f"  1 

We  shall  now  leave  the  Calculus  of  DifiBerences  ftr  the  ptesent,  end 
frocced  with  the  methods  of  difoentistion. 


CUAPTBa  V. 

ON  IMPLICIT  DIFFEaSNTIATION. 

In  all  that  precedes,  u  was  given,  as  it  is  cxsMtiX^  explicitly  as  n  function 
of  jr,  that  is»  the  fiinction  irhich  t*  is  of  « iras  ezpieasly  stated,  and  in 
no  degiee  left  to  be  deduced  or  inferred.  Such  a  case  we  see  in  it  s  e^r, 
Bttt  we  may  imagine  u  to  be  given,  for  example,  as  in  the  equation 

•u  ~  rxA~t'tt,  in  which  v  is  n  fimctio!i  of  t  and  m;  and  though  it  he  true 
that  u  must  be  a  function  of  jr,  yet  it  must  be  found  from  t))e  equation 
uhal  function  it  is.    And  though  in  this  case  it  is  eusily  found  that 
cx 

II  s=  ^Stmt  miy  be  eases  in  which  this  step,  st  present  abso- 

lutel^'  necnsary  before  dififercntiation  can  be  performed,  ma^  not  be 
poesiUe  with  existing  algebraical  forms  and  methods.  Such,  for  instance^ 

as  V  =  X  —  a  sin  1/,  in  which  u  can  only  be  expressed  in  terms  of  x  by 
sn  infinite  series.   But  sttU  u  u  a  (unction  of  r,  that  is,  a  given  value 

of  T  will  allow  only  a  ccrtnin  mimhcr  of  viiUics  of  w,  an  increase  of  x 
gives  an  increase  or  decrease  to  ?/,  tin  i«c  increments  Imvc  a  ratio,  are 
comminuent,  and  their  ratio  has  n  limit.  The  question  is,  how  are  WC 
tu  CAlend  our  puwer  of  diilcrcatiatiuu  to  &uuh  cases. 
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We  must  first  consider  functions  of  several  indepcmlcut  variables,  in 
which  all  the  variables  increase  together  independently  of  each  other. 
If  u  be  a  function  of  x  and  y,  it  i»  indifferent  as  to  the  mttlt,  wiwther 
firat  change  s  into  -f*^<  ^^^^  afterwaida  y  ii^to  v  +  k,  or  whether 
we  allow  these  changes  to  be  simultaneous.  If  the  changes  be  made 
Euccessively,  becomes  successively  (.r  -f-  hYy  and  (  r  4-  hy  {y  + 
the  ::=anie  as  if  both  liad  been  made  at  once*  Here  h  and  k  are  supposed 
to  be  independent  of  each  other. 

When  u  is  diilerentiated  time  [after  time  with  respcci  lu  a,  the 
lesults  are 

when  «  ia  auccesaively  differentiated  with  respect  to  y.    But  we 

may  differentiate  n  times  in  succession,  sometimes  with  respect  to 

,  ,        d  du 

one,  sometinieti  to  anotiier.     iur  lasLance,  we  may  have  -r-.-i-or 

dx  ay 

-^1.-—-,  the  first  of  which  directs  to  differentiate  u  with  respect  tow, 
ay'  dx 

and  the  rcndt  with  respect  to  x.  The  method  of  notation  is  thus  C»-^ 
tended  (a  reason  for  wliich  will  be  afterwards  given)  ; 

d  chi     .  rfHi  d  du     .  dfu 

—     18  wntien  — r-         -r  -5-     is  written 


dxdy  dxdy  dy  dx  dyds: 

d  d  du  .  tPu  d   d  du   ,       ,  d^u 

-7- -r  T"  w  wnttcn    -  zv-  T"  3"  J"  »  written  j— 

dx  dx  dy  dx*dy  dy  dy  dx  dy*dx 

d  d  du  .  .  ,        <Pu  d  d  .  ^  cl»« 

- — —  IS  written   .  ' .  '  ,  -r  -r   is  written 


dy  dxdy  dy  dx  dy      dx  dy  dx  dx  dy  dx 

v'hore  the  apparent  numerator  (p.  54)  shows  how  many  (htlVrentiations 
liavi  t'lken  place,  and  llie  (tpfxirrnf  denouiinator,  luuking  from  riijht  to 
left,  siiuws  the  variables  euipiuycd  and  the  order  of  the  operations.  We 
now  proceed. 
When  X  is  changed  into  «  +    u  is  chang^  into 

du 

«  +  ^  .  A  +  VA*  by  Taylor's  theorem, 

where  all  that  we  need  remember  of  V  is  that  it  must  be  a  function  of 
X  and  y  and  A,  and  does  not  increase  without  limit  when  A  is  diminished 
without  limit  If  in  this  we  substitute  y+k  instead  of  y>  a  similar 
process  shows 

du 

that  u  becomes  v  +  -r  •  A  +  WA* 

dy 

,  fd)i       d  du    ,  , 

dx  \dx     dy  dx  J 

VA^  .  .  .  .^V+  ^'.A  +U^^A« 
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where  W,  L,  are  certam  ftmctions  of  x  and  y»  ftc,  which  might,  were 
it  necesaary,  he  ezpreaaed.  When  we  have  a  set  of  temu  of  wpich  it  is 
only  iieceflBaiy  to  remember  that  they  do  exist  with  finite  coefficiently 

we  may  merely  put  ilic  parts  of  whicli  nvc  desire  to  be  rcminded|  by  them- 
ielves  ia  brackets  ^  tbus  we  write  the  preceding  result 

w  +  ^  A  +  ^  it  +  [A',  AA-,  it",  A'A:,  k%  AV} 

which  is  to  be  considered  as  equivalent  to  stating  that  there  are  certaiti 
additional  temui  of  the  form  PA*,  Qfik^  &c.  The  preceding  is  what  the 
fiinctinn  becr'nics  when  t  -\-  h  and  y  +  f^'  arc  simultaneously  substituted 
for  X  and  y  ^  aud  the  increment  of  u  is  therefore 

OfaierTe  that  If  «  only  had  varied,  the  increment  woold  have  betti 

if  y  ordy  had  variai.  When  i  aud  y  vary  together,  the  increment,  a* 
Jar  as  ikv  first  powers  ofh  and  k  are  concerned,  is  made  by  an  addi- 
tion of  the  terms  just  written,  but  these  is  an  intermixture  of  results 
in  the  remaining  pirts.  Thus, 

a  variation  of     gives  to  u  the  increment 

yonly  W 

both  «andy       ^"a+     k  +  {A',  hk,  A«,  A**,  ^'A,  W}. 

ax  '  cty 

If  we  now  suppose  a  quantity  which  has  hitherto  lain  constant  in  ti, 
Co  become  x  +  /,  we  find  by  a  repetition  of  the  proceia  that  the  total 
increment  <^  u  is  now 

~  A  4-  X  ^  +      ^  +       A*"*  6:c.  &c.} 

dx      dif      dz       ^  .  . 

aud  so  on :  whence  if  we  denote  by  (as  distinguished  from  Au) 
the  inoKment  which  ti  leoeivea  from  several  variables  Xg  Xt  «r,,  &c.»  we 
have  thia  result. 

du  .        dif  du  ^  . 

A.u  r=  -T-        +  3-  Aj,  +  3—  Ao:,  +  &c. 
axt         axt  0X9 

+  {(AjJ*,  (Axi  ArJ,  Ac.  Ac.} 
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Now  this  being  true  for  any  values  of  Ar, ,  Sec,  remaiiM  true  even  if 

tV(o?c  values  shouM  he  so  taken  as  to  satisfy  gi\  en  conditions,  nml  rven 
tliuugli  JTi  T,,  &c.  themselves  enter  into  those  conditions.     But  as  thia 
is  a  dif!icult  point,  we  prefer  to  take  a  more  simple  case  in  iUuBtratioQ. 
Iktum  to  the  equation 

0  (*  +  Jk)=r«jr  + il/*  .  *  +  +^  (• + 

all  that  is  requieite  being  that  neither  *^t,  ^'t  nor  ^"r  should  he  infi- 
nite. This  being  true  for  all  values  of  ^,  remains  true,  even  if  for  h  we 
substitute  a  function  o(  j:;  but  it  would  not  be  conveniciit  to  ileduce  it 
on  this  supposition,  because  we  should  need  to  remember  that  x  becomes 
'  +  >n<i  oontBuit  an  x  wliich  varied*  and  an  x  which  entered  wiUi 
the  variation.  But  having  proved  this  equation  for  all  values  of  A,  we 
have  proved  it  among  the  rest  for  all  values  of  A,  which  are  also  values 
of  nnv  trivon  fnrtch'on  of  x  ;  that  i?,  wc  may  piibf^titute  "^Vy  or  yff  (x,  y) 
or  anvllung  ebc,  for  h.  Indecdj  we  ouglu  rallicr  to  say,  that  having 
proved  the  equation  for  all  values  of  A,  d  Jbrtiori  we  have  proved  it  for 
those  of  any  given  function  of  [x.  Let  us  then  take  the  following  case : 
tt  b  a  function  of  y«  and  m,  of  which  «  is  a  function  of  x,  y,  and 
and  y  of  x  and    and  x  itself  of  or 

0,  Y^,  X,  and  f>7  being  functional  symbols.    We  might  evidently  make 
u  a  fimctiun  of  t  only  by  substitution,  for  we  have 

If  ss  0  {mi,  X  (^',  0.^        X  C^'^J  0»  0  } 
where  t  only  enters.   For  instance,  let 

>sxyf»  ssxy^  yss^+^r,  wsstmt 
yss^  +  tinf,  »mmskHt+mi)t 

tt  =  BinV     +  8in0*.< 

from  which  last  limrmula  we  might  find       But  the  qaettioa  b»  hour 

du 

shall  we  find  -r-  without  this  intennediate  process  of  suhstitution  ? 

al 

First,  let  us  eonsidcr  «  as  a  lunctum  of    y  and  «  only,  and  take  the 
universal  equation 

A.«=^Ax+^Ay  +  ^  Ay),  &c.}. . . .  (1.) 

.  .     «      .      ,    ..^      du  du  du 
This  is  true  for  all  the  values  of      tte. ;  hut  the  difi.  co.  '^^*'^*J^* 

arc  partini,  each  supposes  its  variable  to  be  the  only  variable,  our  theo- 
rem showing  how  to  form  the  toial  increment  out  of  the  parikU  incr^ 
ments.  Tms  theorem  hdng  always  true,  is  true  when  Am  has  Mich  n 
▼due  as  would  be  given  to  it  hy  assuming  the  second  equation 

e  =  ^  (;r,  y,  0 

A*=:^Ax+^Ay+^A<  +  {  m\  *c.}  . . . .  (a.) 
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These  two  equations  are  true  together  for  all  values  of  Ax^  Ayand  Af,  but 

not  of  Ac,  for  thnt  mmi  have  the  value  just  nppigncd.  Suppote»  tbai» 
that  we  aaaume  the  third  eq^uation  y^xittO  which  g;ivea 


Ay  =:  ^  A»  +  ^  A^  +  {  (ArV,  4c)  ... .  (3.) 


The  three*  are  true  for  all  Tilaei  of  AdP  and  Al^bat  if  ire 
fmOk  e<iuAtu»  drsoly  we  have 

Ajp=:  ^  Ai  +  {  (Ai)«}  ....  (4.) 

and  ihe  four  together  are  tnic  for  nil  values  of  A^  but  A^  beiiip  given, 
they  determine  Ar,  Ay,  Az,  and  At/.  Before  proceeding  further,  we 
tli^  observe  by  the  foUowiug  table  iu  how  many  different  ways  i  eaten 
inlo  t.  ^ 


u  • 


•E  *  .  •  . 

y ...  ! 
i 


t 
I 


Hence  it  appears  that  ti  contuns  U  ftfter  all  substitutions  are  made,  in 
aefen  diflferait  ways,  as  foUowa 

1.  tt  eootaiiw    which  oontaina  I. 

2.  u  contains  y,  which  contains    which  oontaina  I. 

3.  If  contains  y,  which  contninB  t 

4.  TI  contRins     which  contains  a:,  which  contains  f. 

5.  u  contains  ~,  which  contains     which  contains  .r,  which  contains/. 

6.  ti  contains    which  contains  y,  which  contains  ^ 
9.  «  oootaina  x,  which  oontaina  U 

Now,  befine  proceeding  to  find     we  may  pRtnine  that  we  mnat 

have  in  our  result  the  effects  of  every  one  of  the  methoda  in  wMeh  I 
eaten.  With  what  we  know  of  the  nilea  of  differentiation,  it  is  ineiediUe 
that  two  fiinctiona  should  contain  t  in  different  numbers  of  ways,  and 
notcxhibit  some  aort  of  difference  in  their  diE  co.  We  proceed  to  find 

the  actual  value  of  -j--. 

In  the  tTiird  eqiintion  above  deduced,  substitute  the  value  of  Aj  from 
the  fourth^  in  the  term  which  has  the  first  power  only.   This  gives 

In  the  Tslne  of  Ai,  aubstitnte  the  valuca  of  A«  and  Ay. 
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Then  lubttitutc  iu  Au  the  values  of      Ay,  and  At. 

dudjc        du  / dy  dx  .  dy\  ^ ,     du  dzdx  ^, 

JL^^f'k       J-         A#  J.  *!  ^  Ai 

^  dzdyKdx  dt^  dt)        dx  dt 

+  (terms  coiiUiuuiig  powers  ur  products  of  A.*,  Ji^/,  A2,  A/.) 

We  now  come  to  the  reason  why  the  Fpccification  of  the  hi^^her  trrms 
would  be  useless.  ^V'heu  we  take  such  a  term  as  PAvAy,  aud  divide  it 

At/ 

by  A/9  we  liave  PAr  ~,  which,  since  y  hai  a  finite  diff.  oow  wHh  respect 

Aw 

tol,  ]«  itwlf  oommhiiifliit  with  Ar,th«t  is,  with  Al:  ibr  P  and  ^ 

remain  fiuite,  while  Ax  diiiiini&hcs  without  limit.     If,  then,  wc  divide 

A  n 

the  preceding  equation  by  At,  and  take  the  limit  of      ,  all  the  terms 

included  in  the  biadcets  disappear,  and  we  have 

d,U      dn  ds      du  dy  dx      du  dy      du  dz  dx' 
dt  ^  dx  dt      dy  dx  dt     dy  dt^  dz  dx  dt 

du  dz  dy  dx      du  dz  dy      du  dz 

■ 

We  write  ^  instead  of  ^  to  remind  us  that  we  have  a  di&rential 

dt  dt 

coefficient  which  implies  several  different  entrances  of  the  viable : 
this  is  called  a  total  difeential  coefficient,  when  it  is  necessary  to  dis- 
tinguish it  from  the  separate  terms  1)elonging  to  tlu>  aeveral  ways  iu 
which  /  enters,  whwh  are  portta/  diE  00,    Looking  at  the  result 

which  we  hfivc  ohtained,  wc  sec  seven  terms,  very  closely  coniicrtcd  with 
the  seven  ways  in  which  t  has  been  shown  to  cuter  u.    Fur  iustauce, 

J  u  contains  X,  which  con.|     J  Hence  the  term  'l!^ 'll  \ 
{  tains  <.  J    \  dxdt  i 

iu  contains  y  which  con- 1     | ^       the  term  —  ^  ^\ 
^'  \  tains  X,  which  contains   [    \  "^"^  ^  dydxdlS 

f«  contains  which  eon.)  i  Hence  the  term  I 
I  tarns  ^.  J     i  dydt  \ 

and  so  on.   Hence  we  see  the  following  general  theorem. 

If  u  be  a  function  of  t  in  difierent  ways,  find  out  cuch  way  in  which 
i  enters,  and  if  one  of  those  ways  be  thus  ascertained,  u  contains  A, 

which  contttns  B,  which  contains  <,  take  the  term  —  •  -tt^  • 

nX    dB  dl 

having  found  all  tliese  terms,  add  them  together,  aud  tlie  result  will  be 
the  total  diif.  co.  of  u  with  respect  to 

We  see  also  that,  in  taking  the  increments,  we  may  express  all  except 
the  terms  containing  the  first  powers  of  the  variables  by  a  simple  &c., 
sinoe  they  disappear  when  the  final  hmita  are  taken.  Jf  we  forgot  them 
aiiogeiherf  the  error  vmUd  not  affect  the  retuli ;  we  couid  not  be  said 
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io  have  renmncd  correctly ,  btif  ntch  an  trroir  of  reatimmg  has  been 
shown  to  produce  no  erroimrus  re  suit. 

To  mate  the  principle  uf  the  preccdiog  more  clear,  wc  shall  now 
take  u  more  £im|ilc  iiibtuiice. 

Let  tf  s  0  (x,  v),  where  y  ss  yrjr :  that  is,  let  u  contain  « in  a  two- 
fold manner — 1.  becauec  it  actually  and  explicitly  contains  x — 2*  be- 
cause it  contains  which  i^s  u  function  of  x.  Give  J?  and  y  any  incre- 
ments A  r  and  A// ;  whatever  they  may  be,  the  Hlowing  equation  (when 
the  incauin|(  of  18  properly  rcmcmlKreU)  I'oUows  from  Taylor's 
theorem, 

tfu  du  > 

A.tt=  J— AJf+  —  4«tf+&c.i 

dJt  ay 

but  if  we  require  that  the  leoond  equation  shall  exiit,  it  gives 

Ay  =  ^  4-  &c. 
ox 

du  ^       du  dy  J, 

or  A,u=:  +  ^  +  &c., 

divide  both  sides  by  Ajt,  take  the  limit,  and  we  have 

d.u      du      du  dy 

d  T      dv      dy  dx ' 

whichi  by  tiie  preceding  rule,  would  follow  from 

u  contahis  x  directly,  and 

u  contains  y,  which  contains  x. 

It  aiuicars  that       and  ^['^  are  totally  distinctt  as  iniffht  he  exneeted. 

or  ar 

The  second  merely  suppofies  that  iu  the  equation  u  =  0  (x,  y),  x 

leceim  an  inclement,  andy  remains  constant;  but       in  this  case 

irnpUcB  that  another  equation  exists  which  makes  y  a  function  of  x,  so 
that  X  cannot  be  changed  without  y  changing  also.  If  we  suppose 
u  =  xy\  y  =  X*,  we  have 

=  x''  +  2j*^  X  3x*=  llx'", 

which  is  what  we  should  get  by  first  substituting  in  u  the  value  .of  y> 

du 

which  would  give  u  =  x  x  x'**  =:  x",  —  =:  11  x". 
^  dx 

The  following  distinction  between       and  ^  will  now  be  apparent. 

The  second  is  derived  from  a  single  equation,  and  is  a  consequence  of 
that  equation  only,  without  reference  to  any  other.  But  the  first  sup- 
poses the  simultaneous  existence  of  more  equations  than  one,  and  is  the 

limiting  ratio,  not  of  such  increments  of  u  and  r  co-exi'st  in  ono  <\r 
two  uf  tlie  efjuations,  biit  in  all.  Hence  the  first  may  be  c;ilie<i  tiic 
diff.  CO.  of  a  syalfm  of  tuiuaiions,  the  second  of  one  equation  only.  It 
may  b«ipen  thkt  two  or  more  of  the  equations  may  have  diff.  co.  for 
h  t&ae  is,  as  yet,  no  distinct  notation*  For  insttnce,  wt  nty  have 
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To  ascertain  whether  these  {^qimtions  have  diff.  co.  we  mii?t  find  out 
whether,  consiBtently  with  their  co-existence,  x,  y,  and  u  may  Ix-  made 
to  vary.  There  aro  lierc  three  quantities  ?/,  t,  y,  hetwcen  winch  there 
arc  two  equations.  Hence,  i/'  one  of  these  be  taken  at  jdcasure,  there 
tie  no  more  eqimdoDB  flnn  ere  neoesBary,  hy  common  aJgebra,  to  deter- 
mhie  the  remaining  two.  Consequently,  though  each  equetion  hj 
itielf  has  two  independent  yariable8»  from  which  to  determine  tbe  thira, 
yet  wlicn  linth  r\'i?t  toacthcr,  only  one  can  ho  \i\kcn  at  ploasurc,  there 
u  only  one  mih  |K  ndent  variable,  and  the  other  two  are  functions  of  it. 
^  Suppo8e>  for  instance,  that  we  have 

tt  =  X  +  y  ajc  -jr  by, 

1.  If  ?/  hr.  the  mdcpendciit  varinblc,  -u  hat  arc  the  diff.  co.  of  the  system  ? 
From  these  two  equations^  determine  x  and  y  in  terms  of  u»  which 

will  give 

(a-l)i£  (l-ft)tt 

from  which  we  cfin  now  determine  <1irect1y  the  diff.  co.  of  the  pystem. 
For  the  latter  equations  a^Bunie  the  co-existence  of  the  former^  and  also 
make  x  and  y  functions  of  u  only.   They  give 

du     a— d         du  ~  a— 6 

2.  Let   be  the  independent  miable.  We  have  tben 

a  —  b  a— I         d.u  a  —  b    d.y     a  — 1 

1-6        ^^i^b         dx  1-6    dx  1-6 

3.  Iiet  y  be  the  independent  variable.   We  have  then 

_  fl  — ^  _ d.J?__l— 6 

But  thif*  previow  reduction  nmy  be  inconvenient  or  nn|HMaible.  If 
we  now  tike  the  general  caee  u  as  0(jr,  y)  u  s    ('>  y)»  ^« 

wc  shall  have  two  diff.  co.  to  signify  by  — ,  one  from  the  first  equatiouy 

one  from  the  second.  To  distinguish  between  these  (whieh  are  not  the 
same)  write  the  functional  symbol  of  the  equation  which  ia  used,  instead 

of  tt ;  call  the  first  -j- ,  and  the  second  -y-.   Both  are  diff.  co.  of  v,  but 

ax  ax 

under  different  circumstances;  the  first  a  consequence  of?/  ^  0  (r,y), 
the  second  of  t*  =  y  (x,  y).  The  co-existence  of  these  cquminns  may 
lead  to  relations  between  the  two,  but  is  no  reason  for  couiuuuding 
them.  Thit  co-existence  reqnirea  the  oo-exiotenoe  of , 


M  =  a*  +  y  "I 
It  s  a j;  +  6y ) 


in  which  Att,  ftc  m  to  mean  the  aame  in  both;  for  though  each  equa- 
tion it  lattified  by  valvei  of  An,     which  do  not  latiily  the  other,  it  ia 
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not  of  thoM  Ttlneo  fliat  eaquiret  ^  of  values^  x,  and  y,  wMek 
BAtis^r  bodi,  of  the  changes  of  value  under  which  they  continue  to 
ntiily  bolli»  tnd  conaeqtiendy  of  the  ineioinoBto  which  ntiafy  hotik  the 

At/ 

equutious  of  Lucrcmciits.    Now,  to  fiud  the  limit  of  the  ratio  . 

mvM  expr(>s8  ^  in  temu  of  Ar,  or  eUminate  Ay  from  the  preceding^ 

which  vvili  give 

\,d[y     *y  ifa  li^y     ^  : 

d»tt  ^      dy  ctr  dy       d,x         dy  dy 

d!jp  df0  ff^  df  (10* 

dy  dy  dx  dy  ds  dy 

d  d  X  ^ 

we  nisht  write  these      and  -7^,  and  thti  notation  might  be  conve- 

^  d.x  d.u 

nient  iu  some  cases,  but  wliere  one  dot  is  suiiicieut,  the  other  muv  be  tlis- 
penaed  with :  Itbeiog  tlwaya  remembered  that  the  diff.  co.,  with  tne  pointy 
distingaiaheaa^B£  CO.  derived  from  mote  than  one  connderatioii,  whether 
the  additioiial  conaidentiona  he  expressed  in  equations,  or  implied  in 

Biippositions.  The  preceding  method  is  one  l)y  which  these  questions 
in;iy  always  be  reduced  to  first  principles,  but  the  rule  already  laid  down 
(]).  90)  will  be  suffictciu,  when  understood.  To  repeat  the  case  juat 
solved,  let  us  suppose 

«  =  0  (r,  y)  (r,  y), 

fn  in  Nvliich  it  follows  that  .r  artfl  y  may  be  considered  as  functions  of  u. 
TVil.ing  this  additional  suppontiun,  (hfliTentinte  both  sides  of  these 
equations  with  respect  to  u,  ub&eiviOj^  to  write  the  dotted  diff.  co. 
wherever  the  supposition  ia  naed ;  and»  also,  remember  that  9  is  sup« 
poaed  *  a  fitnction  of    and  gr  a  function  of  «•  We  have  then , 

J     d<p  d.j.  ^  d(fi  d.y 
dx  du      dy  du 
^     d^  d,T     d\p  d.y 
^  dx  du,  ^  dy  du  * 

from  which  two  equations  ^  and  can  be  found  Ijy  common  alge- 
bra. TbesOy  as  found,  may  be  made  to  ooincade  with  the  result  of  the 
particular  caae  in  the  laat  page,  namely, 

^^mr  ft  9ftfi  ^^bftt 

'  4?=* 

dx  dy  dx  ^9  '~ 

IjCt  U8  now  suppose  that  u  is  a  function  of  v,  y,  htk^  ?f,  or  t*=^(  r,y,  w), 
from  which  it  follows  that  there  arc  two  indeiwuilent  variables  :  for  x 
and  y  being  taken  at  pleasure,  the  equation  may  be  satislicd  by  imding 


•  Observe  that  thMS  mpi^tioas  an  always  fan|lied  iSf  and  nuty  bs  dsdtiaad 
fisutf  the  s^uatioiis. 
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the  propw  falue  of  u.  This  eqiMtion  imiiiet  that  tt  li  a  fttnctum  of  9 
and  y  only :  thus  from 

u  =  X  +  y  -  li  can  be  obtaiued  u  =  — - —  ; 

uaing  this  suppositioQ,  we  want  to  hud       and       which  are  partial 

diff.  CO*,  but  not  the  same  aa  -r-  and        The  dot  deuotea  the  intro- 

doctioii  of  a  supposition  more  than  is  dir<'rfhj  shown  in  the  equation, 
namely,  that  u  is  to  })e  considered  as  the  function  of  x  and  to  which 
it  ini<jht  1)0  brought  by  solvinf^  ihf  rnu<\iwn.  Taking  x  as  constant, 
and  considering  (j>  (.r,  y,  w)  as  coutaiuiit  j;  y  two  ways  1.  directly  ;  2.  as 
containing  w,  which  is  a  function  of  y ;  and  dititireutuLiiig  the  actuation 
II  =0  (x,     tf)  on  this  supposition,  we  have 

d.u  _  d<f>      d<ly  d.n        d,u  dy 
dy  ~  dy  ^  du  dy         djf  ^  d(p' 


Again,  if  we  regard  yn%  oonatant. 


^  du 


d<ty 


d.u      d(i>      d<f)  d.u        d.ii  dr 

~S  ^  dx     du  Ito        ds  ^  d0* 

di$ 

For  instance,  if  ti  s   — jftt,  wc  have  ~  =  1,     =  —  «,T^5=5-y, 

(tf        dy  du 

*      -     d'W        1      d'U  —If 

therefore  —  =   — —  =        .   Now,  if  we  actually  produce 

dx      I      y   ay  1+2/ 

the  supposition  which  gave  these,  in  an  explicit  form,  we  have 
^    ^      d.u           1        '^'•''^         ^      ^  ""^ 

which  agrees  with  the  preceding. 

In  most  treatises  on  the  Dificrential  Calculus,  there  are  but  two  tenns 
of  distittctioa  betweoi  diff.  co.,  Mai  and  partial.  The  reason  is,  that 
the  additional  distinction  we  have  made  is  left  tUl  particular  cases  re- 
quire it,  and  is  not  usually  formally  proposed.  We  now  introduce  the 
following  additional  distinction  of  explicit  and  implicit  diif.  CO.  and  the 
following  definitions  (the  two  first  of  which  agree  snfllcirntly  well  with 
the  senj^es  *  in  which  they  are  Cdimnonly  used)  will  etnd)le  the  student 
to  apply  to  eacii  of  the  processes  in  this  chapter  its  proper  name. 

Airfjal.'— The  function  difierentiated  may  be  considered  as  of  more 
wxriahlea  than  ofitf,  nothing  expressed  or  implied  in  the  equations 
given  being  to  tlie  contrary,  and  one  only  is  supposed  to  vary. 

Total. — The  independent  variable  enters  in  different  ways  expressed 
or  implied,  or  both  :  and  is  conndered  as  vai-ying  in  all. 

•  They  cannot  altopethcr  ajifrce  ;  for  the  disfiiution  i  f  pnrtl.il  and  tut;  1  liiT.  co.  is 
iVoquentlv  used  ia  more  senses  thau  one*  II,  tbetefore^  tlie  itudent,  at  aiiy  future 
time,  find  hunielf  pnssleil  by  the  ass  of  these  words  ia  any  treatise  on  the  apphc»- 
ticn  of  this  Calculna,  Id  huB  ssk  himsslf  whether  the  diitindaoB  of  tiyfail  sad 
implicit  be  out  iateoded* 
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Explicit, — No  variation  coniidered  except  as  it  aifects  one  given 
equation.  All  common  diflbrentiationa,  at  in  Chapter  IL,  are  explicit: 
no  ftuppondon  (except  aiaigning  a  ^ven  qimntity  us  variable)  drawn 
from  other  source  than  the  eqwUim  itself ^  affects  the  result. 

Implicit. — Any  other  tlian  rxjilirif ;  afVcrtrd  hy  the  co-ex i*stencc  of 
any  other  equation  or  su|)j)osition.  Total  dit\.  co.  are  impliciti  but  distiu- 
guislied  on  account  of  their  frequent  occurrence. 

The  terms  partial  and  total  are  not  contradictory,  as  might  be  sup- 
posed irom  their  etymology  (consistently  with  common  usage,  we  can- 
not avoid  this  inconvenience).  A  diff.  co.  may  be  parHai,  inssmnch  as 
it  supposes  only  x  to  vary,  and  not  y  or  x;  but  iotai  with  respect  to  x, 
inasmtich  iis  tlic  fiincti«)n  ditfercntiatcd  mny  contain  r  directly,  as  well 
as  through      7,  \c.     For  instance,  let  ?/  —  0  (x,         p,  r/,  r)  ^Yhere 

0,  and  r,  are  theaibelvcs  each  a  function  of  x,     and  2.    The  explicit 

partial  diff.  co.  of  u  with  respect  to  x»  is  simply  —  ;  but  the  partial 

diff.  CO.  considered  with  reference  to  every  way  in  which  x  can  eater 
(which  we  should  think  might  be  called  the  complete  partial  diff.  oa  to 
avoid  the  objectional  phrase  total  partial)  is 

d.u  ^  dff>  ,       dp     d(fi  ill     d^dr      ;„  « 
W^'di'^Tpdi^l^dx'^'drd?^^^'^ 

it  would  be  impossible  to  specii)  all  the  various  methods  and  combi- 
nations  of  equations  which  present  results  of  di£brentiation  worthy  of  a 
distinct  name.  We  shall  proceed  to  take  some  of  the  most  importaDt 
cases. 

dy 

Let  u  —  <ii  (x,  y)  =  0,  required  the  implicit  dill',  co.  ~.  The  sup- 
position is,  that,  by  aolving  this  equation,  we  may  make  y  a  function  of 

If  u  =  0,  tliut  is,  if  the  values  of  x  and  y  hic  always  to  bo  ^-^»  taken 
simultaacousl}  ihuL  a  ==■  0,  we  have  A.m  =  0  for  all  chaugcb  of  value 

of  X  and  y  which  the  supposition  will  allow.    Consequently,  is 

d .  u 

always  0»  and  its  limit  is  0,  or  = 


^  di^  dj/ "di  ^     dx  dr 

For  iMtance,  let  x  -  (iogy)^  =:  0  =  ^  (x,  y), 

g  =  1  -  (logy)^  .  log  logy      ^  =  -  ^  (logy)'"'  ^  I 
d,y  _  y  —  ypogyY  log  logy^ 

dx  X  (log  y)*"' 

To  verify  this,  observe  that  x=  (logy)'  gives  logx  =x  log.  logy,  or 
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let  the  Btudeut  try  to  make  thiM  mulu  agm,  rememberiiig  tliat  hy 

definition  ff^'^'^:  J?. 
Let  ^  (jt,  y,  i)  s  0,  wlieoce  it  followi  that  *  must  be  a  function  of  « 

and  If.  To  detemine  the  implicitly  partial  diff.  eo.  aud 

Aa  befinCf  u=:  0  gLvea  the  complete  partial  diff.  oo.       and  ^ 

<LP  ay 

severally  =:  0.   This  gives 

^^.f!^l:£  — 0  rf^  ,  d.z 
dx     dz  dx  "    ,     dy     dz  djf 

d*z  ^     d9        d,z  ^  dy 
ds  dz 


Letl  + 


Show  tliat  -  =r  - -i- i.il?=i.^iL    JL  ll!  ~  2 

Let  Hss ^  (3f  +  ^y^)*  fram  which  it  may  be  inferred  that «  ia  a 

function  of  jt  and  y.    Required,  on  tliis  suppoaitioni        and^-^.  I^et 

djf  dy 

y  -f  rfu  as    which  gives  u  =  ^V. 

dy      dV   dy  di/  J 

d,u  Yrff       d,u  __  ^'V 

dx      1  —  ^'V  f'u   "dy  ~  1  —  jp^'V  yr'a' 

which  gi?ea  this  simple  lelation       ss  ^bu 

*  dt      ^  dy 

For  instance,  let  ti  s  f (ahow  that  this  amounta  to  supposing 


—  J— 


"    dx      C*-!)*  dy 

d.u     tif^logu  ttf*^ 

dr  <^  «— ^S*' 

■how  that  these  agree  with  the  preceding. 
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It  must  be  obamed  that  if  tt  be  a  functioii  of  j  and  y,  and  if 
du  du     ,  , 

^  =  P      where  P  is  a  fiinetion  of  x  and  y,  this  same  relation  is 

true  for  any  function  of  n.  For,  let  fu  be  any  function  of  w,  and  mul- 
tiply both  sides  of  the  preceding  by  /'m,  wliich  gives 

dfu  du  ^  p  dfu  du  ^  dfu  _^  ^  dfu 

du  dx^     du  dy     dx  ^  djf* 

Show  that  if  tt  he  a  function  of  x,  which  is  itself  a  function  of  «r  and 

d,»dx   ^'^^^^Q 

dx  dy       dy  dx  * 

where  the  dot  reminds  ns  of  the  implicit  sapposition. 


Cbaptcr  VI* 

MBANING  OF  AND  FROCKSSES  IN  INTKORATION. 

The  Integral  Calculus  is  the  inverse  of  the  Differential  Calculus.  Thus 
one  question  of  the  Utter  being  'given  a  function  to  find  its  diff.  CO." 
the  corresponding  question  of  the  former  is  gi? en  a  diff.  co.  to  find  the 
fuRctbn  from  which  it  came.*'  The  original  function  is  called,  with  re- 
spect to  its  diff.  CO.,  the  primilive  function  :  thus,  2  a?  being  the  diff.  co. 
of     jp*  is  the  primitive  function  of  2*r.   Thus  we  may  easily  see,  that 

with  respect  to  dr»  ihe  primitiTe  function    ^  u  ^ :       ^i^^  respect 

to  y,  the  primitive  function  of  -  is  x  log  y. 

But  a  primitive  fmicfinn,  merely  considered  ns  the  invcrt^o  of  a  diff. 
CO.,  would  not  be  of  much  use.  The  following  theorem  will  hhow  the 
point  of  view  in  which  the  necessity  of  finding  primitive  functions 
actually  presents  itself  in  practice. 

Let  0jr  be  a  function  of  j,  and  let  a  and  a+  h  be  two  limiting  values 
of  ;r.  Let  h,  as  before,  be  divided  into  n  equal  parts,  each  of  which  is 
w  or  At,  and  let  x  pnss  from  a  to  a  +  h  through  the  steps  fir,  «  +  t.*, 
a  4-  2w,  .  .  .  a  4-  (7i  —  l)<i».  «  +  7Jw  or  a  +  h.  Let  every  one  of 
these  values  be  substituted  in  the  function,  and  let  all  be  added  to- 
gether, l^lVUlg 

each  of  these  lying  between  given  limits,  the  sum  of  them  all  may  be 
made  as  great  as  we  please,  by  taking  a  snfTiclent  number,  that  is,  by 
taking  n  sufficiently  great    Multiply  this  sum  by  (u,  giving 

{^a-i-^(«+«)+^(a  +  2ii»)+ .  .  •  . +0(a +  ««)  } 

which  we  do  not  now  affirm  can  be  made  as  great  as  we  please,  for  the 
greater  the  number  of  terms  in  the  first  factor,  the  greater  is  ??,  or  (!?ince 
vt.f  —  h)  tlie  ]e«?  is  (.».  And  we  can  even  conceive  it  to  happen  that  the 
taking  a  greater  value  of  it  should  dimiaish  the  preceding  product,  or 

H  ^ 
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that  the  increase  of  the  first  factor  should  be  more  than  counterbalauced 
by  the  correspuiuliiig  decrease  of  the  second.  We  can  immediately 
sliow,  however,  that  ilie  preceding  product  ran  neither  increase  nor 
decrease  without  limit,  provided  0j?be  alwa}s  finite  between  x  =  a 
and  «  s=  a  +  A-  Let  C  and  c  be  the  greatest  values  it  can  have  between 
theie  limits :  then  the  preceding  product  muBt  always  lie  between 

(C  +  C  +  C+.  .  .-|-C)wand(c-i-c  +  c4-.  . 
fi+l  terms  n+ltenns, 

or  mufet  lie  between  (n  +  I)  and  («  + 1)  rio,  or  between  C  (/iw  +  w) 
and  c  (n(u+ III),  or  between  C  (A + and  c  {li  +  <^)-  That  is,  there  must 
be  a  finite  limit,  lying  between  the  limits  of  the  preceding,  which 
(when  n  increases  or  w  diniinii<hes  without  limit)  are  CA  and  ca.  This 
summatiun.  of  uhich  we  wish  to  find  the  limit,  we  shall  proceed  to 
illustrate  by  a  few  cases-,  as  follows- — 

Let  4^  =  T,  then  tlic  s>unimatiun  rec|Uired  is 

{a  +  (a  + «)  +  («+ 2w)  +  .  .  .  4-0 +««}•# 

n-fl 

or    («4.1)aai+w  (1+2  +  3+  .  .  .  +«)  or  (/i  + 1)  aw  +  w'«  — 

<0 

/     1X1                                   A*  +  A« 
or    {iiu  +  w)  a  -j  5  or  («  +  w)  «  -j  —  > 

putting  h  for  hm.  We  have  thus  eliminated  n  (which  is  to  increase 
without  limit)  by  means  of  a  relation  which  is  always  to  exist  between 

n  and  m  (which  diminishes  without  hmit),  and  in  the  form  to  which  we 
have  now  reduced  the  product^  its  limit  is  evident,  when  «  diminishes 

without]|^limit :  that  limit  is  Aa  +     ;  and  we  may  observe  that  as  m 

diminishes  the  pnccdinp;  diminishes  towards  its  limit,  thus  verifying 
the  surmise  above  thrown  out,  that  the  increase  of  tlie  first  factor  might 
in  certain  cases  be  mure  than  compensated  by  the  daninution  of  the 
second. 

Next,  suppose  0«  s=  .t*.  We  want  then  to  find  the  limit  of 

W  +  (a  +  u»)«  +  (a  +  L  w;*  +  .  .  .  +(a  +  it^.*)-}  « 
which  may  he  easily  reduced  to 

(»+l)a*w +(1+2+3+ •  .  . +n)2a«»+(l'+2«+ •  .  .+»*)«% 

for  u>  \srite  its  value     and  ihc  preceding  becomes 

n 


+  2'  +  +  /r 


in  which  if  we  suppose  n  to  increase  without  limit,  and  write  for  the  two 
latter  firactions  their  limits  obtained  in  p.  85,  we  have  for  the  limit  of 
the  preceding  siumnatioii 

Aa«  +  A"a  + 
Let  i» 8s logT :  we  wisB  then  to  find 

{ log  a  +  loc  (a  +       +  .  .  .  +  log  (a  +  7?u»)  }  o), 

riiul  liere  we  are  i  i  ihure  is  no  process  of  common  alii^ehra  for 

representing  lu  u  imiie  iorm  the  sum  of  n  +  1  terms  of  a  scries  of 
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Ipgaritbms,  such  as  liere  appears.  We  must  therefore  look  for  other 
nMBtfaods ;  but  first  we  shall  lay  down  names  and  symbols  for  summatums 
of  tke  pKceding  kind«  Thelimitof  Aesomof  aseriesof  toimSiiuchM 

+      +        •  .  •4-0(a  +  w«)}*i 

or  fax w+^Ca+w)  X    +  .  .  .  H- (a  4- w«)  x  «, 

is  called  a  dejimte  integral ;  au  intcyral^  because  it  arises  from  putting 
together  the  parts  of  which  a  whole  is  composed  (or  rather  from  the 
limit  of  sneh  a  process)  t  a  defiaiie  integiaU  Decause  the  first  and  last 
values  of  the  variable,  a  and  a  -f  nw,  or  a  and  a  +  A,  aie  definiU^  do* 
fined  or  given.  And  since  each  term  is  a  value  of  the  function  inter* 
mediate  lietween  <pa  and  ^(a  +  A),  multiplied  by  the  interval  between 
the  values  of  z  corresponding,  we  may  make  0*  X  As  the  representa- 
tive ul  any  one  term,  and  £(0x.A:r)  the  representative  of  the  sum. 

And,  ^reeaUy  to  the  analogy  by  which  we  made  ^  U  ^otai  symbol^ 

Aw 

see    50)  represent  the  hmit  of      an  algebraical  fraction,  we  shall 

cause  f^xdxtifi  stand  for  the  limit  of  the  summation  S^xAx,  when 
diminishes  without  limit.  The  symbol  is,  or  was,  an  italic  f. 
We  must  have  some  symbols  to  denote  the  limits  of  the  integral  which 
were  used,  and  the  method  of  doing  this  has  not  been  well  settled  by 
cnstom.  Some  would  express  the  result  l)y  J^^*'<pxdx,  others  by 
y 4txdx^  from  x=ato  .r=a  +  A-  For  uursclves,  we  prefer  the  first 
of  these  two ;  but  should  incline  to  write  the  limits  above  and  below 
the  last  X,  thus  f  i>x  dx^.  All,  however,  have  their  inconveniencca, 
and  we  shall  adopt  the  first,  simply  because  it  is  used  in  many  works 
of  high  reputation,  particularly  on  the  continent. 
When  we  say  that 

w«  mean  that  the  definite  integral  of  xdx  (why  we  use  this  instead  of  x 
will  he  afterwards  explained)  or  the  limit  of  the  summation,  the  extreme 

Tsltics  being  the  lower  limit,  and  a+ A  the  higher,  is  ha  +  -r-.  Now  the 

value  of  J'^'^^4>xdx,  when  deduced  may  be  applied  to  any  value  of 
rr  -^h^  or  of  A,  provided  no  infinite  vaiuc  of  <f)X  occur  between  (pa  and 
^  (a  +  A).  And  since  a  +  /t  is  a  value  of  x,  let  x  itself  (the  general 
symbol)  stand  for  its  superior  limit  in  J'a^''<i>xdx,  which  gives  in  the 
particular  instance  first  cited, 

TIqb  is  generally  denoted  by  /  meaniriLi;  tlic  limit  of  the  summn- 

tioD  in  question,  from  a  to  ii,  or  the  indcjinitc  integral  beginning  at 
jr:=o  (sometimes  it  is  said  ending  at  x^o*,  which  is  an  awkward  way 
of  saying  that  the  last  value  of  « is  indefinite).  *  And  in  this  expression, 
when  X  only  ? aries.  Its  initial  value  a  may  be  what  we  please,  or  an 

arbitrary  constant.    Whence  —  ^  is  an  arbitrary  constant  (only  in  this 

a* 

particular  case,  it  must  be  negative).    Let  "^-^^  called  C,  whence 
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we  find  —  +  C  for  the  above  indefiaite  integral,  where  J  may  be  what 

we  please,  and  C  depends  upon  the  arbitrary  value  of  d7,  at  -which  we 

choose  the  summation  to  becrin. 

We  have  thus  two  new  cxjiressions  connected  with  </>j",  namely,  1.  Its 
^inulivc  funclian^oT  the  function  which  must  be  diflferentiated  to  give 
it.  2,  The  indefinite  integriil  of  ^xc/x,  meaning  the  limit  of  Biim« 
Illation  above  described,  banning  at  any  given  value  of  9»  Now  we 
observe  tlmt  tlie  primitive  function  of  <Jix  must  contain  an  arbitrary 
constant :  for  by  the  rules,  if  differentiated  yield  n^x  +  C  does 
the  sHinc,  and  13  therefore  a  primitive  function.  And  we  also  see  that 
the  mtegral  of  (pxdx  contains  an  arbitrary  constant  depending  on  the 
initial  vjaJue  of  x.  We  have  given  these  two  new  things  different  names, 
because  they  ore  derived  in  different  ways :  but  we  now  proceed  to  show 
that  they  are  the  same :  or  that  the  primitive  fuuction  is  no  other  than 
the  indefinite  integral.  This  will  easily  be  seen  in  the  instance  of 

whose  primitive  funcuun  ib  ^  +  C,  and  its  indefinite  integral  the  some 

Xjet  us  now  Tetum  to  the  equation 

^  — =  ^'a  .  w  +  0"  (a  +  Ow)  ^ , 

and  supposing  nwaA,  substitute  successively  a+o,  a+2«i»,  &e.  •  .  • 
a+7iw  or  a+A,  adding  together  the  results,  the  first  side  of  which,  ao 
before,  gives  0  —  ^a,  and  we  have, 

in  which  we  Ivnow  that  0,  9^  &c.  are  severally  Icfs  than  unity,  and  in 
the  highest  of  wliich  we  see  a  +{tt  —  \  +  ^«  i)  '-n  which  is  less  tlian 
a+7iw  or  a  +  Zi.    Let  C  be  the  greatest  value  of  ^"a;  between  x=:o  and 

w^a^h,  then  the  second  series  must  be  less  than  nC      or  Ctm  ^,  or 

Ch  ~«  One  term  added  to,  and  afterwards  subtracted  from,  the  first 
series,  with  the  preceding  consideration,  gives 

— ^  (a+7ia>).w  +  less  than  CA  ^ ; 

the  last  two  terms  of  which  are  comminuent  with  y»  Now  the  primitive 

function  of  rp' i  is  0x+C,  C  being  any  constant :  while  tlie  term  con- 
taining the  series  has  for  its  limit  the  definite  inte'^'riil  of  (//r .  f/r  from 
T  =  (I  to  X  =  a  +  h.  Let  =  0x  +  C,  the  primitive  function  i  we 
have  then 

and  ilnuUy  diaunishina:  w  or  increasing  ;t  without  limit,  wc  have 

01     4-  h)  ^4>,a  =r  f  x.dx, 

or  making    -f  A  =  «r  as  before,  that  is,  letting  x  represent  ita  superior 
limit,  we  have 
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ftnd  a  bemg  an  arbitrary  coDstant,  lo  is  ^  cjj^a,  giving  at  last 

/0'j.dx  =  0.x  +  C.  =  </-x4-C4  C,; 
BO  thai  the  two  apparent  arbitrarj'  constants  are  only  cquivaknL  to  one. 
For  the  condition  that  C  and  C»  njay  both  be  what  we  please,  merely 
teUa  us  that  C  4*  C,  may  be  what  we  please. 

The  indefinite  integru  and  the  primitive  ftinetion  heingthe  tame,  we 
shall  use  the  former  tenD»  where  distinction  is  not  neoe^saiy,  to  denote 
both.   The  following  will  now  be  easily  intelligible.  . 


We  thus  see  ourselves  in  possession  of  a  method  for  finding  the 
limits  of  the  sums  of  series,  In  cases  where  the  sums  themselves  can- 
not be  reduced  to  any  more  simple  expression.  Thus,  in  the  last 
example,  we  have  found  the  limit  of 


when  «»  diminishes  witliout  limit. 

[The  language  of  the  infinitesimal  calculus  is  very  well  adapted  to 

illustrate  the  relation  between  a  diff.  co.  and  an  intend.  If  x  increase 
by  an  infinitely  small  quantity,  j^*  is  increased  by  the  infinitely  small 
f|Tianttty  *}rdT :  so  that  the  transition  from  a-  to  (n  +  ^')'  conceived  to 
be  made  by  the  successive  addition  of  an  mtinite  muuber  ot  infinitely 
small  quantities,  namely,  ladr^  2  {a  4-  dr)  dr^  2  (a  -f  2djc)  dr,  and  so 
on.  But  the  total  of  tlicsc  being  that  by  which  a*  is  increaiieU  so  as 
to  become  (a  +  h)\  is  (a  +  A)**- A*.  The  whole  difference  of  two 
values  of  a  function  is  conceived  to  be  made  of  an  infinite  number  of 
infinitely  small  parts  (as  in  p.  26) ;  but  for  each  of  these  infinitely 
?mti]\  parts  is  sub?tituteil  another,  infinitely  near  to  it,  so  that  the 
sum  of  all  the  errors  committed  is  itself  infinitely  Funill.  Com- 
pare this  with  the  reasoning  hv  which  the  second  scries  in  (A)  is 
shown  to  dmiiniuh  withont  luiut.  The  leul  diU'erential  of  is 
(x+  <fa)*— a^or  2jtdx  +  (dx)*;  but  if  dff  be  in6nitely  small,  {djcy 
is  an  infinitely  small  part  of  ds^  so  that  n  (dr)'  when  n  is  infinite,  being 
ndx  X  djt  or  hdx  is  infinitely  small.  For  it  is  the  condition  of  this 
process  that  n  and  dx  sludl  be  connected  by  the  equation  ndr—h. 
U'c  have  here  (ns  we  sliall  always  do  in  tlie  remarks  in  [  ])  used 
tiie  language  of  Leibnitz  in  its  broadest  form  :  the  student  can  omit  it 
entirely  without  breaking  the  chain  of  invcstiguiiuu  ;  but  we  should 
recommend  him  always  to  consider  the  language  here  used,  in  reference 
to  every  problem  he  meets,  for  when  the  method  of  rationalizing  the 
single  fsJse  assumption  in  which  the  whole  error  of  the  system  of 
Leibnitz  consists,  is  once  understood,  he  may  depend  on  it  that  there 
il  no  ^tther  like  it  for  giving  power  of  application.] 

U  ift  not  necessary  that  in  the  transition  from  a  to  a  +  /t,  the  incre* 
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mente  of  the  value  of  x  should  all  be  equal.  They  may  follow  any  law 
which  makes  them  all  comminucnt. 

In  the  prooeas  of  page  100,  let  us  aappoae  thia  alteTBti<m«  that  a  first 
becomes  a  +     next  a  +    +     and  soonuptoa+<«t  +  «k  + 
•  •  •     Mb  or  a4-  A.  Then  we  havc^  as  before, 

0  (ff  +  to,  +  .     .     .   +  —  0  (a  +  W,  +    .    ,  .4- 

+0(a  +  w4  4-.  .  .  +  «,_|)  —  0(a  +  w»+  .  ,  .  +«rf,^t) 

+  

+0  (a  +     +  *%)  —  0  (a  + 

+0  (a  +  wi)  ^  0«K  s  0  (a  +  A)  —  0o : 

and  also  0(a  +  *pi)  —  0»  »  4*  0*^  (a  +  ^ 

or, 

0  (a  + A)~0a  =  0^a.W|  +  0^(a  +  <#i)     +  •  • 
•  •  .  +  0'(a  +  •>!  +  . . .  +       1)  irfb 

+  0^'(a  +  «i«i)  ^^+^'(«  +  «i  +  flt*0^''^  *  •  • 

Now,  since  «i  +  + . . . .  4-  —  A,  and  . . . .  are  severally 
less  than  1,  there  ia  no  Talue  of  x  here  employed,  but  what  Ilea  between 
a  and  a  4  A.  both  mclusive:  let  C,  aa  before,  be  the  greatest  value  of 
0''«r,  and  let  H  be  a  quantity  greater  than  any  one  of  lo^  u)t  . . .  .  but 
comminuent  with  them,  so  that  tiA  ia  a  hnite  quantity,  and  *  we  have 

0(a  +  A)  —  0a  =  the  first  aeries  above  written, 
+  leaa  than  nC  — ,  or  CA-  ; 

so  that  taking  the  limits  of  both  sides,  it  appears  that  0  (a  +  A) 

—  <pa  is  the  (Tcfiiiite  iiitcirral  with  unrqunl  but  commimieiit  increments. 
But  it  is  ttlbo  the  definite  integral  with  equal  (und  therefore  of  couisc 
comminuent)  increments:  these  two  methods  of  integration  therefore 
give  tlie  same  result. 

A  very  common  case  of  this  process  ia  where  it  is  required  to  iategraie 

fx  X      ,    where  a?  is  a  function  oi  I,  uud  the  mtegiaUou  ib  to  be  with 

respect  to  I,  from  is6to<s:A+^> 

dv 

It  we  suppose    »  s:      ^bia  ia  the  same  aa  requiring  to  find 


*  The  eooiplfllioiiof  the  fifil  iiries,  aa  ia  page  100^  it  not  aUobitalf  nscNsary,  f«r 
tba  additioaal  Itim  ii  cemmiatiant  with 

Digitized  by  Google 


MEANING  OF  AND  PHOCKSS^  IN  INTKQRATION.  m 

f^*'  ffi  •^t.dt.  Let/,«  be  the  furimitive  function  of  wc  have 
then* 

Now  eince,  0*  +  C  =  /a^x .  dlr,  aad  (f/x  is  wc   sec  that 

dx 


dx  is  0«  +  C,  and  there^yre 


sappoting  a  =  y^A,  a  +  A  =  y  (6  +       a  and  a  +     being  the 

values  of  X  or  x?  ^  correspondinjr  to  A  and  6  +  A-  for  values  of  I.  But 
this  last  result  (f,!-  +  C  being  the  same  as  fm  fx  dx}  ia  the  Bailee  aa 
Jm'^^fxdx  ;  wheuce  wc  have 

provided  ouly  that  b  aud  6  +  ^  are  those  values  of  /  which  give  a  and 
0  +  A  for  X,   If  t  and  « themselves  stand  for  their  superior  limits,  we 


We  ahall  now  proceed  to  some  methods  of  integration ;  but  first  wc 
aball  remarks  that  though  we  can  diflerentiate  every  function,  we  eannot 
tntec^ite  every  function.  Integration  is  an  invene  operation  to  dif- 
ferentiation, and  though  we  found  many  functions  appear  as  diff.  oo. 

yet  it  would  he  cnsy  to  name  functions  which  neither  appear,  nor,  in  our 
prt^ut  state  of  knowledge,  could  have  appeared.  Iinnuine,  lor  ex- 
ample, a  given  ellipse,  and  let  a  starting,'  jioint  be  taken  on  its  cireuni- 
ference,  from  which  meagure  the  variable  arc  «  uu  one  ^iveu  side  uf 
the  starting  point,  and  let  A.  be  the  variable  area  included  between  the 
axe  and  its  chord.  Then  A  Is  evidently  a  function  of  at  our  present 
point  wboUy  undetermined.  We  do  not  know  whether  our  means  of 
expression  arc  sufficient  to  express  it  or  not.  Wc  c^n  take  powers, 
logarithms,  pines,  logarithms  of  sines,  sinesi  of  logariilmis,  &c.  of  .«  nr 
fimctiona  of  .*,  and  combine  them  by  addition,  subtrnctinn,  &c.,  but  we 
eannot  say  whcLlicr  any  finite  number  of  such  proce&hes  can  compuiie  a 
Ibnnula  which  shall  represent  the  value  of  the  area  required.  Supposei 
which  may  hajjpen,  that  it  is  inexpressible,  it  does  not  therefore  follow 
that  its  diff.  coeff.  is  inexpressible;  consequently,  we  may  have  an  tX" 

{Jressible  diff.  coefT.  witli  an  inexpressible  integral.  To  illustrate  this, 
et  n«  it^n  \vp  had  commenced  this  snbjert  with  conimnn  nli^ebra 

ouly,  and  without  geometry.  By  common  algebra,  we  mean  to  include 
the  operations  of  addition,  subtraction,  uiuUiplicatiou,  division,  tho 

*  Wu  sha\\  not  stop  to  prove  that  functions  which  are  always  equal  have  the  same 
primitive  luMctirms  or  inteji:;nils.  Wc  t  tkc  'is  nu  axioiny  that  tb«  samA  0]^effatioilS 
jt^iuniMHi  uu  «^ual  i^uautititrs  give  lliu  ikuuic  rc^sults. 
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powers,  and  the  eztnction  of  roots,  together  with  all  com- 
of  them  in  Jinite  numberSt  that  is,  entirely  excluding  all 
^riee.   We  ehould  immediately  observe  that  our  dififerential 
1 

calculus  never  caused  -  to  appear  as  a  differential  coefficient.  We 
should  find  ouiaelves  able  to  give  the  integral  of  ^  generally  in  the  form 

j>  I 

^  ^  +  C|  but  if  we  attempted  to  apply  this  to  the  case  of  ^  '  or 
p  we  should  find  *  ^  ^  j  +  C,  org  +  C,  an  unintelligible  form,  li 
\ix  took  the  following  expression^ 


^•+»  flfi+i 
,  n  +  I      »  +  l  «  +  l  • 


we  should  see  that  the  supposition  n  ss  — 1  gives  ,  or  ^  for 

the  preceding  expression,  and  should  conclude  that  the  integral  required 
is  the  limit  of  the  preceding  expression,  on  the  supposition  that  n  ap- 
proaches Avithont  limit  to  —  1.  It  ^v^M1(l  not  be  very  difficult  to  find 
this  limit  in  uiiy  particular  ca^.  Say  that  fl=:2  />  =  3,  and,  to  get 
an  approximation  to  the  limit,  make  n  very  nearly  equal  to  —  1 ; 
say  71  =  —  1  0001  orn+  1=  0001.  We  should  find  the  limit 
in  question  near  enough  for  most  practical  purposes  by  calculating 

— ^QQQ^ — i  which  is  (with  difficulty)  within  the  compass  of  the  rules 

of  arithmetic,  since  a  tedious  process  would  enable  us  to  extract  the 
ten-thousandth  roots  of  2  and  3  to  any  degree  of  exactness.  And  hy 
calculating  for  a  niiml)cr  of  values  of  a  and  ^ve  might  thus  get  a  table 
of  values  of  i~'r/r  ^nnirirnlly  numerous  in  instances,  and  exact  in 
each  instance,  for  practical  purpose?.  But  these  tubulated  values  would 
give  no  informatiou  on  the  properties  of  the  function  of  a  and  b  in 
question. 

Now  it  60  happens,  that  this  process  has  been  already  forestalled  in 
algebra  in  another  shape.  In  looking  at  the  equation  y  s  a%  it  appeared 
that  to  find  y  when  s  is  given,  is  an  operation  of  common  algebra;  thus, 

it  is  not  difficult  to  sssign  2  (12)^  &c.,  with  any  degree  of  nesmess. 
But  to  find  X  when  y  is  given  is  a  perfectly  new  question  }  for  instance, 
to  find  what  value  of  x  satisfies  3  =  2^  It  is  true  that  certain  pro* 
cesses  may  be  funnd  by  which  the  value  of  .r  may  he  approximated  to, 
and  that  these  proccs^rs  contain  nothing  but  common  alpebra;  yet 
whether  w  e  consider  the  (piestion  as  one  uf  common  algebra  or  not,  it  is 
obvious  that  we  have  a  new  process,  not  contemplated  when  we  laid 
down  the  most  simple  relations  of  magnitude.  By  giving  x  a  name  to 
designate  its  relation  to  y,  by  calling  it  the  logarithm  of  y  to  the  btoe  a, 
and  by  investigating  the  nature  of  logarithms,  we  come  to  simple  rules 
of  computing  them,  and  to  methods  of  making  tables  of  them.  Hence, 
when  wc  begin  the  Differential  Calculus,  we  naturally  ask  for  tlie  diff. 
CO.  of  a  logarithm  among  the  rest,  and  having  found  that  (to  the  base  «a 
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1 

which  is  asceitaiued  to  be  the  most  convenient  base)  it  is      we  are 

«p 

dx 

prepared  to  Bssign  the  integral  of  — .  But  let  it  be  remarked,  that 

SB 

this  is  entirely  owing  to  oar  having  been  led  to  pick  out  ttom  an  la* 
finite  number  of  equally  possible  suppositions,  the  relation  y     (f,  and 

to  investigate  the  nature  of  the  connexion  of  r  and  y.  An<\  ihb  truns- 
scendental  (as  it  is  called)  log  jr,  has  an  algebraical  ditf.  co.  lint  it 
may  liappen  that  there  is  an  infinite  number  of  other  relations  which 
require  new  names  to  express  thcni,  and  yet  undiscovered  properties  of 
expressions  to  compute  them,  having  all  the  while  either  algebraical  or 
hnaum  (remeendenial  diff.  coeff.   If  thU  caie  ever  arise,  we  are  in 

/dx 
—  if  we 

had  not  previously  considered  the  theory  of  logarithms. 

Our  f\r'<t  Tiieth  f!s  of  integration  mv.^t  he  the  observaHon  of  differen- 
tial coetliciciitt^,  and  the  reconversion  of  each  into  an  in<l  tiiiite  inte^pral. 
Understanding  always  by  y^jrrfrthe  integral  with  an  arbitrary,  hut 
pivni,  lower  limit,  and  x  itself  for  the  higher  limit,  we  see  that  if  0, r 
tiill  icntiated  i,nves  0.r,  then  //0T<fx  is  0,x  +  C.  It  is  usual  to  omit 
the  constant,  as  an  attendant  of  tlie  integral  sitrn  so  well  known  tlint  it 
is  unnecessary  except  where  we  are  actually  applying  the  integral  cal- 
culus, and  may  be  dispensed  with  when  we  are  merely  abcertaiuing 
integral  forma.   We  can  thus  find  the  following  theorems : 

1.  y  («  +    —    )      —  Judx  -i-  y vdx  —  J wdx. 

To  piove  that  these  are  the  aame,  observe  that  differentiated  ihej  give 

the  same  reault.  For    ^^^tidlrss  f/»  consequently,  * 

But  this  is  not  true  for  all  values  of  the  constants  appended  to  each 
intep-ul,  but  only  for  such  as  make  the  total  constant  on  the  second  aide 

equal  to  t'hc  constant  on  the  first  side. 

2.  fbudx  r=  h  f udXf  b  being  independent  of  For  differen- 
tiation gives  bu  for  both* 

^  ^    V         dv   ,     du     .    .         ,  , 

3.  Siuce  "J-  iuv)  X  ur^     V  — ,  the  integration  of  both  sides 

•  

givee 

JAM  Ox  ^fu  2  +  J.      dx ; 
or  (page  103.)    tm^  / udv  +  fvdu  Judo  s  ti9  —  fvdu. 
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We  bive  ihoB  the  fbllowing  theoFem  Jtido  edn  he  finmd  whenever 
fvdu  c<m  kefowuL  The  prooeie  v  cdled  inlegraiing  by  parts,  and 
is  of  fiindameiital  imporlaiiee»  as  we  ifaaU  find. 

The  following  aie  eftdent  from  difeentiation : 

the  single  exception  h^^Jjr'^dx  or  7  =  log  x 

•  *^ 

03F        hj^  Cx' 


y]^?  +  +  i + 0  =  - 3P " 

y«'  log  a  dor  =:  a*  =^  \o^a  J* il'dc  .'.  J'a'dx  =  ^ 
yVdSrssc',    yeos«drsda«  Jtmxdx  ss  ^  ec%9 

— 5-  =  tan  =  sin-*«,  I    ,  =  cos-V 


1  + 


=  tan"*  J. 


It  muBt  always  be  observed,  that  the  arbitrary  constant  must  never 
be  neglected,  except  in  finding  forms*  and  must  be  a])plied  whenever 
we  wish  to  compare  forms ;  otherwise*  an  integral  obtained  by  two  dif- 
ferent metliotls  may  give  two  difl'ercnt  results, appar^^/y, but  whicli,  in 
reality,  diticr  only  by  a  Constant.  For  instance,  we  have  found  by  ob* 
scrviug  diti'crentiation, 

—  =  81U"'«        /  :.   =  C08~*« 

But 

apparently  then  cos"  Vr  =  -  sin"  'r,  wliich  is  not  true.  But  for  the 
fir-»l  tnko  rns-'r  -f  C.  and  for  the  second  —  pin~\r  -1-  C\  and  equate 
thcbe,  wlucli  givea  cos  "'x  -f  sin"  'x  =  C  —  C.    But  cos" +  siu^'jf 

c  -  a  ooBStant  (p.  60) ;  hence  this  comparison  produces  nothing  ex* 

cept  the  condition  that  the  two  QamianU  of  iniegr(;Uion  here  introduced 

IT 

must  difler  by  t* 
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We  now  pfopQW  to  find     \  r-r—    or  C—- — dSr. 

dv 

Let  1  +  '  =  whence  ^  s  I,  and  we  may  write  the  pre- 
ceding ^*     P«  103,  we  have 

f.li'^^J[J'^   =log»  +  C=   kg(l+,)  +  0{ 

the  difference  of  the  inferior  limits  may  make  a  difference  in  the  con- 
stantB  of  the  two,  but  at  present  we  are  only  inquiring  about  the  fonn 
of  the  result  Let  v  as  1     x,  then 


1 


t=!  -»l0gf>=  logj— 


Bequired  J  Va"  —  x«  jrctt.   Let  a'  —  x'  =  i>,  5^  =  —  2*, 


-  dv  , 


The  preceding  example  belongs  to  a  large  class  of  integrable  cases, 
contained  under  the  general  lurm  f  (jjocr .a'x .di,  where  or'x  is  tlie  dilf. 
CO.  of  CTT,  and  (px  dx  is  easily  integrable.  Let  y  =:  orx,  and  the  pre- 
ceding becomes 


dr^    which,  p.  103,  can  be  found  frora       dif,  by  using. 


as  the  limits  of     the  values  corresponding  tu  the  limits  of  x. 

It  is  not  our  present  intention  to  enter  largely  into  the  mass  of 
methods  by  which  detached  Integrals  are  found ;  we  shall  only  give 
some  examples  of  the  method  of  integrating  by  parts,  and  shall  then 
proceed  to  some  simple  cases  for  which  no  rule  can  be  given.  Thij 
student  may,  without  absolutely  breaking  the  chain  of  demonstration, 
•mit  the  rest  of  ibis  cliapt^r. 

—   (w  a  whole  number.) 

The  theorem  to  be  applied  is  JwLv  s:uv  Jvdu,  and  the  object 
if,  ti  and  v  beine  so  taken  that  udv  is  the  function  to  be  integrated 
nbove»  odtt  shall  be  more  easy  of  integration  than  udv.  For  in  the 
equation  last  writtett,yW«  is  made  to  depend  upon  Jvdu*  Now  the^diff. 
€0.  of  a*  —     being     t^dx,  if  we  resolve  the  numerator  of  the  pre 

ceding,  uauieiy  x"  dx,  into  the  two  factors,  "2^'^  ''"^  —  2x  Jx,  wc 
have 
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-r'")^^  where  V  = 


where,  pcrhapn,  for  «fV  we  sliouli]  write  —  rfr,  seeing  that  we  have 

not  yet  used  dV  alone,  where  V  is  not  the  independent  variable,  hi\X  a 
function  of  it.    But  here  we  must  recul  the  theorem  in  p.  103,  in  >vhicii 

V  —  djB  and  are  the  same,  provided  we 

take  such  limits  for  Y  in  the  seeond  as  are  values  of  V  corresponding 
to  the  limiting  values  of  J^y  fVdV  we  mean  the  limit  of  2(UAV), 
obtained  in  the  lame  manner  as  in  p.  102,  where  the  valuea  of  AV 
in  the  several  terms  are  difoeut,  hut  comminuent.   Again,  since 

diff.  CO.  V      V V  is  the  diflf.  co.  of  2  -*/V,  or  2  diff.  co.  /V,  the 
last  form  of  the  integral  is  reduoed  to 

J'(^-  i        2.dJ\     or  fi"  x"-^  d. VV  or 

which  is   

—  Vv      -  /  (  -  -/V .  It  - 1  rfjf), 

or  -  VVx"-»  +  n—\  f^Vx"  '  di  ; 
because  Jcydx^^cjydx   p.  105. 

Therefore, 

J  Va*  —  x«  J 

We  have  therefore  found  that  the  given  integral  depends  upon  that 

of  V  0^  —  jj"  x'~*rf.r.    But  whenever  a  square  root  occurs  in  the  nume* 

rator  of  an  integral,  such  as  Vv,  it  will  generally  he  found  oonTcnient 

to  remove  it  into  the  denominator  by  mihstitutiiig  V  -s-  Vvl   In  the 
present  instance. 

Substitute  this  value  in  the  preceding,  which  gives 
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Let  lis  now  signify  the  ititegral  to  be  found  l)y  U„,  aud  ai>y  other 
similar  iutetrral  into  ^vhich  jT  enters,  iiwtewl  of  ot",  by  U^.  Wc  have 
then  fruiu  the  precediiiir, 

U.=  -jT-'  (»-  l)a*U^-(«-  I)  U., 

1  ^  Y 

whence  U,  =  a*-Va«  — +  a*U^5 

n  n 

and  we  have  thus  made  the  integral  U,  depend  upon  an  integral  of  the 
same  form,  but  witli  a  lower  power  of  j^.  Apply  x)rcciiicly  the  same  pro- 
cess to  Ua.tt  ^'hich  gives 

which,  Bttbstituted  In  the  preceding,  gives  (V^=:  » 

n  fi  (n  —2)  tt  (»  —  2) 

apply  the  procci^s  U)  IT_^  and  t^iihstitntc ;  coutiuuin^  thus  it  is  evident 
that 'the  series  U, .  L„_,,  U^^,  «icc.,  ends  with  Uo  when  n  is  even, 
and  with  Ut  when  n  is  odd.  But 

U*  =  —  =  =:  tin  *  - , 

which  is  thus  deduced.  We  have,  ffom  what  is  known  of  differentia- 
tion, and  from  p.  106, 


J: 


dx  y 
.      i,-  =:  Bin~'j:,    in  which  let  *  =  -» 

Vi  -  « 


or  sin 


Hence,  hy  carrying  on  the  preceding  series,  in  the  case  where  n  5s 
e?eo,  which  we  indicate  by  writing  2m  for  n,  we  find 

2m  2«(2m-2) 

_   (2m  -  1)  (2m  -  3) 
2m  (2m  -  2)  (2i«  -  4) 

(gm^l)  (2m-  3)... .3      ,^  att 
"2m(2m-2)  4.2^^ 


.  (2m- 1)  (2wt-3)...3.1  ^  .  ..^ 

2m  (2m  — 2)  4.2  a 
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Of  which  the  following  are  mstancet : 

U.=  -l.j7  +  laUin-^t 

and  BO  on. .  When  n  is  odd,  write  dm  +  1  for  ti,  and 


a*  (Jut— 2) 


a  a; 


(2fli+I)  (Sni^l)  (Sm— 3) 

2m  (2m— 2)   ^-^  .a. 

^  Cim+l)(2m-l)  5.3*^^^* 

of  which  the  following  are  instances : 

Ui  s=  —  Vv    (which  is  also  in  the  process) 

U,-  -i^Vv -±aVVv -^,„VVV -l.lia.Vv: 

nnrl  so  on.  In  this  way  "we  may  see  that  it  will  sometime?  be  prnc- 
tica1)lc  to  make  an  integral  which  contains  an  o])eratioii  repeated  n 
times  depend  npon  another  which  contains  the  same  n — 1  or  n — 2 
times,  iu  which  case,  by  continued  reduction,  the  whole  dilliculty  is  at 
last  contained  in  6ndingwhatwe  may  call  the  tiAtmote /ortn,  which 
either  doea  not  contain  the  operation  in  question  at  all,  or  else  only 
once.  The  general  principle  of  this  reduction  is  as  follows :  let  A.  and 
B„  be  given  fuuctions  of  77,  and  U„  a  function,  ^vhcthcr  involvinti;  inte- 
gratioD  or  not)  of  which  we  know  only  this,  that  for  ail  values  of  fi, 

U.0A.  +  B,U..,.  Then  it  it  evident  that 

U,  =  A.  +  B.  U,.,  =  A,  +  B.  (A..I  +  B..,  U^), 
s=  A.  +  B.  A._|  -f  (A^  +  B^,  U^/ 

=:  A.  +  B«  A.-,  +  B,  B...  A^  +  B.  B..,  B^  (A,_,  +  B.-,U^), 

« 

and  proceeding  iu  this  way,  we  get 

U»  =  A,  +  B.  A*_,  +B.B^i  A^t  +  Ac.  +  B,.  •  .Bg  Aj  +  B^. .  .B|U^ 
whence,  U«  bebg  found,  U«  ia  found. 
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But  if  we  bave  U«  ss  A,  +  B.U^  this  gives 

and  so  on,  which  gives,  according  as  n  is  even  or  odd, 

Ua.  s:  Ata  +      Am  +  &c.  +  B,«  B,^  B4  A, + B^.  B,  Uo, 

U^»^  «  AtefA-f  Bgain  Ate.|4'^*+B^,^i  •  •  «•  BfAi+BaM+i  •  •  •BtUi. 

Ab  sn  example  of  the  first>  take  ftT^dx^  which  is  also  f  di*.  In* 
tegrate  hy  partsi  wl^^  gives 

Let  fs  1  lU  =  L„  then  Uo  =  J's'dx  =  g* 

A,=r  g'j*,  A„  ,  =  rr-S  &c.    B«  =  —  n,  B,,,  =  —  (n- 1),  &c. 
aud  the  negative  &ign  of  B.  gives  the  signs  iu  llic  berics  ulternuicl) 
positive  and  negative,  so  that  we  have 

/ e'T'ch  =  e's"  -  ;i£'jf"-*  +  ft  (n  —  1 )  s'l^^  &c. 
±tt(n-l).   .   .  2s'jr:f  7t(fi-l)  .  .  .2.11*. 
As  an  instance  of  the  second  case,  we  take  J^hin'O  dO 
U,=/8in-'erf(-coee)  =  -cosO  sin-'d— /(— cosO)  d.sin-'e 
(write  C  and  S  to  00s  9  and  waBf  when  not  under  the  integial  s^) 

=  -CS-»  +  (fi-l)/coifl9  sin-^ 
— CS-'  +  («-  I)  /(sin'-^d-iin-^^)  dQ; 
or  U.  =s  -  CS-»  +  (»-!)  U..,--  (n-  1). U. 

U.  =  -  i  CS-»  +  ^t.-.  >  A.  ==  -  i  cs-, 

1  .  „  7i  — 1  n  —  3  . 

_  (2m-  l)--.3^^      (2m-l)...3.1  ^ 
2m.  ••4.2  2m... 4.2 

1  2w 

2in(2i»-2)  ...4,2  ^ 
(2mH-I)  (2m- 1)... 5.3 

We  have  already  had  this  integral  in  another  ferm,  as  foUows.  Let 

«  =  a  siu  Of  then  jJ  a-  —  =  a  co^O^  and '  (ix  =  a  COS  6  .  c{&,  which 
gives 

•  It  is  BBticb  nois  eoBvsnieallaflMiqr  xnsliiwti  fa  write  tneb  eqastuwssB  ^Mf» 

is  the  fonn  mnpds*  Tlis  juitificAtion  of  this  process  ii  cootained  in  the  ilioor^s 
in  p.  51.  in  y:h\r^  it  npT>^nr9  thnt  r)iff.  CO.  bSVS  nS  SSSM  piOpSftisS  SS  if  they  had 
oruaary  aumeiaton  and  Ueaomuuitoxi. 
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Verify  from  p.  109«  nnd  tbe  last  proceBfl»  the  eqofttion 


The  mctlinrl  of  integration  ])y  parts  is  almost  the  only  systematic  rule 
in  the  direct  Integral  Calculus,  la  most  questions  unconnected  arti- 
fices must  be  used,  of  which  we  proceed  to  give  examples. 

.  The  denominator  is  the  product  of  a+«  and  a— x ;  and 

it  is  obvioua  that^-r— :  =  —r-  +  — -»  whence 

J  a— jf        J  a-J? 
Therefore,  J^jy = ^  O^g     x  -  log  o^j  =  ~  lug  (^*-±i 

J'<to  _  CcQiB.dB  Cd,  sinQ  _  1  /l+8in(?\ 
SITS  ^  J   oo**©       1-Mn«e"'2  V^l-aind^ 

rj!i-  =    flAii  -  1  tan-*  ^  (from  differentiation) 


=1     =  J"  log  r^^-t^) 

The  following  teductions  should  be  practised  till  they  are  easy. 

Tofind  f— rr^T^.   Assume  „4=- +  ^*  = 
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tan' 


r      dx        _  2^  r    'dx',      _  2 


4c 

  tan-* 


».  ■«;» 


If  J^ac^b*  be  impoasibte,  that  ib,  if  4  oc  be  less  than  h*^  this  in- 
ti^ral  Appears  to  be  impossible.  But,  p.  97,  if  all  the  elements  of  the 
fl>rm  y\z  be  finite  and  ])o«^;ibli\  rho  limit  of  S  (i/1t)  m\i«t  l>e  the 
sani  ■  There  cnn  be  no  real  impossibility  therefore  in  this  integration, 
aiul  \vc  iiuiftt  look  to  some  anomaly  in  the  inothod  for  the  reason  of 
this  peculiarity  ot*  form.  In  algebra  vvu  iiud  liiuL  the  alteration  of  a 
constant  from  positive  to  negative  tomctimei  doei,  lometioies  doei  not. 
pioduoe  lesulte  p(^ible  in  appearance,  and  impottible  in  reality^or  vice 
versa :  but  frequently,  owing  to  the  comparatively  simple  character  of 
the  results,  and  the  closeness  of  their  connexion  with  the  fiiiulamental 
definitions,  wc  arc  able  to  tell  at  once  what  effect  a  change  of  sign  will 
have.  la  our  incsent  subject  we  arc  dealing  with  more  remote  con- 
siderations: and  wiielher  we  consider yyrfr  as  the  primitive  function 
of  p.  100,  or  as  the  limit  of  the  summation  expressed  by  Z^dr,  we 
cannot  in  either  case  pretend  to  carry  with  ua  from  y  to  Jydx  any  such 
perception  of  connexion  as  will  guide  us  either  to  the  form  or  magnitude 
of  the  latter.   We  have  already  found  the  two  following  resnlti, 

J*  dx  1    ,    f*fc-x\      r  rfjT    _  1  ^  J. 

which  are  only  general  forms,  p.  106,  and  must,  before  we  begin  to 

rornpare  them,  be  taken  between  the  same  limits.    But  both  forma 

vanish  when  x  =  0,  and  are  both  therefore  taken  to  the  higher  limit  r, 
from  the  lower  limit  x  =  0.  The  first  form  becomes  impossible  when  r  is 
greater  than  Jv,  (ot  in  that  case  the  integral  becomes  the  logarithm  of 
a  negative  qviauuiy ,  hut  at  the  same  time  we  see  that  in  this  case  a 

value  (i(  jr  (namely,  Vt)  which  makes  the  huiction  to  be  integrated  be- 
came lutiuite,  lies  between  the  limiting  values  of  the  integration.  This 
caae  ie  eipresaly  excluded,  p.  98,  firom  the  theorem  by  which  the  primi- 
tive function  and  the  integral  are  connected ;  and  we  can  theiefore  only 
conaider  our  theorem  as  applying  so  long  as  the  superior  limit  is  leas 
than  Vc,  reserving  all  other  cases  for  future  discussion.  We  now  pro- 
ceed to  another  point;  the  first  of  the  preceding  integrals  is  changed 
into  the  second^  if  we  change  the  sign  of  e,  or  change  —  c  into  +  c. 
But  the  second  sides  of  both  become  impossible  under  such  a  change ; 
ADd  give 


tan-»  -r^=; 
V  —  c 


and  we  thus  obtain 

r  dr       1  ,       *  1     ,    /  a/^-A 
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dx  __    1  / 


giving  a  ])us<:3ible  iiud  aa  impossible  form  for  each  :  the  latter  sub- 
ject of  course  to  all  difficulties  of  the  passage  from  possible  to  impossible 
ezpreasioiis.  The  only  Question  for  us  now  ig  tbii :  are  the  preceding 
possible  and  impowible  forms  the  same  in  algebra,  such  as  it  is  lo  the 
student  who  commences  the  Differential  Calculus,  or  shall  we  be  oU^ged 
to  make  any  extensions  in  the  meaning  of  algebraical  terms^  befoie  we 
can  con«5<lcr  them  as  the  same  Let  iis  equate  the  two  exprcpsions  for 
the  first  integral,  and  consider  them  as  identical,  that  we  mav  see  whether 
the  consequences  ol  such  a  supposition  will  or  will  uot  be  consistent 
with  those  already  known. 


Assume   .  -7=  tan"*  -=  —      \  log  ( ^  ^ — ^\ 


Assume   =      tan  ^,  and  aubetitute,  which  gives 

W-1  + 


or  »=: 


— tanO     — 1 —  V— Itane 


'J~l  +  tan  e      - 1  -1    V-  1  ifi"  0 
whence       tan0«  =  (f*"^"'— l)-^(«**^-*  +  l) 

a  result  well  known  to  those  w  ho  have  studied  the  higher  part  of  trip^o* 
nometrical  analysis,  and  on  the  method  of  finding  and  interpreting 
which  we  shall  enter  in  the  next  chapter.  We  shall  now  retam  to  the 
subject,  with  this  result,  that  so  far  as  we  have  yet  seen,  the  possible 
and  impossible  forms  nf  integrals  are  identical,  and  lead  to  the  well- 
known  relations  in  which  trigonometrical  functions  arc  expressed  by 

algebraical  functions  involving  the  symbol  J — \.  The  stiuleut  will 
observe,  tliat  we  do  not  m  this  place  profess  to  remove  a  difliculfy,  l)ut 
only  ta  show  that,  whuicver  it  may  br,  it  is  only  such  as  is  found  in 
algebra.    In  the  integral  last  found,  p,  113,  we  have  the  form 

Ti]  C+Z'  "^^'^  ^  =  ^     4i  *  4^  = 

If  c  be  negative,  we  have  already  impossibility  of  form  in  the  con- 
stant factor,  a  case  we  shall  presently  mention.  Let  t  be  positive,  then 
C  is  positive  or  negative  according  as  Aar  is  greater  than  or  less  than  b*. 

The  first  of  tliej«e  two  rases  has  I)ccn  integrated  in  a  possible  form  ;  in 
the  second  case,  where  6*  is  greater  tbaK4ac,  let  C  be  ^      and  the 

intqpral  then  becomes  {o  =  ^  (6*  —  4<ic)^. 
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^  -  c  -  aVdJ'    \4^'^  W 

but  6+  2e« s5 2  ^ which  nLbstitttted,  gim 

which  is  the  pot£>ible  form  wheu  4ac  — ^-  is  negative.  Ami  in  this,  it 
most  be  obierved  that  the  caie  whore  c  is  uugative  is  included;  for  in 
that  case  —  4ac  must  be  positiTe,  unless  a  he  also  negative,  and 
^-  <  4  ao.  But  the  ease  where  both  a  and  c  are  negative  ia  treated  by 
the  foUowing  reduction 


r  dx  ^  _  ^  ^   p  


dx 


It  niakea  no  diiference  as  to  form,  whether  b  be  positive  or  nccjativc. 
The  most  important  integrals  in  practice  are  those  which  involve 

5<-jtmrp  roots,  and  v.hich  we  now  proceed  to  consltlcr,  usins^  various 
iikiIkkU  of  roduciioM.  tiliall  frcfjuently,  witliout  formal  notice, 

substitute  throughout  for  oiu-  variable,  such  a  function  of  amiiluT  as  is 
convenient.  Thus,  iu  the  first  example  which  follows,  we  do  in  eliect 
saj  let «  ^  ay,  and  we  thereby  find  the  integral  in  terms  of  y,  and 
thence  by  restitution  In  terms  otx, 

J  Vo*  — jr»     J  ^/a^'^*     J  Vi-y«  ^  a* 

/dx 
.   Let  a*  +  a*  =  y*,  whence  xdx  =  ydy,  and  ydx-i-  jpdor 

=  yctr  +  ydy,  whence 

Tlii^  is  a  specimen  of  an  artiticc  of  intesration  for  which  no  rule  can  be 
£^!V(^n.  W  e  might  have  used  the  preceding  int^ai  as  a  melhuil  of  dis' 
cuvery,  thus : 

But,  as  will  be  seen  in  the  next  chapter, 

cosO  — sin^^  V^rrfi-*"^'  or         V"-!  =  iog(co8  0  — sindV^). 

Let  sine  ss^V^l,    cose=2y/l+^,  ^^^  =  7^' 


-/ 


I  2  ^  I 
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9  SI  am"'  I  ),    or  -r—  wn   

=  log  (v^  1  +'^. -  I  (V-O*  )«log  (  VSh^  +*)  -  log«, 

a  result  which  (lifTers  from  the  last  by  n  ron^tant  qiiantitv.  It  must  He 
remembered  that  -incc  0t  atul  02*  +  const,  liave  the  same  cliff,  co.,  wo 
arc  liable,  in  using  arlitices  of  intP'jration,  to  produce  results  which 
appear  different,  but  which  in  fact  oul)  Uiflfer  by  a  constant.  This  dis- 
crepancy does  not  appear  when  the  integrals  are  taken  between  definite 
limitfl,  since  0a  —  0j  and  0a  +  C  —  (06  +  C)  are  the  same. 

J fit 
-7=rr=L .   Assume    — a*  s     and  proceed  as  before^  which  will 

give  as  the  result  log     +  ^  a*). 


1   r 

=  -p  log  (2CJP+6+  V4c  (a+^j+ex*)) 


f-  

J  Vrt~+6  J— ca^    Vc  J  V4ac+6*  - (2cj; -6)*  W4flc^+6y 
=  log  (x+a+  V2a^+W  +  log  2.  (Omit  the  constant.) 


X 

vers"' 

a 


1 -7—^^ —  =  sin"*  — 5^  which  may  be  written 

We  do  not  say  the  two  last  are  equal,  for  they  diffisr  by  a  constant,  as 
follows 

JVs^rfx  =:JVa«-a*sinV<i  (a  siu  0)  =  «' J'cos  0  d  (sin 
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J*cos0d  (sin 0)  or  f  cos*^ «W     costf  fin 6  —  fnn 0  d  (coi 0) 
:=coft0  8md+  /Bm^e  dd  :=ico%OMne  +  /dB—  fco&*Q  dO 

'J a*—j^  dx     I  jVo*—!*  +  ia'  fciu  '  ^. 

Wc  shall  close  this  cliapler  ivttb  lome  eztmpkB  of  the  piecediDg 

intcgTBls  taken  lietween  limits.   We  state  again  the  theorem  proved 

in  ]»  100,  vshich  cstnl)lislics  the  coiinexion  between  a  jmmitice  Junc- 
Uun  and  the  limit  of  a  summation.  If  ^'X  he  tlie  dilV.  co.  of  0r,  and 
if  tf  and  h  be  two  Hmits  of  wluch  6  is  the  greater,  and  if  wc  pass  from 
«  to  6  by  n  steps,  a  +  0,  a  +  20,  .  .  .  up  to  «  +  7*0  =  6  ;  then  the 
limit  of  (Y^a  +  (a  +  0)  +  • .  • .  •^fb)0,  ou  the  supposition  thst  n 
increases  without  limi^  is  #  — - 


(«  an  integer)  f*^  jfdx  s=  0  when  « is  odd,  =  ^—  when  n  is  crcn. 

J'cosjdlx=  1,  I  cGBxdx=iO,  C  \Mxdxss2f  C  einx  dx^l 
9  Jo  J  J  • 

J.,Vr^«~''   J.l+x*-4'J.  l+*«-2* 


*  JiTdt    _  (/t  — I)  (n--3). .  .3. 1  irg* 

1)  (;;~3).  .  .4.2 


a"  in  odd.) 


»    (n — I)...  5.3 

y_"^  s^r"  dx  =  +  ;i  (/«  — 1). .  .3.2. 1  according  as  n  is  odd  or  even.  * 

When  ft  definite  integnil  is  infinitei  the  product  in  the  theoran  in* 
without  limit. 
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Chaftbr  VII. 

TKIGONOMETRICAL  ANALYSIS*. 

If  we  apply  Maclailrin^s  Theorem,  as  in  p.  75,  to  the  determinatiou 
of  sin  X  and  cos  we  find  that  they  may  be  expressed  by  any  number 
of  terms  of  the  following  series^  the  error  ne^er  being,  greater  than  the 
next  succeeding  term,  (being  in  fact  that  term  multiplied  by  the  sine  or 
cosine  otOx^  9  <  1 J  • 

If  these  series  be  Biifficienily  continued  they  c  an  h<j  made  as  nearly 
equal  as  we  ])lea9e  to  the  sine  uud  cosine.  Fur  the  following  rclalious 
will  easily  be  sceu : 


In  the  first,     in  +  l)th  term  =  (nth.  term)  x 


2m(2«+  1)' 


xs 

In  the  second,  («  +  l)th  term  =  (/ith  term)  x  ^gw  —  i)  2n  * 

in  whicli,  wlmtcvcr  r  may  be,  w  can  be  taken  so  great  that  the 
(71  4-  I)th  term  shall  be  as  small  a  fraction  at  we  please  of  the  /ith, 
and  still  more  the  (n  +  2)nd  of  the  (n  +  l)st ;  and  so  on.  The  terms, 
consequently,  must  at  some  point  hcgin  to  dimiuisli,  and  horn  thence 
must  diminish  without  limit.  But  the  error  caused  by  stopping  at  any 
term  is  less  thnn  the  firi^t  term  rejected  :  lluit  is.  diminishes  without 
limit.  These  serit  s  then-fure,  carried  on  (hI  injinttum^  liave  sin  r  and 
cos  X  for  their  limits,  and  arc  taid  to  be  coijvergeutt.  The  same  may 
be  shown,  as  is  done  in  p.  75,  of  the  equation 

The  development  of  ^  consists  then  of  the  terms  which  appear  iu  the 
devtlojmu  nts  of  sin  x  and  cos  and  of  no  others.  If  all  the  terms  in 
(1)  and  (2)  were  positive,  we  s  hould  have  sin  x  -f-C(i!^i'=  \  but  as 
it  is,  no  Simple  aln:t  bruical  icluliua  appears  to  exist  amontr  the  three. 
But  compare  cos  x  +  ^  sin  x  with  6*',  w  riting  (i")  fur  .i^  -i-  1.2.3.. .;/, 
and  we  have 

cos  x-\-k  sin  X  -  X+ki  —  (j')  -  k  ( r»>  +  (r*)  +  k  (j*)  -  &c. 

6*«  =r  1  +  Aa-  +         )  4-  A'  CO  +     {X*)  +  k'  {x')  +  &c. 

Now  these  series  can  l>e  made  identical,  if  we  con  make 

A'=  — 1,      =  —  k'  =  k,  — 1,  &c. 

♦  Tliis  chajiter  may  be  consi»lere«l  an  a  continuation  of  the  TreatiM  on  Trigo- 
nomrtry.  It  may  be  omitted  fay  the  student  who  does  not  with  to  g»ioto  tho  mora 
^ffiouit  parts  ot  the  subject. 

I  S«e  ths  ^  Rlttmciitsry  IUiistrations»  p.  9,  for  the  atusl  dsfiaitioii  and  cri» 
tana  of  coavi^rgtincy* 
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cos  X 


Af  wUch  we  Buiy  cuily  tee  that  the  fint  ii  imponlble ;  but  that  if  the 

Siat  were  possible,  all  the  rett  would  follow  from  it.   For  if    =  —  1, 

then  ^  =  —  /:*  =  —  ^"  =  I,  &c.  If  then  we  assume  the  identity  of 
these  two  series,  whatever  niftv  be  said  of  the  fimdariipntal  assumption 
—  —  1,  it  involves  the  whole  of  the  qUfstiou,  the  identity  of  the  re- 
maining parts  following  from  it  by  tlic  common  rules  of  algebra.  Let 
us  first  investigate  the  algebraical  consequences  of  this  assumption,  con- 
■ideied  without  refeitnoe  to  the  troth  or  falsehood  of  the  essumptioa 
itielf. 

If  we  take       ^  1  or  ft  c:  4/— 1,  the  preceding  leriea  become 
identical,  that  ts 

cos  JP  +  V  — 1  sin  J?  :=  ^^-1        cos  J?  —     —  1  ain  jr  ss^'*^'*. 

The  second  of  which  may  either  be  dcducctl  in  the  same  manner  ae  the 

first,  or  may  be  obtained  from  the  first  bv  observing,  that  the  scries  from 
which  it  is  oljtained  being  tme  for  all  values  of  j,  ^vo  may  write  —  x 
instead  of  j",  observing  thut  cos  (-i-  .r)  =  cos  J,  and  sm  (—  x)  =  — siuj. 
By  the  addition  and  subtraction  of  these  cquatiuus  we  obtain 

These  expressions  will  be  found  to  have  all  the  propei  uts  of  the  sine 
and  cosine,  but  it  must  nut  be  forgotten  that  they  involve  the  expression 

V  —  1,  which  has  no  algebraical  existence,  cither  as  a  positive  or  nega- 
tive quantity.  They  must  be  considered  as  abbreviations  for  the  series, 
which  expressions  treated  algebraically  may  be  made  to  give  the  series, 
but  which  cannot  be  considered  ^  as  algebraical  quantities.   It  must  be 

remembered,  however,  that  all  algebraical  expressions  are  combined 
and  reduced  by  rules,  which,  though  derived  from  notions  of  quantity, 
will  produce  the  same  rrv»///?,  if  we  alter  the  form  of  the  iiriniitivc  ex- 
pressions in  any  manner,  consistently  with  the  rules,  even  though  the 
new  forms  should  no  longer  admit  of  being  considered  as  quantities. 
Suppose  thfit  we  have  a  set  of  symbols,  6,  r,  &c.t  representing 
quantities,  and  that  we  are  going  to  perform  an  algebraical  ^process. 
Let  m,  instead  of  a,  6,  c»  &c.»  perform  the  process  on 

a  -\-     m  —  'Jn  y       6  +  >/m'  —  Jn' ,       c  -i-     m"  —  V/i"  &c. 

As  long  as  m,  n,  &c.  are  positive,  the  process  and  result  will  both  be 
inteUigible;  and  if,  after  the  ]iroeci^s  is  (iiiished,  we  suppot^e  /// ~  71, 
m'  —  n',  m"  =:  n'\  &c.,  the  icsult  will  reduce  itself  to  that  which  it 
would  iiavu  been  if  sve  had  commenced  with  a,  6,  c,  kc,  in  the  manner 
first  contemplated.   Now  so  fsr  as  results  are  concerned,  tiie  applies- 

tiou  of  rules  will  have  the  same  etl'ect  whether  ^fpi ,  V»  t  &c.,  repre- 
sent quantities  or  not,  provided  only  that  they  be  used  as  if  they  were 

-  *  *  • 

m 

*  Of  Isis  yean  ihrae  eipvmitnit  haw  lieen  ctkntidsnd  in  a  tnanntr  which  placM 
them  on  the  same  footinj^  as  negative  quantities  with  regard  to  their  dcHirition  and 
use..  For  an  expiaaatioa  of  thLi  method,  which  i«  nut  yet  nriade  a  part  oi*  ehiue&tacy 
rea^n^,  tha  snidmit  may  eimndt  Ifr.  Peacoek*t  **  Al^^bra,"  Mr.  Warrtn*a  Treatias 

•*  Oa  the  Square  Roota  of  Negative  QuantiticB,**  ^Ir.  Pi  acock's  '*  Repoit  on  the 
5>tateof  Ann!  viV*  (British  Asf$ociatii'n.  Tl.ird  Rt'j>ort,  |8;J4).  a  review  of  tht'  si!g^«'l)rR 
of  ibelost  meutioued  author  in  the  mnih  vuluiitti  uf  the    Juuruul  of  Kducutiou,"  or 

n  **  T^eatiie  on  Trigonoooslry**  now  in  the  jitessi    the  author  of  this  Tteatise^ 
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qiianthir''!.  li,  then,  instead  of  m,  7i,  we  write  —  1  at  the  cad  of 
the  process,  we  shall  produce  the  same  results  as  if  wc  had  commenced 
vith  a  ^-  V — 1  —  V — 1 1  j  that  is,  with  a,  &c.  (because  since  V — 1 
is  to  l)c  n?cd  as  a  qnantity,  V — 1  —  a/ —  1  =0).  The  preceding 
is  exactly  a  case  of  this  sort :  cos  .r,  which  has  no  real  algebraical  equi- 
valent, is  connected  with  the  expression  J  £~*^~^  )  by  a  re- 
lation of  this  kind,  that  if  in  the  expression,  V  —  1  l>c  treated  bv 
ndcs  of  quantity,  the  scries  for  the  cosine  is  the  result  of  developing  the 

exponentials  and  s"'"^  ' ,  and  of  takinir  half  their  sum. 

The  student  who  has  duly  considered  the  theory  of  negative  (|uan- 
titics  knows  that  every  problem,  the  result  of  which  is  negative,  is 
connected  with  another  which  has  a  positive  result.  To  complete  the 
ftnftlogy^  we  shall  show  that  the  sine  and  cosine,  as  deduced  from  the 
circle,  and  which  have  no  possible  algebraical  equivalents,  are  connected 
with  a  sine  and  cosine  which  may  be  deduced  from  the  hyperbola,  in 
such  manner  that  the  properties  of  the  two  kinds  are  very  analogous, 
with  this  exception,  that  all  llic  relations  which  involve  impossible  quan- 
tities in  the  former,  have  in^  impoesiblc  quantities  in  the  latter. 


jp*  -J-  y»  cs  a* 


A'M' 


0'M=:ar' 
B'M'rr  y' 


We  have  here  a  circle  and  an  equilateral  hyperbola,  the  equations  of 
which  ore  as  written  under  them.  The  sector  AOB  is  i  a"0  m  the 
circle,  where  0  is  the  angle  AOB,  (arc  BA  —  rad  OA,)  and  if  A  be  this 
sector,  we  have,  according  to  definition,  for  the  circle^ 

0SS—      --scosf  — ore  )      ^sssml— ore). 

Now  let  us,  by  definition,  create  an  hyperbolic  sine  and  connr  in 
this  manner:  let  the  sector  O'A'B'  be  called  A',  and  let  2A'-f-  a'* 
have  its  sine  and  cosine,  namclv,  let  us  lay  down,  for  the  hyperbola, 
(remember,  however,  that    is  not  ilie  angle  B'^A'  as  in  the  circle,)  , 
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U  will  hereafter  be  >tiowii  that  the  value  of  the  lector  O'A'B'  i*  i 
follow*  ■ 


whence,  by  addition  and  subtraction, 

CO! =  1  (s- +  r--)     «iie'  =  i(.'-r*  ^ 

corresponding  to  the  equations  obtained  for  the  circle,  namely, 

cos  a  =  ^  ^r^^  +  sin  0  =  ~=z(^i"^  —  r'^  ^ 

We  shall  uow  proceed  to  show  timt  these  latter  expressions  have  the 

properties  of  the  sine  and  cosine,  on  the  supposition  that  we  use  V «—  I 
as  a  quantity  the  powers  of  which  are 

Let  i»  tint  conttnict  sin   cos  0, 
iin  9  COS  ^  :=         (6*"^'^  -r»^^^  ^f^^  +  r*^^ 

«i(^sin(0+e)+  sinCf -6)^ 

a  well  known  theorem.  Let  the  student  take  various  relations  which 
exist  in  trigonometry,  and  luuke  them  identical  by  substituting  on  both 
sides  the  exponential  values  (as  they  are  termed)  of  the  siiie  and  cosine. 
We  shall  now  tske  a  couple  of  instances  in  which  results  of  more  com- 
pleiitj  are  obtamcd. 

PnoBLEii.  To  expand  cos  "  9  in  terms  of  cot  or  sin  0,  cos  or  sin  7$^ 
ftc.  It  being  a  whole  number : 


*  OlMifS  Ihsl  we  tlo  not  escape  tbs  injonftbilily  by  substttuling  m  for  s'^« 
Hit  tquatioa  eos#s^^x+^^  it  impomiille,  &r  r  4"  ^  can  acrsr  be  len 
tbaa  %  (wUeb  piDve,)  and  3ooe  I  can  asicrbs  greater  tfaao  % 
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co« 't^  =  -  (^^  +  -  J  =  -  (^^-  +  nx-  ^  +  „  _^ ^  +. .  . . . 

.  .  .  +  n  -^0^—  +  HUT  —  +  — 

Collect  together  the  first  and  last,  the  Becond  and  last  but  one,  &c.> 
which'gives 

I       /  n  J  .  N 

s  — —  f  COB  iiO  +  n  COS  (n  -  2)  d  +  n  — —  cos  (n—  1)  0  +  ...J 

If  »  be  an  even  number  2m,  there  will  be  Sm  + 1  terms  in 
the  development,  which  will  g^ve  m  cosines,  namely,  those  of  2md, 
2(m-l)0  ....  down  to  20,  and  an  adilitioual  term  corresponding  to 
the  middle  term  of  the  development,  which  is 

2m(2m— 1).  .  •  (m  +  1)  .  1        2m  (2m— I).  .  .  (w I) 
1.2        ...m  Jif,  1.-2.  ...m 

This  term,  which  has  no  corresponding  term,  does  not  follow  the  law  of 

the  scries,  for  though  we  write  2  cos  20  for  Jf*  +     ,  we  cannot  write 

2 cos      .>r  2  for  .r",  wliicli  is  1.    But  if  n  be  odd,  ami  =  *?w  -\-  I, 
there  are  2m  +  -  tcnas  giving  m  +  1  co.^iues,  iianicly,  tin  ^^c 
(2m  +  1)^,  (2m —        . ..  down  to  0,  and  there  is  no  middle  term. 
Consequently,  wc  have  the  following  theorems : 

2*^"*  cos**  9  =  cos  2TnQ  +  2m  cos  (2m— 2)  ^  +  .  .  . 
,  2m(2m-l).  .  .  (m+2)         ,  2m(2m-l)  .  .  .  (m+ I)  1 
^  !•    3.     ...  (m— 1)  1.    2.     ...      «  2 

2*"*  008*"+'©  =  COS  (2m  +1)0  +  (27»+l)  cus  (2m-i)#  +. ... 

.  (2m  +  1 )  2m  .  .  .  (m  +  2) 

 i  Q  ^co»«. 

1  •     4  ...  Ill 

An  instance  of  au  odd  and  even  power  is  as  follows: 

2*  V     2      ^       2        •         2  ^ 
2^.  cos*e!seos6^  +  6 cos 4« -f  15  oos 29 -)>  10.. 
By  proceeding  in  the  same  way, 

2*  coa  t/  =x  cos  5^  +.  5  cos  3d  +  10  cos  0, 
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TheM  tcsulls  may  be  verified  bj  tbe  common  method :  that  is,  by 
means  of  * 

2  cos  6  cos  f  ss  COB     +  ^)  +  cos  (9  ^  0) 
2cos^  =s  cos  20  4- If   4cos^  !=  2  COS  dcos  20-<f  2coB  0 

=  cos  30  +  cos  0  +  2  cos  0  =  cos  36  4-  3  cos  9. 
8co%*6  =  2  COS  0  cos  3 0  +  G  cos  '0  =  cos  40      4  cos  -21)  +  3,  &c. 

Pkohlem.   To  expand  sin  *9  in  tenns  of  cos  or  sin  0,  cos  or  sin  SO, 

&c.   We  have, 

8m"a  =  —  7-7=— (or--  . 

which  gives  km  different  caies,  corresponding  to  (he  four  ferns  of 
('»^^)%  namely, 

( v-^r'"  =  1 ,  ( v-T)*""'  =  v/=T,  (v^r^*  =  - 1. 

When  n  is  even,  the  first  and  la?t  terms,  th(*  second  and  last  hiit  one, 
&c.  are  of  the  sunie  signs,  constuimuitly  ilic  expansion  presents  cosines 
only ;  but  when  n  is  evenly  even,  (uf  the  torm  4m,)  the  sign  ui  the 
whole  is  contrary  to  that  which  exists  when  n  is  oddly  even  (of  the  form 
4m  +  2).  Proceeding  as  in  the  Isst  problem,  we  haTe»  nuJciug  P.  sig* 
nify  tbe  coefficient  of  Jf  in  the  development  of  (1  +  jr)* : 

a**-'  sin*"6  =     cos  4ma-  P|  cos  (4ot  -  2)0 
+  P.cos  (4m- 4)0—  .  .  .  -P»_t  C08  2d  +  JP^, 

2*m  gjjj  *»+^e^     sin  (4„,  4.  1)0  —  P,  pin  (4m  —  1  ju 
+  P«  sin  (4m— 3)0-  .  .   .  +1\.,  sin  0, 

24-.+1  sin*'"^*^  =  —  cos  (4m  +  2)0  +  P,  cos  (4w)0 
-  r,  cua  (4;n  —  2)0  -\-  .   .   .  -  IV.  co8-:?0  ^-  i  Pj^+j, 

—  Ptsin(4in-  1)9+  .  .  ,  4- Pg^^.^  BinO; 
a  complete  set,  for  the  student  to  consider  first,  is  as  follows  : 
8  sin^d  =  cos  40  —  4coB  20  +  3, 
16  sin'Ois  sinSO  -  5  sin30  +  10  sinO, 
32  sin'O  =  -.co»60  +  6  cos  40  -  16  cos  20  f  10, 
64sm'0  3s  -sin104-7  sinS0-  21  sin 30  +  35 sin 0. 
'   These  may  be  obtained  from  the  following  tiieorems  : 
2  8in0  008^  =  sin  (0+0)  +  sin  (0  —  «/»)  =  sin  (</>  +  0)  —sin  (V  -^^)> 
2  cos  Oco90  =  cos  (0  +  0)  +  cos  (0  —  v>)  > 
2  sinO  bin0  =  —  cos  (0  +0)  +  cos  (0  —  0). 

Thus,    2  sin  »0  =  -  cos  20  +  1,    4  sin  "0  =  -  2  sinO  cos  20  +  2  sinO 
=  —  (sin  30—  sinO)  +  2sin0  =  —  sin  30  +  3  8inO, 
Ssin*0  s=  —  28in0  sin3d  +  6sin*0  =  cos 40  -  4cos20  +  3,  &c. 
These  results  are  frequently  convenient  in  integration ;  for  by  them, 
Jnn*$  do,  and ycoa '0(20  may  be  reduced  to  the  addition  or  subCrac- 
tioii  of  integrals  of  the  f<«m  ya  co»  iii0  cf0»  or  yVi  sinfitO  49*,  but  we 
have  I 
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J a  C08  mQdd  Si   ^  |  cmmB  d(^nid)  s     ^mn  mUj 
m  J  n% 

/a  Bin  mO  dlO  |  sin  mB  cf  (ir9)  s:         a»  mO. 

mj  m 

Prort.em.    The  equation  tan  0  =  A  tanO  existing  between  0  and  0, 
required  a  scries  for  0  in  terms  of  0.   We  have 

the  last  result  being  obtained  by  multiplying  the  numerator  and  deno- 
minator of  the  preceding  by  i*^"^'.  Let  t**^^'  =  F.  and  c*^"  '  =  T. 
Then,  n^ing  a  similar  formula  for  tan  6»  and  recurring  to  the  equation 
of  condition^  we  have 

F+  1      T  +  1  ™*  -  1  +  -  A)!"     1  +^T* 

=  \^    whence  Jog  F  =  log  T+log      +       -  log  (1+XT)* 

Now  from  the  theory  of  logarithms  (or  from  \faclaurin'8  Tl-corem, 
which  the  student  may  here  apply,  if  he  be  not  acquainted  with  this 
series) 

log  (1  +  JT)  SS  »  -  -    +   -    -  -J-  +  •    •    •  . 

log  F  =:logT  -^  (x-i-)  +  ^'(t^-  iyj{^  -f:)  +  *C. 

But  log  F= log  =  20\Crr ;     log  T  =  log  2Q>/^^, 

=:           —  2XV^  sin  20 
+  • — 2  ►sin4a  J —  sin6a  +  &c. 

^  =  0  —  X  sin  26  +  —  sin  40  —  y  sin  60  -f  &  c, 

a  series  of  considcr  ililc  \i  =  e  in  nstronomy.  When  k  is  near  to  ^inity,  \ 
is  biiiall,  and  the  etiucs  i;^  \  c'ry  convercent.  In  order,  as  much  as  [yoB- 
fiible,  to  verify  results  obtuiucd  by  ihe  ubc  ut  impossible  qnnntities,  we 
shall  proceed  to  show  the  truth  of  this  series  without  them.    Diiferen  - 

tiate  both  sides  with  respect  to  0»  and  we  ^^^^(^  sin  iii0=:  m  cos 

Digitized  by  Google 


TRIGONOMlvIRICAL  ANALYSIS.  125 
=1 -2Xcos20+2a*cos4O— 2X'cc»6«+ .  .  • 

But, 

,Ic>  ,       (lib  /f(l+tan'0) 

lan  ^.=:^  tan  0,  (1  +  taii»     =  HI  +  l^n  ^0)  ,  or  iqrjTii^- 

1  — C(»s  20     ,  ^      1  —  A  .      .     1  -  X 

i  +  coa2(i  1  +  «  1  +  A, 

We  should  have  then,  if  the  preceding  be  correct, 

^  =  1— 2{X«»2e  — X«co»4e  +  X»cof6d— &c.} 


Out  object  is  then,  to  ascertain,  without  the  use  of  immsnhle 
qwmHUes^  the  value  of  the  series  X  cos  20  —  X'  cos  40  +  &c.  This  we 
mav  do,  in  this  particular  case,  as  follows  :  take  the  general  cciuation 
2  C08  20  cos  2k0  =  cos  i'2n  +  2)  0  +  cos  (2/i  —  2)0,  multiply  by  X", 
and  write  the  scries  of  equations  for  all  values  of /t  from  n=l  upwards, 
giving  a  negative  sign  tu  the  alternate  equations,   Thia  givea 

2X  cos  2B .  cos  20  =  X  cos  40  +  X, 

— 2X*co8  2d  cos  40  =  -X*  cos  GO  -X*  cos  20, 

2X»  cos  20  coa  f)t>  =  X'  cos  80  +  X'  cos  40, 

— 2X*  cos  20  cos  SO  =  —X*  cos  100  —  X*coi  69. 

Let  the  expression  for  the  series  required  bo  called  S;  if  then  wc  s\nu 
these  equations  ad  infinifutn,  the  sum  of  the  first  column  is  2S  cos  20 ; 
that  of  the  second  i»  —  S  +  X  CO8  20  divided  by  Xi  tliat  of  the  tlurd 
X  —  XS  ;  80  that 

—  S4-Xco«20  a       X«  +  Xcos20 

1— X* 

I  —  2S  =  .  T^KTTT  which  vcriaea  the  preceduig. 

1  -f  2X  cos  20  4" X" 

Now,  as  an  exercise,  let  the  student  sub^tltate  ^  (y*  +  v~^) , 
I  0 i*+r-*)  ,  &c.,  for  cos  20,  cos  40,  &c.,  v  meaning  t'^** :  the  series 
will  thea  be  reduced  to  two  geometrical  series  of  the  form 

\p« 

XP*  —  X*P*  -f  X'P'  -  &c.,  the  value  of  which  is  jq^j^  I 

by  adding  the  two  fractious  thus  ubtained,  the  same  rciult  will  be 

found  for  the  scries  as  is  given  above.  ^  

The  fundamental  expressions  £±*^=  COsO  ±         sind,  lead  to 
the  following  relations : 

^>^^S5  if'^^y     or  coa  /id+ V^sin  /40=(co»  0  -f      I  sin  0)% 
-s  (i**^*  )*    or  cos  nO  — sin  y<0=(cos  0— siu  0)" ; 
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Bnd alw  ta  the  following:  if  2  cos  6  s « 4-  i^then  2qm  ftOssx"-}-  ^: 

a?  or 

and  It  abo  follows  that 

2V-- Isint^ssx— i  and  W—  1  sin  «0  =   ^  • 

These,  which  uic  Uie  same  in  different  i'orms,  are  called  *De  Moivre*s 
Theorem, 

The  preceding  considerations  have  ltd  to  uu  extension  of  the  theory 
of  logarithms.  By  deiinition,  the  logarithm  of  x  (the  only  uue  ur^ed  iu 
analysis)  is  the  value  of  y,  which  satttfies  s**  ss     where  c  =  1  +  1 

+  5  +  0^+  •  •  •=2*7182818  .  .  .  and  J  is  given.   There  is 

only  one  arithmetical  value  of  y>  which  is  accordingly  the  only  real 

logarithm.  But  one  of  the  consequences  of  admitting  J — 1  among  the 
objects  of  algehra  is  this,  that  every  quantity  has  an  inlimte  number  of 
logarithms,  one  of  which  is  the  arithmetic^  logarithm,  and  the  re- 
mainder of  which  are  of  the  fi»rm  a  +  W — 1.   If  in  the  equation 

e*^cs  OOB0  +^—1  sin  9,  we  suppose  9  =  2mir,  m  being  a  whole 
nnmher,  positive  or  negative,  and  t  (here,  as  in  every  other  place) 
the  ratio  of  the  circumference  of  a  circle  to  its  diameter,  or  3  *  1 4 1 59 ... , 

we  have  then  cos  2mv  =  1  sin  2m7r  =  0,  or  e*"'^"'  =  1 .  This 
result,  which,  considered  by  itself,  is  one  of  the  most  sincrnlar  in  arm- 
lysis,  dra\v»  \ipoii  uo  other  principle  except  the  one  on  uhich  impossible 

quantities  are  used  throughout  this  chapter,  namely,  that  a/ — 1  is  to 
W  u.-c  1  IS  if  it  were  a  quantity,  bo  far  as  rules  are  concerned.  Let  this 
be  done,  and  we  have 

If  the  student,  taking  any  value  for  m,  say  m  s  1,  and  making 
r  ss  3*14159. . .  were  to  calculate  the  value  of  each  of  the  series,  he 

would  find  the  result  tobel+V^lxO,  true  to  as  many  places  of 
decimals  as  he  took  into  account.  If  then  y  be  the  arithmetical  loga- 
rithm of    or  if 

«»=  T,    we  have  also     X  x  X  1,    or  £H*«»>^^  :=  x  ; 

that  is,  ]f  +  2mT>/ —  I  is  also  a  logarithm,  where  m  is  any  whole  num- 
ber, positive  or  negative.  If  then  we  take  li^  t,  as  usual,  to  rc])rescut 
tlic  aritlnnetical  logarithm  of  j,  and  Log  x  (with  the  capital  letter)  for 
the  more  general  logarithm,  we  have 

Log  j;  =  log  J  -i-  2mW— 1  Logx  =  log  «  +  2nirV^  &c. 
Loga-2=log  ji;  +2  (w-t-wjW- 1>  l-«og  -  =  log--f  2(m  — 71)  vj-  1,  &c. 

Z  Z  ' 

*  Having'  lei-n  fir.st  ■n\>'^^  hy  Do  Afnivre.  They  SIS  in  hi*  "  MisccU«n«a  Ana* 
iytica,'*  17J0,  but  not  iu  their  prciicnt  fvnn. 
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Whence  we  see  that  if  we  add  one  of  the  Logarithins  of  x  to  one  of  the 
Logarithms  of  z,  we  have  one  of  the  Logarithms  of  xx^  &c. 

A  negative  number  hu  no  arithmetical  logarithm:  but  it  has  a 
L^arilhm  of  the  hind  just  found.  If  for  0  we  take  <3m  +  I)  we 

f»^»)^  =  C08  (2m  4-  l)ir  +  7~1  8in(2m+  1)t 

=  — l  +  OxV^l  =  — L 

^^^^    *  *  • 

Hence  Log  ( --1 )  s  (2m  + 1 )  v  V— 1»  where  m  is  a  positive  or  nega- 
tive whole  number*  We  have  then 

Log  (— j:)  =  Log  j?  +  log  (  - 1)  =  logjr+2nrV^+(2m-|- 1  )t V— 1 
or  Log(--jr>=logj;  +  (2m4*l)« 

for  2/1  +  2m  +  1  mgy  l)c  \vritten  2m  +  1,  since  m  and  m  -f  n  are 
equally  indefinite,  niciminir  merely  any  whole  number. 
The  value  of  Lug  (  -  1)  gives 

-V       LoK  ( — 1) 
(2m  +  1)  »  =  ■  \  . .  .(A). 

V  — 1 

This  rr.^nlt  is  usually  deduced  on  the  supposition  that  m  =  0;  and 

it  is  said  that  Log(-l)-i.V=ri     3*14159 .  •  .  a  result  whieh 

must  appear  surprising,  iif  it  be  not  remembered  that  in  using  'J  —\ 
by  the  rules  of  quantity,  the  sign  =  also  undergoes  an  extension  of 
meaning,  ^^'c  mnst  remember  that  the  result  (A)  can  only  be  thus 
interpreted  in  the  algcbrn  here  used  :  if  ever,  by  the  use  of  n  negative 
quantity,  intentionally  or  unintentionally  treiited  as  a  positive  (juantity, 

we  obtain  Log  ( — 1) -f-  ^  —  1,  then  the  real  proees^s,  if  the  funda- 
mental correction  had  been  made,  would  have  given  some  odd  number 
of  times  T. 

i  1 

Taking  the  general  equation  Log  x  »  r=  -  lx>g  jr,  we  find 

•» 

Log  r  =  -  C2m»  V—l)  or  T  " 
SGOS  +v  — Ism  . 

It  91 

i    I  J.  S±!wVri 

Log(-l)  •  =  i(2m+l)»/^or  (-l)-=ff  * 
It 

(2m+l)T  (2m+l)T 

=  cos  +  V — 1  *^n>  — ^—  ; 

n  n 

and  thus  we  have  expressions  for  all  the  roots  of  the  equations 

=s  —  1,  or  1  rs  0,  Jt^  +  1  =:  0.  It  might  appear  at  first  as  if  an 
infinite  number  of  roots  were  thus  obtained,  since  any  value  may 'be 
taken  for  m.  But  if  we  begin,  say  with  the  first,  and  malcemssO, 
«i=  It  &c  in  sucoesaion»  we  have  the  following : — 
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1st 

m=:0 

2nd 

mssl 

7/1  _^ 

nth 

(w-f  2)th 

m=rn+I 

l8t  valueof  (!}•=:  1 
2nd 


2r  / —  .  2» 
n 


3rd 


4»  .  / — -•  .  4t 
=s  cos — HV-l  wn— ^ 
n  71 


.  '    (2ii-2)»   .  ■  (5n-2)^ 

nth..  ..  =co8^  ^  +V-1  sm  ^  ^ 

ft  n 

(n+l)th  =co.— W^.in- 

n  ?t 


ike. 


2nr 


But  since  -jj-  :s  2ir,  and  cos  2r  =  cos  0,  sin  2t  =  sin 0, the  (/i-f  l}th 

valne  ia  the  same  as  the  first;  and  »incc  (^^^^^  T  =  2jr  +  —  and 

ft  ft 

C0B^2t4-^^s=C08?^,  &c.,  the(//  +  2)Lii  value  ia  the  same  us  the 

second  ;  and  so  on.  Tho  first  n  vahies  therefore  recur  in  periods,  ;/  in 
cacli;  and  the  m  roots  in  each  period  are  all  that  can  he  ohljiined. 
The  same  may  be  proved  for  the  roots  of  -  1.  Suppose,  for  instance, 
that  wc  would  have  the  four  fdurth  roots  of  —  1.  The  first  four  vahiea 
of  2m  +  1  are  1,  3,  5,  and  7>  and  the  corresponding  angles  arc  \  t,  ar, 
4».  and  ^r,  which,  expresfled  in  degree*,  are  45",  135°,  225"*,  315°  : 
and  we  have  « 

COB  45°  =  ^  V2   cos  135^  =:  -  {  V2  c«s  226°=:  -  ^ V2  cos  315°  =  |. 
•in45*»s=iV2   tinl35«=s  •in225<»s=-W2  8m315*>=r-*V2; 

whence  the  four  rooU  arc,  firstly,  \  (1  -f  V  —  l) ;  aecondly, 
1.^2  (—1+  thirdly,  ^  V2"(-l- ^  ~f)  ,  fourthly, 

^  V2  (1—  V^).    Either  of  these  raised  to  the  fourth  power  will 

give— 1, 

Square  of  Ist  root  w  ^  .  2         the  square  of  which  is  —I, 

Stiuare  of  2ud  root  is  |  X  -2^-1,  the  square  of  which  is  —1. 

The  roots  of  +1  are  of  great  use  in  analysis,  and  possess  many 
remarkable  properties.  The  method  by  which  they  are  obtaineil  resia 
entnely  on  this :  that  «•  undetgoes  the  extraction  of  the  «th  root  by 
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•ubititiUagiMof '^matead  of  4  r  that  evety  irhdle  value  of  m  gives 

cos  *lmx  +  *J~  1  sin  2m»-  equal  to  1 ;  that  this  latter  exprcssiun  is  of 
the  form  a\  being  £*^^->  •  and  consequently  that  one  of  the  nth  roots 

of  1  k  made  hy  mitilig       far  Smw'in  that  tvpramm, 

.    Ever)-  whole  power  of  an  ?jtli  root  of  unity  is  also  an  n\.\\  root.  For, 

"  «• 

if  ft  be  an  Ttth  root  of  unity,  that  is,  if  r/"::^!,  then  (a"*)  =  (a") 
=  (1)*=1  or  a*  is  an  ni\\  root  of  I.     This  is  also  evident  from  Dc 
MoivTc  6  rik  jicm  (j).  125);  for  if  9  ht  2t4-7'j  one  7ith  ro«)t  ot  1  is 
cos  mO V— 1  sin  Tn^*,  the  pth  jxiwer  of  -svincli  is  coir^mpO -\-  V  —  1 

sill  imtO^  another  root.    Consequently,  u  being  one  root,  a*,  o%   

(a*  or  1)  are  all  roots,  but  it  does  not  ftDow  tSat  all  the  roots  are  among 
them,  (or  the  same  root  may  he  repeated  twioe  or  more.  To  explain 
this,  observe  that  if ;/  he  a  composite  number,  say  12,  which  is  6  X2  and 
4x3,  among  the  12/A  roots  of  1  will  be  found  all  the  6Ui,  4lh  and 
square  roots.  Let  ^  he  h  sixth  root  of  unity:  then  ^*  =  1  nnd  (i*)' 
=  or  S''=r  1,  then  lore  ^  is  also  a  12th  root;  and  s(j  of  the 

rest.  If,  then,  we  ukc  a  i2ih  root  of  unity  from  among  those  which 
are  also  6th  roots,  the  series  of  powers  of  such  a  root  will  never  give  the 
complete  series  <k  13th  roots ;  but  only  a  continual  recurrence  of  the 
roots  which  arc  both  6th  and  12th  r^ts.  For  in  such  a  case  the  series 
of  powen  will  he  5,  i*,  J*,  i*ss  l,  r  =  ^,  =  &c.  &c.  But 
there  arc  12th  roots  anioiiir  the  power;*  nf  wliich  are  found  all  the  12th 
roots:  to  prove  whir!i  wc  i)rcniist'  tl^e  following 

TnFORRAf.- — It  is  nnjKiSvsible  tlmt  sin  x  =  siny,  and  also  cosxrrcosy, 
unle&s  X  and  y  dilfer  by  a  whole  multiple  of  2)r,  or  a  whole  number  of 
revolatioDa.  For  the  sdutions  of  the  first  are  all  eontained  in 
y  s  x±2Mir  and  y  ss  <3ii  +  nnd  those  of  the  second  in 

jr  =  X  ±2m'v,  and  y  =  2/iV  —  x;  m,  m\  //,  //',  being  whole  numbers, 
positive  or  negative.  But  no  whole  values  of  n  and  n'  will  make 
(2«  -f  l)7r  —  vT  =  2«'7r  — jr,  or  S/f+l  =  2/t',  consequently,  the  solu- 
tions common  to  th<;  two  equations  are  all  contained  in  y  =  x  d:  2m«- 1 
which  was  to  be  proved. 

Now,  to  apply  this  theorem,  suppose  0  ss  2t-7-  71,  and  let  er=  cosO 

+  V— 1  sine,  the  powers  of  which  are         cos     +  V— 1  singd 

•    a^sooaiRtf+  V— 1  smrnd,  and  m^or  cannot  exceed  0  or 

u 

^  by  a  whole  circumfeienoe,  tOl  m  ss  n  4  1,  that  is,  the  first  n  roots 


be  different,  and  therefore  give  all  the  nth  roots  (which  are  but  it 

in  number).  Consequently,  cos  6  ^-  V  —  1  sin  9  is  what  is  sometimes 
called  a  prim  if  h  f  nth  root.  Again,  let  s  be  a  whole  number  which  is 
prime  to  n  (or  let  n  and  s  have  no  common  measure  greater  than 

unity)  :  I  say  that  «*  or  cos^O  4-  — 1  sin  s9  is  another  primitive  nth 
root.  For  let  its  p\h  power  be  taken  (all  its  powers  arc  also  nth  roots)  : 
then  ps9  can  never  differ  from  sd  by  a  whole  number  of  revolutions 
until  J)  =r  (a  +  1),  For  if  psd  —  s9:=i  dt  2vw  (u  being  a  w  hole  num- 
ber) and  if  fiir  2r  we  write  its  value  nd,  and  then  diviSe  by  0,  we  have 
ps  ^s  s  j^My  aU  being  whole  numbeis;  which  gives 
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—  s  -I          or  —  it  lednoed  to  lower  ttnnt  if  p  ~  1  be  lets  tfuiti  n, 

OT  p  less  thau  Hence  s  and  71  have  a  common  meaeure,  which 

lii  again&t  the  sujpjioeiuou.  Consequeutly,  by  ihc  same  reasoumg  aa 
before,  «'  it  a  primitive  nth  root  If  «  be  a  prunitive  12th  root  of 
unity,  then  a',  a*,  a",  a",  os^,  and  a**  or  1,  an  tixtb  roots ;  a/*,  «^  and  or" 
are  cube  roots;  0%  and  are  fourth  roots;  a'  and  a^* 
( — 1  and  +1)  are  square  roots ;  and  a,  a*,  a^  and  •r'^  are  primitive 
12th  roots. 

If  we  take  ;)+  7=  /^  m  y;(9-f  (yO  r=  =  2t,  we  have  pO  =:2vr  —  ^0, 
cos  pQ  =  cos  gt>,  biupO  =  —  sin  76,  that  is,  if  cos  pO  -|-  y/ — 1  sin  pO^  be 
A  +  B^/ — 1,  cwqO-\-'/-^l  sin  7^  is  A  —  B  V- 1,  or  the  first  and  lft«t, 
the  second  and  last  but  one,  &c.  of  the  roots  derived  from  the  lowest 

primitiveroot  cosO  +  V — 1  sin  0  are  pairs  of  the  form  A+B  V— 1^ 

A— B  V— 1.  If  n  he  even  =2n\  there  is  a  roof  which  is  not  iu 
such  a  couple,  namely,  avIil  n  p  =  7/,  7  =  n',  which  case  does  not  give 
two  different  kjuIs.  But  this  single  root  is  always  s=  —  1,  for 
71' Q  =r  =  9r,  and  cos  ir  =  —  1,  siu  tt  =  0.  A  similar  theorem  may  be 
proved  for  the  roots  of  —  1.  One  great  use  of  this  theory  is  the 
resolution  of  tbe  expression  ±  a*  into  faetors,  for  the  purpoaet 
of  integration.  It  is  known  from  the  theory  of  equations  that  if  an 
expression  beginning  with  .r"  have  ofi  or,,  . . .  or,  for  its  n  roots,  that  ex- 
pression must  be  identical  with  the  product  (r  — «,)  (r — a^)  .  .  . . 
(.r— a.).  First  take  j^—  1  from  whence  (jxu  oi  •  •  •  •  Om  beiug  the  u  nth 
roots  of  1) 

1  =  («— •!>  (dp— aO  •  •  •  •  •  •  (1.) 

Now  assume  -r---,=  — — I-  — J-  .  .  •  -j-   ^  ■  •  •  (9,) 

jr—oti  d^'^oEg 

Differentiate  both  sides  of  the  first,  which  gives 

fProd.  ofain  .  jProd.ofain  .  .JProd.oftin 
^  -tbut*-flf,  rtbut*-*.  tbat*-«^ 

in  which  when  « :=  til  the  terms  vanish  except  only  that  which  is 
free  of «  — «, ,  and  so  on,  whence 

But «  *=:  1 ,  &0.,   whence  nor  *=  ~ ,  Stc, 

Miiltiplv  together  ( 1)  and  (2),  which  give  1  as  the  first  side,  nnd  as 
the  f'ccnnd  tlic  sinn  of  A„  A|,  &c.  severally  multiplied  by  the  products 
iu  {^<i)  i  make  jt  successively  =3  a|,  at,  &c  and  we  have, 

1  sr  A,X(ofi-a»).  .(or,  — et»)=Ai  —  or  A|  =s  — ,  At=~,  &e. 

01  n  ft 

+  -        r  • 


If  we  proceed  exactly  in  the  same  way  with  the  only  difler- 
ence  is  that  ^r,*  s  —  1  (aj^e^  ,  •  (0^— r=  «-  it  -f-  ff| ,  and  we  have 


^  6r„  /  »!  0(«. .  .being  valuesX 
"^r-of.  V       of(-l)"  J 


«t    *-er,  j-cr,  \       of(— 1)" 
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A  veal  fim  may  be  gim  u  follows.  Let  A  ±  B  V— 1  be  a  coapk 
of  CQrreaponding  ioots>  u  proved  to  exist  in  p.  130 ;  then  in  the  first  case, 

A  +  ^   A-BV^    _  2A (jr~A)  -2B' 

a:— A-BV^    ar-A  +  BV^""     (a— A)'+ B» 

So  that  each  couple  gives  a  real  fraction.  We  shall  resume  this  sub- 
ject in  the  sequel.  PreviouBly  to  closing  this  chapter,  we  must  observe 
that,  when  we  take  the  la^^pudthms  of  both  mdes  of  an  ejcpreision,  we 
must,  if  impossible  quantities  be  in  question,  take  the  general  loga- 
rithms' as  in  p.  126;  so  that  in  p.  124,  2mir  J—ly  2m' v^—  1,  &c. 
should  have  been  annexed,  the  eifect  of  which  upon  the  Tttult  would 
have  been  to  make 

0±  (v/i .  i«o)r  a:9— -A.sin2^+  .  «  •• 

but  this  agrees  with  the  original  equation  tan  0  =  i(  tan  6 ;  for  0  and 
0  ±  (wh  .  no)  IT,  have  the  same  tangent  If  the  nearest  values  of  0 
and  B  be  sought,  then  nothing  must  be  annexed  to  0. 


Chapter  VIII. 

ON  THB  MEANING  OF  DIPFKRSNTIAL  COBFFICIBMTS^  AND  ON 
THX  FIRST  PRINCIPLBS  OF  THE  APPLICATION  OF  THB  SCIBNGB 
TO  GBOMETRY  AND  MECHANICS. 

On  a  perfect  understanding  of  the  reasoninj^  coniaiucd  in  Ihia  Chapter, 
it  must  depend  wliether  the  student  will  hcieuftcr  apply  the  Differential 
C&lculuB  to  geometry,  mechanics,  &c.,  or  only  its  symbols  and  mechanism. 

Tht  derivation  of  differential  coefficients  has  been  sufficiently  ex- 
plained ;  we  understand  what  they  are  in  relation  to  their  primitive 
functions,  which  are  algebraical  expressions.  But  when  wo  come  to 
applv  the  primitives,  and  make  them  representatives  of  concrete  iiiaii;ni- 
tudc?,  such  as  spaces,  limes,  forces,  &c.  &c.,  we  do  not  cany  with  us 
anv  relations  between  the  dill",  co.  and  the  magnitudes  in  ijuestion. 

Our  tirst  question  is  this  :  <^  being  a  given  function  of  4?,  and  0^dr  its 
diff.  CO.,  we  know  that  for  any  Yahie  of  .r,  if  a  possible  quanti^,  ia 
eitlier  pooidYe  or  negative  it  may  for  particular  values  of  be  0  or  oc. 
What  do  these  sevml  states  denote  ? 

If  we  suppose  the  variable  x  to  past?  thronirh  all  stages  of  magnitude 
from  —  cc  to  +  cc  ,  that  is,  tiirougli  all  values,  po«?itive  and  negative, 
the  function  will  pass  through  all  its  stages  ot  magnitude ;  and  we 
shall  now  prove  the  following 

TuoasM -So  long  as      is  positive,  x  and     increase  together,  or 
decrease  together ;  or,  let  us  say,  take  similar  chan^:  but  so  long  as 
is  negative,  if  9  increase,  <()X  diniiuisheB,  and  if  x  diminish,  ^ 
Increases;  or  x  and  ^Xtake  dissimilar  changes. 

We  shall  first  give  an  example  ;  let  (px  =  a^,  tp'r     2r,  w  hich  is 
po«itive  or  negative  with  o".    That  is,  when  r  is  pusitise,  r  and 
increase  together  or  diminish  together,  as  is  evident.    But  wiicu  x  is 

K  2 
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negative,  an  increase  of  r  diminishes  ;  for  instauci,  let  r  Incrraje 
from  —7  to  —6,  and  jr*  diminishes  from  49  to  36.  Increase  and  dinu- 
auuou  are  to  be  taken  in  their  algebraical  een&e. 

Let  jp  increase  to  x+Ax  (that  is,  let  ^  be  positive) ;  then,  if  the 
cli£  CO.  be  positive  { <p  (x+ Ax)  ~0jr)4-As  is  either  positive,  or  becomes 
so  when  iVr  is  diminielied.  For  it  approaches  without  limit  to  0  x,  a 
positive  quantity,  and  therefore  must  become  positive  before  it  attains 
that  limit.  But  Ar  being  positive,  0(r  +  Ax)  — 0.r  also  is  or  becomes 
positive,  that  is,  ^(.r+Ar)is  greater  than  (pr  for  fniite  vahics  of  At. 
So  that  X  and  0x  increase  together.  But,  if  Ax  be  negative,  or  i  +  Ax 
less  than  x,  then  0'x  being  positive,  and  {0  (x+ Ax)  —  ^x}-r-Ax  becom- 
ing 10  before  ^  ss  0,  it  fohows  that  0  (x  +  Ar)  —  0r  must  become 
n^attve»  or  0(je  Ar)  becomes  less  tfian  0x,  or  x  and  0jp  diminish 
together. 

Considerations  precisely  similar  show  that  when  0'-r  is  negative 
0  (r  + Ar)— 0i'  must  become  negative  before  AiV=0,  when  Ax  is  posi> 
live,  or  positive  wlion  Ar  is  negative. 

If  0x  =  tan  a  ,  (p'x  =  I  +  tan  -x,  which  is  always  positive  :  the  angle 
and  its  tangent  are  always  increasing  together.  Let  the  student  verify 
this  theorem  round  the  four  right  angles.  In  the  first  right  angle  the 
theorem  is  obvious :  but  when  «  sr  ^ir,  tan  x  =  oc ,  and  here,  we  might 
at  first  suppose,  increase  must  stop ;  but  the  following  extension  is  a 
necessary  consequence  of  the  algebraical  definition  of  inrren«e  and 
decrease.  When  a  quantity  becomes  0  or  x  ,  it  may  ciiange  its  t^igii, 
but  it  may  not.  The  only  restriction  is,  that  it  cannot  change  its  sign 
for  any  other  values.  Now,  0  and  ac  are  themselves  of  dubious  sign; 
where  they  are  accompanied  by  a  change  of  sign,  they  themselveB 
belong  to  neither  sign  more  than  to  the  other.  In  the  case  of  ^stan 

we  have  a  ciiange  of  sign  when  x  =  Jt;  cuubcqucntly,  tan  -  is  +  <^  » 

*t 

considered  as  the  final  state  of  tan  x  in  the  first  right  angle,  and 

—  x  considered  as  the  initial  state  of  tan  r  in  the  second.  *  At  this 

point  tlien,  tlierc  is  discontinuity  in  the  function  tan  x. 

In  ihc  rcbt  of  this  chapter,  understand  that  the  change  of  state  of  the 
variable  is  always  increasey  unless  the  contrary  be  specified. 

T  .  ^  —  ^       1— logx 

Let0x=:-S—   0x=:  r^-. 

«  J? 

As  long  as  x  is  less  than  f,  or  log  x  less  than  I ,  the  ratio  of  a  loga- 
rithm to  its  number  is  increasing ;  but  from  the  time  when  s  the 
same  ratio  decreases.  Therefive,  the  number  whose  logarithm  bas 
the  greatest  ratio  to  it  is  f  and  that  of  I ;  t  the  greatest  ratio.  Or,  the 
number  is  never  less  than-  3'71828  •  • , .  times  its  logarithm. 

Df.pinitiom.— When  a  f-mrtion  ceases  to  increase  and  begins  to 
decrease,  it  is  said  to  be  a  jnaxirnum ;  when  it  ceases  to  decrease  and 
begins  to  increase,  it  is  snid  to  ho  n  m/nmu/m.  These  terms  must  not 
be  interpreted  by  ihcu  htciul  Liua&iuiioiuu  to  English;  a  maximum  is 
not  necessarily  the  greatest  possible  value  of  a  function,  nor  a  minimum 
the  least,  llie  greatest  vahie  of  the  function  is  the  greatest  of  all 
its  maxima,  and  the  least  value  is  the  least  of  all  the  miniuia.  A 
maximum  may  even  be  less  than  a  minimum  ;  or  the  vahu^  of  a  function 
where  its  iTi^n  nse  stops  \u  one  state  may  be  less  than  that  where  its 
decrease  stops  m  another  state. 
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THiOBBUa^Wben  tlie  diff.  co.  changes  irom  positive  to  negative, 
Ibere  is  «  maximum:  ivhen  the  diff.  oo.  changes  from  negative  to 
positive,  there  is  a  minimum  (die  variable  increasing  in  both  cases). 
This  needs  no  demonstration  after  the  last. 

Let  =  x«— 3jr  +  2,  <ft'x=2x—3;  tliere  is  u  clmiigc  of  sign  in 
from  —  to  +  when  x  =  4,  or  the  function  is  tlien  a  niinimum,  its 
vahie  being  \  —  3.^  -f  2  or  —  |.  That  is,  tlie  negative  vulueb  of  this 
function  never  numerically  exceed  \. 

Let  tpx  =  .i5~'\  r/x  —  t'"'  (1— 2x*>.     There  is  a  change  of  sign 

when  X  passes  through  —  ^ ^2  and  -{-^^2  ;  but  in  the  first  case  from 

—  to  +» in  the  second  from  +  to  — .  Consequently,  there  is  a  mini- 
mum when  T  =  —  J  \/2l  and  the  minimum  value  of  tlic  function  is 

—  i  v^2      ;  there  is  a  maximum  when  A  =   V2,  and  the  mtutimum 
value  of  the  function  is  ^^2  tr^* 

Shew  that  s~*  is  a  maximum,  and  =1,  when  jr  =  0. 

Let^j=  sinr,  (/r—  cos  J".  Tlx*  ^'n\c  is  a  maximum  (—1)  when 
jc  =  ^T,  ami  a  minimum  (  =  —  1)  vvhea  x=:|  v;  a  maximum  again 
{=  1)  when  .r  =  I  t,  &c.  &c. 

Let      =  f*. sin  j:,      =  6'  (sin  J  +  cos  x).   There  is  a  maximimi 

(ssg^'yc  ^^2)  when    ss  f  9,  a  minimam  (=s  —  f^'x Vs)  when 

What  is  that  number  whose  excess  above  its  square  root  is  the  least 
possible? — Ans.  |. 

We  have  takeu  this  method  because  it  depends  more  upon  perception, 
and  less  upon  mechanical  expeitaess,  thsn  the  one  commonly  given, 
which  is  besides  defective.  We  now  proceed  to  the  common  method. 
It  is  obvious  that  the  second  diff.  co.,  being  the  first  of  the  first,  is  the  same 
index  to  the  changes  of  the  first  diff.  cn.  y\]nc]i  the  huti  r  ij*  to  tliose  of 
the  primitive  function.  Now,  since  a  function,  whicli  ili;uii:cs  its  t^ign, 
must  either  he  0  or  cc  ,  let  us  first  consider  the  cashes  wlu  i  e  ^'jr  becomes 
=0,  and  in  which  also  f"x  ib  liinic,  positive  or  negative.  Then,  if 
be  positive,  f'9  must  be  increasing ;  but  an  increase  through  0  involves 
cbao^  of  sign  from  —  to  -I*  :  consequently,  when  =  0  and  ia 
positive,  iftx  is  a  minimum.  But  when  ^".r  is  negative,  (jt'x  is  diminishing  ; 
diminution  through  0  involves  a  change  of  sign  from  +  to  —  ;  conse- 
quently, when  ^'^r  =  0  and  <p'\i:  is  negative,  <pr  is  a  maximum.  But  it 
may  hai>(x;n,  that  when  <;'/r=:0,  we  have  also  ^'V  =  0.  If,  in  tliis 
case,  'j,  the  third  diff.  co.,  be  positive  or  negative,  then  4>'vr  itiself  has 
a  maximum  or  minimum*  value  =  0,  and  does  not  therefore  change 
swtt ;  consequently,  there  is  no  maximum  or  mmimum  when  s  0, 
<},"x  =  0  and  4>"'jc'  i»  finite.  Suppose  (/>'"r  =  0  and  to  be  finite ; 
then       is  a  maximum  or  minimum.   Thus,  let  it  be 

4>'x  =  0,  ^'^0?  =  0,  4i^x  =  0,  f 'X  is  +. 

Then  0"jp  is  a  minimum  (=  0)  ;  it  is  therefore  positive  imnudialely 
before  and  after  the  value  of  x  for  which  all  this  takes  ])laci',  or  0'r  is 
increasing ;  that  is,  ^'x  passes  from  —  to  +  through  U,  or  0x  is  a  miui- 
.  mum  also.   And  by  similar  reasoning,  if  a  certain  value  of  x  give 

*  TIm  value  0  is  the  maximum  of  a  (Portion  when  it  is  uegutiva  on  oas  side  an4 
fl»oliiifofO;  aad  fhs  auniniun  when  it  is  poiitivs  OB  both  aides.  ^ 
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/xsO,  ^"«sO,  ^"jTsO,  ^drk— 

then  ^"j  is  a  muximum  (=0),  is  negalive  immediately  before  and 
after,  i^fx  b  decreasing  through  0»  and  changes  tarn  +  to  — ;  that 
0«  is  a  maximnm.  But  if  4^x  =  0,  siinlar  considerations  may  be 
applied  to  and  ^^xi  and  the  total  result  of  all  is  the  following  :  that 
when  a  value  of  x  makes  a  succession  of  difif.  co.  beginning  with  0'x 
severallv  equal  to  0,  is  n  man'mum  when  the  first  finite  diff.  co.  is 
of  an  even  order  and  negative  ;  and  is  a  minimum  when  the  first 
finite  diif.  co.  is  of  an  even  order  and  positive.   Take,  for  instance, 

fi>'j={{x-ay-{-4(r^ay}s\  0"/=:{  (r-a)*  +  8(.r-a)»  +  12(j:-a)'}r 

^"x     {(j;.-a)*+ 12  («-a)»+36  (x-a)'  +  24  (jp— a) }  f 

^x  =  {(jr-a)*  + 16  (*— a)"+72 («— a)*  +  96    —  a)  +  24}  C 

Here,  when  a;  =  a,  the  first  finite  diff.  co.  is  the  fourth,  which  is 
24  f*  and  positive,  or  0  is  a  minimum  value  of  0jr.  But  this  is  made 
much  more  evident  by  writing  0'x  in  the  form  (* — a)*  (a:  —  o  +  4)  €*, 
in  which  case  it  is  plain  thut  ^'r  changes  from  --to  +  through  0  when 

a"  =  a.  And  generally  it  will  be  found  much  more  easy  to  ascertHin 
whether  <^'.r  changes  its  sign,  than  to  detenu  iTie  0".r  for  the  completion 
of  the  common  ntle.  The  necessary'  process  ouisists,  1.  in  ascertaining 
all  the  values  of  x  which  make  <p'x  iiuthing  or  iniiuilc  (for  at  these  only 

can  the  sign  change) ;  2.  in  finding  out  at  which  of  the  preceding 
values  the  sign  changes,  and  how.  In  the  preceding  function  we  see 
that  ^x  iJso  s:  0  when  «ss  a  ^  4,  at  which  (x  increasing)  (»— 0)*  is 
— ,  a:  —  fl  +  4  changes  from  —  to  +,  f*  remaining  jwsitivc.  Conse- 
quently, <f>'x  changes  from  +  to  — ,  or  there  is  a  maximum  when 
X  =  («  -  4).  namely,  256  6"'*. 

W'c  now  know  what  we  can  tell  uf  a  function  from  the  sign  and 
change  of  sign  of  the  diff.  co.  i  tlic  question  follows  as  to  what  wc 
are  to  infer  from  its  maymiude*  In  rough  language,  it  is  the  measure 
of  the  rate  at  which  the  function  is  increasing,  or  of  the  quantity  of 
cffisct  which  a  change  in  the  variable  produces  on  the  function.  If  jr  be 

dy 

changed  into  x  +  Aj,  then  —  Ar  is  (if  Ax  be  small)  very  nearly  the 

chancy  made  in  the  value  of  the  function  y.  This  is  0'.r  Ax,  if  y  —  </>r, 
80  that  for  triven  increments  of  t lie  rhiiiiges  in  the  function  ^\ll<■n 
xzzn  and  when  .r  =  are  in  the  proportion  of  (p'a  to  i>'b  ;  and  this  as 
nearly  as  we  please,  by  uiuking  the  changes  of  jt  sufficiently  small.  But 
this  notion,  tliougli  perceptible,  is  not  definite;  for  we  may  see  that 
there  is  no  value  of  Ajt  to  which  it  has  any  particular  reference.  And 
dy 

~  is  itselt  a  vni  i.ible  j  whUc  x  increases  to  x  +  ^'*t  it  assumes  dilter- 
dx 

cnt  values.    We  shall  presently  see  that  geometry  and  mechanics 

adVtrd  iiistiinre-  of  the  same  charact(  r,  hut  we  now  endeavour  to  give 
a  more  precii-e  notion  independently  of  them.  When  a  diff.  co.  is 
the  index  of  an  cilect  which  is  l)ein'4  produced,  we  arc  easily  led  to 
this  method  of  estimating  the  relative  proportions  in  which  tlie  effect  is 
produced  for  different  values  of  the  vsriable;  namely,  imagine  that 
the  diff.  CO.  is  made  to  stop  at  the  value  which  it  has  for  any  given 
value  of  X,  and  to  conti nne  the  same  while  x  increases  from  x  to  jt+Ajt. 
Then  the  efficct  produced  is  that  |  of  a  diff.  co.  which  remains  the 
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■use,  and  we  are  not  embanraiBed  by  any  consideration  arising  fh)m 
its  Tariation.  Now  the  only  function  which  has  a  constant  cliff,  co.  A', 
ia  kr  I,  where  /  is  nlso  a  coustant.  Let  0  r  he  a  function  which  we 
arc  considering  at  the  vtilue  or  =  o,  for  w  hicii  <pa  is  the  function,  and 
4i'a  the  dift.  co.  At  auiI  after  x  =  a,  let  the  diS.  co.  cease  to  vax^  and 
remain  s^'a,  wbich  requires  that^v  should  cease  to  be  the  Auction  in 
qnestioDy  and  ^n.  jp  +  /  should  begin  to  be  so.  And  /  ia  an  indetermi- 
nate constant ;  let  it  therefore  be  such  that  when  jt  =  a,  the  value  of  the 
new  ftmctiou  shall  be  the  same  as  that  of  the  old,  namely,  0a.  That 
is,  let  +  /  —  0a,  or  /  =  0a  —  0'a.a,  so  that  the  new  function  is 

0a  4-  0'a  (r  —  n).  Here  is,  then,  a  function  which,  when  J  =  a, 
agrees  with  <px  both  m  vuiuc  and  ihli.  co. ,  but  in  which  the  iuLLcr 
retains  one  value,  while  0  x,  the  diff.  co,  of  0x,  changes  value  with 
Now,  while  .r  changes  from  atoa  +  A,  a*f2A.  a+3A,  &c,  ^  +  f*a 
(jc — a)  changes  ium  <pci  U)4)a-\-(f/a»ht  0a-|-0  a.2A,^*f  0^a.3A,dEC., 
that  is,  it  receives  a  uniform  increment  0'ax/<  for  every  accession  of 
value,  A,  to  the  variable.  Hence  1.  The  value  ^'a,  which  0't  has  when 
is  thus  connected  with  the  increase  of  the  function  ;  if  the  di£f.  co. 
retained  liug  value  while  r  increased  to  x  +  /»,  the  uicicase  uf  the  func- 
tion would  be  ii'a.li^for  aU  values  of  h.  2.  That  in  the  function  0x 
as  it  is,  and  with  a  Tsmble  diff.  co.,  the  actual  increment  made  by 
changing  a  into  a-fA  may  be  made  as  nearly  equal  to  A  as  we 
please,  if  A  be  sufficiently  small,  as  is  evident  ton  f  (a+A)— 0a  and 
0^a«A  having  a  ratio  whose  limit  is  1. 

(*  —  aY 

If  we  tske  the  function  <pa  +  0'a  (op— a)  +  f"a  — 2~~^'  ^  • 

function  which  ni:rcct>  with  0.r  when  x  =:  a,  not  only  in  value  and  iu 
first  diff.  CO.,  but  also  in  second  dilf.  co.    Similarly  ^     p'a  (x  —  a) 

+  ^«     Z     +  <p"'a  ^^^P—"  agrees  also  in  the  thifd  di£  co..  and 

Fo  oTi  But  in  the  first  that  second  diff  co  remains  constant;  in  the 
second,  the  third  diff.  co.  remains  constant,  and  so  on.  We  can 
there£)re  take  a  function,  which,  for  a  ])articular  value  of  r,  has  its 
Tslue  and  that  of  all  the  diff.  co.  up  to  the  nth,  the  same  as  those  of 
fx  i  but  in  which  the  nth  diff.  oo.  lemains  constant,  instead  of  varying 
with  that  of 

Among  the  worda  with  which  we  are  familiar  in  philosophical  sub- 
jects, are  direction,  velocity,  force,  density,  curvature,  area,  length, 
solidity  or  volume,  &c.  None  of  these  terms  can  be  fully  delined;  each 
18  the  mere  expression  of  one  of  our  most  simple  notions.  Nor  is  it  our 
object  here  to  dejine  them,  but  to  show  how  to  medsure  thcni,  parlicu- 
krly  in  the  cases  in  which  they  aie  varying  from  point  to  point,  or  firom 
moment  to  moment^  &c.  Though  thev  are  the  fundamental  tenns  of 
very  difiefent  sciences^  yet  the  methods  of  meaauicment  of  several  of 
them  have  great  analogy  to  each  other,  and  to  the  process  last  consi- 
d(  rcfl  in  illustrHti'm  of  the  connexion  between  a  function  and  its  diff.  co. 
We  liitve  therefore  brought  them  toL^t  tin  r  from  all  quarters  ;  and,  accord- 
ing to  ilie  previous  habits  and  reading  ot  the  student,  idcaa  drawn  from 
the  explanation  of  one  will  throw  Ught  upon  those  of  the  rest. 

1.  Dirtetim*  A  notion  drawn  nom  difleient  straight  lines  being  the 
most  direct  paths  to  different  polnta.  The  line  of  uniform  direction,  or 
the  line  which  has  the  same  direction  throughout,  ia  a  straight  hue* 
Thie  notko  is  not  onewhich  immediately  stiikssus  in  regard  to  a  curve. 
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2.  Curvature,  A  curve  appears  to  be  more  cnrved  or  bent  in  some 
parts  than  in  others.  The  only  precise  notions  we  hnve  to  ?tart  with  arc 
these,  that  the  curvature  of  a  circle  is  the  same  in  aU  its  parts,  and  that 
a  straight  hne  has  no  curvature. 

3.  LenglL  4.  Area.  5.  SoiiiUtyt  or  Volume,  These  terms  are 
BoflSdently  well  koown. 

6.  Density,  This  term  has  reference  to  the  quantity  of  matter  in  i 
body,  our  only  measure  of  which  is  its  weight.  A  body  is  imiforaily 
dense  when  a  given  bulk,  a  cubic  inch»  from  what  part  soever  it  may 
be  taken,  has  the  ?amc  ^^cil;ht. 

7.  Velocity.  Qiiu  kncss  of  inriii  1)11  :  of  points,  that  which  moves  over 
the  greater  length  lu  the  suiiie  time,  has,  on  tlie  whole,  the  greater  velo- 
city. Uniform  velocity  exists  where  any  equal  lengths  whatsoever  are 
described  in  iht  same  times. 

8.  Force ;  by  which  we  mean  what  is  called  in  mechanics,  aeceierai* 
inrf  or  retarding  force,  namely,  whatever  increases  or  diminishes  velo- 
city. Thus,  a  cannon  ball  and  a  pea  moving  together,  nlways  with  the 
same  velocity  one  as  the  other,  and  therefore  with  the  same  clianges  of 
velocity,  arc  acted  on  by  the  same  accelerating  or  retarding  forces. 

We  shall  take  these  several  terms  in  order : 

1.  Direeiion.  A  point  moving  on  a  straight  line  retains  one  direc- 
tion ;  but  a  point  moving  on  a  curve  does  not  continue  for  any  portion 
of  time,  however  small,  in  the  same  direction.  If  it  can  be  said  nt  any 
specified  time  to  have  a  direction  at  all,  it  is  only  in  this  sense  :  that  let 
it  move  l^through  a  very  small  arc,  and  it  will  nearly  move  as  if  it 
moved  over  the  chord  of  that  arc.  All  the  prccedm'j  Eciiteuce  becomes 
more  near  to  the  truth  the  smaller  the  arc  moved  over  i»  &up|X)sed  to 
be :  if  then  we  can  find  a  straight  line  to  which  the  chord  drawn  from  a 
given  point  approximates  without  limit  or  io  dStreclton,  while  it  is  dimi- 
nished without  limit  as  io  length,  let  the  curve  be  said  at  that  point  to 
have  the  same  direction  as  that  straight  line. 


T 

P 

Z 
T 

O              M      W                    M  N 

Let  PQ  be  a  portion  of  a  curve  referred  to  rectangular  co-ordinates ; 
and  let  its  equation  l[>e  y  =         Xukc  an  abscigga  OM,  (a  particular 
value  of  ^)  =  a,  and  let  MP,  the  cofresponding  value  of  y,  be  = 
whence  hssif        From  P  drawa  chord  PQ, and  kt a  +  At,  6+ Ay, 

be  the  co^trdiiu^ti  k  of  Q;  that  i^,  let  Aj?  =MN,  Ay  s  ZQ  in  the  first 

curve,  :^x=MN  Ay  =  —  ZQ  in  the  second  curve.  Then  will  the 
chord  PQ  make  with  PZ  (or  with  its  parallel  the  axis  of  jr)  the  angle 
QPZ,  which,  the  sign  not  being  considered,  has  QZ  4-  PZ  or  Ay  -i-  ^ 
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iar  ki  taqgeDt  in  botlu  Diawa  fixed  line  PT,  nyOdng  with  PZ  and 

with  the  ftxia  ofx,  an  angle  whose  tangent  is     or       that  is,  for  this 

pttrticuiar  point,  ;  and  let  this  line  fall  on  the  sutne  side  of  PZ  as  the 
chord  PQ.    Then  as  Q  is  made  to  move  touurds  P,  or  as  the  chord 

dmwn  ifrom  P  k  Ittsened,  the  twigcnta  of  QPZ  and  TPZ  being  ^ 

and      (here  ==       and  the  fomer  varying,  with  the  ktter  as  ita 

limit,  approaches  it  withoul  limit.  Consequently,  the  angle  QPZ  has 
the  KimitTPZ;  or  the  angle  QPT  diminiiheB  without  limit  Hence, 
the  choid  PQ  approaches  nearer  without  limit  to  the  direction  PT,  when 

Q  approaches  without  limit  to  PZ.  Consequentlyi  by  the  definition 
laid  down.  PT  is  to  be  called  the  direction  of  the  curve  at  P.  .  The  line 

PT  is  called  the  tangent  of  the  curve  at  P. 

In  the  first  curve  0'fx  is  positive,  in  the  second  m  L^ative  (page  132), 
But  the  angles  TPZ  drawn  in  both  have  positive  tangents  ;  and  it  would 
create  connision  to  be  obliged  to  divest  an  expression  of  its  sign.  To 
remedy  this,  always  measure  the  angle  made  by  a  line  with  the  axis  of 
j:  in  one  direction  of  revolution,  namely,  in  that  indicated  by  the  arrow. 
That  is,  in  the  second  curve  let  QP  and  TP  be  produced  beyond  P,  and 
let  QTZ  (an  angle  with  a  negative  tnnirent)  and  not  QPZ,  be  the  angle 
considered;  also  let  T'PZ  be  considcrai  instead  of  TPZ.  A  negative 
dift'.  CO.  will  tlin^  accompany  an  angle  greater  than  a  right  angle,  or  one 
with  a  ncj^utivc  tangent.    Hence,  jc  being  the  abscissa  of  a  curve,  and 

jf  or  ^  its  ordinate,      or  4/x  is  the  tangent  of  the  angle  which  the 

tangent  line^  or  line  of  direcitmi  of  the  curve,  makes  witli  the  axis  of 
at  the  point  whose  abscissa  is  x» 

ExAMPLB.  In  the  curve  in  which  the  ordinate  is  the  Naperian  loga* 
rithm  of  the  abscissa,  what  is  the  angle  made  by  the  tangent  line,  or  line 
of  direction  of  the  curve,  with  the  axis  of  at  the  point  whose  abscissa 
is  s=  10,  and  whose  ordinate  is  therefore  2*30258   Here 

y  =  log  X,  ^  =:  i  ss  *  1  at  the  particular  point  in  question.    But  •  i 

is  the  tangent  of  5**  43',  the  angle  required. 

Since  the  tangent  line  passes  through  the  point  *  (fl,  h)  or  ((f,i>a), 
and  makes  with  the  axis  of  x  an  angle  whose  tangent  is  the  equa- 
tion of  the  line,  x  and  y  now  meaning  the  co-oniinates  of  any  point  in  it, 
is  {JlQebraic  Geometry, -p.  23)  y  —  0a  =  0'a(T  —  a),  or  y  =  ^a 
-f  0'a     —  cr)  ;  see  page  135. 

2.  Cumrftiret.  We  shall  consider  the  curvature  of  a  curve  ss  a 
quantity  to  be  estimated  as  follows :  take  three  points  on  the  curve^  the 
first  being  the  fixed  point  in  qtiestion,  the  5ecnnd  nnd  third  being  points 
near  to  it,  which  wc  shall  a^tcr^\  uid^^  suppose  to  approach  without  limit 
to  the  first.  Three  joints  delcrnnne  a  circle  ;  and  the  nearer  the  two 
latter  points  Q  and  R  approach  to  the  6xed  puuit  i\  the  more  nearly 
may  the  arc  of  die  cttrve  PQR  be  considered  as  identicsl  with  the  sic 
of  the  drde  whtdi  passes  through  those  three  points.  Let  (x,  y)  be 

*  Thh  alwap  means  the  point  whose  co^ntdioates  an  a  oad  b, 
\  The  begiuuer  may  umit  ibiii  tziiclv. 
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the  fixed  point  in  question  (Y^y')  nud  C^^i/')  the  contiguous  i)oiiit3. 
If  there  be  a  circle  having  Ub  ccutii  at  the  point  (mji),  and  its  radius  //, 
and  if  X  and  Y  be  coordinates  of  any  point  hi  thai  circle,  then  {Alge- 
hraw  Qmmeiryt  p.  36)  the  equatiim  of  that  ciicle  Is  (X  — tn)*  + 
(Y  —  »)•  =  jd".  But  (jc,y),  {if,  y'),  y")  aie  to  be  pointi  in  the 
circle ;  whence  the  equations  in  the  first  column  below :  those  in  the 
second  are  obtained  by  subinctioa  of  the  first  from  the  Becoikd,-aiid  of 
the  second  from  the  third— 

Subtract  the  first  in  the  second  column  from  the  second,  which  gives 
j/'*— 2j'«+J^— (*'—2j;'+i)2m+y''*--2y''+y"— Cy'— %+y)i2/i=0. 

But  if  P  be  any  function,  which  on  two  successive  supposition?  l>c- 
comes  F  and  P"',  then  (Chapter  IV.)  AP  =  F-P,  AP'=P"-F, 
A'P  =  AP'  —  -  P"— 2P'+ P.  Apply  this  to  the  functions  x\  t, y*, 
and  the  preceding  becomes  A'(x') — AU-.2rn  + A-Cy*)  — A'y.2m=0. 
Now,  if  we  consider  y  as  a  function  of  and  suppose  x  to  be-' 
come  successively  j/  =  +  A^,  =  2^1-,  which  is  the  suppo- 
sition of  ordinary  differenttatioD,  we  have  then  A'4r=0.  But  let  us  take 
a  wider  supposition.  Let  y  not  he  given  in  terms  of  jt,  but  let  x  and  y 
both  be  given  in  terms  of  another  variable  namely,  by  the  equations 
T  ~yi  y  ~  ff,  frnm  which,  by  elimination  of/,  y  =  0r  may  be  found. 
For  instance,  in  the  curve  called  the  cycloid,  instead  of  giving  an  equa- 
tion between  x  and  y,  it  is  found  more  convenient  to  express  both  x  and 
y  in  tins  way,  y=a  {I  —  am  ()  ,  x=a  (1 — cos  0-  Suppose  that  x  be- 
comes y  and  ^9  aud  y  beeomea  y^  and  y^',  when  t  becomes  t+At^ 
and  t+2A<.  Divide  both  sides  of  the  preceding  equation  by  (A0*» 
and  then,  to  find  the  relation  between  m  and  %  which  is  perpetually- 
approximated  to  by  supposing  Q  and  R  to  approach  P»  let  ^diminish 
without  limit.   Then,  (pa^e  81)  we  have 

or     (x-m)  -  +  (y_„)^  +  [J-^  =0. 

Another  relation  is  obtained  from  the  first  of  the  equations  in  the 
second  column  above,  by  writing  Ajf  for  j  — x.  Ay  for  y'— y,  dividing 
by  Af,  and  taking  the  limit,  remembering  that  V  and  /  have  the 
limits  X  and  y.   This  gives 

From  which  last  two  equations  we  easily  obtain 
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dt\\dtj^\dtji  '  Ui        dt  dtr 


dt}'^\dt)i  •  \dt  di^    dt  d^r 


dxUdx\* 
dt \\ 


^  \Ut)^\diJ(  ^Vdide  dtdei* 

the  third  equation  lacing  formed  by  adding  togetlier  the  squares  of  the 
fir«t  two,  ai>fl  extracting  the  square  root.  It  might  at  first  appenr  us  if 
we  might  obtain  as  many  difl'erent  circles  us  we  can  make  diiiiu  nt 
suppositions  with  respect  to  t  hut  it  will  be  shown  hereafter  limi 
there  is  only  one  such  circle ;  and  this  circle  (by  an  extension  of 
the  same  kind  as  that  under  wluch  the  eunre  U  said  to  have  a  definite 
diiection  detennined  by  the  tangent)  is  said  to  have  the  same  curvature 
aa  the  curve  has  at  the  pobt  (x,  y),  and  ita  radiua  ia  called  the  radiui 
of  citrvaturc  of  the  curve  at  that  imint 

Let  us  make  the  tiuj)])osition  that  t  ~  x,  in  which  case  we  liave 
y  =  j:  =  ^fty  the  second  (if  whicli  must  be  made  identical,  that  is, 
tl^  function  yjr  must  be  x  itself,  and  ^  same  as  4>x,  We  have 
alacH 

if— 1  ^  ^  ^  -  ^ 

di*^     d^  "  *    dt  ^  dx    de  "  dx"* 


neglecting  the  sign,  which  we  shall  conuder  daewhere.  Let  ua  suppoae 
it  lequiKd  to  find  the  radius  of  curvature  at  any  point  of  a  piaraliok 
whoae  eqnation  ia  y  =  4c«.   We  have  then 

neglecting  the  sign.   Hence,  since  the  curvature  of  a  circle  ia  evidently 

the  less,  the  greater  the  rudiu:^,  it  follows  that  the  curvature  of  a  para* 
bola  diminishes  as  wc  go  fruiii  thf-  vertex,  where  it  is  greatest,  the  ladiua 
of  curvature  being  there  lea«t,  and  equal  to  2c. 

We  may  easily  give  a  8ulli(  icut  ])r<)of  that  the  circle  thtis  obtained  is 
closer  to  the  curve  at  the  point  i^,  than  any  other  which  can  be  drawn. 
For  if  possible,  let  a  circle  (A)  fall  between  the  circle  of  curvature  (K) 
and  the  curve  (C),  immediately  after  leaving  P.   Then  the  circle  drawn 

through  P,Q,R,  which  approaches  lotlAoui  limit 
to  coincide  \Nitli  (K),  cannot  approach  it  nearer 
than  (A),  which  is  absurd.  Give  a  similar  proof 
that  no  straii^lit  line  can  lie  between  tl»e  tan- 
gent and  the  curve.  More  formal  proofs  of 
both  propositions  will  be  hereafter  given. 
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3.  Lt^nfjth.  (Read  again  the  remarks  in  page  23,  and  also  the  pro- 
cess in  .'^0.)  We  now  proceed  to  find  the  length  of  any  portion 
of  a  curve  whose  ordinate  is  0x.  Let  il  be  the  arc  cuutuined  between 
the  points  which  have  a  and  i  for  ftbtdw.  Dnride  the  portiim  of  the 
asis  of  «  which  liea  UDder  the  gifcn  arc,  of — a  in  length,  into  n  equal 
paitB,  each  of  which  is  A  x,  l^t  MN  (figure,  page  136^  be  one  of 
these  portions ;  and  let  OM  =  r,  MP=  y.  We  assume  as  an  axiom, 
that  t})e  nrc  PQ  IB  gietter  than  the  chord  PQ»  but  leas  than  PX  +  TQ. 
And  we  have 

PQsrV(Ajy+(Ay)«  PT=:V(A*y+(Ary  tanTPZ=:  J^s/  1+(^^J 
where  *  a  and  Ax  are  comminuent.   Hence  we  hnd  that 


Writing  ^«  for       and  making  Vl+(0'*+  «)•    VTR^jfy  +  A 

we  aee  that  /I  end  tr  are  comminnent,  aa  are  therefore  fi  and  Ajt.  Re- 
peating this  process  for  everv  one  of  the  parts  into  which  the  whole  arc 
is  divided,  we  aee  that  the  wbole  arc  in  queation  must  lie  between 

2  I  Ax       +         +  fi)  ]  and  2  {  Ar  (Vl+(0'x)'  +  a.)}, 

or  2  C  aWi  +  (0'^)*)  +2^A»  end  2  (AarVl  +  (0'x)O  +  2«Ax. 

Now,  when  «  is  increased  without  limit,  or  Ax  diminished  without 
limit,  (n  Ax  =  a'  -  n)  a  and  are  in  every  portion  of  the  arc  dimi- 
nished without  limit.  Cuuiaei^uenll^,  A  and  B  may  be  always  greater 
than  the  greatest  of  the  values  of  «  and  fi,  and  yet  be  comminuent  with 
At.  In  that  case  nA  and  nB  must  be  greater  than  2ii  and  2^^said 
nAAx  and  nB  Ajr  greater  than  2(0(Ajr)  and  2(y3A.r).  Remember  that 
Ax  is  the  same  in  all.  But  //A  A  .r  =  A(a'— a)  and  wB  A  Jf=B(a'-a), 
which  hist  are  comminuent  with  A  and  B,  and  therefore  with  A.r. 
ConscquLfitly  the  limits  of  tlic  two  jircrcding  functions,  when  Ax  is 

diminished  without  limit,  are  both  the  same  as  that  of  2  (Ax\^T4-(0'*)O» 
which  (page  100)  is  fl'Jl  +  (0'r)*  dx.  Hence  the  arc  of  the  curve, 
which  always  lies  between  these  sums,  is  itself  the  limit  just  found ; 
that  is,  the  arc  of  the  curve  whose  ordinate  is  0x,  contained  between  the 
points  whose  abscissB  are  a  and  a',  (and  called  s)  is 

*  «  may  be  reckuned  positive,  though  the  oxpremion  it  represents  may  be  nega- 
tive. We  have  nolhiug  to  do  but  with  the  liwt  thai  its  nwaerical  value  (indepen* 
dest  of  sign)  it  comminneiit  with 
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oMwi*^  I.  Required  the  length  of  the  arc  of  a  uarabola  whose 
eqimlioQ  U    =  4cx^  which  begins  when  «  =  0.  and  ends 


when  «  =  0,  and  ends  when  xssa, 
the  ktl  bdng  obtained  as  in  page  1 IC.   Hence  we  have,  ^ 

=>^^  +  ^  log  (^i±c±^^[iTB\ 

Example  2. — What  is  that  curve  the  arc  of  which,  beginning  from 
'  =  Q»  >8  always  =:  v/2tw  ?    The  diff.  co.  of  //Vl  +         di  is 
Vl  +  (^'')'  >       therefore  since 

s=  «•+  2ik  vers"*  ~+ constant,  (psge  116). 

Any  vahic  of  thi?  constant  may  be  used.  In  fact,  if  the  corjstnnt  be 
made  ^p,  tlu  ii  tlic  cnrve  which  has  the  two  rirst  terms  for  its  ordinate  is 
raised  or  iovveretl  from  or  to  the  Hxis  of  r  by  increasing  or  decreasing  p: 
but  the  arc  iaiticepLcd  bclweeu  any  two  ordinate  lines  is  not  changed. 

4.  Area, — ^Tbe  nmnber  of  square  units  in  a  rectangle  is  the  pioduct  of 
the  numbers  of  linear  units  in  its  sides.  Let  it  now  be  required  to  find 
in  square  unitSt  the  value  of  the  portion  of  space  contained  between  the 
points  of  the  curve  y  —  <\>x  which  have  a  and  a'  for  abscis^m,  bounded 
bj  the  arc  of  the  curve,  the  orUinates  of  its  extreme  points,  and  the 


Vl  +        djr=        we  haveVr+CfS^s  ^ 
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axis  of  X.  Let  the  portion  a'—  a  of  the  axii?  of  jc  be  divided  into  n  equal 
parts,  each=:Ajr,  as  before.  Theu  ^figure,  p.  136)  let  MN  be  one  of 
these  parts,  and  draw  ordinates  (as  m  figure,  p.  30).  Hence  the  por- 
tion  of  the  curvilinear  area  MPQN  is  oompoaed  of  the  rectangle  PMNZ 
having  the  areayAr^  and  the  curvil:  ri  n  triangle  PQZ,  which  is  less 
than  the  rectangle  contained  by  PZ  and  ZQ,  or  less  than  Ar  Ay  square 
units  (neglecting:  the  ?ign  of  Ay,  if  it  be  negative).  Hence  the  area 
MPQN  lies  between  i/Ajr  and  yAr  +  Ay  Ar,  and  the  whole  area  of  the 
curve  lies  between  ^ySx  and  2y  Aj  +  l.^y  Ax.  But,  Ay  being  com-^ 
minucnt  with  Ar,  it  follows  by  the  same  reasoning  as  iu  p.  140,  that 
2Ay  Ajt  is  comminuent  with  Ar ;  and  thence^  that  the  two  preoediDg 
sums  have  the  same  limit  ffydx^  which  is  theiefore  the  atea  in  ques- 
tion. That  is,  the  area  bounded  «by  the  ordinates  whose  abscissae  are 
a  and  a',  and  the  arc  and  axis  of  s  contained  betwcvi  them,  is  J^%i» 
or  J*/^dx, 

Example  1.— The  area  of  a  parabola,  whose  equation  iBy*=  1(  r, 
contained  between  the  vertex,  the  axis  of     and  the  ordinate  whose 

abscissa  is  a.  is  /«'  2  /^dr  s=  f^c^     =  4  abscissaa  X  its  ordinate. 
In  this  is  condensed  the  whole  of  the  process  in  pages  SO,  31. 
ExAMPLB  2. — What  is  the  curve^  whose  srea  contained  between  the 

X 

ordinates  to  the  absciraae  a  and  x,  is  always  (in  square  units)  c  log  -  ? 

/*  X  C 

ydx  =  clog-,  and  ditFerentiating  both  sides  y  —  — 

or  ry  —  the  et^nation  of  an  hyperbola.  Observe,  that  this  area  being 
an  integral  between  certain  limits  a  and  j,  nui:>t  be  of  the  form  Y^r  — yr/, 
and  we  have  neeordinudy  at;sinncd  it  so,  in  c  1og;t  — r  log  fl.  Tiie  arc  is 
albo  uu  uilcgral,  and  a  similar  assumption  is  required,  it  was  made  in 
the  second  example  of  the  last  article,  Ibr  the  limits  aie  there,  0  and  jr, 

and  a  »Jx  is  a*Jx     a  VoT 
5.  Soiidiitf  or  Volume. — The  method  of  finding  the  solidity  under  a 

f liven  surface  must  be  deferred  until  we  have  more  developmeiits  of  the 
ntegral  Calculus. 

C).  Densf'ti/. — When  anv  sulld  (or  thiid)  contains  equal  quantities  ttf 
matter  in  e(|iiai  bulks,  from  what  part  soever  they  may  be  drawn,  the 
uniform  densitv  whic]^  is  then  said  to  prevail,  may  he  meahuied,  for  the 
purposes  of  companui^  «uic  dcuisity  witli  anollier,  by  the  diticreut  quanti- 
ties of  matter  (or  weights)  contuned  in  any  one  given  bulk.  If  the 
same  vessel  iUed  with  fluid  B,  weigh  twice  as  much  (independent  of 
the  weight  of  the  vessel)  as  when  it  is  filled  with  fluid  A,  then  without 
knowing  the  content  of  the  vessel,  we  pronounce  fluid  B  twice  as  dense 
as  fluid  A.  But  as  it  is  generally  more  convenient  to  employ  absolute 
than  relative  terms,  we  obtain  the  necessary  language  in  the  *;:nnc 
manner  as  in  the  case  of  length,  by  choosing  an  arbitrary  magmludc, 
and  calling  it  untty  or  1.  Let  pore  water  he  said  to  have  the  density 
1 ;  then  any  substance  twice  as  heavy  as  water,  hulk  for  hulk,  has  the 
density  2,  and  so  on.  An  accidental  relation  in  our  metrical  system 
makes  the  descent  from  the  mathematical  notion  of  density  to  the  terms 
of  common  life  ininudiate  and  easy.  A  cubic  foot  of  water  weighs  (very 
nearly)  10(H)  ounces  avoirdupois;  so  that  if  we  say  the  density  of  gold 
is  lU  302,  we  infer  that  a  cubic  foot  of  gold  weighs  19362  ounces  avoir- 
dupois nearly.   Let  us  iiow  suppose  a  thin  rod  of  matter  whose  uni- 
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furm  dcusity  is  1,  or  a  cubic  fuot  of  which  weighs  as  much  as  the  same 
of  water.  And  let  there  he  another  ftuch  rod,  not  of  uniform  density, 
etideoced  by  our  finding  that  Wf^  two  equal  lengths  of  ithaie  diffiKitat 
weighu.  Let  the  Itw  of  the  weights  of  different  porttons  be  this,  ihit 
jr  inches  taken  from  one  of  the  two  ends,  which  is  specified,  always 
weighs  j*  oiinces ;  thnt  is,  the  first  \  inch  weighs  |  oz.,  tlie  first  inch 
1  oz  ,  the  fir^t  t^ro  iiiclu  s  4  ounces.  In  the  case  of  a  unifi)rni  rod 
iiiiglu  alwa\»  hiid  k  by  dividing  the  weight  of  any  portion  by  that  of 
an  c^ual  bulk  of  water :   but  in  the  t^econd  case  we  have  iu>  definite 

measure  of  density,  though  it  is  dear  that  the  weight  of  equal  portions 
goes  on  inereuing. 


A  1  i  i  

D     B  C 

Let  AB  be  a  ])!irt  of  the  rod  in  question  —  r,  nnd  let  RCsrBDsr^. 
Then  the  weight  of  D  B  is  .r* — (x — ^        and   iliat  of  B  C  is 
+  XzY  —  x^    These  are  2sAx  —  (Aj)"  and  2j  A^  -f  (Ax)  uuuces. 
Let  the  weijsht  of  a  hulk  of  water,  such  as  that  of  DB  or  BO  (which 
must,  eeterig  fKiribuit  he  proportional  to  6xy  be  f     then  the  density 

of  BD»  if  the  matter  in  it  be  xiuiformly  distributed,  is   and  that 

of  BC,on  the  same  supposition»iB  .    These  two  suppositions 

e 

are  not  correct ;  nor  according  to  the  definition  of  density,  can  we  say 

what  the  density  of  the  rod  ghovdd  be  at  B.  But  we' may  sec  that  the 
weights  of  the  successive  equal  portions  DB,  BC,  approach  without 
limit  to  equality  when  Ao;  is  diminished  without  limit,  and  that 

2x 

the  presomed  denaties  appioech  without  limit  to  — .   Let  ns  say 

c 

that  the  density  at  B  is  — ;  we  have  here  an  asaertion  which  will  be 

nearly  verified  by  a  small  portion  of  the  rod  taken  on  either  side  B ; 
more  nearly  on  a  smaller  portion,  &c.,  and  in  this  sense  we  may  admit 

the  assertion.  Similarly,  if  the  weight  of  the  length  a:  inches  be  <(>x  oz., 
it  will  follow  ill  the  same  manner  that  the  density  at  the  point  whose 

dis'tance  is  xwill  be  ^'.r  divided  by  r,  the  weight  in  ounces  of  one  \uvh 
of  water.  And  hence  it  follows  that  the  density  being  given  at  the 
dittance  x  and  cnlled  ?/,  tlic  weitdit  in  ounces  of  n'  —  a  inchca  taken 
between  the  points  which  are  a  uud  a'  inches  dibtaut  from  the  end  is 

*J .  Vehciiy .  —When  a  point  moves  uniformly,  that  is  to  say,  describes 
equal  portions  of  length  in  any  equal  portions  of  time  during  the  motion, 
it  is  said  to  move  with  a  velocity  which  is  measured  by  the  number  of 
units  of  length  described  in  n  nnit  of  time.  Thus  taking  feet  and 
seconds,  with  reference  tu  these  innts  tlic  velocity  10  is  that  of  a  point 
moving  over  10  feet  in  one  second  of  time,  20  feet  in  two  seconds, 
5  feet  in  half  a  second,  and  in  the  same  proportion  for  every  other  time. 
Hence  it  is  evident  that  o  being  the  velocity  (length  in  one  second)  and 
I  the  number  of  seconds  (called  the  fme)  ol  must  be  the  length  de- 
acribed,  which  call  s  y  hence  sssvf.  Hence,  knowing  the  length 
described  in  any  time,  or  knowing  *  for  any  value  of  /,  we  find  v  the 
velocity  by  dividing  «  by  It  may  help  the  student  to  make  him 
remember  that  as  i  seconds  is  to  one  second^  so  is  s  the  length  described 
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#  X  1  # 

in  i  Moonds  to  — - —  or-  the  kogth  deacriM  in  one  aecond  (the  veld- 

c  • 

city).  When  tpefeking  of  lenglli  moved  over  by  a  point,  it  It  nmnl 
(botinooRcetly)  to  caU  the  length  space,  Thni  it  ii  said  lliet  one  point 
moves  over  more  ipece  than  another. 

Let  there  now  be  a  point  which  does  not  move  over  equal  lengths 
in  equal  times  ;  but  supiwse  it  to  move  in  such  a  wnv  thni  at  the 
end  of  t  second*,  it  has 'always  moved  over  feet.  Suppose,  that  in 
tile  last  ijgure,  D,  B,  aud  C  are  its  positions  at  the  end  of  i  —  i^t,  and 
t  +  At  aeoondi.  Then  tiie  lengths  described  in  the  At  seconds*  (or  of 
a  second)  immediatelv  preceding  and  succeeding  i  seconds  elapsed  are 
AO*  and  (t'+  A/)*  -  i*,  or  2tM  -  (Af)"  and  21 M  +  (AO". 
For  by  hypothesis  AD  =  —  A/)%  AB  =  l\  AC  =  (/  +  A/)«.  If. 
then,  DB  and  BC  were  uniformly  described,  the  velocities  (length  per 
second  nnfwering  to  those  lengths  per  At)  would  be  the  preceding 
lengihb  divided  by  At ;  or  21  A^  and  2t  +  A^  But  this  supposition 
is  incorrect.  Nevertheless,  if  we  speak  at  all  of  the  point  having  a 
▼eskidty  at  B,  we  must  assert  that  velocity  to  be  2< ;  and  this  assertion 
becomes  more  and  more  nearly  true  on  one  side  and  the  other  of  B,  as 
we  take  A^  less  and  less.  Let  us  then  say  that  the  velocity  at  the  end 
of  /  pcc^niids,  of  a  point  whlrb  bns  tliei^  moved  thronirli  seconds,  is  2t : 
not  tliat  the  point  will  continue  to  move  uniformly  at  ilie  rate  of  2t  feet 
per  second  for  any  portion  of  time  however  pmall;  but  that  the  lene^th 
moved  through  in  the  ensuing  Atf  is  nearly  u.^  it  would  be  at  that  rate 
if  A<  be  smaU,  more  nearly  if  A<  be  smaller,  and  so  on  without  limit. 
In  the  same  way  it  may  be  shown  that,  (fit  being  the  feet  moved  over  in 
t  secondSy  the  velocity  at  the  end  of  t  seconds  is  ijt'l ;  and  if  v  (a  given 
function  of  0  he  the  velocity,  the  length  described  between  the  end  of 
a  seconds  and  a'  seconds  is    t^d^    Moreover,  the  time  of  describing 

from  a  feet  to  a  feet  from  the  origin  of  the  measurciucnt  is  J    ^  if  w 

be  a  given  function  of  t :  or, 

=  t;    «      \vdt   t  =  1  — . 

CxAMPLE  1. — The  velocity  at  the  end  of  i  seconds  being   ^  .what 

function  is  this  same  vdocity  of  the  length  described,  the  length  being 
measured  ftem  ^e  beginning  of  the  motion^  so  that  when  I  s  0  s  =0. 
Here  we  have  ^ 

But  when  /  =  0,  *  =  0,  oi  0  =  alog  (1)  -f  const  or  const.  =  0 : 
whence  s  ss  a  log  (I  +0*   Hence  we  have, 

L    ^    dt     \  L  ds 

57=5'-'  dr=^=« 

Here  is  an  instance  of  a  continually  retarded  velocity* 

*  Let  tho  student  always  remember  that  uu<I«}r  tlie  phraseology  of  units  we 
include  pails  of  a  unit ; — a  feet  meani  also  <i  of  a  foot  \(  a  be  IsfS  than  U&iiy.  liSt 
hin»  also  tsoMnibsf  tbs  aaakgy  of  nuiltiplication  of  '   *  ~ 
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ExAUPLB  2. — Supposing  the  point  to  move  with  a  velocity  which  is 
always  connected  with  the  space  described  by  tlie  equation  v*  =  at; 
whu  is  the  lei^  deieribed  between  Uie  end  of  10  and  20  seconds,  aad 
whet  fonction  is  the  velocity  of  the  time  ? 

Supposing  the  length  and  tiQ:ic  to  begin  together,  we  iiav£  const,  s  0,  as 
before.  Or, 

/J  ,  e?5 

8.  For'-t\  nr  nrr^>ftTating  force,  is  that  which  changes  velocity,  includ' 
inir  the  chatiu  ti  I  motion  to  rest,  or  from  rest  to  motion ;  or  which 
AtMiid  make  such  clumcje,  if  there  were  not  to  our  knowledge  a  coun- 
teracting force.  When  motion  is  not  produced,  the  presence  of  force 
is  made  evident  by  pressure*  We  have  nothing  to  do  hoe  except 
with  force,  as  evidence  by  change  of  motion ;  and»  therelbre,  we  shall 
only  state  that  the  connexion  between  pressure  and  acceleration  is 
found  by  experiment  to  be  contained  in  the  two  following  principles : — 

1.  All  other  thini^s  hc'iuu;  tlic  same,  tlie  velocities  communicated  by 
diUcreiit  pressures  in  the  same  time  are  proportional  to  the  pressures. 

2.  The  velocities  produced  by  the  saute  pressures  upon  diti'ereut  quan- 
tities of  matter,  are  inversely  as  those  quantities  of  matter*  Hiub,  the 
same  pressnres  acting  upon  two  masses,  one  of  which  is  double  of 
the  other,  for  the  same  time,  will  communicate  to  the  smsller  mass  twice 
the  velocity  which  is  communicated  to  the  laiger. 

There  is  in  the  minds  of  all  who  begin  to  consider  forces,  a  notion  of 
a  something  called  an  imj,vlse^  meaning  a  force  which  communicates 
a  finite  velocity  instautuueously,  such  us  is  imagined,  for  example, 
to  be  the  case  where  a  bat  strikes  a  ball.  But  this  notion  must  be 
entirely  got  rid  of  in  the'consideration  of  forces :  and  it  must  be  remem-* 
bered  that  any.  pessure  however  great,  requires  time  (smaller  as  the 
pressure  is  laiger)  to  produce  any  velocity  whatever. 

Force  being  merely  (for  onr  present  purpose)  that  which  changes 
velocity  in  course  of  time,  we  can  only  call  that  a  uniform  force  which 
pxiduces  equal  accelerations  of  velocity,  or  equal  retardations  of  velocity, 
m  any  equal  tunes.  And  such  forces^  may  be  measured  for  the  pur- 
poses of  comparison,  by  the  e0ect  produced  upon  the  velocity  in  one 
second.  For  instanoe,  with  inference  to  feet  and  seconds,'  the  accelerat* 
ing  force  10  means  that  which  adds  ten  feet  to  the  velocity  in  one  second, 
nut  instantaneously,  but  in  such  matter  that  it  adds  a  fraction  of  ten  feet 
to  the  velocity  in  any  the  Fame  fraction  of  a  second.  Aiul  similarly  for 
a  retarding  force.  If,  therefore,  at  the  beginning  of  the  motion  in  ques- 
tion, a  bo<iy  have  the  velocity  a  feet  per  second,  which  is  uniformly 
accelerated  by  the  force  6,  its  velocity  at  the  end  of  i  seconds  is  a-\-bi. 
Thatis^ 

lliere  being  no  constant  required  if  the  length  be  measured  from  the 
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point  at  which  the  V)ody  is  at  the  bpirinnintr  of  the  time.  If  the  initial 
velocity  a  he  =  0,  the  length  described  in  i  seconds  ig  simply  \bf. 

Supposing  the  velocity  at  the  end  of  i  seconds  to  be  feet  per  second, 
it  is  plain  that  the  velocities  at  D,  B,  C  (fig.,  page  143),  are  severally 
it^iUYi  ft  and  (t  +  A<)^  Consequently,  in  the  interval  fiom  t^HU 
to  i  aecondsy  thcve  is  an  aecesaion  of  yeloctty  amounting  to 

f  _  {f^My  or  3i^M-3t  (Af)'  +  (AO'  feet  per  second  r 

and  m  the  interval  from  t  Ui  i-^-At  seconds,  an  accession  amounting  to 

it  -h  A^)*-<*  or  3(*  A£+  31  (A<)'  +  (Al)*  feet  per  second. 

Now,  if  an  aeceiiion  of  Av  he  made  to  velocity  uniformly  throughout  the 
time  Ai,  then  the  force  (oonesponding  accession  in  one  second)  is  found 
thus.  As  Af  is  to  one  second,  so  ia  the  acceleration  made  in  the  time  Ai 

(namely  Av)  to  ^  °'*^»       acceleration  in  one  second.  If,  then, 

the  preceding  accelerations  had  l)een  uniformly  made  throughnnt  their 
sevearal  times,  it  is  obvious  that  the  forces  producing  them  would  be 

8I"»3<  A<  +  (Atf  and  3<*-f  SIAf  +  (AO*. 

But  this  supposition  is  incorrect ;  nevertheless,  in  saying  that  the 
force  at  the  end  of  the  time  t  is  3(*,  we  make  an  assertion  which  is  the 
more  nearly  true  the  smaller  At  is  supposed  to  be.    And  in  a  similar 

way,  if  01  be  the  velocity  at  the  end  of  the  time  t,  (p't  is  the  accelerating 
force  at  the  end  of  that  time.  Similarly,  if  /  be  the  force  at  the  end  of 
the  tuiic  t.  tin  velocity  at  the  end  of  a'  seconds,  communicated  inthein- 
terval  from  that  of  a  seconds,  is  J*ffdi  :  so  that 

VeL  at  end  of  of  sec*  s  Vel.  at  end  of  a  sec.  +  fmfdi 

Tht  following  are  then  the  equationa  connected  with  the  motion  of  a 
point  which  has  described  the  length  t  (or  t  feet  from  the  origin  of 
measurement)  and  has  a  velocity  and  is  acted  on  by  an  accelerating 
force/. 

ff  ---- 

ds    dv        '  lit  (fs 


di  dt"  dt 

dv     ^ds         dv  ^ 

dt    ^  dt  ds 

The  last  equation  finds  t]\c  vclocitv  directly  when/  is  expressed  as  a 
function  of  5  :  for  by  it  we  liiul  i-^  —  2j  fd^  +  C  ;  and  if  \s  e  know  the 
square  of  the  velocity  when  s  is  and  want  to  tind  that  when  j  is  wc 
have 

(▼el.)"  at  distance  a'     (vel.)*  at  disi.  a  ->r  2fffds. 

Let  the  known  velocity  at  the  distance  a  be  A ;  and  let  the  superior 
limit  a'  be  indeterminate.   We  have  then, 

(^^-^"  -¥2/:fds     t=  r  j^^V-=r-i-const. 

where  the  constant  must  be  determined  by  the  circumtitances  of  each 

pai'ticuioj.  caac. 
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We  sImU  end  the  chapter  with  some  ekamples  of  this  method :  bat 

vrt  hnvc  occasion  first  to  consider  the  precedincr  cases  in  their  connexion 
with  ettch  other,  as  well  as  iu  reference  to  the  dUtmctiun  between  posi* 
tive  and  negative. 

1.  It  has  doubtless  appeared  that  terms  which  seem  as  independent  of 
the  ooiiTeDtioiis  of  our  aeienee  as  direction,  density,  velocity  and  force, 
hm  been  treated  rather  as  if  they  were  mere  definitions  sprmging  out  of 
a  process  of  difierentiation,  than  words  which  convey  common  notions, 
and  were  y>t\\  known  to  the  student,  as  he  may  think,  before  beginning 
this  CmIcuIus.     Wc  have  proceeded  with  common  ideas,  and  common 
pliiaseoiogy,  so  lonu      itniform  density,  luiifhrm  direction,  &c.,  were  in 
question;  but  when  we  come  to  consider  a  point  which  Ims  a  varying 
motion,  &c.,  we  no  longer  deduce  a  function,  and  say,  this  is  the  velo* 
city,  Ac. ;  bnt  we  say,  let  the  term  velocity,  &c.  be  applied  to  such  and 
aneh  results  of  the  Difieiential  Calculus*   Has,  then,  a  point  in  vary- 
ing motion  no  title  to  be  considered  as  having  a  velocity,  &c.?  Such 
will  be  the  difficulty  that  nnist  at  first  occur.    But  it  may  caHly  be 
shown  that  the  j)rcce(linj;  process  is  only  such  a  refinement  of  tlie  rough 
Diflrrential  Calculus  which  all  people  who  deal  with  material  objects 
are  obliged  to  use,  as  is  rendered  necessary  by  its  inexactness.    If  we 
assign  a  definite  diredkm  to*the  moticHi  of  a  point  over  a  curve  at  every 
instant,  it  is  hecause  our  sen^  presume  that  a  curve  and  a  straight  line 
may  coincide  far  some  small  space :  which  is  not  geometrically  true.  If 
we  assert  a  stone  falling  freely  to  have  a  definite  velocity  at  every  point, 
hut  one  which  continually  increases,  it  is  because  when  motion  changes 
gradu;illy,       think  we  may  take  a  time  so  small,  that  the  motion  may 
be  actually  uniform  during  that  time  ;  which  is  not  correct.    All  these 
supposidons  spring  from  one  common  falsehood  (in  mathematics)  or 
trDth  sufficiently  near  for  practical  purposes  (in  common  life) :  namely* 
that  every  whole  has  parts  which  are  such  small  fractions  of  it  that  they 
may  be  rejected  without  causing  any  error.   To  this,  tlic  answer  is  that 
there  is  no  pucli  part  of  a  w  hole ;  hut  that  since  for  the  last  four  words 
may  be  substituted  "  u  itliout  causiuLj  any  error  greater  than  one  which  is 
nanicd,  which  mav  he  as  small  as*  ue  pleaFC."  the  limits  nrisins;  from 
taking  the  parts  in  (question  siauiicr  and  biuulici  niuit  he  considered  as 
the  mictions  to  which  the  terms  in  common  use  would  be  applied,  if 
Uiose  who  used  them  were  ci^nizant  of  the  exact  considerations  which 
form  the  ground-work  of  this  science.   And  it  is  an  evident  corollary* 
that  since  the  common  notion  is  an  approach  to  the  more  exact  one, 
the  results  of  the  fonner  will  always  nearly  coincide  with  those  of  the 
latter. 

The  student  must  avoid  the  notion  that  he  is  dealing  with  denfeiUc  b, 
vdocities,  forces,  &c.  as  real  things ^  and  must  remember  that  his 
symbols  stand  for  nothing  but  numbers  or  fractions  which  are  the  mea« 
cures  of  the  sensible  phenomena  in  question*  upon  purely  arbitrary  sup- 
p<»itioiia.  For  just  as  owing  to  the  resemblance  of  certain  algebraical 
Jind  geometrical  terms,  nine  students  out  of  ten  have  a  mysterious 
notion  tliat  a  sfratukt  line  multiplied  by  a  stniiffJtl  line  is  n  rcctaTipfe*^ 
which  is  nothing  legs  than  supposiner  that  the  addition  of  numbers 
together  places  two  straight  lines  ut  right  angles  to  each  other,  and 

•  Which  ought  to  mean  thfit  if  the  numhr  >■  of  tinu-s  whic  h  cno  <»f  the  si<li»s  con- 
taiuii  a  fout  (au  arbitrary  U'iigth  ;  be  taken  as  many  liiiieit  &%  iheuihcr  kiUo  cunlmat 

a  foot,  tba  lemlttog  trnmUr  will  be  ths  nuoibst  of  times  which  the  nctsa|^  eon- 
taiostliB  s^osie  wmss  side  is  a  Ibot 
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draws  paralU  ].s  lliron^jh  tlieir  extremities  ;  jiust  in  tliis  manner,  we  sav, 
maity  &Luikuts  arc  perplexed  for  a  lung  time  with  such  nutions  as  th.it 
the  force  multiplied  by  the  time  gives  the  velocity,  using  the  words  in  a 
sense  as  concrete  as  occurs  when  we  %\\  that  ibrce,  if  allowed  lo  act,  will 
in  time  produce  velocity.  To  avoid  this,  we  recommend  our  reader  perpe- 
tually to  recur  to  the  definitions  of  all  numerical  measures ;  for  instance, 
frequently  in  tisinc;  thr  ^jrcccdlnjr  proportion,  force  X  time  =  velocity, 
to  remove  the  mystery  by  remembering  that  it  means  notliinir  more  than 
tliis ;  if  that  %vhich  gives  a  feet  of  velocity  in  every  second  In  allowed 
to  act  lt»r  h  feecouds,  then  ab  feet  of  velueily  must  result.  iMnuiiy,  he 
should  recur  to  the  notion  of  matter  having  velocity  as  implying  merely 
the  being  in  such  a  state  of  motion  as  would,  if  continued  unaltered, 
cause  it  to  describe  a  certain  number  of  feet  per  second. 

2.  Several  of  the  preceding  cases  may  be  considered  as  belonging 
to  one  general  ]iro]>osition.  In  the  last,  treating  of  foVcc,  we  have 
directly  the  notion  of  cause  and  eil'ect ;  and  in  treating  of  the  diff,  co. 
abstractedly  (page  135)  wc  are  easily  led  to  a  mode  of  speaking  which 
looks  somewhat  like  the  supposition  that  the  diff.  co.  is  the  cause  of  the 
increase  of  the  function.  To  avoid  the  possible  misconception  of  the 
words  cause  and  effect,  let  us  speak  simply  of  a  precedent  and  a  ooiue* 
quenty  the  former  of  which  hu  a  numeric^  value  a,  which,  pXkmed.  to 
remain  the  same,  makes  the  consequent  =ff.r,  orCTves(7  forever\Mmit  in  r. 
If,  then,  the  conse([uent,  instead  of  ax,  were  (pr,  tlic  ])recef]ein,  if  consi- 
dered as  existing  at  all,  could  not  be  vniless  (^j  {x  -|-  Si  i )  —  were 
equal  to         for  all  vuiueb  ut\r,  wlucii      uul  true  except  for  (Pj;z=ax. 

But 

+ Ax)  -  0x  =  0'x  .  Ax  +  1 0"  (x  +  0^x)  .  (Ax)«    0<l ; 

and  the  first  term  un  the  second  side  is  to  the  second  as  tp'.r  to 
\  ^"(x  +  OAx)  .  A-/,  that  is,  can  be  made  as  nearly  the  whole  as  wc 
please.   Hence  the  supposition 

^  (x  +  Ax)— ^x  =  ^'wP .  Ax, 

(wlncli  \vould  result  if  the  precedent  were  ^'r,)  may  be  made  as  near 
the  truth  as  we  please;  and  if  we  should  «ay  there  is  a  prcrcdeiit,  no 
longer  uniform,  but  variable,  tliat  precedent  cannot  be  considered  as 
having  any  other  value  than  0'x. 

3.  We  have  to  connderwhat  are  the  negative- suppotitiotts  which 
correspond  to  the  positive  ones  we  have  made.  In  the  case  of  direction 
we  need  say  nothing  more ;  in  that  of  curvature,  a  purely  arbitrary 
distinction,  if  any,  must  be  made;  but  to  this  we  shall  return.  The 
occurrence  of  a  square  root  in  the  con«;eqMenccs  more  tlian  was  in  the 
premises,  is  generally  the  index  of  a  power  of  selection  as  to  sign.  This 
applies  to  the  question  of  finding  the  arc  of  a  curve  ;  though  here  we 
lay  it  down  as  convenient  that  the  arc  should  be  measured  positively  in 
the  same  direction  as  the  abscissa. 

But  with  regard  to  area,  we  must  take  care  to  distinguish  the  alge- 
braieal  amount  of  all  the  rectangles  from  the  arithmetical  one,  in  all 
cases  where  the  ordinates  are  negative.  It  is  evident  that  {a'  >  a)  if  y 
be  negntive  from  x  ^  a  \n  x  —  a',  fydx  between  the  same  limits  is 
negative  also  :  both  from  the  summation  of  which  this  is  the  limit  (p. 
100),  and  from  this  also;  that  if  Jydx  generally  be  fx  +  const.,  wc 
have 

J:!ydx  =  ^'  -  0a.; 
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and  f 'x  or  y  is  negative  from  x  =  a  the  less  to  «  =s  a'  the  greater, 
whence  (p.  131)  0a'  is  lees  than  0a.    If,  then,  y  be  negative  for  any 

intervnl  between  the  limits  of  iiUcgratiori)  all  the;  area  obtained  from 
that inUTval  will  be  negative,  and  will  be  subtracted  in  the  result.  For 
instanco,  let  the  ordinate  in  feel  be  the  i?iue  ot  the  unide  made  at  the 
centre  b)  forniing  the  abscissa  into  a  circle  (repealing  tlie  folds  if 
neeeaaary)  whose  radius  is  one  foot ;  or  let  ^  ain  x.  Then  the  area 
from  the  origin  till  the  whole  circle  is  completed  on  the  abaciasa,  is 

ft  sinxrfj;  bat 

y*  tin      =  —  COS  X     ^e**  ainx  <ir  ss  (— 1) —      I)  as  0. 

or  the  whole  area  OSIANB  =  0, 
which  ia  not  tme  nnleaa  we  conai- 
der  ANB  ia  negative,  which  it  ia 
in  the  integration.  To  find  tlie 
nritlimetical  amount  of  OMANB, 
we  first  integrate  from  jr  =  0  to 
J  =r  T  giving  OMA  =  1  —  (  —  1) 
or  2  (square  feet)  :  then  integrat- 
ing from  X  =s  ir  to  jr  =  2ir  we  find  (-1)  —  (1)  or  —2,  whicli,  arith- 
metically conaidered,  ia  2.  Therefore  the  whole  area,  in  the  arithmetical 
sense,  ia  4  square  feet  But  if  we  remove  the  axia  of  x  to  O'B' 
(OCXs: a)  giving  for  the  cqnation  y  ss  c  +  ?iiiT.  wc  find  2»c  for  the 
area,  namely,  that  O'OMANBB'  =  rectangle  OO'BB',  as  is  snfficiently 
evndent.  In  this  caae  the  arithmetical  consideration  of  iVNB  would 
lead  \is  wrong. 

With  regard  to  density,  wc  have  no  idea  corresponding  to  that  of 
n^ative  density,  except  when  we  consi4er  it  as  immediately  connected 
with  weight.  If  the  weight  conaidered  be  in  air,  and  if  part  of  the  rod 
were  lighter  than  air,  then  the  tendency  of  that  part  would  be  to  riae, 
and  the  density  of  the  correaponding  part  muat  be  considered  aa  native. 

ds 

Velocity  is  negative  when  is  negative,  that  is,  (p.  131)  when  in- 
crease of  time  decreases  ^,  or  (s  being  positive)  when  the  point  is  moving 
towards  the  origin  of  measurement.  Hence,  if  we  would  solve  the 
question  of  the  motion  of  a  point  which  moves  iowarrfs  the  origin  with 
a  velocity,  which,  absolutely  considered,  is  <pt,  we  nmst  form  the  equa> 

tion  3^  =  *     And  integrate. 
at  * 

Force  ia  negative  when  ^  ia  negative,  or  when  the  velocity  diminiahea 

as  the  time  increaaea;  that  is,  when  the  force  lessens  (algebraically 
speaking)  the  velocity.  This  amounta  to  aaying  that  the  force  muat  be 
directed  towards  the  origin  of  measurement,  which  lessens  both  kinds  of 

veloc  ity,  f'>r  the  negative  velocity  is  tlnis  made  arithmetically  more  and 
negative,  the  positive  velocity  arithmetically  less  and  positive. 

A  P  B 

Ekamplr.— A  body  at  rest  at  B  (AB  s  a  feet)  begins  to  be  driven 
or  attracted  (according  as  the  cause  of  motion  cornea  from  behind  or 
bdbre)  towards  the  point  A»  with  a  force  depending  upon  its  distance^ 
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80  that,  when  at  P  (AP  =  j)  the  force  is  nhs;  that  is,  if,  being  such  at  it 

is  at  P,  it  were  allowLci  to  act  uniformly  for  one  secoiui,  it  would  add 
nis  to  the  vL'locity  in  tlie  direction  PA.  lu  how  many  seconds  will  the 
body  move  from  B  to  A  ? 

The  equaiionM  of  motion  aie^s^fni,  ^  =  t) 

Integrate  the  latter,  which  gives    =  const— mi*. 

But  v=0,  when  a  =  a  0  =:  const.  —  »m^. 

(We  uKe  the  negative  sign  because  the  velocity  is  towards  A.) 

\  r  ds      1  /^\ 

 I    ■         =  -7=.  COB"'  I  -    +  const,  as  t, 

^mJ  Va"-*«     Vm  W 

But  t^O  when  s^a      -tLt  cos~^  (1)  +  const.  =  0  oonstssO. 

vm 


7=  COS     I  -  J . 

fm  W 
Place  P  at  A,  or  make  «  s  0  and  whole  time  s 


Time  from  B  to  P  = 

Vm  W 

1 


This  result  is  independent  of  a,  that  is,  wheiever  the  point  waa 
placed  at  first,  it  will  fall  to  a  in  the  same  time.  This  result  will  not 
appear  stmnirc  when  it  is  considered  that  the  fiirthcr  the  bodv  is  placed 
from  A, the  ^Mfutcr  tlie  force  which  begins  to  act  on  it.  If,  iherelurc,  a 
number  of  pouUs  were  placed  at  different  distances,  the  farthest  would 
immediately  begin  to  gain  on  the  nearer  ones,  and  all  might  come 
together  (as  hss  been  shown  they  would)  at  the  point  A.   The  whole 

velocity  acquired  i:s  /Jm  .  a. 

m 

EzAMPLB  2. — Other  things  remaining  the  same,  let  the  force  be 
—  SI  — »«  =  h  oonit.,  0  =  —  +  const 


 1  r  (  a  —  2s)  ds    a  r  ds 

=  coast.  *  —  V  ujs  —     +  r  vers    —  • 

2  a 

*  Obse  tve  thai  thotif^hthwtvrin  is  imroeiliately  multipUttil,wc  »impiy  write  vatu^. 
a»  litfiurc,  because  it  ut  as  bsfpre  iMitbiog  bai  an  uaUMtenainsd  coattant* 
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But  i s8  0  wben a,  or  0  =  const.  +  0«-  :r4=  von** 2: 
and  T  :=  vcn"^  9^  whence  const,  s 


Time  (froiuB  to  P)=         -  x/n^  ^^^1^?+-^  veii-*?^, 

2^      ^  2m  2V2m  « 

(«  =0).    Tiine  from  B  to  A  ^ 


The  velocity  increases  without  limit  (namerically)  as  P  approaches  a; 

the  reason  is  that  the  accelcratini^  force  increases  without  limit. 

Wc  now  pass  on  to  some  cxtonsious,  which  arc  necessary  in  the 
further  application  of  the  methods  contained  in  this  chapter. 


CUAV-BMU,  III. 

ON  THK  CONNEXION  OF  DIFFERENTIATIONS  OF  DIFFERENT 

ivi.NDS. 

When  we  propose  an  equation  between  two  or  more  variablet,  it  may  be 
diflerentiated  in  as  many  difierent  ways  as  it  albws  of  eipressing  one 
variable  in  terms  of  others.  I  f  we  wish  to  consider  one  variable  as 
actually  expressed  by  means  of  the  rest,  the  equation  is  written  in  the 
form  u  =  0  (r,  j/j  z.  . hut  if  it  ho.  merely  rcqnirud  to  signify  that  a 
relation  does  exist  between  such  variables,  wc  write  0  (u,  J,  y,  2  . ,  )=0. 
Ill  the  hrst  case  u  is  explicitly,  in  the  second  case  implicitly,  a  function 
o{  T,  yy  z  ,  .  .  . 

Certain  values  of  all  the  variables  being  taken,  which  satisfy  the 
eiraationt  and  increments  given  to  each,  the  permanent  existence  of  the 
rnation  ^  (v,  • . .)  =  0  gives  an  equation  between  the  increments,  ^om 
which  any  one  may  be  determined  in  terms  of  all  the  rest  Thus  taking 
11,  X,  y, . . .  so  as  to  satisfy  the  cfjuation,  Ar,  Ay,  . . .  may  be  assumed 
at  pleasure  ;  but  Au  must  then  be  taken  so  as  to  satisfy  0  (1/  +  Aw, 
X  +  Ar,  y  -f-  Ay,  .  .  .)  =  0.  Hut  there  evidently  exists  this  mutual 
coexistc'ULC  ot  tiie  eame  values  of  tiic  lueteiiienls  ;  namely,  that  if 
Ax  =:  a.  Ay  =  6,  . . . .  will  permit  A«  =  tit  to  satisfy  the  equation, 
then  An  s=  m,  Ay  =  6.  • . .  will  permit  Ar  =  a  to  'satisfy  the  equation. 
For  this  condition  being  fulfilled,  it  is  indifferent  which  of  the  incre- 
ments is  supposed  to  be  determined  by  the  rest.  Hence,  one  equation 
only  existing,  and  any  aduussibie  supposition  beiiig  m«deas  to  th^  man- 
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ner  in  which  ^u,  Ax  ... .  shall  diminish  without  limit,  the  ditT.  co. 

^  and  ^  are  reciprocals.   For  whether  we  auppote  the  equation  to 

assign  u  in  terms  of     &c.,  or  x  in  terms  of  v,  &c.,  any  values  of 
and      which  are  simultaneously  admissihle  on  the  one  supposition, 

are  the  same  on  the  other ;  bo  that  -4-  obtained  on  the  first  sup- 
position, is  the  reciprocal  of  Att  obtained  on  the  second ;  and 
their  limits  are,  therefore,  reciprocals.   But  it  is  far  otherwise  with 

d'u     ^  d*x  cPu     ^  (Px   ^      „,    -  ,  -    ,  .  , 

—  and  -p-,  —  and  -r-  ,  &c.  The  first  requires  successiTC  increments 

of  x  and  a  relation  between  them,  imnicly,  tlmt  of  equality  ;  r  becomes 
a:  +  At,  then  x  -f  2Ar,  &c.  The  successive  incrcmciils  of  u  are  then 
determined  ;  and  will  nut,  geiieially  speaking,  salisfy  tiiat  lelution  of 
equality  which,  by  a  similar  convention,  is  the  foundation  of  the  process 
d^x 

by  which       is  determined;  namely,  the  supposition  that  u  becomes 

u  +  Att,  tt  +  2Ay/,  &c.,  from  which  successive  increments  of  x  are  de- 
termined, which,  in  their  turn,  are  no  longer  t({ual.  Observe,  that  we 
are  considering  the  2nd  diff*  CO.,  not  as  the  diif.  co.  of  the  first  difT.  co., 

but  Jis  tbp  limit  of  the  second  difference  of  one  variable  divided  by 
the  square  of  the  difference  of  a  uniformly  increasing  variable  (p. 
80).  Though  the  two  results  are  the  pame  in  form  and  value,  they 
are  obtained  by  diilerent  processes,  and  the  second  process  is  frequently 
the  more  convenient  origin  to  suppose  in  reasoning. 

The  only  relation  in  which  successive  equal  increments  to  x  give  equal 
increments  to  «,  is  any  one  of  which  an  —  djr  =  0  is  a  necessaiy  oonse-  . 

d*u     .  d*x 

quence,  and  in  this  case  both  ^  and  ^  are  =  0. 

Let  0(4.*,  u)  =;  0  and  abbreviate  ^      Jj;  j4C-*««n«») 
jp  • 

Let «  s  4>x,  j:     Y^u,  follow  from  %  (x,  n)  =  0,  so  that  u'  may  be 

fimnd  as  a  function  of  t,  or  x'  as  a  function  of  ?/,  namely,  u'  =  0'.r, 
rr  "^/'r/.  And  u' and  x'  arc  reciprocals  (p.  53),  whence  i'  or 
ff)'x  .  y{/'u=:  1,  which  will  be  found  to  be  a  necessary  consequence  of 
0  (x,  7/)  —  0.  We  can  now  solve  the  case  in  which  u'  is  given  as  a 
funcLiun  uf  u  (not  of  x  as  in  common  integration).  Jiet 

du  dz      1  /*du 

—  a:  U,  then  jj^  —  ]j  I  fj  ^^"^^^  suppose  —  fu. 

Then  the  solution  ofxssfli  gives  u  in  terms  of  x. 

du  .   ,  . 

Example.  =  sin  u  :  required  u  m  terms  of  jr. 

d^       1         ^  C  rBmu  du  ^       p  rf.cos'ri 

dti"sinu      ""Jsinu^J  1— cos^u^     J  i— co8*u 

where  C  may  be  any  constant  whatever. 
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To  find  the  relstion  between     and     proceed  as  follows 

_   ^     ^  _  _^  _L  ]  

To  remember  this,  write  it  —     +  -7--,  ^'w*  =  0. 

ax*  air 

DiiTercntial  cquatious  arc  frequently  written  as  if  the  diif.  co.  hud 

distinct  numeraton  and  dencmimators ;  tlms,  ^s=P  is  written  dy  ^  Pdx, 

Uemcmber  that  the  second  implies  only  the  first;  aud  that  as  far  as 
6rst  diff.  CO.  are  concerned,  we  see  in  p.  53,  that  tbey  have  the  ordi- 
nary properties  of  fractions ;  but  it  would  not  be  safe  for  a  beginner  to 
proceed  in  the  same  way  with  higher  diff.  co.  For  instance,  we  should 
not  recommend  him  to  write  the  preceding  thus,  tPu  dx  +  d?J^  du  =  0, 
thnnL'h  it  is  certainly  true  thnt  Mj^on  the  implied  suppositions  with 
regard  to  the  successive  iiicrenicnis,  A*j/  .  Ar  -f  •  Am  diminishes 
without  limit  as  compared  with  (  A.r)''.  As  far  us  the  niechanii^ni  of  the 
operations  is  concerned,  this  process  is  safe  enough  ;  the  risk  is  tliat  the 
Student  should  forget,  when  were  are  several  variables,  which  of  them 
received  successive  uniform  increments  in  order  to  form  the  several 
second  differences. 

£z  AifpJLE.  ti  =  sin  or,  what  is  ^4  ? 

d^x  dx*  —  sin  x  u 


du* 


^d»J  (cosa)» 


,^    ^     .  .    ^      dx         1      d^T  A- 

Vcrificalton.  j:  =  8m-'ai,  -r- =  -==.  ^r-i^:- ^  (l-u^  *(-2u). 

Let  33  be  a  given  function  of  «,  =  U.   JElequired  u  in  terms  of 

dJr 

^,^V.  LetU^g.Vbeing/Urfu 
fM?*""  du*       rfop* '  dudx^  dx* 


The  sign  is  to  be  ascertained  by  the  oonditions  of  the  problem,  as  also 
Cf  the  arbitiaiy  constant. 
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dx  I  r  du 


Vc+27TjS      J  Vc+2/uSSi 

and  «  b6i]||f  (bund  fiom  the  last  oqvatioQ,  the  problem  is  solved.  C  and 
Care  specific  Constanta  when  the  problem  implies  any  conditions  for 
determining  them  ;  but  when  the  question  merely  is»  what  fimction  of 

n  has  a  second  diff.  co.  equal  to  a  given  function  of  ii,  th^  aie  pei^tly 
general,  and  may  be  any  whatever, 

__   .  ^  dx  1  _ » 

Verification ;  j-  =  — -  =  (C  +  2/Uiiu)  ^ 

d*«""  w  du* ~  d^Kr  iW 

Example.    ^  =  «>    U  =  w,    2^  U     =  tt* 

Tills  result  contains  a  coraplicatioii  of  constants,  which  is  re<lnrible 
to  simplicity,  as  very  frequently  happens  ia  the  results  of  iiUegiation. 
The  preceding  may  be  thus  written  : 

But  \  e     may  be  made  anything  we  please  by  giving  the  proper  value 

to  C,  and  then  —  C  x  may  be  anything  else  we  please,  by  giving 

the  proper  value  to  C.  I  fence  these  two  coefficients  simply  amount  to 
arbitrary  cousstautjs,  and  we  may  simply  say  that  //  =  Ks'  +  K'f~'. 

Example  II. — Instance  of  the  truusformatiou  of  an  equation  into 
another  of  a  totally  diffisrent  form  of  solution,  by  the  use  of  impossible 

quantities.    In  the  preceding  equation,  let  j?     ^  V—l.    Tiien  u  nniy 
be  made  a  function  of  0.   And  we  have 

du     du    (W         1  du 


djs     de    dx  da* 

d*u 
1? 


Therefore  —  <>»^  +  «  =  ^  gives  u  =  Kt  K'«'*^^, 

(p.  119)  =s(K  +  K')cosa+V^  (K-KOsin0  =  C  cosa+C'sin  6, 
on  similar  reasoning  to  that  immediately  preceding  this  article.  We 
shall  now  produce  the  same  result  direetly. 
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AMume 


aiid  w  =  K  sin  0  +  K'  COB  0,  ia  form  as  befure. 

Example  III. — Instance  of  n  more  complicated  integration,  attained 
by  preserving  the  le«s  complicated  form,  but  geueralizing  the  cooiitaQts 

into  vamble  functions.   Let  —  -f  u  z=  T,  a  given  function  of  B, 

(Iff 

Whatever  the  polution  may  be,  it  can  be  represented  in  an  infinite 
number  of  ways  by  KeinOH-  K'cosO,  if  K  und  K'  be  functions  of  0, 
if  it  were  «  s  0^,  and  if  we  clioae  to  awimie  K  +  K' 6,  we  can 
satisfy  the  oonditionB  Ksin  $  -f  K'coeO  s  6*  and  K  +  K' s  6  by  the 
simple  method  of  algebraic  solution,  which  gives 

Ks(e>-0  cos  e)     (sin  e  -  cos 0)   K'=  (0 sin  0-0*)^(8in  0— cos  0). 

Therefore,  not  only  may  we  assume  «  K  sin  0  +  cos  6,  but  even 
then  we  are  at  Ub^y  to  assign  anj^  relation  we  please  between  K  and  K', 
which  does  not  contradict  their  beuig  functions  of  0.  Let  us  make  the 
assumption,  which  gives 

^sKcos0  — K'Bin0  +  ^sin0-f  ~  cos0. 
Let  our  assumed  relation  be  ^  sin  0  +  ^  cos  0  =  0. 
Then  ^     K  cosd  -K'  &inO 


— =-Ksin0-K'cos0+— COB0 — ~  fim0=s-«4—  cob0— sm0, 


^  dK  ^  dKf  .  ^ 
orT=-cos^--^sme 

^  ^  ,  ^  dK' 


whence 


—  =  TCOS0 
^'  =  -Tsin0 


by  the  ordmsxy  solution  of  algebrsical  equations.  Hence 

Ks/Tcos0  4l0H-C,   K'sr— yTsin0rf0 +C 

11  =  C  sin  0  +  C  cos 0  +  sin  0  / T  cos 0  de-cota 0  fT  sin  6  dO. 

The  above  solution  makes  use  of  the  following  notion.  When  T=0, 
we  have  found  a  solution  which  contains  t^o  cnnstantj*.  It  is  not  un- 
b'kely,  then,  that  a  snnilar  form,  but  witli  more  complicated  coefHcients 
for  bin  G  and  cos  0  ttian  simple  constants,  will  be  the  solution  of  the 
more  complicated  equation.  This  of  course  is  no  argument,  but  only 
reason  enough  to  make  it  worth  while  to  try  ti  s:  K  sin  9  +  K'  cos  (7,  in 
the  manner  preceding.   Our  suspicion  turns  out  to  be  ooneet  in  this 


1 
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1.  ^^^+»-^>  ti=C»m<>+C'coB0+«n0/^eo69d9--ocMO/rameda 

/OtmBdOsi   etivkB'-f  Bind de  ss  6ana+cos0 
/aslnOifO  =—0  cos  a+y*  cos  0  do ——Ooot  9+ nn  A  - 

u  =  C  sin  6,+  C'cosG  +  6  which  may  easily  be  verified. 

2.  i^4.«s:cose,t(srC&ind+C'oosO+8in0/cos''dda-ioos0/8ia2ac(^ 

crtr 

foo&'Q  de:=: J  (i  +  i  cos  2a)  do  =  ^  d  +  {  sin  2©,  /sin  20  dO=:  -  ^  cos  20 
u  =s  C sin 0+C'cos 0+} 0siii 0  +  ^  sin 20 sin 0  -f  icos0cos 20 
=  C  sin  0+C'cos  0+i  0  sin  0  +  4^  cos  0 

=  C  sin  0  +  C  cos  0 + ^  0  sin  0.    (Explain  this  step  ?) 

3.  M=:Csin0+C'ooB0+sin0/i*cot0<^— cat0/<'sin04i9 

do 

/«•  cosO  <i0=«*  sin 0- /f' sin0  dd^/a'  8in0  <id=r  -  i* cos 0+/!*  cos0 d0 
/c'cos0d0s^c*Cnn0  +  cos0)  /s*sin0<l0sr  |£*  (sinO-  co«0) 

w  =  CBin0  +  C'cos(j  +  Jtg'. 

*  * 

We  shftU  afterwards  have  to  return  to  this  equation. 

Show,  in  a  similar  maQaer»  that  —  —  u  =  X  (a  function  of  a-) 

gives  u  =  C6'  +  C'r'  +  i g'/f"'  X  dr  -  i  £-/f  Xdr. 

We  have  placed  the  first  two  differential  coefficients  bv  themselves, 

not  only  because  it  is  comparatively  uncommon  to  see  third,  &c.  diff.  co. 
in  ap]>liratio!is,  but  also  because  we  arc,  as  has  l>een  seen,  in  po««Fr««ion 
of  ii  general  method  of  solving  the  inverse  cases,  or  those  of  the  Integral 
C^lruluB.  That  is,  we  can  reduce  the  solution  of  u'  =  U,  or  of  t*"=:U, 
tu  the  imdiug  of  a  common  integral.  But  we  are  not  in  possession  of 
any  such  method  with  regard  to  ir*  s  U,  ss  U,  &c.,  and  these  equa- 
tions can  only  be  reduced  to  explicit  integraUon  (with  oar  present 
Imowledge)  in  a  very  few  particular  caaes. 

Paofiuif To  express  -— ,     ,  &c.  w  terms  of  -ri ,  t-i  •  Ac. 
page  (153).^'=-^,    ^  =  Si  i^j 


 a*'*  u^':r- 

dx  djc 


N  B.  In  differentiating  a  fraction  of  which  the  denominator  is  a 
power  of  a  function,  such  as  P  (Q)%  abbreviate  the  rule  deduced 
in  page  52,  as  follows : — 

Difiieientiate  as  if  the  function  were  P-f-Q  with  these  allerationay 
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1.  AAer  dififerentuitiDg  Q,  multiply  the  term  by  7( .  2  .  instead  of 
ill  the  denonimfttiKv  ^nrite  Q""^'. 

_     ?/ » w''^  —  10  ufu"  u'"  -f  15  u'" 
We  leave  the  following  to  the  student : 

The  problem  which  we  have  ?olvcfl  amounts  to  this  :  given  u  =  0r, 
and  therefore,  the  power  of  differentiating  u  with  respect  to  jr,  required 
the  ditf.  CO.  of  x  with  respect  to  ?/,  without  the  necessity  of  actually 
inrcrting  the  equation  u  =  0t,  and  making  it  j-  =  fit.  Hence,  when- 
ever MacUttrin's  Theorem  applies,  we  can  from  u  =  0jr,  not  only  expand 
u  in  powem  of  x,  but  alio  9  in  powera  of  «•  For  we  know  that  in 
every  case  where  an  infinite  leriea  is  adminiUe,  we  have  (p.  74.) 


where  by  W>^^^>      ^  meant  their  val 


3 

ues  when  ?/  =  0.  Now, 


when  u  =  0,  let       A  ;  or  let  ^Ifc  =  0  :  then  (a/)  (x"),  &c.  can  be 

f^nind  by  making  x  —  ^  on  tbc  second  sides  of  the  preceding  relations,  in 
which  tt",  &c.  are  all  functions  of  r.  Ix;t  A,  A,  A«,  &C.  be  the 
values  of  jf'  &c.  when  j  =  A;  then  we  have 

*  =  *  +     u  +  At  —  +  A,      +  A*- 


2  •  —2.3  '    *  2.3.4 

ExAAi  I'l-E.— Given  w  =  cw+t^'  +  cx'  -^ex*  +  7.i'4-  &c.  required  j?  in 
tenus  of  v. 

Here,  when  u  =  0, one*  vrlne  of  r  is  r=0,  and  we  will  therefore  sup- 
pose u  and  X  to  be  beginning  together  from  being  simultaneously  =  0, 
hj  which  we  ahall  produce  a  leriea  for  which  will  be  true  until  we 
eooie  to  another  value  x^k^  which  makea  tt  ^  0,  after  which  we 


•There  way  be  (often  will  b«,  w«  »ay,  but  perhaps  the  stu.lent  may  not  have 
to  the  point  at  which  thin  ii  provi  <l)  an  iafinite  number  of  other  vahies  of  x 
Hfftti  wOl  OMke  «  =  0.   The  practice  of  at^suroiog  that  x=:0  b  the  value  (meaninf^ 
ttm  mAf  TalM)  of  «  «liieh  fiialmi  «s=0  infests  elementary  works,  both  English  and 

French,  to  a  f^reat  ilegrce.  The  consequence  is,  that  wht'n  the  *<tntknt  has  finished 
bis  elerneBtaiy  course^  be  learns  that  sevefsl  of  his  general  theorems  axe  not  general 
at  all. 
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inusi  lake  nnotlier  scries  beginning  from  the  simultaneous  values  u  —  0, 

X  zz.     &c.    Consequently,  we  find 

iif'ss     26  +2.3ca?  +3.4  cj:^+4.5  A,=2ft 

2.3.4e  +2.3.4*6/dr  +  ...,A4s2.8.4e 
«'  ar  2.3.4.5/  + . . .,  A5:=:2.3.4.5./ 


A.'A4— 10A.A.A,  +  15A,*    _  24a*e  —  120 a6c  +  120^ 
A'  ^  a' 


,  At'A,  - 1 5  A  « AA— 10  A>' A/  +  105  (AtA,  —  A,*)  A/ 

)-  -jl  

—      120 oy—  ?20a*6e  —  360 gV  +  420  (6flc—  46')  b' 
 ? 

Substitute  in  (I)  and  write  the  terms  in  a  form  altmatelj  poeitiTe 
and  negative,  which  gives 

1       h    ,     26»-.flc^     «V-Ba6c  +  56». 

^a  he  +  3a-c-'  —  g*^' + 7  (2  6'  —  3  go) .6^ 
+  «  »  +  •  •  • 

Thu8tt=j?+2J^+3J:'+...  givesa?=u-2tt*+5u»-  14u*  +  42m*+&c. 

We  recommend  the  student  to  try  various  cases,  and  shall  proceed  to 

observe  of  this  rnvrv/o?/,  as  it  is  called,  <»f  the  srrles  ax  +  hj^  +  

that  7r  terms  of  the  ^(  m  r-  Jeirriuiiif;  n  terms  of  tiie  reverse  series,  so  that 
two  terms  of  the  liitier  uje  given  when  a  anrl  6  nre  given,  three  lenns 
when  a,  6,  and  c  are  given,  and  so  on.  We  now  proceed  to  another 
case  of  our  main  subject. 

Instead  of  supposing  u  to  be  an  explicit  fanction  of  «,  let  us  now  sup* 
pose  ^t^y^^  :jt  =  "^Uw  that  u  and  x  arc  not  connected  together  by  a 
given  equation,  but  by  one  implied  in  the  coexistence  of  these  equations, 
and  which  may  be  o1)tuined  by  climinatinc:  f.  Let  accents  vow  denote 
differeutintions  witli  resj)cct  to  ^  nnd  let  the  question  be  tu  li:ul  the 
diff.  CO.  of  u  with  respect  to  in  terms  of  those  of  u  and  x  wiili  respect 
to  t. 

_  x'  jx'u'"  --u'jf")  -  ^x"  jx'u"  -  ufx^') 

Euncisn.— If  iiesa<+6l'+c^+ ...  and        <+6,  i'-^c^ 
find  the  three  first  terms  of  u  expanded  in  a  series  of  powers  of  it. 
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The  equation  can  be  made  to  result  from  two  others  of  the 

form  u=.j^t  x^yfff  in  an  infinite  nnnibcr  of  uays;  for  assuiuintr 
at  pleasure,      cttii  be  fuund  by  deterniiuiug  x  from  0x=x'-  ^^^^ 
whatever  xi  *nil     may  be,  oonsiateutly  with  u^x^  and  «r:=  giving 
the  function  (r  u**—vfjif'y-r^  will  always  be  the  tame  ftine- 

(ion  of  J,  being  always         Thus  u  =  '^x   follows  from  any  case  of 

the  foUowing, 

u  J  =  (xO%  giving  u'  =  x'^       =  x"^ 

y  =  8  (xO«  X'«»    *"  =  3  (xO*  x"<  +  6X<  (X'O*,  or 

SxBRdSK.   If  u  be  a  fuaction  of    t  of    and  v  of  df»  show  that 

dsfi"  de  'rfw-dx**^  i<t>»<i/  (ir«      dt  dv  dx* 
and  verify  this  in  the  case  of  u  f     <  s  v',  t;  =  jp*.   To  avoid  the 
ineonyenience  of  parentheses,  it  is  usual  to  write  ^  instead  of 

m  ■ 

We  now  resume  the  supposition  (paj^e  ijl)  of  there  being  several 
▼ariables  independent  of  each  other.  To  take  the  simplest  case,  let  us 
suppose  11  =  f  {Xyjf),  We  have  established  all  that  is  necessary  re- 
specting successive  differentiations  made  on  the  supposition  that  x 
becomes  .r  +  A-i*,  x  +  2A  r,  &c.  in  succession  while  y  remains  constant, 
or  that  y  becomes  y  -f  Ay,  &c.,  while  x  reninins  constant.  But  we 
have  as  yet  said  nothing  of  differentiations  in  which  first  one  and  then 
the  other  is  supposed  to  vary. 

liti 

The  diff.  co.  with  respect  to  x  is  written      and  that  with  respect  to 

ill  ' 

y,  ~.    Bui  we  eanru^  too  emphoHcally  remind  the  siudent  not  to 

esUnd  the  analogies  which  (page  54)  have  been  shown  to  exist 
between  diff.  co.  ami  algehrme  fractions  when  aU  the  vanabhs  are 
eannecied^  to  the  cote  where  lAere  are  variabies  independent  of  each 
other.  In  the  present  case  y  may  vary  independently  of  x,  and  .7  of  y  ; 
the  variation  of  u  takes  different  forms  according  to  the  different  sup- 
positions. Hence  At/  springing  from  a  change  of  .r  into  Ar  altog;cther 
a  different  fnnction  from  A«  which  comes  from  chanu;ini;  y  mio  Ay.  If 
we  have  occa.sion  to  use  them  together,  we  nuist  invent  a  synibul  of  dis- 
tinction :  but  since  we  want  nothing  but  diff.  co.  or  limits  of  ratios,  the 
apparent  denominator  is  sttflldent  distinction. 
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idti 

When  we  see  t'*     know  thst  It  was  the  vairiatidn  of  x  which  made 

ax 

the  YfiTiation  of  ?/  by  which  this  frnction  was  ul)taiiied. 

Similarly,  as  to  secoud  diffeteuccs,  A^u  may  cither  represent  the  dif- 
ference {x  varying)  of  the  difiierence  (x  also  varying) ;  or  the  difference 
v  arying)  of  the  dlfievence  ix  varying)  ;  or  the  difiiirenee  (e  varying) 
of  the  ditfercnce  (y  varying) ;  or  lastly,  the  difference  (y  varying)  of 
the  ditfcrence  (y  varying).  In  all,  A*u  is  the  difference  of  tfie  differ^ 
ence,  but  to  each  repetition  of  the  word  difference  a  supposition  is  im- 
plied as  to  the  mauutr  in  which  the  ditfcrence  was  ol)laiiK'd.  The  two 
cases  in  which  the  variable  is  the  same  ia  botli  have  been  already 
treated,  the  only  difference  being  in  the  notation.  For  whereas  hitherto 
there  has  heen  only  one  quantity  which  does  or  can  vaiy,  we  must  now 
introduce  another  quantity  as  a  possible  variable,  but  which,  so  long  as 
it  does  not  vary,  has  all  the  properties  of  a  constant  Thus  hitherto  we 
have  included,  for  instance,  2cx  —  jr*  under  the  general  symbol  0r  : 
whereas,  in  future,  if  e  mean  to  imply  that  we  are  at  liberty  to  make 
c  variable,  we  shall  write  it  0  (r,  c).  Thus  (r,  c)  =  6  (  r  -{-Ai^  c) 
—  0(r,  c)  is  an  equation  of  the  same  force  and  meanini;  as  A0.r= 
0  (1'  +  Ai)  —  0-r,  with  this  addition  only,  that  we  remind  the  reader 
of  the  quantity  c,  which  might  have  varied,  hadVe  tliought  fit,  but 
which,  in  the  preceding  equation,  does  not  vary. 
,  We  shall  take  A'ti  where  tt  =s  ^  (jr,  y)  on  the  four  possible  suppo* 
sitioos 

when  X  only  varies       =  ^  ( j?+  £kx,y)—^  (t,  y) 

when  y  only  varies   An  =s  0  ( j,  y + Ay)  —  0(r, 

X  varies  twice, 

A*M=0(j+2Ax,  y)-20(i'+Ar,y)+0  (x,  y) 

jr  varies,  then  y, 

^•ii=0(j+Aaf,  y+Ay)-0(*,  y+Ay)  -0(«+Ax,  y)+0(j?,  y) 

y  varies,  then  x, 

A*ji=0(ar+Ar,  y +Ay)-0(a^+ Ar,y>-#(x,y+Ay)+0(r,  y) 

y  varies  twice 

A»«=:4»(J*,  y+2Ay)— 20(j?,  y+Ay)+0(x,  y), 

the  second  and  third  of  these  are  the  same:  that  is,  in  a  second  dif- 
ference, formed  from  one  variation  of  x  and  one  variation  of  y,  it  is 
indifferent  which  is  supposed  to  vary  first  From  this  it  may  l)e  shown 
that  the  order  of  the  suppositions  as  to  variations  when  these  variations 
are  altogether  independent  of  each  other,  is  itself  immaterial.  For  a 
moment  let  D  and  A  refer  to  x  and  y.  Then  A  (Dm)  =  D  (Aw),  in 
which  it  is  usual  to  omit  the  brackets.  Then  AADff  =  A1)A«  or 
AA.  r=  AD  (A«)  =  DAAw,  that  is  A\Du  =  D.A'u,  &c.  &c.  Ge- 
nerally A'  .Vu  —  D'.  A^M. 

Let  us  now  expand  each  term  of  the  differences  by  Taylor^s  iheorem, 
applying  the  theorem  of  Lagrange  (page  13)  at  the  second  difierentm- 
tion. 

Let  Ax  =zh.  Ay  =z  k,  and  let  differentiation  with  respect  to  x  only^ 
to  y  only,  be  denoted  by  an  accent  above  or  below :  while^  when  there 
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•ic  two  difaentialioiis  villi  different  vtriaUes,  tlie  one  which  is  made 
fint  hit  its  iccent  in  psreothcses.  Thus 

0(x  +  Ar,  y)  =  <?i  (j,  y)  +  ^'  (a,  y)  h  +  ^'  (x  +  6//,  y)  ^    e  <  I 

^j.y+Ay)  =  0(x,y)  +  *,Uy)  A  +  0^Cx,y +  X  <  1. 

Tn  the  first  write  y+Ay  far  y,  and  develope  the  two  first  terms 
0^  <  1). 

At,  y+Ay)=r0Cr,  (x,y)  (x,  y+XA)  ^ 

(x,y)+^/'^(x,y).^4-0,/'^(jr,y+/iA)  ^|  ^. 

Ffom  the  latt  increased  by  ^  (x,  y)  subtract  the  sum  of  the  two  pie* 
eediagy  which  gives  A%  (where  both  x  and  y  very  once) ;  or 

+  ^  {*"(*+«A,y+A)  -  ^'  (X  +  9^  y)]. 

But^'^  (■r+©A,y4.A)-^''(jr4-^A.y)=^/  'Hj^+^A,y  +  i!^)./j,  u<U 
Difide  both  sides  of  the  precedmg  by  Ar.Ay,  and  we  have 

ia  which  if  we  suppose  A  aad  k  to  diminish  without  limiti  we  have 
Kn.it  of^  =  0,-(x.y)  =  ^(;^0(x.y)). 

If  we  had  proceeded  in  the  same  way,  with  the  exception  only  of 
sobstitatinr  <v^^  in  ^(jr,  y+%)  instead  of  y-f  Ay  in  ^  +  Ar,  y) 
we  should  have  found 

where  in  the  first  we  have  A*m     varies,  then  y) ;  in  the  second 

(y  vnrie?,  then  .r).  But  these  two  are  always  the  «Hme,  and  therefore 
the  iirsit  sitlea  are  identical,  being  limits  of  the  game  lunctioii.  Hence 
the  s^»>Dd  sides  are  the  same  ;  or  when  two  differentiations  are  per- 
formed with  retptxt  to  two  variables  iudependent  of  each  ulhcr,  the 
oider  is  inunatctiaL 

For  ioatanoe  ti  s  r*  sm  y  <''.2j.sin  y    ^  s  <^,cosif 

a»c  dy  * 

—  (^3^j  =  r  .2xcosy  =  r  2x.co8y. 
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du         .  du 

It  =  a*         ^^^^J^  —  =:  j:*  log  X, 


Now,  as  —  IS  so  denoted^  because  though  originally  obtained  thus 
aJT 


^{^ix)  *    *'         to  be  the  Umit  of         ;  in  like  maimer  let 


7-         he  denoted  by  -^-^y  becAuie  it  is  shown  to  be  the  limit  of 

,    ,      And  if  we  pltoe  on  the  right  hand  the  increment  of  the  va- 

Ay  Ar 

riable  with  respect  to  which  differentiation  fint  takes  place,  we  may 
express  that  the  ordjer  of  the  diflferentiationa  is  indifeent  by  the  follow* 
tug  equation, 

djfdx  dxdy* 

In  a  similar  way  it  may  be  shown,  1.  That  ^""''"t/,  where  i*  varies  m 
times,  and  y  varies  n  times,  is  the  same  in  whate%'er  order  the  variations 

may  be  made  ;  nvt(\  also  that  m  different iationi  with  respect  to  x,  followed 
by  n  diffei^ntiations  with  respect  to  y,  in  whatet^cr  order  they  may  be 
made,  will  give  the  banie  result,  namely,  the  limit  of 

A"*+*^    d!***u 


'At^Ay^*  which  iimit  we  represent  by  j^rjy>* 

But  it  will  materially  iacilitate  the  transition  from  ^(j)  to  v), 
where  cc  and  p  are  independent,  and  both  vary^  if  we  pass  through  tl»e 
case  where  y  is  a  lunctioii  of «.  In  that  ease  we  have  the  partial  diif.  co. 
(page  91)  just  considered  and  the  Mai  diff.  co.  connected  together  by 
uo  amiatiOn 

d,u      dtt  ^  dudy 
djg  ^  djt  dydx 

m 

Repeat  this  ]nroons,  (remember  that  ~  does  not  contain  y) 

dx 


IF 


^ds\d»^  dydxJ'^^Kdi'^dyJjtJ'ds 

^  dUi        dUt     (ly     du  d'y       d*u  dy  d*udi^ 

CP,U  ^         .  o  dy     d-u  dy-      du  d'y 

■ 

If  we  take  the  simple  relation  y  s:  «r  H*^  welwTe  tbe  following : — 
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d,U  du  du 

dm  '^^ 

the  law  of  which,  and  its  conuexiou  with  the  bmutuiui  theorem,  is 
obvions. 

Novr'apply  Taylor's  Theorem  with  the  theorem  as  to  its  limits  to  the 
e^cpausion  of  f{x  +  Ax,  y  +  -Ay),  y  +      being  a  (x-f-Ax)  +6,  and  Itt 
be  the  nth  tottl  difil  go.  just  obtained.  This  gives  {£a  =  A). 

«*+Ax,y+Ay)=  u+  ^A  +  ^'     +_.+Ui$«.^  ^  (B). 

To  expand  the  last,  obMm  that  if  4»[Z}{x9lf)  represent  the  paitiidl 
(M-f  tt)th  di&  CO.  ia  which  #  varies  m  times,  and  yn  times,  we  have 

XJ:;^  ri^^r  (^+^A,  y +^<iA)  +        ('+^A,  y+  ^flA)  na  +  

Sabetitiite  in  (B)  from  the  set  (A),  which  gives,  mailing  ah  or  A» 

+  the  result  oi  writing  x-i-Oh  for  x,  y+^A  for  y,  in 
2.3...nliU"       <far*rfy  «(y"  J' 

v.  hich  efjTiatjnn  contains  j,  ?/,  /i,  anfl  ^,  nnd  not  a  or  h.  But  it  is  true 
tur  all  \uluc3  of  a  and  6,  th;it  is.  ti  in  lt;r  all  values  of  y  and  k.  Con- 
sequenil)'  this  equatiuu  is  aiwaya  true  whether  y  be  a  function  of  x  or  nut. 

A  tbeorem  of  the  same  sort  may  be  found  for  a  function  of  x,  y,  and 
by  making  y  =rax-j-6,  M^es'^f,  and  proceeding  in  the  manner  above. 
Bat  the  following  consideration  wiU  tend  to  fix  the  method  in  the 
memory,  as  well  as  to  introduce  a  remarkable  view  of  Uie  subject. 

Jf  there  be  a  number  of  operations  successively  performed  upon  u, 
denoted  by  A,,  &c.,  and  if  they  be  all  of  what  is  called  the  con- 
vertihlf  kind,  namely,  if  A|  performed  upon  A,u  gives  the  same  as  A, 
performed  upon  li^^u  ;  and  also  of  the  distributive  kind,  by  which  we 
mean  tliat     (a  +  6  —  c)  is  the  same  as  At «  +  Ai   ~     c,  &c. ;  we 
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may  for  every  such  set  of  operations  invent  a  new  algebra,  or  sKow  that 
the  old  one  has  heen  more  than  necessarily  limited,  as  follows.  If  we  exa- 
mine the  processes  of  algebra,  we  find  that,  so  far  as  the  juxta-positioii 
of  k liens  is  concerned,  whether  by  multiplication  or  division  (which  is  a 
case  of  multipUcation)  it  is  the  convertibility  and  distributi^enest  of 
the  operation  denoted  by  ab  which  gives  the  form  of  all  pioceatet  after 
addition  and  subtraction.  Let  ns  suppose  we  know  that  <i|  5»  &c  are 
magnitudes,  and  that  we  assume  addition,  subtraction,  and  the  rule  of 
signs.  But  let  us  not  be  supposed  to  know  anything  of  the  meaning  of 
ab  except  this,  that  whatever  it  be,  it  is  the  same  as  ba.  and  also  that 
«(6±c)  and  ab  +  an  must  mean  the  same  things.  That  is*,  let  us 
assume  ab  to  be  1*,  some  magiutude  in  its  result  2.  obtained  by  a  double 

opeiation  of  a  conTcrtible  and  distributive  character*  Again,  of  ^  let 

na  know  notbing,  eicept  that  ^6  or  6  ~  means  a.  Then  aU  the  mat 

of  algebra  follows  in  the  same  forms  of  expression  as  when  ab  means 
multiplication*   For  instance, 

(a  +       +      means  (a  +  6)  c  +  (a  +  6)  dp 

of  which 

(ft  +  bye  means  c(a  +  b)  or  ca^iid,  and  (0+6)  d  meant  out  4* 

iind  so  on.  Now  among  the  operations  which  are  convertible  and  din* 
tributive  we  have  1.  tuccessive  difeentiationa  with  respect  to  the  same 
variable, 

2.  Independent  differentiations;  for  instancCi 

dx  dy  ^  dy  dx  dx  \dy      dx)  ^  dxdy 

3.  Ditierentiatiou  aud  multiplication  by  a  constant. 

and  the  same  Cor  finite  differences.  Now  consider  the  theorem 
.  .  du  .   ,  d'n         dhi  h*  . 

We  make  a  step,  the  details  of  which  the  student  cannot  follow, 
further  than  to  show  the  coincidence  of  some  of  its  results  with  thoae  . 
■  already  obtained.    We  assume  all  the  formula  of  common  alL^ebra  in  the 
case  of  convertible  and  distributive  operations.  The  last  equaiiuii  (looking 
merely  at  the  operations  performed  on  1/,  and  considering  differciiuatiou 

with  respect  to  «  as  an  operation  whose  symbol  is  ~ ,  which  Ar  a  buk 
ment  vtt  call  B)  k 

—  •» 
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iht  hiit  symbol  must  be  to  the  student  at  |)re&ent  a  symbol  uf  abbre- 
fistioD^  derived  from  looking  at  the  onMmsion,  and  Tememberinff  what 
it  wootd  be  if  D  were  a  quantity.   That  is,  if  we  treat  A  ana  D  aa 

quantities,  in  the  equation  (I  +  A)m  =  until  the  expansion  of 

both  sides  is  made,  and  u  replaced  after  A  and  D,  D",  i&c.,  and  if  we 

then  restoTP  to  A  and  D  their  meaning  as  symbols  of  operfttinn,  we  have 
a  true  result.  Now  let  A' and  ly  imply  a  ditiereace  and  H|ff'.  eg.  with 
respect  to  ^,  and  we  have  accordingly  (Ay  r=  A) 

»  + Av  +  A'(y  +  Atr)e5tt+Atf  +  I>'(v+ .  •  • 
or  coHeetiDg  operationa  aa  before, 

(1  +  A')  (1  +  A)  «  =  €^  Xfi""  *)  = 

the  kat  iteult  being  that  which  would  exiftt  if  D  and  D',  &c.  were 
qwntito.  Let  us  try  theaame  mode,  namely,  treat  D,  A,  &c  as  qiian* 
titicB  until  the  development  ia  oompileted)  and  then  restore  the  origintl 
faning.  Wethuahave 

0  +  A)  (I  +  A')  tt=  { 1  +  (DA  +  m)  +  i  ( DA  +  u'ky  +  ...}« 

vlucli  etldently  agreea  with. the  expanaion  in  page  163. 

We  dudl  now  Ibnow  the  fneeeding  method  iraely^  in  oider  to  fehovr 

that  its  results  are  uue.  Firstly,  what  should  A^^  mean^  or  ^ ,  consi- 
dered as  «  symbol  of  operation  ?  By  definition  A  (A"*  jr)  means  x,  or 

if  Aj/  —  *,  u  ~  A~'«. 

But  J^OT  =    ( r  +  Ar)  —  ^(j),  and  if  A0x  =    r,  \vc  find  that 
^  following  is  one  solution,  if  not  the  only  solution,  of  A^r  \f/x. 

^  r  =  C  +     ( J  —  Aj;)  +  fix  ^2  Ar)  ad  infinitum^ 

irhich,  by  changing  .r  into  x  -f  Ar,  and  subtracting,  gives  A  ^  x  =  fx\ 
C  being  any  constant  whatsoever.  This  we  have  intnxlTiccd  merely 
to  show-  that  the  reliition  in  quc?tioi5  ia  capable  of  being  satisfietl;  what- 
eirer  tlie  general  aoimiou  of  the  equation  ^<px  =  y^x  may  Ijc,  let  it  be 
denoted  by  0x  =  A~'  "^x.  We  proceed  by  assummg  that  the  form  in 
which  the  hinmnial  theofem  enters  remaina  true  when  we  make  the 
carponeni  negative  and  s=  —  1|  and  we  obtain  the  following,  in  whidh 
the  Erst  side  of  the  final  result  ia  a  symbol  to  be  explained,  the  second 
side  (if  the  peculiar  assumptifliia  we  are  considering  lead  to  no  enor) 
■hnittiiig  of  explanation. 

A=^— 1  A"  =  (f*— I)-  A-»  =  (s»— 

sr  A-»ti=  (f™-!)-.!*. 

If  oTir  process  he  correct,  the  expan?TOn  of  the  second  side,  in  powers 
of  D  A<  n  qiiantitv,  nnd  the  subsequent  restoration  of  the  nicaninL' of 
If  II.,  should  give  an  cxplicalile  rcf?ult.  That  it  wili  do  ti\  ^\  i-  ^hall  ^huw 
iu  a  subsequent  part  ot  the  work  ;  at  present,  we  shall  take  au  instance 
we  cmii  more  easily  verify, 

^  LHC6 

1  +  A=£~,  wchave  DAsrlogO  +  A)   ADu  =  log  (I  +  A)u. 
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On  flsptnding  the  leoond  tide,  aiid  festoriiig  the  meaimig  of  A*w»  w)r 
hft?t 

We  may  easily  verify  this  result  on  particular  cases.  Thus  when 
=:  6h\  A*u  =  0,  &c, 

du 

Au  ^  i  A*tt  +  ^  A*ii  ss  3A     which  b  alio  h  — . 

We  may  now  coniider  ourselves  as  ha?iBg  advanced  l^y  the  route  of 
analogy  to  a  theorem  which  we  should  never  otherwise  have  suspected, 
but  of  which  we  have  riot  yet  got  demonstration.  B\it  having  the 
theorem,  it  ia  easy  to  £urm»h  a  demonstration,    jb  irstly,  we  shall  show 

that  3-  may  he  expanded  in  a  leriea  of  the  form  of  A  A«  +  B  A*tt 

ax 

The  accents  denoting  differential  co-e&cients,  we  have 


All  =  ii'A  +  u"  ^  +  u'"  ^  + 


Take  the  diflbrence  A  of  both  sides,  which  gives  AV«AA'u'  +. 
iA*Au''  +  .  .  .  and  in  place  of  each  term  write  its  corresponding 
eeries  derived  frnm  using  the  theorem  jnit  given  with  u'\  &C,  This 
gives  for  A'  u  a  series  of  the  form 

AH*  =  tt"A«  +  Mtt"'A'  +  Ntt»'A«+ .  . 

Repeat  the  process,  writing  for  A  u",  &c.  their  values,^an4 
A»M  =      h'  +  M'j/ 4-  N '  tt"^  A*  +  .  .  . 
and  BO  on  ;  whore  M,N,M',&c.  are  specific  fractinns  determined  in  the 
process.    Suletitute  every  one  of  these  in  the  series  A  Au  +  BA'tf  + 
C  A'u  4-  . . . .»  and  we  have 

A  (u'h  +  u"  ^*  +  u'"  ^  +      ^  H-  B  iu"h*  +  Jlii*A»  +  Ac) 

+  C(tt'"A*  +  .,..) 

which  can  he  made  identical  with  A^  by  Ass  1,        +  B  c=  0» 

—  A  H-  M  B  +  C  =  0,  &c.    It  ia  not  necessary  to  determine  any 

term,  for  as  poon  ae  we  know  that  any  form  of  Aw'  can  be  expanded 

into  AAu  +  B  A'm  +  where  A,  B,  &c.  are  indepeiulent  of  the 

function  chosen,  and  of  A,  we  can  immediately  luid  a  function  which 
ehall  point  out  what  these  co-efficients  must  be.  Let  ?/  =  (1  »nd 
let  A  =  1 ;  then  we  must  have  Ati  ss  (1  +  a)\a  A*i*  =  (1  +  a)'. a* 
&c. 

(l  +  a)'  log(l4-a)  =  A(l  +  «)'.«+B  (1  i-aya*  +  C  (1  «'+.... 

or    log  (1  +a)  =  Afl+Ba*+      +  .  • .  .*s  a  —  Ja*  +  |  +....• 
whenceAsl,  Bs—j^,  Osh^ 
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Let  the  student  itow  interpret  the  fUUowing,  and  Terify^  Moood. 


By      <Nr  »  we  we  to  meaii»  by  definitioa,  a  fuoctum  such 

Aet  D  (D**tt)  as  tt,  or  ^  .       =     wheaoe  *  fmh. 

Let  U8  apply  this  to  the  last,  and  sec  whether  we  can  derive  a  verifiable 
Acoieiii  from 

(s)"-<'^='<'+i)'>-'(-^a)-*')'. 

Xbia  may  be  immediately  Tehfied  by  parts ;  thus 

We  tball  condode^  tm  ffae  ptcieDi,  with  another  lemarkable  inatanoe. 
Taylor*B  Thenem*  ani  changmg  A  into  —    we  have 


^(«-A)  =*«-^«A  +  4^"*  -^+*^*^-*c 

2  2.0  2. a. 4 


As  A  may  be  anythiBg  wbataver,  let  it  as  or,  and  a  aimple  tranapo- 
ution  girea 

=  ^(0)  +         ^  +:^''«  ^  -  &o. 

where  (i/)  is  the  value  of  w  when  t=:0.  As  this  is  true  for  all  AuiCtions» 
substitute  the  nth  diii'.  co.  of  u  instead  of  u,  and  we  have 


  • 

Try  tills  wiieu  nsz  —  1,  ou  liic  bupposiliuus  lutlieru)  employed. 

Then 

Jim      Kjmf  ^  djf'        dx  2  ^  dx*  2.-6  ^ 

cPu 

Here  we  must  ask  ^^^^^       means?    Since  in  the  method 

wUeh  tbeae  eztenaiooa  are  made  the  aymbol  0  !a  used  as  a  quantity 
an^  the  cod  of  the  pioceNi     will  aol  oocur  OKcept  wheie  it  ia  unity^ 
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when  considered  as  a  quantity.   Hence  u  itaelf  is       ;  but  we  will 

make  the  theorem  just  obtained  the  test  of  the  correctness  of  this,  so  far 
as  cue  instance  can  be  a  test,  if  we  assume  the  point,  we  have  on  one 
side  f  \tdi  —  ij^udx)  or  J^vdx  —  its  vaiue  when  x  0»  that  is  Jiuds, 
And  thus 

\  dn       .  d'u 

dx2       dx*  2.3 

which  is  called  Jobn  Bernooilu  s  Theorku*   It  is  verified  thus; 

/X-  d  du 
2  d^  dU'"^' 

Wc  have  not  vet  applied  the  prent  pnnci])lc  of  the  convertibility  of 
indepcndnU  difi'urcntiation:-  in  nn\  jirnliUiii  ofjininary  importance;  but 
we  shall  iiow  proceed  to  cstiililisli  aru  callctl  J^agrangr's  and  La- 

PLACe's  iHkOKEMS.    Tlic^  aic  cuutauied  III  the  iollowiug: — Given  b\i\ 
and  fx,  and  the  conditiim  that  u  must  be  such  a  function  of.«  sad 
«  as  is  implied  in  the  equation 

tt  B  F  (;r  +  j:  ^tt) 

Required  the  development  of  yftu  in  powen  of  «. 

Since  ^  is  to  be  developed  in  powers  of  t,  and  since  it  must  be 
(with  u)  a  function  both  of  j  and  tbc  co-efficients  of  the  development 
will  be  functions  of  and  considering  x  alone  as  vahabie»  we  have 
(page  74) 

where  the  brackets  indicate  the  values  wlicn  j?  =  0.  The  deteimina- 
tiuu  of  these  is  the  point  on  which  the  solution  now  depends ;  and  the 
consideration  by  means  of  which  we  succeed  is  the  foUowing.  When 
a  function  is  to  be  diflerentiated  with  respect  to  jf^  and  x  is  then  to  be 
made  =  0,  we  have  a  result  which  can  only  he  indicated,  unless  the 
function  be  explicitly  given.  For  if  we  made  x  =  0  before  diflereil* 
tiation,  we  should  only  have  a  particular  value  of  the  function,  or  a  con- 
stant. But  when  we  have  to  rllfTercntijUe,  and  then  to  make  a  constant 
rr  0,  these  operation?  are  cunvertiblc,  and  either  may  be  done  fu  st. 
Thus  to  differentiate  +  cxJ*}  and  then  to  make  cz=.  0.  is  to  take 
+  f^x'^t  then  f'x.  If  we  invert  the  order,  we  first  reduce 
i^'hex^t^fXt  and  then  take  4>^x*  Accnrdingl^t  if  we  can  express  the 
diff.  CO.  of  V  with  respect  to  x  in  temis  of  those  with  re8]H  c  t  to  z,  then  as 
in  the  latter  case  x  is  a  constant,  it  may  be  made  =  0  before  the  dif» 
ferentiations.  We  proceed  with  the  problem  as  thus  reduced,  which  is 
simply  this: — Given 

IIS  F  (s  -f 
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to  express  in  tenns  of  diii.  co.  of  U  \^iLii  respect  to  z  only,  U 

being  any  funetion  of  u  (remember  that »  and  s  are  independent). 
Let 

.    .  -  du     dTv  do     du     dVv  d» 

dz  ^  dti  dz^ 

dv  dfjm         .    d4u  du 

„       .      ,  du\     du  Vv 

or  —  a:  F»  (1  +        -7—  1 ,  -r  =  T  — ?rr~f 

cfz  ^  ^    ^   dz  J    dz       1—  .r7)'?4  F'l; 

a  result  imlejieudcnt  of  the  function  F.  See  pages  63,  64,  wlicrr  it  is 
ihowQ  that  an  equation  between  partnU  diti.  co.  may  be  true  for  a  whole 
dase  of  functions. 

„      du     ,    du  ^,  '  dVdu      ^   dU  du       dV       .  dU 

"  s=*"5i-***Ar5^  =   AT  ir  • 

is  a  ftincdou  of  u ;  and  is  therefore  the  diff.  co.  of  some  iimction 
efU.anyof V;  then 

c2x  ^      du  dz  ^  du  di* 

dnj_  ddV  _  Af^'^^^ 
di^     dx  dz~~  dz  dx       dz  \       dz  J  * 

dx\^  4u  dx)     dt\:^^  du  dij      da  V     '  /* 

m     .  .     d\5      .    d\}  ,  *      -  . 

nr  the  eqoation  ^  =  is  true  of  all  functions  of  v. 

"  dj^^  dz*'   dj^  ^  dx  dz*     d?' djf 

dt\^   dz  )     rft«  V     du  dz)     dz""  l^^^"^   rftt  dzj* 
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To  give  the  general  kw,  let  ^  =  ^^^1,1(0")  ^  )• 

Assume  (0  u)-  ^  =  ^,  then  —  =  -J  =- 

d^-^'  ^dt  d:^  ~  dz*'  dx  ^  dz"  V  "  dzj 

or  if 

£5  »        f  (^).  ^  \       then  :^('(0u)H-^  ^) . 

But  this  law  has  been  proved  to  hold  true  6r  as  the  thiid  di£  eo. : 
therefore  it  is  true  for  the  fourth,  &c. 

We  have  ii<iw  expressed  ditf.  co.  ith  respect  to  r  in  terms  of  those 
%vith  rt  s|)cci  to  z ;  and  making  «  =  0  on  both  sides,  and  taking  fu.  as 
the  iunction  represented  by  U,  we  have 

but  on  the  second  side  wc  may  iniikr:  j:  =:  0  before  differentiation.  Now 
when  x=  0,  x  +  j^u  becomes  aud  u  or  F  (2  +  j^^u)  becumas  Fz. 
Consequently, 

mnd  generally 

Hcuce  by  substitution  in  (1)  we  have  # 

^=^F,+,F,  ^  .,+_(^(,F,).^^_  +  _^(,,  ,).^  ^+ 

&c. 

vhirh  is  Laplacb's  Tiiforrm.  If  we  take  the  particular  ease  of 
ir.r  =  j:,  or  u  =x  2  +  x<iyu,  we  have 

which  is  Lagranqb*s  Theorem.  The  most  simple  ease  of  this  ia 
where  yusti,  ^us:  1 ;  in  which  case  «s5«4<x0u  gives 
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Taylor's  Theorem  is  a  particular  case  of  that  of  Laplace,  as  foUowi: 
let  9u  be  a  constant  =za^  and  let  fu^u }  then  u=F  (z+iw),  and 

and  making  ox  =  A  we  have  the  well-known  development  of  F  (2+ A). 
SzaiKB  1.  us  sin  (x'f  «^);  lequiredlogsf 

(2i//F;:       d  (log  am  z) 
-5—=   5^         =  cot«, 

logua=logiin«+f'"'.cot  i:jf+^ (««•*"•  cot       +^(«*'""  ^+ 

Ac., 

and  the  diflfeientiatumfl  only  remain  to  he  performed. 

Example  2.   u  =  s  *f  d?  sin  u ;  leqnired  3  tan*'  (a  tan  «)• 
This  is  a  case  of  In^nge's  Theorem,  or  Fusii ;  ^ttsrstn 

« 

i^=:2Un~* (atan«)»  i|/«s=  tt-;  •   s"  =  t — 7^- .  . - 

^  ^        /»  ▼       1  +  a'tan'z     co«  «z      l+Ca"- l)bm"« 

-  V  ^  ^       2a  sin  « 

2  tan*^(otan tt)=2 tan-*(atan ar)+ ,  ^  .    ~ .  .  . « 

d  /      2g  sin  *g  '\ 
EzAHfutd.  ifsx-f' nn«;  required  «. 

d  ,          x*       d*  ,        m  ^ 
a  =  z+»in*.x  +  ~j^  (sm«z)  ~  +  ^(siD*)'.  —  +  

The  student  must  not  beUeve  that  theorems  have  heen  invented  or 

Sleeted  hy  the  mediods  in  which  it  is  afterwards  most  convenient  to 
uce  them.  The  march  of  the  discoverer  is  generally  anythin|^  hut 
on  the  Une  on  which  it  is  afterwards  convenient  to  cut  the  road*  AVallis 
made  a  near  approach  to  the  binomial  theorem  in  trying  a  problem 
which  we  should  now  express  by  the  question  of  finding  yV  (a*— x')"</4f. 
Newton,  following  his  steps,  did  what  amounted  to  rxpHnding  the 
preceding  in  powers  of  x,  and  aflerwurds  found  that  the  expansiou  of 
(a-f  t)"  w  as  involved  in  hift  result.  In  the  ca&e  of  Lagrange's  theorem, 
Lambert  i  of  Alsace,  died  ITJT),  in  endeavouring  to  express  the  roots  of 
some  algebraic  equations  in  series,  found  (for  his  particular  case)  a  law 
ressmbung  that  which  we  have  just  developea.  He  publidied  his 
ifsolts  in  1158»  and  Lagrange  generalised  them  into  the  theorem  which 
bears  his  own  name.  Finally,  in  the  Meeanique  Chle$ie  Laplace  made 
a  still  further  extension. 
We  now  proceed  to  tiie  cunsideratioQ  of  singular  values. 


i^iy  u^Lo  Ly  Google 


172 


CsAma  X. 
ON  6INGUIJIB  VALVES. 

Bt  a  singular  value  we  meim  generally,  that  which  corresponds  to 
any  form  of  the  fuTiction  which  cannot  he  directly  calculated  ;  find  the 
only  way  m  Nvluch  we  shall  say  the*  function  has  a  value  at  all  m  Kiich 
a  case  is  this ;  if  x  =  a  give  a  singular  form  to  the  fuuction,  then  the 
liuiit  of  the  values  uf  the  fuuction  when  jc  approaches  without  limit  to 
0,  is  the  value  of  the  AinctioD.  That  it  cannot  have  any  other  value,  ia 
leadily  proved  liy  the  prooew  in  ])ages  21, 22,  and  pmapa  a  proper 
method  of  coneidering  the  symbols  0  and  a,  as  bearing  a  tacit  Teference 
to  the  manner  in  which  they  are  obtainedy  might  render  it  easy  to  say 
in  r.h^oliite  terms,  that  the  sinpukr  forms  of  function?^  hmie  values*. 
But  with  this  qncatinn  we  have  here  nothing  to  do ;  our  oliject  being:  to 
find  the  limit  towards  which  a  function  approaches,  \m'  aj>proach  the 
singular  form.  The  language  used  will,  lur  abbreviauuu,  be  lhai  which 
etIXu  the  limits  ao  obtained  values  of  the  singular  forms. 

The  most  obvious  singular  forms  an, 

~,  0X«,     i»    ^'     ^    »      «   •       •    ♦     OC-CD,     I  ,dEC. 

Thus  with  reference  to  forms  merely,  «  =:  a  gives 

—  0*0,         ^       ,        v«  cosec  (x  —o)  oc 

-^  =  -.   (x-«)cot(.-a)=OX«.   ^jj^-  =  _. 

^    V     s=  oc  "      cosec  (j?  —  o)  —  cot  (a?  —  a)  =  x  —  oc . 

—  a  I 

These  forms  are  easily  settled,  when  there  is  no  compensative  efiect 

in  the  vailoas  increases  or  dccrcu&cs.  For  instance,  in  where 
j;  diminishes  without  limit,  it  is  evident  that  a  continuaily  inereaung 

*  Much  diicusrimi  has  fanncrlj  lalwn  placs  as  to  wbttbor  Ihs  fraction  j^tak 

iDHtance,  has  value ;  which  Kctnt  to  have  art»en  from  previous  neglect  to  aMWtaiB 
whether  all  p«rtir»  aijfeed  in  their  raeaninp  of  this  term  vafne.  If  it  mean  ▼aluw 
derived  frum  the  upiiiicution  of  the  ordinary  rulex  ul'  arithmetic,  it  m  clear  that  nuch 
a  fracHon  has  no  volu»»  or  any  vmlut  whateter,  neeordtnif  to  whether  wo  nyeet  Iho 

absolute  0,  or  employ  it  as  a  numlxT.  In  the  forniur  caw,  it  u  au  inallIni^s^l)le 
symbol,  in  the  lattex  V  may  coataiu  0  what  timev  we  }'ieuii«.  litit  it'  an  expresaion 
he  said  to  haT«  a  value  when  w«  can  bf  tvatoning  uf  any  kind  pruve  that  we  can 

0 

atiMver  a  problem  ia  numbers  by  means  of  it,  then      may  have  value.    In  any  case 

it  is  clesr  that  the  only  way  of  avoidinj;  confusiou  i"?  to  define  vahie  previously 
to  entering  upon  the  dtscusiiiun  whether  this  syrabui  or  any  other  has  value.  Even 
numbars  am  values  in  one  seiue,  and  not  in  another.  Thus  2  ii>  no  valiio  ifv« 
vadcrttaad  eoncwte  valuo ;  it  ntprasonto  no  loagth,  for  instonca^  in  itsalf. 
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n'.imVr,  raised  to  a  continually  increasing  power,  increaieawitllOQt  limit. 
And  in  this  way  we  bneily  express  the  following : 

cc'ssoc,   •-•srO,    0+*=sO,  O'^sac, 

or     incKaaet.witlMnit  lamit  when  P  and  Q  do  the  same ;  P^^  or  4^ 

lijiniDishes  without  liraic  ^vlicn  P  and  Q  increase  without  limit;  P** 
diminishes  without  limit  with  P,  and  i^tiil  more  when  Q  increases,  since 
the  raiting  of  a  power  diminishes  quantities  less  than  unity;  and  P*^ 

^  C  ^  )  ^  dimintsbea  and  Q  incrcaaea  is  included  in  the  first 

case.  But  of  the  rest  we  can  say  nothing.  Por  ^,  see  Introductocy 
Chapter;  and  the  rest  not  hitlierto  mentioned  can  all  be  reduced  to  this 

f'jrrji. 

Let  0J  and  >ffx  both  become  nothing  when  drao^  then»  page  69»  if 
the  diff.  CO.      and  f'a  be  finite*  ire  know  that 

No«r»  h  diminishing  without  limit,  the  first  side  approaches  the  singular 

form  ^*  equivalent  continually  approaches  the  limit 

which  is  the  limit  required.   If  4* a  only  be  =  0,  then  the  function 

in  question  diminishes  without  limit :  if  fa  only  =:  0,  it  then  increases 
without  limit :  bat  if  both  ^'a  and  fa  ss  0,  then  by  the  theorem  aliesdy 
cited  we  have 

—rz — 7-m\  =  -7S-; — r'Xtx  --ir  w  the  limit, 

subject  to  similar  remarks.  But  if  0"a  =  0,  fa  =  0,  then  0"'a  and 
fa  muat  be  used,  aud  so  on.    Hence  the  rule  is^  to  find  ihc  value  ui 

a  function  in  the  case  where  its  form  Is     substitute  for  the  Dume» 

rator  and  denominator  the  first  diff.  co.  whidi  do  not,  for  the  yalue  of 
X,  aasome  the  same  form. 

_     1  —  cos  X     ,  *w      sin  J  ^ 

ExAMPLB  1.    where  j  =  0  b  — t-~  s  0  or  is  commi- 

*  I 

nnent  with 

X  I 
BXAMPLE  2.   r-,  (whCUX  =0)  =  —  =  1. 

„  ,  ^  2jsinx— t/  arN  28in  t  +  2j?  cos*  ^ 
EXAKPLS  3.   (  X  =r  -    =a  —  as  -  2, 

coso;     \    .   2/  —sin* 

JiXAMP«  4.  «hea  X  «  a  ktid^r  0,       or  «  according 

« II  iagiealet  Uitu»  equal  to^  or  1ms  tliaii»  1* 
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R«iiieiiiber  that  in  the  relttum  which  produees  the  fom  ^  any 

letter  may  be  treated  aa  the  variable.   Jb'or  iostauce, 

whenyad^hM  either^  or  =^  Ibt  ito  Umk, 

which  ne  the  nme  when  yzsj^;  tiiat  it^  We  may  either  Buppoae  »  to 
approach  t«iwBidi  y  or  y  towarda     and  the  relation  which  produces 

g  makes  the  rettilts  of  both  differeutiatiuus  agree.   3ut      as  in  the 

case  of  (8^— 2jy-*  3)  -r-  (3x^    y)  we  obaerve  that  without  aaaigning 

any  general  relation  between  x  and  y,  the  form  -  occurs  when  a:  =  1 

y  =3,  wc  arc  not  to  expect  the  same  result  by  substituting  1  for  x,  and 
rnal^ino:  t/ variable,  as  wc  j^hodltl  have  if  we  substituted  3  for  y,  aad 
then  made  x  variable.    Xhc  two  proctsseb  give 

 2  always  es  2,  and  >  — - —  hainng  hmit  =  3. 

3  ~"  y  3J*  *~"  o 

Let  0x  and  Vrx  be  functions  of  9  which  acYerally  become  0  and  oo 
'  I 

when  x=  a;  then  0x  X       is  ^x-f-- — ,  in  which  fraction  both 

terms  aie  =  0  when  x  s  a.  This  case  is  then  treated  hy  the  Ust  as 
follows: 

i""  L_^/ 

yx        (v^x)'  ^ 

It  must  he  observed  that  any  JSml^  value  of «  which  makes.  Y'x  in* 

finite,  makes  all  the  diff.  CO.  infinite :  for  m  can  only  arise,  in  such  a 
case,  from  the  denominator  becoming  »  0;  and  page  65,  no  deno- 

cc 

minatoT  is  ever  got  rid  of  by  differentiation.    There  is  then  the  form 

CO 

In  the  denominator  of  the  preceding.    To  this  form  we  procec*] 

Let  0r  and  fx  both  become  infimte  wheu  x=sa;  their  reciprocala 
then  become  nothing,  and  we  have 

1  yf/x 

4ix  4*'x 

or  —  =  — : 
fx     fx ' 


'        «  f  J  _      (fx)'  _  /0*Y 

fx     J__ "  _  ^x  Vyrxy 

the  rule  for  this  case'  is  then  the  same  as  in  the  first,  but  0'x  y^x 

oc 

also  has  the  form        It  will  however  frequently  happen  that  a  Actor 

disappears  from  the  nunuTittur  and  denominator,  or  that  some  other 
reduction  may  be  made,  by  which  the  value  of  the  original  ratio  may 
be  more  easily  found.  Some  instances  will  show  the  made  ut  pro- 
ceeding 
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EXAIOLB  1. 

 (when*E=0)=:  -  -^f  f»  x  —5)=  —  =  0. 


Example  2. 


''"^      ^  »  (n  —  1 )  . .  • .  1 

wliich  last  is  =  0  when  «  s  « .  That  is,  at  9  incveasei,  the  ratio  of 
jr*  to  f*  eoBtiikuaUy  dimiafohcfs.  Mid  without  limit. 

When  an  expression  becomes  aa  tc  for  a  finite  value  of  the  variable, 

all  its  diff.  CO.  do  tlic  snme:  cnnscqnently  the  nile  can  only  he  applied 
in  stich  ca&es  in  order  to  see  whether  tlie  trartions  formed  by  dlfil  CO. 
fexbibii  any  circunisuince  bv  •which  the  prottjfes  can  be  closed. 

The  cause  of  the  singular  form  is  the  existence  of  a  lacLor  which 
beoomes  notbiag  or  infinite,  and  is  commoo  to  the  numerator  and  deno- 
siinator :  differentiation  may  remove  thio  factor  in  common  algebraical 
expressions  :  hut  it  frequently  only  exhibits  the  fiictor,  and  allows  it  to 
be  removed  by  division. 

In  the  case  of  0^  x°,  and  remember  that  P'^  is  c"'"*^'",  nnd 
Q  1  u  P  takes  the  form  0  X  ±  oc  in  all  these  cnscs :  nameiv,  in  0", 
<^=  U,  lu^  P  =  -  pDi  in  cc*,Q=:0  logP=  cc  ;  inl^'  Q=  ±ac, 

1  oc  0 

log  P  s  0.  Hence,  in  aU  these  cases  log  P  -f-  tt  it  either  —  or 

Q  oc  0 

and  is  determined  by  the  ratio  of  the  diff.  co.,  or  by  ^  -7-  ^—  ^  I  that 

iit  when  P*  is  0^,       or  1**,  its  value  is  that  of  , 
Thus,  J»*  when  j  =^0  is  t-*-^  ,    or  c"^ ,  and  8s  1.. 
(1  +  cu)*  wbcnxrs  w  is •  log"'  |—  ^  X  a-«.^l<f  «r  X  — 

but  when  «  s  0«  the  vslne  is 

In  the  case  of  P  —  where  P  and  Q  both  beeome  infinite  when 
sssoj  lemember  that 

f''        f'     a  f'P' 
P— Q  as  log  —  and  —  is  —  when  x^st  a    and  is  c=  -5^ . 

HenoeP-Q«:P-Q  +  log|!. 

*  To  avoid  «sxpon«Dt«  of  cnntudfrnbU'  complexity,  remeinber  that  just  as  sin  >;c 
the  angle  wbsae  wbmUx,  log  >x  may  mantm  nvmbtr  wlioie  kg  is  jt,  or  i'. 
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Sillier  then  P  —  Q  is  in^nite,  otjttssI,   In  thekcter  case  P 

may  have  a  finite  value  when  in  the  form  oo  —  «.  The  value  may  be 
determined  by  reducing  it  to  one  of  the  preceding  forms.  Thus 
eee  X    tan  x>  in  which  the  preceding  condition  is  satiified  when 

X4=  ^  r,  may  be  written  in  the  form  (I  —  sin»)  ^coa  «,  the  vahie  of 

which,  when  in  the  form  ^  is  s  0. 

We  shall  now  ]iracced  *  I  )  the  cases  in  which  it  is  customary  to  sav 
that  Taylor^s  Theorem  /iii/.f,  as  U  w  uild  have  done  if  we  bad  not  takeu 
notice  uf  llie  iiauiuuun,  namely,  that  m  the  exj^ansion  , 

0  (a  +  A)  =  ^  +      .  A  +  ^'a  ^  +  •  • . .  +  ^"  (a  +  OA) 


2  — --^^ 

all  the  difil  co.  up  to  4^a  tnclusive  must  he  finite.  But  auppose  it 
happens  that  the  diif.  co.  next  following  4^x  (and,  page  65,  all  which 
follow  it)  become  infinite  when  xs  it.  This  implies  that  a  factor  is  in 
the  denominator  of      x  which  was  not  in  that  of      i  this  constantly 

happens  in  diftrentiation.  For  example,  take  PxT,  whose  first  diff.  co.  is 

5L1  35L  L  L 

P  +x«  P',  iU  second  iSg^x*  P  +      P'  +  «•  P",  and  in  the 

13  5 

third  differential  co-efiicient  we  have  ^00-^  '  ^     ^^*>      powers  of  x 

begin  to  appear  in  the  denonunatoft ;  and  generally,  if  u  =s  Y"P»  m 
find 

W»mV»-»PV'+VP',  «"ssm(m-l)V^«PV'»+2»V*-*P^'+&c 

^w^a,V*'-*py»+ajY-*+»P'Y'*-»+,....  +  &c 

where  Oo,  fli.  &c.,  are  functions  of  m.  If  m  be  negative  at  the  'outset* 
V  ia  in  denominatoia  from  the  beginning :  if  m  be  positive  and  in- 
teger, V  never  comes  into  a  denominator,  since  the  differentiated  term 
previously  disappears  by  introduction  of  the  factor  0 :  if  m  be  positive 

*  The  beginner  may  omit  the  res«t  of  this  chapter,  and  it  in  perhaps  neressary  to 
give  the  mortt  advunced  vtudfnt  kome  reason  why  this  sub|«;ct  is  treated  mI  nuch 
liBglli.  Until  very  lately,  all  aaaljsks  consUhnd  ftiaetions  whu-li  vanish  when 
a*=n  ns  TitTf^sari! V  (livisili'ip  hv  vomt*  ])Oiiitiv6  jKTwer  of  J*  —  a.  Thiti  is  only  o;u»  uf 
•  swat  many  tuu  gea«ral  ajtsum^itioas  which  are  disappearing  one  bjf  ooe  troiu  the 
■eittttce.  It  appeared  to  he  tnie  from  obeervetion  of  fttneboDe*  and  it  so  in  tut  for  nil 
the  ordinary  forms  uf  iilgebru.  But  observation  at  last  detected  a  function  for  which 
it  CfNilti  not  be  true,  aa  wa»  sbowa  by  Professor  ^anulton,  in  the  Tnwitactioiu  oC 


tiie  Koyal  Iiiah  Academy,  tome  yean  ago.  Hw  IbDetion  in  question  wae  e  '^t 
or  leg'  which  vanishes  when  or  is  nothing,  but  is  not  divisible  hj  aa/ 

fMuitive  power  of  jr,as  can  be  independently  proved.  From  thi>>  hint  I  have  been 
e<i  to  the  clateificatiun  of  functions  which  in  htw  deduced,  and  of  which  i  will  not 
undertake  tlie  unlimited  defence.  But  I  feel  disposed  to  maintain  that  the  con« 
clwQoiM  of  thit  cimistev  an  more  ri);orous  than  any  demonstration  vhich  has  be«>n 
given  ot  Taylur'a  Thuurem.  except  ooi|r  theoM  in  Chapter  IIL|  which  is  feuodnd 
on  that  given  by  M*  Cauchy, 
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and  fractinnai,  then  the  series  of  exjwnents  m,m — 1,  .  .  .  has  no 
term  =  0,  but  in  time  iieu;utive  fractions  appear.  If  then  a  par- 
ticular value  of  X  make  V  =  0,  say  j  =  a,  then  the  diff.  co.  may  be 
cither  infinite  from  the  beginning,  or  become  infinite,  according  as  we 
hftTe  the  6nt  or  third  cases. 

Thkorem.  If  a  certain  value  of  m  give  P  =  ^-4-(ir  —  a)**  a 
finite  limit  when  j:  =  a,  then  every  greater  value  makes  P  infinite,  and 
every  less  value  makes  P  vanisli;  and  if  two  values  both  make  P  either 
infinite  or  nothing,  then  every  intermediate  ynhw  does  the  same  ;  and 
if  hiiy  value  of  m  make  P  infinite,  so  does  every  one  greater;  while  if 
any  value  ol  tn  make  P  vanish,  so  does  every  less  value.  And  there  is 
at  MKMtf  but  one  value  of  m  which  will  make  P  finite  (m  is  supposed 
poettiYe  throughout). 

All  this  will  immediately  appear  by  looking  at  the  folbwxng  equations^ 
and  remembering  that  when  x  —  a  is  small,  division  by  any  pOBitive 
power  of  it  increases,  and  multiplication  diminishes,  any  expression. 

We  must  now  consider  the  Tarious  singular  forms  of  a  diff.  co. ;  and 
we  shall  confine  ourselves  to  singularities  which  are  created  by  di£foren- 
tiatKm,  and  did  not  exut  in  the  original  function.   If  jp  =:  a  make  any 

diff.  00.  assume  the  form  ^,  then  we  must  presume  that  the  factor 

which  the  numerator  and  denominator  contain  in  rortimon,  existed  in 
the  ori<nnnl  function  ;  fur  diHercntiation  introduces  no  new  factors  into 
both.  And  the  same  appliet>  to  "  x  ,  and  to  all  the  other  forms. 
Moreover,  an  exponential  never  appears  in  a  diK  co.,  unless  it  were 
m  the  original  function.  All  this  is  to  he  taken  as  Yeiy  insecure  reason- 
log,  for  tCe  purpose  of  pointing  ont  the  cases  which,  as  our  knowledge 
of  functions  stands,  re(}uire  or  do  not  require  a  particular  consideration. 
It  has  been  of  great  disadvantage  to  analysis  in  general  that  there  has 
existed  a  strong  disposition  readily  to  take  for  {^ranted  theorems  \vhir?i 
appeared  to  be  generally  true,  only  because  they  were  true  of  the  most 
ordinary  functions.  For  instance,  it  is  only  very  lately  that  the  follow- 
ing proposition  has  been  doubted  :  If  i>x  become  nothing  when  T=:a, 
then  can  be  expanded  in  a  series  of  positive  powers  of  ^,  such  as 
+  +••••;"  i^nd  the  reasoning  was  as  foUows,  sanctioned  by 
the  name  of  Lagrange  *  :  let  4*s  be  expanded  in  a  series  of  powers 
of  X  (the  possibility  of  wiiich  is  assumption  the  first)  ;  then  if  there  be 
negative  powers,  there  are  terms  which  will  become  infinite,  and  the 
aeries  will  become  iutinite  (demonstrable  when  the  number  of  negative 

*  Perhaps  the  object  of  the  Trtt'oi'ie  Fonclwiis  has  not  always  been  iiilly  coni- 
prefaended.  Did  nut  Lagraogt  «iinply  say  to  his  contemporaries, "  Yoii  found  your 
DifT.  r.-nt'.il  C.ilcnluH  upon  amiStttreof  the  theory  of  Imut^  anri  t  rp  tnsions  r  I  will 
sbov  \ati  that  your  alfrebra,  such  as  it  is,  is  sufikieui  to  estaUisli  j/ijur  Ditiereatial 
Cyadas  wilbout  the  ttifory  of  limits.'*  This  sppesn  to  us  sufficiently  apparent, 
wbesbe  Myt  **  it  \t  clear"  that  radical  quantities  in  a  development  nuist  spring  from 
t^f  <5ime  in  the  function.  What  makes  this  clenr CVrtainly  not  native  evidence 
la  tnc  a»2>«-ittoD.  It  must  be  then  the  ordioary  algebra  to  wiiich  he  appeaU.  And 
tbsae  who  are  aequsinted  with  the  controveny  upon  this  snbisct  kaorir  that  the 
rppunent^  nf  La|^iang^  (Woudhouae,  for  exum])lp)  are  '^t  the  same  moment  those  of 
tlutt  part  of  AlgebM  to  which  he  appeals  tinder  the  mmt  oi  the  ThimrU  de$  SuUm, 
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terms  k  finite,  bat  tbe  truth  of  this  when  the  number  it  iniinite  coitati- 
tntes  MtumptioD  the  second) :  this  is  against  hypothesis,  therefore  nil 
the  exponents  must  be  positive,  in  which  case  the  series  is  evidently 
c:  0  when  t—  0,  bccnusc  all  its  terms  are  nothinc;  (this  is  assiinipuotl 
the  third).  Tlic  third  asi-umption  is  dpinonstrably  true  when  the  co- 
WKcieuts,  a,  h,  &c.,  are  &ucli  as  to  render  the  serict.  convergent  for 
small  values  of  x.  But  in  tlie  case,  for  instance,  of  1  +  2jc  4-  2.3j*4- 
?.3.4je*4-  &c.,  it  is  easily  shown  that  the  stimmation  df  terms  gives  an 
infinite  tesult  wheH  x  has  any  value,  httwever  small.  It  must  be  proved 
then,  and  not  assumed,  that  the  equivalent  expression  for  this  series 
beconi  s  0  when  jt  =0. 

TW"  shall  point  out  some  instances  in  which  distinct  singularity  of  form 
appears,  without  denying  the  existence  of  others.  Taylor's  thenrcni 
readily  applies,  as  has  been  proved,  to  all  cases  except  tliose  in  which 
adiff.  CO.  becomes  infinite.  But  there  is  a  possible  case  in  which  all  the 
difi*.  CO.  vanieb,  in  which  case  the  foUoNving  theorem  (page  73)  must  be 
true: — 

*(«+A)s3^(a  +  eA)  — ^  e<l; 

in  which  there  is  nothing  like  expansion  in  powers  of  h.  We  Shall  now 
give  the  instances. 

1.  sin  X,  X  (I  +  J^))  tan  jr.  All  the  even  diff.  co.  vanish  when 
«  =  0. 

3.   cos  2,         (I  +  X*),     .  All  the  odd  di£f.  co.  vanish  when 

jr=0. 

3.  r-f-  (1  -I-  j").    All  the  dilf.  co.  vanish  when  x  =  0,  except  the 

Ist,  the  (/t  +  l)th,  the  (*2//  -f-  l)th,  &c.  In  thcs^c  three  caso'^  thure 
is  no  s}np:ularity  *,  certain  ])()wcr8  of  jc  disappear  from  the  deveiupmtmt 
called  Maclaurin''s  theorem. 

f 

4.  (jf  — a)'+  (x  — The  first  and  second  diff.  co.  vanish 
when  r        the  third  is  then  s  0,  and  all  the  succeeding  ones  are 

intinite. 

5.  [x^d)9»  The  first  three  diE  co.  vanish  and  all  the  rest  be> 

come  ihfinite,  when  «  s=  a. 
_i 

6.  ff~'.  This,  and  all  its  diff.  co.  vanish  when  x  s  0.  for  tbt 
nth  diff.  CO.  will  be  found  to  have  the  form, 


the  sevend  terme  of  which  are  of  the  form 

t 

»  or  — - ,  where  «  =  o&    when  a:  = 

which  may  easily  be  shown  (page  1*35)  to  be  s  0,  when  «  =:  0. 

Theorem.  If  x  =  a  make  0x  infinite,  it  also  makes  4/x  infinite. 
This  was  matter  of  observation  in  preceding  chapters ;  we  now  prove 
it  for  all  functions. 
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For  if  possible,  suppose  <p'x  not  to  mcrease  without  limit  as  ap- 
proaches a.  Say  then,  that  however  near  ff,  shall  be  to  a,  ^V/j  sbnil 
uot  be  greater  than  A,  while  by  the  hypothesis  may  be  made  us 
great  as  we  please.  Divide  A,  the  interval  between  a^—h  and  <h»  into  u 
equal  parts,  each  and  take  Ai0'(ai— A)4*Air^^((Bi'-*A+Ar)+«« 
tip  to  A:r^  (oi — ).  This  snm  is  therefore  (as  in  page  100)  always 
less  thnn  Aj*.  Ax  fi»  since  each  temi  is  leas  than  i^^j'.A ;  or  it  is  less  than 
h.\.  Its  limit  cmieequcntly  docs  not  rxcecd  AA ;  but  this  limit  is 
y^^'x  dx  from  jf  =  a|— A  to  7  ,  or  ^  («,)  —  ^  (ai— A).  Now  that 
tpx  iucreases  ^vithout  limit  as  .r  approaches  a  indicates  that  whatever 
^(ii,  — /i)  may  oe,  fa^  *nay  be  made  as  much  greater  as  we  please j  or 
\^(a,)  —  ^(a.  — A)  may  be  made  as  great  as  we  please,  which  is  absurd, 
it  being  less  than  /lA.  Consequently  tp'x  is  not  always  less  than  a  given 
quantity  A  as  .r  approaches  to  a  in  value,  or  ^'j?  increases  without  limit 
in  nich  case.  And  this  is  our  primary  signifieaUon  of  the  phite 
"  f^x  =  a  when  x  = 

Corollary.    Hence,  it*9.r=x  when  T=a,  rn'^^r?/ d iff.  co.  is  infinite, 
For^'a  beini^  iiihuite,  its  diff.  co.  ip'^a  is  infmite,  iind  so  on. 

A  tuneiion  which  has  some  diff.  co.  finite,  precediut;  tl\e  ni\i  winch 
becomes  infinite,  can  have  all  the  difiicuUy  of  its  development  reduced  « 
to  that  of  another  in  which  etU  the  diff.  co.  precediue  the  nth,  and  the 
Ainctioo  itself,  vanish  when^so.  Let  the  ranction  Itself,  and  its  first 
n  —  1  diff.  CO.  he  A«  Ai  •  .  .  .  A»_i  ,  all  0  or  finite.  Then  the 
function 

vanishes  with  its  fir?t  n  —  1  ditT.  co.  when  x  =  a,  while  its  »th  diff.  co. 
is       and  becomes  luhni^  when  j  =  c. 

Tbkobem.  If  02  be  0  or  finite  when  2  =  a,  and  increasing  from 
» 8±  alo  « ^  jr,  but  if      be  infintte^  then  /  (0«  —  0a)  dg  must  be 

greater  than  ^      —  ^a)  {x  —  a),  or  at  least  must  become  so  u  x  be 

taken  toiBdently  near  to  a.  iFbr  by  definition  of  a  diff.  co.  (0«— 0a) 
«^  —  o)  increases  without  Kmit  as  z  approach^  let  then  .r  be  so 
near  to  that  from  jrs«  to  z  =  a  the  preceding  function  shall  be 
always  increasing;  that  is, 

0*--^    >  ^^=^or(*-a)(02-0a)>(^(«-0a)(*-a^^ 

consider  these  two  last  as  diff.  co.  with  respect  to  z.  Then,  since  they 
remain  finite  from  x  =  a  to  s  =  .r,  and  Hiuce,  from  the  process  in  page 
100,  ii  luilows  that  P  beinci  always  ^rtater  than  Q  within  certain  limit?, 

£Pdz  is  greater  than  both  being  taken  within  these  UuuLii:  it 

Uows  alw  that 

(x — a)  J'dpz-'fpa)  dz  >(0af — 0a)  fiz—a)  dz   from  zzza  to «=a', 


(X  -  a)  /(f  *  ^fa)dz>  (fr-fa)  X  5  («-a)«, 
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and  ,/(^*  —  ^  ^^'^  "~  '^^^  " 

Hence  (^^1^)  le.,  than  2  for  any  value  of  «,  how 

fi<pz-pa)dz 
ever  small.  * 

0 

As  X  approaches  to  a,  the  last  fraction  approaches  the  ibim  g ;  for 

the  denominator  being  f^Vdx  is  of  the  foxm  ff^fa.  But  being 
always  less  than  2,  so  must  be  its  limit  (at  least  it  cannot  exceed  2)  ; 
and  this  limit  being  determined  as  in  page  113,  by  the  ratio  of  the 
diff.  CO.  (the  denominator  being  considered  as  a  function  of  a;)  we  see 
that  the  limit  of 

^ — ^  ,   ^"V   — does  not  exceed  2,  or    .      .      <  or  =  i. 
Hence,  if  <t>as:0,  the  limit  of  f^^^~°)  does  not  exceed  L 
If  ^  be  finite,  then     ( a)  -r  f «  decreases  without  limit :  for 

the  first  factor  of  which  remains '^finite,  the  second  diminishes  without 

limit. 

Alsosince  fz-fa  <  <itx—fa,f(ipz^^a)  dz  <(fr-fa)/rf*,  or  less 
than  {<^i  —  (i>a)  (i — a).  Hence 

(*^>.<fzf)  >  1  «Hii«nit  of  £iii::^>>  o  «poriti«. 

Trn  okEM.  If  everytliing  remain  as  above  except  that  9'a  =  0,  then 
ihc  Uijut,  of       ( JT  —  a)  -r  (4*-^  —  4*^*)  must  be  greater  than  unity. 

For  everything  is  as  before,  except  that  (v'~  -^'a)  (s^a)  dimi- 
nishes without  umit;  that  which  was  the  less  of  the  two  int^M*  ^* 
now  the  greater,  and  the  final  result  is  that 

limit  of  ^^J^^^^  ^  greater  than,  or  =1,  wliich  was  to  be  shown. 

If  9a  =  X  and  tlierefore  *j>'a—  ^  ,  let      x  fxzri  1.  Then 

and  the  limits  of  these  are  the  same  with  different  signs.  But  fa  =s  0, 
and  therefore  one  of  the  preceding  cases  applies  to  it  And  the  limit  of 
'^x  (x—a)  -r  fx  being  always  positiTe  when  finite,  that  of  <f>'j'  (i*— a) 
-f-  <f»x  is  always  negative  when  finite  ;  and  can  never  be  =  0,  because 
the  only  case  in  which  this  limit  =  0  for  ^x,  is  when  fa  is  finite* 
which  cannot  be  if  4'a  . 

Theorkm.    If  ^a,        .  .  .  .  up  to  ^^"a  l)c  severally  =  0,  but  if 
<|»"+'a  and  ail  the  rest  be  infinite,  then  the  limit  of  <(>'x  («— a) -7- 
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lies  between  Ji  and  ?<  -f  1,  or  at  least  is  either  7f,  or  n  -f  1,  or  some 
fraction  between.    For  by  differentiating  the  numerator  and  deno- 

0 

iBtiiator  of  this  firactkm,  which  takes  the  fonn  ^  when   so,  we  find 

limit  of  ;  ^= limit  of  =  1  +  linut  of  • 

(repeat  the  process) 
sS+lmuof-^^ — TTT— ••••  =s  w  +  lim. of -i^  


but  because  <f>*x  =0,  and  4^"'''*«rsoc ,  this  last  Ihnit  does  notjexceed  I ; 

whence  the  theorem. 

Hence  it  appears  tliut  the  more  remote  the  ditf.  co.  which  first  be- 
comes infinite  the  grcatt-r  the  hniit  in  question  ;  or  if  the  diff.  co.  ad 
infinitum  be  =  0,  this  limit  is  infinite,  or  <i>'s  (jt  — a)-7-v'J  increases 
withoQt  limit  When  all  the  diff*  ca  are  =  0,  thm  by  the  usnal  pro- 
cess ^^(x  —  a)"is  ssOwhoifsa  (0-f'l*2.3...iii)  fat  every 
whole  value  of  and  therefore  for  every  fractional  value  (p^g)9.It%)* 
And  it  will  immediately  be  proved  independently,  that  if  «^'.r  (««-a)'77-  ^9 
had  any  finite  limit,  thi'^  couhl  not  he  the  case. 

Tbeorem.  If  be  notiung  or  mhnite  when  .r=a,  and  if  its  diff. 
CO.be  all  infinite  (as  must  be  when  0.r=:ae)  or  all  nothing  up  to  a 
certain  point,  and  then  all  infiniie,  it  will  follow  that,  p  being  the  limit 
of  ^«(jr-a)  -r-0r,  the  function  ^  itself,  divided  by  (j— a)*",  will  be 
n  function  which  does  not  vanish  when  x=a. 

0  cc 

In  this  case  — ,  which  call  ^jp,  is or  — •  tn  when  9ur&s« , 

p  is  negative,  as  was  shown.   We  have,  when  jr=a, 

log(«—fl)         «         '       ^  'fx 

observe  that,  the  first  firactton  being  alwxjfs  jpy  a  finite  quantity,  and  its 
denominator  incieasing  without  limit,  so  must  its  numerator,  therefore 
even  if  log  fa  — a: ,  the  mimcrator  x  — oc  ,  must  increase  without  limit. 
Without  this  remark,  tliere  would  be  a  tacit  ns^nmption  of  the  question  ; 
namely,  that  fa  ^is  finite.  But  by  hypothesis,  the  preceding  ec^ua- 
tion  is 

,^,-u^t±^ji  «ita,s:fii-ii)=o. 

fx  fJC 

TbmSonfa  must  be  finite:  for  of  all  suppositions,  this  is  the  only 
one  on  which  the  preceding  limit  =  0. 

Con«eqnent1v,  when  the  (n -+-  l)th  diff.  co.  herornes  infinite,  make 
the  prcccdmis'  'I'ti  co  vaiuirh  by  the  method  in  page  179,  and  suppose 
the  funrtioa  ihcu  becuiues  of  the  form  4>j: — ^<r  — (x— a)  </>'a—  &c.  This 
then  may  be  written  {^  —  t^yx^y  where  p  is  the  limit  obtained  from 
^ «— ^  —  .  «  .  and  X'  ^kies  not  vanish  for  «  s=  a.  We  have  then 
(p  lying  between  n  and  it+1) 

^  s  ^-f  (x— a)     +  . . . .  +  (*-a)»-5 — r  +  x** 

«*0«  ••11 
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Tb«  d|mlopm«]it  of  ^  (a  +  h)  lieeoniM  (jr=ra+/0 

«  Jf  aOa  •  all 

or  the  (ft  4*  l)th  diff.  co.  becoming  infinite  when  xssa,  is  a  sign  that  the 
development  of  </*(a  -\-  h)  contains  fractional  powers  all  higher  than  n. 

The  process  must  be  repeated  with       if  ^^'iv  f^iff  cn.  become  infinite. 

But  if  v'fir  =  X  ,  then  at  once  determine  fp'x^x  —  and  its 

limit,  and  we  liave  then  <^ r  =  (r  —  't)''x^'  where  p  is  negative,  and  x<» 
finite.    Hence  ^  (a A)  =  +  ^*)»  *^"d  negative  powers  uccur 

in  everv  term  of  the  development.  Proceed  in  the  same  way  with 
X(a+'/i). 

But  if  all  the  diff.  co.  become- nothing,  the  defelo|nnent  of  ^  (a  4>  A) 
capnot  be  made  in  the  form  hitherto  specified,  whicli  contains  ascending 
powers,  and  nothing  but  ascending  powers,  whetlier  whole  or  fractional, 
whether  beginning  from  0  or  from  a  negative  power.  The  only  re- 
maining case  is  that  in  which  the  development  is  in  descending  powers, 
that  is  in  ascending  powers  of  1  -5-  /f,  in  which  way  therelbre  all  func- 
tions can  be  developed  in  the  case  in  which  all  dilF.  co.  are  =  0,  or  in 
no  aeriei  of  simple  powers  whatsoever. 

The  formal  application  of  the  preceding  theory  will  not  be  necessary, 
since  the  instances  to  which  it  might  ap])ly  are  generally  such  as  are 
easily  reducible  by  common  methods.  But  its  use  is  to  complete  the 
theory  of  development,  and  to  prevent  the  student  from  imhiMntr  the 
notion  of  the  universality  <d"  tlie  common  form  of  Taylor's  Tlieorem. 

In  the  case  of  'Jjc*  —  a\  for  example,  which  is  to  be  developed  when 
a:  =  a  -f-  ^  wc  see  that  <p'i  =  0  ^'a  =  co :  and  the  function  may  be 

written  («  -  a)^  {x  +  ;  when  sssa+h  this  becomes  (te+^O^ 
the  second  factor  of  wbioh  can  be  developed  in  the  common  way»  and 

the  whole  developn^ent  will  then  be  ii^  powers  of  A  of  the  form  n  -f-^ 

where  n  is  a  whole  number. 

Wbep  ^  is  expessed  as  a  function  of     it  can  only  take  the  form 

^,  in  consequence  of  factors  being  both  in  the  numerator  and  denominator 
of  the  original  function.  But  if  this  diff.  co.  be  expressed  as  a  lunction 
both  of  1^  and  jr,  its  appearance  in  Ih^  ^rm  ^  if  a  sign  of  its  having 
several  values,  as^follow^  *  i^t 

and  let  JT  =  a  y—h,  niiikc  <f»  =r  0,  J/  =  0,  it  being  understood  that 
the  arbitrary  constant  uf  integration  mui»i  be  6u  a^^umed  that  in  the 
original  function  x  =  a,  when  y  =  h.  Differentiate  both  ^ides  m  itii 
mpeet  to  je^  of  which  y  is  a  ftmction :  then         .  . 
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Let  p  be  the  value  of  sought ;  theu  making  J  =  a,  y=^fj  VF=0» 
in  the  last,  we  have 

£h!(?)-(rni'-(?)^-"- 

where  (  ^  1        are  the  values  of       &c.,  when  a?  =  «  ^  =  6.  If 

theK  be  finite*  there  is  an  equation  of  the  second  degree  giving  two 
values  for  p.  But  if  p  as  determined  from  this  equation  he  ^ ,  dif- 
ferentiate (A)  again,  and  it  will  he  found  that  the  terms  OODtaining  ff' 

and  t/"  disappear,  leaving  an  equation  of  the  third  degree  to  determine 
which  has  therefore  three  values  :  and  so  on.    There  will  be  further 
illustration  of  this  point  in  th&  sequel    We  now  pa«s  to  tha  considera- 
tion of  differential  equationg. 


Cbafter  XI. 
ON  DIFFBBBNTIAL  BQUATIONS. 


All  that  we  have  yet  done  )ias  been  in  one  sense  or  other  on  difr 
feiential  equations ;  but  this  term  is  mure  particularly  applied  to  lelg* 

tions  between  diff.  cn.  and  functions,  ^vherc  \vc  >vish  to  find  the  primitive 
rrlatiou  between  the  functions.  We  have  Jilrr;tfiv  (\\  l  r»4)  in  the  course 
of  investigation  conic  so  near  to  some  very  iniporUtDt  i!  i(Y.  eq.,  that  it 
%%a8  worth  while  to  stop  and  solve  them.  A  differential  equation  is 
^nsidered  as  solved,  when  it  is  reduced  to  explicit  integration,  as  i(i 
p.  155. 

Firstly,  how  does  a  differential  equation  arise  ?  By  differentiatiitt  a 
function,  no  doubt.  But  our  present  question  is,  how  does  that  flUf- 
fercntial  equation  arise  which  belonus  to  one  siij)ulatcd  function,  and  to 
no  other  whatsoever  ?   I^ot  always  by  simple  diiter^utiatioa;  as  in  the 

dy 

ca«e  of  ^  =:  a^, 'k'vliieii  gives  ^  =  «r,  certainly  a  iliffcreiiuai  equation, 

aod  certainly  true  of  y  =s  ax,  but  not  in  the  sense  of  being  true  of 
nothing  else  ;  for  it  springs  cfinnlly  from  7/  =  ar  +  6.  And  it  is  clear 
that  since  integration  always  introduces  a  constant,  there  mnpt  always 
be  at  leaftt  a5^  many  more  in  the  primitive  equation  as  we  need  inte- 
ntions to  pass  to  it.  If  then  we  would  have  a  diif.  eq.  w  hich  belongs 
Uiij  =  ar  only,  we  mubt  so  differentiate  that  a  shall  disappear  in  the 
pfOGcsa or  if  iiot»  we  must  eliminate  ft  between  the  primitive  and  the 
dijjihrenliaied  equation.  Either 

L  Writeycsos  thus     =  f  0?=  ^,(^x  ^ W 
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2.  y  =  ax,    ^  =  = 


Both  give  the  mult  y  —  ^    s  0. 

ExAMPLX  1.  y  =  «"  o=  ^( — logy). 

Or       =     .  a  =  y        j  both  give        —  y  log  y  =  0. 

OtP  Jf  CM? 

£xAiin.B2.  3fasc4P— c*,  2c=:  — «±V««  — 4y, 
aquare  both  lides,  to  avoid  ambiguity,  and  we  have 

^  ,    ^y  (^'/  ,  - 

Or,  yzzor  —  cS    ^rrc,  before 

We  see  thui  how  it  happens  that  we  introduce  one  constant  at  least 
in  every  integration;  but  may  not  an  integration  introduce  more  than 
one  Gonatant?  We  are  not  to  conclude  that  because  differentiation 
deatroya  only  one  constant,  and  explicit  integration  introduces  only  one, 

that  tiierefore  elimination  of  one  conBtant  between  U  =  0  and  ~~  =  0 

ax 

will  never  eliminate  more  than  one.  Tliorc  sirecn?es  enotigh  in  algebra 
in  which  two  quantities  so  enter  two  LMjUiitious,  tliat  one  cannot  be  eli- 
minated without  tlie  other.  Where  is  the  evidence  that  no  such  thing 
can  take  place  iii  the  two  equations  jusl  uientiuned? 

Aaaume  y  =  9  (x,  c,  c'),  c  and  e  being  two  constants,  and  let  the 
common  diff.  co.  be  denoted  by  ^'     c,  </). 

Let  y  s  0  (jr,  c,  </)  give  c  ^  y  (x,  v,  consequently  direct  differen- 
tiation makes  e  disappear ;  if  possible,  let  it  also  make  disappear. 
Now  since  f  contains  jr,  directly,  and  also  through  y,  direct  diiierentia- 
tion  gives 

which  answers  to  the  way  in  which  -j-  i»  obtained  without  c,  above. 

Compare  it  with  Example  1.,  thus : 

.tf*^\^  ^''^  y         1       logy  .  I  %  ^ 
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Now  the  i  f  action  (A)  can  only  be  independent  of  c'  in  two  ways,  1.  by 
neither  uumerator  nor  deiioiainator  cuataining  (/ ;  2.  by  their  both  con- 
lanuDg  the  factor  C\  a  function  of     and  not  containing  c'  in  any  other 

way.   In  the  first  case,  since       does  not  contain  e^,  then  f  must 

have  the  form  a  (x,  y)  +  ^  (y.  c')  («  and  fi  being  functional  symbols) 
hr    can  only  occur  combined  with  terms  which  disappear  in  differ^ 

d^U 

enlialing  with  respect  to     that  is,  with  functions  of  y.    And  since  ~ 

does  not  contain  c',  ^  must  be  of  the  ibrm  y  («,  y)  (j?,  c),  £nr 
siniilar  reason.  Hence 

a  (X,  y)  +  ^  (y.  O  =  y{x,  y)  +  c') 
or  p  (y,  c')  —  J  (r,  c  )  =  y  (x,  y)  —  a  (j^,  y),  a  function  of  «r  andy  only  ; 

consequently  /3  (y,  and  5  (x,  c')  can  only  contain  the  same  function 
of  r',  t]i«enea4j:ed  of  all  functions  nf  y  and  x  respectively,  for  if  d  could 
enter  c  oinbincd  with  a  function  o(  y  in  the  first,  it  could  not  disappear 
by  subtraction  of  the  second,  which  must  not  contain  y.  That  is, 
the  precediuK  forms  must  be  /3(y)  +  ^ '  sAi^d  (5(x)  +  C,  C  being  a 
functioD  of  4r.  Or  y  has  the  form  /(x,  y)  +  C.  But  ^  {x,y,  c% 
or  is  s  c»  or  the  equation  between  x  and  y  may  be  reduced  to  the 
fatmfix^y)  =  c  —  C,  in  which  the  two  constants  are  in  reality  only  one, 
dtU  d-dt 

But  if  -r-  iiiiiti       have  a  common  iuctoi,  a  function  of  d  only, 
dr         dy  ^ 

which  call  C,  then  y  Imve  the  form  C'a  (a:,  y)  +  |3(y,€')  and 

(-^  y)  +  ^  (^1 C)  for  reasous  as  before.  Uence 

« (*,y)  +      (y.    =  y y)  +         O i 

the  second  terms  of  which  are  only  other  forms  of  /  (y,  c'),  and 
/  (x,  c').   The  same  ressoniag  applies,  the  two  sides  can  only  have  the 
^*^/('9y)+^''>  and  f  can  therefore  only  have  the  form  C'/^x.  y) 
-I-  C  C',  which  being  c,  we  have 

c  —  C"C' 

Jix^y)  =  — g; — >  which  is  equivalent  to  but  one  independent  con- 


But  may  not  both  numerator  and  denominator  in  (A)  contain  a  (actor, 
which  is  a  function  of     jr,  and  y ;  c'  not  being  contained  m  the  other 

dy/  dyj/ 

|»rt6  ?  if  possible,  let      =  MV  ~  =  MW,   M  contaimng  c',  bat 
Vaad  W  not  containing  (/,  Then  we  have 

dxde"  dd     *    dy  dc'  ~  do'  • 
hma  which  we  find,  putting  for  V  and  W  their  values, 

dxdc'     M  f/c'  ^'     £/y?f'  "  Mdc'  dy  "  * 

dy  dtf'  dx     dx  dd  '  dy  * 
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tke  Uflt  of  whioh  (by  tbe  lenm^  in  tb(»  iiff^t  page,  proved  iudepend^^ 

ui  tlue)  sho\vs  that  ^  must  contain  x  and  |^  only  through        ^  ~ 

which,  with  the  precediug,  givet  ^^/'V'*  ^"^/^^  =  1: 
Whence  -5-^7-  ,  -  ,  or  log/(ifr>:=logM+Z, 

where  Z  is  a  function  cf  ^i;  and  y  (w  may  be,  since  9  and  y  are  the  con- 
stants uf  the  last  integration). 

Hence  M  is  of  the  form  /y '^i  $  where  Z|  does  not  contain  (/,  And 
thus  we  have 

and  neither  VZ,  nor  M'Z,  contains  c  '.  Let  (  ff)~^d^  —  x^lfj  then 
V/j  and  WZi  arc  ita  diti.  co.  with  respect  to  .t  and  y.  But  neither 
contains  c',  hence  xf  itself  can  only  have  the  i'orni  i'  (x,  y)-fC.  But 
^noe  the  original  condition  gave  c  =r  -yr,  we  have  therefore 

XC=:i'(x,y)  +  C   or  x«-C=liX*,y), 
so  that  the  two  constants  are  equivalent  only  to  one. 

Before  we  proceed  further,  we  must  require  the  student  to  remember 
that  there  will  be  between  the  diff.  co.  employed  a  distinction  analogous 
to  that  of  known  and  unknown  quantities  in  algebra.    If  we  actually 

as^itrn  a  function  of  r  and  ?/,  say  jy*,  shall  never  need  anything  to 
remind  us  that  its  dill",  co.  are  given,  lor  we  absolutely  write  thcni, 
namely,  y*,  and  2j;ij.  Bnt  when  wc  reason  upon  a  given  function  which 
is  not  specijicaily  given,  but  nierelv  assigned  or  laid  down  as  given 
(like  the  known  letters  of  an  equation  in  algebr^),  we  are  in  dfinger  of 
confounding  the  diff.  co.  of  a  given  function  a(j*,  y),'  which  are  given 
without  an  equation,  and  which  we  can  specify  as  soon  as  we  specify 
the  function — we  say,  we  are  in  danger  of  confounding  these  with  such 

diff.  00.  as  — ivhich  Have  no  exislentp  except  under  an  implied 

or  ay  ^  ' 

vtiuatton.  What  are  the  diff.  co.  of  ry'?  Answer,  1/^  witli  respect  to 
J,  2iy  with  rcs])eci  to  y :  this  question  is  answered  without  an  equation 
expressed  or  iuiphed.  What  are  the  diff.  co.  of  n?  Answer,  with 
respect  to  x  and  y  both  C(|ual  to  nothing,  for  u  is  not  a  function  either 
of  «  or  y.   But  what  are  the  diff.  co.  of  u  when  it  is  meant  that  ti  is 

always  =iy*  ^   Answer,  ^  ^      ^  ^  '^'y*    Hence  then  we  see 

that  such  an  asfiertiQU  as  u  =  P,  theDpiore  -r-  =  -t-,  &c.  is  not  use- 

da  dx 

less  tautology ;  for  it  implies  that  we  have  u,  a  given  function  of  x  and 
with  diff.  co.  which  can  be.found,  asd  the  second  equation  of  the  liiat 
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pair  is  a  ^b«lifi  iovtation  of  th%  jmnsm  of  finding  t]m  mUmown  oil 

tlif  first  si(ic  by  means  of  the  known  on  the  second  side;  an  imitation 
■which  mil  not  he.  rendered  real  tiil  we  specify  P,  in  which  case  an  alge- 
braical IV  iih  the  place  of  the  symbol  of  dipbrpntiatipn  on  tb§ 
second  i-idv,  l)ui  not  ou  the  (irst, 

La^ange,  in  his  attempt  to  redace  the  Diff.  Gale,  enturely  to  the 
principles  of  common  algebra  (in  the  Tk^orie  df$  FoncthAs\  adopted 
the  following  notation :  f(T,  y)  being  a  function  of  <r  and  its  diff  co. 
vrith  respect  to  .r  and  y  woe  denoted  by  f  (x,  y)  and  f^  y).  h$  tbia 
Tintation  will  be  frequently  convenient  in  functionK  of  iwn  variables,  wt 
UOtic  it  heie.    In  like  innnTier  ?/'  and  u,  may  be.  the  diff.  co.  of  ii. 

>V  e  gliall  adopt  the  foliowipg  notation.    Let  y  (x,    c)=0,  i^ive  ysi 

^(r,  e)  when  solved  with  respeet  to  y ;  and  let  ^  a;    (jr,  ^)  be  the 
refiUtiug  diif.  eq. 

Lamia.   If  ifsii(jr,y)  and  if  —  ^f-  —  ^       =0,  then  u 

cannot  be  any  function  of  x  and  ^  other  liiaij  gome  function  of  p  (the 
coovene  appear*  in  page  91).    For  if  possible,  let  u  3/),  such 

that  linditig  y  in  terms  of  p  and  xftomp^a.  (x,  ^)  we  obtain  us=F(p,x), 
wkeie  «  ae  well  as  ft  appears.  Then  u  contains  x  directly,  and  through 
f  I  but  u  oontaina  y  only  through  p.  Hence 

dx      dx     dp  d^'         dy  "  dp  dy  ' 
du  dp      du  dp       dF  dp  ^ 

d ) 

But        is  not  s  0  if  p  be  a  function  oiy;  therefore  -r-  ;=  U,  tliat  is, 
dy  dx 

F  is  not  (as  was  supposed)  a  function  of  x  directly,  or  F  (p,  x)  is  only 
of  the  ibnn  of  some  ninction  of  p* 

dy 

7aKPaBJ4«         equatiqi)      ~  ^  cauuot  result  ^roui  two 

ji^rent  ppmitlTef  y  =  ^ (^r,  c)  ^  y  =  (j-,  il)  of  diSerPPt  forpis,  with 
an  arbitrary  constant  in  each.    For,  let  both  the  second  and  third  be 

primitives  of  the  iirst;  and  let  y  =  0(.r,  r)  give  r=  <t(.f  ,       htkI  ler 
j(=ar(j,  k)  give  ii^=il(-r>l/)i  then  the  ditf.  e^.  of  these  primitives  are 

ft 

■ 

dx      dy  '  djc"^         dx      dy  dx  * 

wluch  are  both  satislied  by  ^  —  J^C"*"*!/)!  ^''^  same  iu  bo^h. 

Eliminate  thisy  which  gives 

^  dBf     40  dn  ^       whence       y)=:some    of  n  ( y) 

dx  dy      dy,  ds  .  f  4 

or,    c  ±:/{II(f,y)}  ,    A  :=  li  (a-,y)i  letc=ji  give 
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Then  J\c  cs  11  {x^  y)   which  gives  y  &r  tv  («»/ic)  one  primttivei 

c=:n(T,  y)  ysTTcCx,  c)    the  Other, 

or  the  two  primitives  only  differ  in  the  furm  of  t)ic  constant. 

Consequently,  a  differential  equation  of  the  6nst  degree  cannot  have  a 
primitive  with  mom  additional  constants  than  ono,  nor  two  different 
pniniUves  with  liic  additional  constants  enter iiig  ni  ditierent  iimnners. 
It  only  remains  to  ask,  may  not  so7ne  one  jjiulttnlar  case  oi  another 
primitive,  made  b^'  giving  its  constant  some  one  particular  value 
(and  thus  xnakmg  it  cease  to  be  an  arbitrary  constant)  solve  that  diff. 
eq.  .  whose  primitive^  with  the  constant,  is  y  as  f  (x,  c)  t 

The  preceding  case  includes  this  as  well  as  any  other,  for  whether  k 
he  supposed  to  have  a  particular  or  a  general,  but  constant,  value,  the 
investigHtioii  is  the  same.  (The  student  must  always  remember  the 
difference  between  "  let  A*  be  10,  or  11,  or  any  other  asstrpicd  constant,** 
and  **  let  A'  be  anything  whatever,  but  let  it  ttol  vary,'*  which  is  the 
character  of  au  ar6i/rary  constant.)    It  should  seem  then  that  the 

auesdon  is  answered;  bui  here  we  are  obliged  to  remember  the  oon- 
iiion  which  runs  through  ail  our  reofomngt^  unless  the  contrary  be 
specially  mentioned^  namely,  that  diff.  co.  must  not  be  infinite.  And 
it  is  essential  before  wfc  proceed  to  show  why  we  did  not  find  it  neces- 
pary  to  allude  to  the  possible  case  of  ^'  ox  4^^  being  infinite  in  the  last 

theoM-ni. 

When  we  diflercntiate  a  simple  function  of  x,  specific  values  of  x 
may  make  if  {y  =  <px)  infinite,  as  already  discussed.  But  when  we 
come  to  fiinctions  of «  and  y,  not  only  specific  values  of  ;r,  but  specific 
fonns  with  unlimited  numhers  of  Tslues  of  x  and  y,  will  produce  the 
same  efet.  Instance, 


Its:  Va;' +y«-l     y  gs  =  06  if  y  =>/l  — j:* 

du  y  '  /  

•5-  =    —  =  <c  ify=:Vl— J* 

dy     V?+y«-l  ' 

This  was  immaterial  in  the  preceding  theorem»  for  since  <!>  (x,  y)  was 

without  an  arbitraiy  constant,  so  were  its  diff.  co.,  and  if      had  had  a 

denominator  a(x,  y),  then  a(x,  y)=0  could  not  have  ifiven  a  value  of  y 
in  terms  uf  x,  with  an  arbitrary  constant,  which  wab  liece&sary  lu  every 
case  then  under  triaL  But  now,  when  we  are  considering  the  possibilitj 
of  some  specific  case  of  another  primitiTe  satisfying  our  equatioii 

dy 

^  =  X  ('>  y)f  we  are  bound  to  consider  those  relations  between  «and  y 

which  make  or  infinite,  for  they  may  now  (that  we  are  con- 
sidering relations  without  arbitrary  constants)  be  the  cases  in  question  : 
and  no  others  can  he  such,  since  the  nreoeding  theorem  is  conduaive  a» 
to  all  the  cases  which  it  mcludes*  Ketuming  then  to  the  pracedi]^ 
theorem,  it  appears  that  wc  must  devote  our  attention  to  the  cases  in 
which  the  diff.  co.  of  ^,  or  any  of  them,  are  nothing  or  infinite,  and  to 
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the  relations  ]>etwecn  y  and  x  uluch  jtroducc  that  result.  But  having 
thus  dedned  the  (^ueaLiun,  we  have  a  more  easy  method  of  proceeding 
than  dinet  iamtifpttkm  of  ito  imnd  caaei«  at  follows : 

The  eqoatum  y=s  c)  tnty  be  changed  into  any  equation  what- 
ever y  =  -an,  hy  making  c,  not  a  constant,  but  such  a  function  of «  as 
will  he  obtained  hy  finding  c  firom  ^(jr,  c)  =  rax.  Let  us  then  suppose 
c  a  function  of  r,  niul  let  y  —  tu  t  thence  obtained  be-ihe  paiticular  case 
(if  there  be  any)  of  another  prmuti?e  which  satishes 
du  du 

=  X  ('*  y)*  obtained  by  eliminating  e  from  y^0(f»  e),  ^=^(jr,  e). 

Buty=*(x.c)(carofx)    give,    g  =^  +  g  (1). 

where,  smce  ^  supposes  t  constant,  ^  =    (x,  c), 

and  since  ^=x(*»y>  aatisfics  (1),  x(jr.y)  =  ^  (a,c)+  jj.  ] 
But  X  (j*!  y)  =  ^\^->     is  satisfied  independently  of  c  by  y  =  ^  (t,  r), 

#        JW         _v   ^  -J  i--  -.\ 

if 

,  dv 

we  sappoae  c  constant,  or  any  function  of  jr.   Consequently  —  must 

lie 

s=  0  in  the  case  supposed*  Either  then  ^  ^  ^  (or  c  is  constant. 

wbicb  leducet  ^  (x,  e)  to  the  usual  primitive),  or  ^  s=  0,  that  is,  a 

certain  function  oi  x  woA.  c  is  =0,  from  which  c  may  be  determiued 
iu  terms  of  x. 

Far  instance,  in  y ssji+  ic—x)\  we  have,  to  form  tlie  iM,  eq., 
^  =  1—2  (c— x)  :  eliminate  c,  and  ^  =  1  ~  2>/y  —  j:  . . . .  (2). 

Ifc  were  a  function  of  .r,  then*  ^  rs  1  —  2(c- j)  +  2(c— jr)  ^ , 

Kow  required  c  so  that  (2)  shall  still  be  true,  or  that 

(y  being  x4-(c-~jr)«), 

1— 2V^^=  1  — 2(c-*)+2(c-Jp)^.  ' 

Observe  that  1  —  2Vy— ar  is  I— 2  (c-j),  therefore  2(c-jr)  ^  =  0, 

dx 

and  cither  c  is  constant,  or  else  c=: j?,  iu  which  case  y^ j?+ U=:dr.  And 

•  Th<ni^h  the  following  raution  nppcsir  rnther  ttlvl.-il.  vt  t  sohk'  fliffimliy  to  Ihe 
•tiuksat  nuiy  bcaToidetl  by  it :  the  n^^n  =  includes  all  the  uioo<iM  and  tenses  of  the 
pbxait « is  cqnsl  ts.**  In  the  pisssal  esse  issd  it,  tpeWrf  Ir  cyira/fa. 
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but  110  rfi«c  (jf  ^hr  juiniitive  t/rrj-f  (r  —  j)*,  c  ^x'iVl//  rfv?tfr7r?/  ti  is 
then  the  only  particular  case  of  any  other  primitive  which  sntiahes  (3), 
the  primitiTe  of  (2),  whicli  has  n  ronsttti^t,  beinjr  y  —  j+(c  —  t)*. 

This  new  kind  of  solution  has  heeti  called  a  singular  soiuiiorii  a  p<if^ 
ticular  solution,  and  A  particular  integral.  Wt  sliall  tdopl  tfte  fitfet 
title. 

The  point  of  view  under  which  the  singolar  lolotion  takes  its  moM 

remarkable  form  in  geometry  anewers  to  that  of  a  tpecieB  of  connecting 

junction  between  the  different  cases  of  the  primitive,  such  as  arise  from 
giving;  difi'erent  values  to  the  constant.  Thus  y'z=  \  {t,  y)  is  true  for 
y=:^(r,  c),  whatever  the  (eonstniit)  value  of  c  may  \k\  It  is  etiually 
true  therefore  of  3/  =0  c)  and  uf  (jt,  c+  ^c).  K  ow  <^i>(x,  c)  aud 
^(x,  c+Ac)  are  generally  of  different  values ;  but  there  may  be  specific 
T^uw  ef  «  for  wmch  they  are  equal.   Let  us  consider  then  the  case 

*(j^c)=:0(AC+Ac)=r0(>;c)+2Ac  + 

or  -f  +  T~  Ac  +  . . . .  =0. 

If  Ache  very  small,  then  the  reBnlting  value  of  x  is  very  nearly  that  ob- 

tained  firom      =0 ;  if  still  smsller,  still  more  nearly ;  and  so  on  without 

limit.    But  if  Ac=0  absolutely,  then       c)=:^(a:,  c4- Ar)  loi-  aii  vaiucs 

of  X,  and  of  course  among  the  rest  for  those  obtained  by  ^  s  0.  Still 

the  solutions  of  the  last  equation  have  this  property,  that  the  vaiucs  of  x 
for  which  the  two  functions  have  the  same  value  when  Ac  is  small,  ap- 
proach nearer  and  nearer  to  them  without  limit,  as  Ac  diminishes.  For 
example,  in  the  equation  y=:««f  (0— alvMy  discussed,  if  we  inquire 
for  those  values  of  x  which  make 

x  +  (c-x)«  »  « -I-  (c  + Ac— x)*   or  2(c— x)  Ac  +  (Ac)«  =  0, 

we  find  that  2(c-^x)+'Ac=0,  'or  «asc+  ^  ^e,  which  approaches 

nearer  and  nearer  to  « :=  c  Tthe  supposition  from  whidi  the  aiogvlar 
solution  was  derived)  as  Ac  is  diminished. 

We  return  to  page  186,  in  which  it  is  shown  that  no  case  of  any 
other  than  one  primitive;  will  satisfy  a  diff.  eq.  so  long  as  Xhe  suppo- 
sitions implied  in  the  demonstration  exist;  that  is,  so  long  as  none  of 
the  dirt".  CO.  employed  have  singular  values.  Whence  it  follows  that 
the  singular  solution  really  obtamed  must  bt^long  to  a  case  in  which 
diff.  CO.  have  singular  values. 

And.h.ce    ;^»('.y)  =  *'+*;g  + 

we  cannot  have,  by  one  supposition,  both  *'  and  *^  =:  0  ;  for  that  su^ 
poaition  (say  it  ia  y         would  show  that  ♦  («,^)  is  by  y e/r  ft* 
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duced  identically  to  a  constant,  and  this  case  is  therefore  included  in  the 
primitive  y  =  (p  (x,  c)  or  r=  4>(j,  y).  We  cnnnot  have  ^'=0  and  4», 
infinite,  lor  if  we  suppose  c=:t5rr  to  be  the  value  of  c  which  givea  the 
singular  sohiUon  above,  wc  have  then 

But  9,  IB  f  d& ,  And  vfsf  not  being  generally  infinite  for  all  Takes 
of  we  can  only  have  %  (x,  mx)  =:  0  or  ^  ^  ^»  which  ia  not  uni- 
veiully  true  \  for  the  singular  solution,  as  well  as  the  ordinary  prunidve, 

gi?es  ^  a  function  of  x  and^.   Neither  can  we  have        cc  and 

=0,  fi>r  then  which  cannot  be  generally  true.   There  only 

remains  then  the  case  wtiere  ^'  and  are  hoUi  infinite,  so  that  (remem- 
bering that  algebraical  quantities,  upon  finite  suppositions,  uuly  become 
infinite  when  a  denominator  is  made  =  0)  we  have  the  following 
theorem. 

If  3/  =  0(x,  c)  give  y'=:x(r,  y),  and  c  =  4>(a',  ?/),  then  the  rIm- 
gular  sidutions  of  i/=^(r,  »/)  will  all  be  found  among  »uch  eqimtioiis 
/(j,  3^)=0  as  make  4>'  and  infinite,  or  a  common  factor  in  their  de- 
nominators nothing.  Observe,  we  have  not  proved  the  converse.  There 
may  be  valuea  wh^h  make  ^  and  %  infinite,  but  which  are  not  smgular 
solutiona. 

ExAiTPLR  1.   y  =  r  +  (c  —  .r)%  gives  c=fa?+^y  —  if  ,  which  dif- 

iVruauaicd  with  respect  to  jc  and      has  only  2^1  y  —  x  in  the  denomi- 
nator.  Tberefdre.  if  there  be  a  singular  snlution,  it  is  y  =  jr. 
Verification,  This  is  the  singular  solution  we  found. 

KxAMTLi:  2.  Let  y  =  r^ —  2r.T,  c=rT  +  's/y+x\  As  before,  if  there 
be  a  singular  solution,  it  muat  bey  =  — o;*.  Treat  this  by  the  other 
aiciaud,  and  we  have 

0(jt,  c)=c«— 2cj;,  -J-  =  2c-2j=0,  c=j:,  or  y:=:x-—2j^=  — 

QC 

As  yet,  we  have  only  found  the  singular  solution  from  the  primitive 
itself.  We  now  proceed  to  ''how  how  it  may  be  connected  with  the 
diff.  eq.    From  y=0(j:,  c)  giving  c=(&(jr,  y),  we  obtain 

,      du        dy  ^ 
0=*'-h*,j^  or   -  =  --s=x('.y)>»y'«duction. 

But  if  we  prefer  the  direct  elunination  of  c,  we  take  y  =  0(jr,  c), 

dy  d(f> 

and  —  =  a  function  of  i  and  c.  Let  this  last  equation  giv< 
c  =      JT,       ,  then  the  diiF,  eq.  is 

y=0^j,  F^x,^^  equivalent  to^=:x(^,y); 
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■0  thtl  the  Butwtitiitacm  of  x  for  ^  in  0,  as  last  written,  would  mike 

or 

ys0  ideniicaily  true,  iadepcndcutly  of  j:  and  y.  Or  we  have  y =0  {x^  c) 
>.»»le>deatied  bye  =  F(,.|),  if  g  b.  «.de  «x('.»). 

This  equation,  thai,  on  these  suppodtions,  may  he  differentiated  par* 
tially  with  respect  either  to  x  ory,  and  thus  we  have 

^  ^  d4^  ,  cl(^  dc      d(^)  dr.  ,  ,  ^  rfc  dx 

Ss"^  dc  di^  dc  dx  dj^  *    ^™^'  dx      _  d0 

dc  dx 

^         d^  dc^dy^  .     ^  _  X 

dcdxdjf  dy      d0  * 

As  an  instance  of  this  process,  w  e  take  y=x+(c— j")*=0(x,c) 

.=-G-5i)=  *('■*('-))• 

which  18  rendeicd  identical  by     =:  1  —  sVy  -  j  =  xi^*  y)* 
dtp  ^d(f>de 

dx      J^Tt^  l-2(r-r)4-g(r-j)xl  _    1       _   1__  _  f/x 

1  _  1      _  _L  L-  -  ^ 


Now,  returning  to  the  general  expressions,  m  c  know  that  the  tin- 
golar  solution  requires  c  to  be  such  a  function  of  x  as  will  =:  0, 

and  therefore  ^  and  ^  infinite,  unless  it  happen  at  the  same  time 

ax  dy 

that  ^  is  infinite,  ordse     nothing.  But  3^  is  ^  in  both  cases;  the 

dx  ^  dx         °  dr  dx 

dc 

last  therefi»e  cannot  be :  and  to  suppose  ^  infinite  would  be  to  sqp- 

pose  that  F  (j,  x)  =  c,  re-inverted  into  x  =  ^»  gives  =r  0,  or  that 
X  does  not  contain  r,  or  that  ys^  (x,  e)  most  be  of  the  fi>nn  yss/x+f  > 
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a  case  «e  ivresetifly  oonrider.   There  vemami  then  only  ibis  caie ;  that 

dtf     .  d\  dy 

being  =  ;^(x,y),  all  the  singuiar  values  of  y  make  ^  and  ~ 

both  infinite. 

In  the  preceding,  we  have  supposed  x  (^*y)  to  be  really  a  function 
of  both  X  and  y  ;  but  if  it  happen  that  the  diff.  equ.  be  of  the  form 
y^xC-f)*  we  may  see  at  once  that  the  primitive  is  y=f)(xdx  +  c; 

wbOeif  v'svy,  webave  xsi  \  —     c.    The  singular  aolutiona  of 

these  are  only  such  as  cau  be  derived  from  x>c  =  ^  ai^d  cc ;  as  we 
shall  now  show. 

Theoksm.  If  ever  we  imagine  a  letter  to  be  a  variable,  and  difieren* 
tiate  with  respect  to  it,  while  under  our  implied  conditions  it  is  a 
constant,  then  the  di£  co«  which  we  expected  to  find  finite,  will  be 
found  infinite. 

Suppose,  for  instance,  x=a-}-k'^f,  which  we  imagine  to  vary  with 
bur  w  hich  does  not,  bccaus€,  as  we  afterwards  find,  A=0.    If  we  then 
differeutiatc  y  with  respect  to  x,  we  have     being  really  variable  with  t) 

dx~dt  •  di  ^  kytdi"  ^ 

If  ^  ss      <^  if  xssa  make  x^^^  t  then        oc ;  and  sssOf 

or  a  constant  value  criven  to  r,  satisfies  the  iliflferential  cquntion.  But 
this  is  an  extreme  ciise  of  sini^ular  solutions,  aiul  will  be  satisfactorily 
illustrated  when  we  come  to  apply  the  subject  to  geometry. 

ExAVFUs  1*  Vjc"— Sf*  •   The  singular  solutions,  if  any,  are 

jf=  +  X,  or  ^=  ^  X :  but  neither  of  these  is  a  singular  solution,  for 

dy 

neither  satisfies  the  diff.  cq. :  they  give  ^  ^  +  ^  or  — 1»  while 

J5»— y«s:0  gives  ^  =  0.   But  ^  =  1  +^3*-y*   has       +  x  for  its 

mngular  solution :  it  is  usual  to  add,  unless  it  happen  to  be  a  particular 
case  of  the  primitive  ;  and  ccrtiiinly  the  not  being  a  case  of  the  primitive 
which  contains  the  arbitrary  constant,  is  the  fundnmentul  dclinition  of 
a  singular  solution.  But  as  it  may  happen  that  a  ]»HVtieular  ca?e  of 
y  c)  may  have,  with  the  single  exception  of  btiiig  such  a  par- 

ticnlar  case,  all  the  characters  of  a  singular  solution,  and  particularly 
all  the  geometrical  characters,  we  shall  not  attend  to  tbis  distinction. 

EXA3IF1.B  2.    y     =^j^+y«— a«— J?.    The  singular  solution,  if 

any,  is  y=  i:Va'— 2^1  and  this  does  satisfy  the  di£^  equ. 

We  are  now  in  possession  of  all  the  possible  forms  which  can  satisfy 
an  equatioD  of  the  first  degree  y'^xi  r,  y).  Vfe  shall  now  take  ie?eral 
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leading  forms  which  admit  of  complete  solution,  reserving  thooe  which 
xequire  particular  artiiiccs  for  a  future  chapter,  or  specific  appUcatiom 

1.  -~  =■  /(x).    This  evidently  gives  y     ffi  dx-^  c, 
ux 

heiug  ay,  "^x  is  such  that  ay  =  x  —  c  gives  y  =:  ')fr(x— c). 

«  rfy     .  1  1 

4.  ^^"^"/(^I^  '   ^'^^^^  ^  geneml  tymbol  ii  included  CTCiy 

hmo^eneous  function  of  x  and  y,  meaning  either  nlicmal  and  Integral 

functions,  all  terms  of  whicli  are  of  the  same  decjce,  or  any  functions  of 
them  mnde  as  follows.  The  number  Qi  fracti<Ki  Ht  positive  or  negative* 
is  the  degree  of  the  function. 

«*  +     +  y*  +  I  +  'j^^  degree  2| 

or     ,   0, 

X  —  y  1  -  y-r-x 

Jx  +  y  or«*^l+|^*   

Assame  y  =  «tk  Thai  we  have 

«  +  '  ^  =  *■/«. 

which  is  immediately  reducible  to  integration  only  when  n  e  0«  Sup- 
pose this,  and 

1      <!u       1  r  rltt 

fi^dx^'x'      J;^  =  lugx  +  c=log«, 
for  instead  of  f,  which  is  perfectly  arbitrary,  we  may  write  log  c.  I^t 

— -  =  and  let  ^ uszv  give  usf-S;,  then  )f •  (Itogrr). 
Heie  by  i^'^u  we  mean  the  function  inwie  to  fn^  to  that  f(yr''Sf)sii 


1 
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We  have  thus  integrated      -f(^  ^  ^     ^  ^  "  ^  ^ 

be  teduced*  if  P  and  Q  be  homogcDeoue  functions  of  *  end  y  of  the  lame 


:2 


or  I  =:V-2logcjF  :     or   y  =       a: /^/log^—^ . 

g = V5  ^rii^JI  +,r. , .  1  (-..^  „r  *  (-  i) = I  -  f  •• 

dy 

5.  J-  +  Py  =  Q ;    where  P  and  Q  are  iunctions  o(x, 

uX 

Let  y  =  ui\  wliich  may  be  satisiied  in  an  mfinile  number  of  ways, 
and  we  are  at  liberty  to  eaeume  one  equation  between  u  and  v,  or  to 
eingn  a  vdne  to  either,  the  other  remiuning  to  be  determined  bj  the 
dtC  cqn.  We  have  then 


dx  dx 


+  P«ti=Q  oriz(^^+Pi,)  +  r2=Q. 


Let 


~  +  Pi;=0  orJ*~  =  — /Pd*4-c   01  vsir^'^ Sit. 
ibr  which  we  write  cc'^*^,  since  t  is  merely  an  arbitrary  constant. 

We  also  have  v  ^t=Q,  or  ^  =  -  QjB^  . 
ax  as  e 

bebg  another  constant, 

y  as   r^*'.^^^ dx  +  dt-f^\  (writing  c'  for  c'  xc) 

in  which  one  constant  hes  disappeared,  and  only  one  distinct  constant 
remains.  We  may  verify  this  result  ss  follows : 

^  =  r-^(-P)./Q«^-iir  +  r^*-.Qi^^  +c'r^(-P) 

=s-P(f-'''''/Qf^-dx  +  c'€->^-)  +  Q=  -Py  +  Q. 
EzAnrul.  ~+fly  =  Q    gives  y  as  r"/Qf"  cte  +  cr^. 


Ssaiivx.b3.  gives  ysl  +  cT'^. 


o2 
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fxr'dx^  —XT'  -  r*.      y ss  — *  —I  +  cf. 

6«  +  •^^^^  *  /being  any  function  whatsoever.  The 

integral  eridenily  ii  y  =  cj  +  /c,  which  gives  ^  :=  c.    This  primitive 

is  remarkable  for  its  singular  solution,  found  from  x+f'c=:r  0.  If  this 
give  c  =  ^x,  theu  y  =  x^x  is  the  singular  solution. 

EiAVPLS  1.  y  =  +  sin"^  ^  gives  y  s  cj;  +  sin'^c.  Its  sin- 
gular tolatioii  found  from 

X  +  -nzzzr  =0      or  e*  as  — -—  ,  is  y  sv«"—  1  +  sec'^x. 

gular  solution. 

We  are  now  in  possession  of  the  means  of  iutegrating  equations 
enough  to  Olustrate  their  theory ;  and  particular  instances  can  only 
acquire  an  interest  in  connexion  with  problems  which  produce  them. 

dy 

The  moat  general  attempt  to  integrate  ^  +  Q  ^  =^  ^'  where  P  and  Q 

are  any  functions  whatsoevci  of  :r  and  is  one  which  fails  by  re(]uinng 
the  previous  solution  of  another  species  of  equation ;  hut  its  principle 
is  highly  instructive.   We  return  to 

.  .  .  d<fr      ff<I>  dy 

y  as         c)  givmg  c  =*(u:,  ^)  and  0  =       +  "^^  ^» 

which  Utter  is  in  fact  the  differential  equation,  since  it  does  not  involve 
c.  But  if  ^  and  %  have  a  common  factor  M,  so  that  ^*  =  MP, 

—  MQ,  substitution  and  division  bhow  us  tliat  P  +  Q  ~  =0,  which 

dx 

may  be  the  diff.  equ.  in  the  form  in  which  it  is  first  presented  to  us  by 
a  problem.  Now,  how  nre  we  to  know  whether  a  factor  has  or  has  not 
disappeared  ?   By  the  following  simple  process.  If 

du  d'lf  dy 

P  +  Q  :p  =  U  presented  to  us,  be  really  -r-  +  :r-     =  0, 
ax  ax     oy  ax 

to  which  direct  derivation  from  the  primitive  would  bring  us,  then«  be- 
cause 

d  d^       d  da>  ,       dP  do 

•y  -i-  =^  -r       (l>«gc  162)  >ve  must  have  t  ^ 
djfdx      Ux  dy  ^  ^  dy  dx 

Thus,  in  .i*  +     ~  =  0,   we  sec  that  ~j  =  ^  =  0  Qiartial  diff. 

CO.) 


V 
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But  iDj  +  y«4**~,  — =2y  Uftoi=^'=:2j?. 

In  the  Erst,  therefore,  we  have  no  factor  to  look  for,  in  the  second  a 

dP  r/Q 

htitot  has  been  lost  This  equation  -r—     ^  is  called  the  eondiiion 

dij  dx 

ofintrijriilnlitu,  and  we  shall  see  tliat  integration  can  really  be  per* 
formed  without  further  preparation  \vl)cn  it  exists. 

Let  ~         ^  then  inP  +  Q^,Pba diff.  co.  obtained  b?  sup- 
dy     di  dx  J  r 

posing  y  constant.  Integrate  on  this  8npy>o?ition,  then  J'Vdr  ^  const, 
is  the  ]>rimitive.  But  since  y  was  a  constant  in  the  integration,  the 
latter  term  (const.)  may  have  been  a  function  of  y ;  for  such  a  function 
may  have  diiiappcared  by  ditfereuliatioa  with  respect  to  x.  Let  there- 
fore J'Pdx  +fyhethd  primitive:  then^becanae  Q  is  the  diff.  go.  of 
the  primitire  with  respect  to  y,  we  must  have 

~iJ^dx^Jy)^Q    or  ^(/P<to)+/V  =  Q. 

Let  fPdj  -V    then  P  =  —  ^  -  "  —  -  —  —  • 

^  dx*  dy     dy  dx  ^  dx  dy  * 


J<^y       J  dx   dy  dy  -rfyV^"*/' 

so  that,  in  like  manner  as  the  order  of  independent  diffemtiatkmi  it 
indiffereut,  so  is  that  of  a  di&rcntiation  and  an  intqpntion  with  icapeet 
to  independent  variables. 

The  latter  integration  is  made  on  the  supposition  that  y  onhf  is 
Tariablc.  This  might  appear  to  require  that  a  function  of  x  should  be 
added ;  which,  however,  must  not  be,  because  by  such  an  addition  the 
eonditaon  already  aatisfied,  namely,  that  the  diff.  co.  with  respect  tox  isP, 
would  be  undone  again.  Hence,  the  function  whoae  din.  eo.  with  re- 
spect to  X  and  y  are  P  and  Q  (which  call  U)  is 

U  =  /Vdx  +  J(  Q  -f^  dy. 

Difierr ntiate  for  verification,  remembering  the  theurcuj  just  proved,  and 

Example*   From  what  function  springs  - 

^dy       /d(r4-2rj/)  rf(.M'r)\ 
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and  the  functjoa  U  +  «*y  +  iy'  i 

fiom  which  we  infer  that  the  sulutiou  of 

«+3'y  +  (^  +  3f»)^  =  0    is  c=ii^'  +  «»y+|y». 

Iq  the  preceding  opont^oni,  obierve  that  none  of  the  signs /*  imply 
the  addition  of  constaotSi  thoie  having  been  considered  in  Uie  pro- 
cess. And  aho  that  the  term  annexed  to  though  it  appear  to  contain 
X,  is  really  a  function  of  y  only,  since 

In  P  +  Q  ^  we  have  hitherto  supposed  that  y  is  some  Auction  of 

it  is  not  known  what.  If  we  make  the  preceding  =  0,  then  y  is  the 
fttQCtbn  of  s  defined  by  c  s  U. 

^  We  have  reserved  the  notion  of  differentials  (whidi  ire  may  ahhre* 
Tiate  into  diff**.)  as  distinguished  from  diff.  co.,  till  we  have  come 

to  a  point  at  wbicli  the  occasional  rejection  of  the  latter  in  favour 
of  the  former  will  produce  an  ad  vantage  more  than  compensating  the 
liability  to  inaccuracy  which  the  fomuT  arc  said  to  involve*.  (Read 
here  pages  14,  15,  38—41  of  the  Elementary  Illustraiioju.)  If 
uss<p{j[t  y)  give  Att  =  0' Ax  +  <(>^  Ay  +  &c.  (page  87)  wc  write 
cbc  s  0^  d<g»  +  0^  r/y  as  an  equation  1,  which  approximates  without  Umit 
to  truth,  ss  da  vaidy  are  diminished ;  2.  as  one  which  gives  the  |imits» 
•0  soon  as  ratios  are  fonned  hy  divisioui  upon  all  suppositiona.  The 

*  The  Bothor  tak«t  this  opportunity,  oaet  for  all,  to  diiMut  from  notions  which 
liaTC  been  lately  promulgated  lu  English  works,  retative  to  the  rejection  of  flifferi-n- 
tiaU.  To  such  a  point  has  this  been  car(ie<l,  that  thti  very  sinkms  and  msiiuctive 
BB^logf  b«tw««ii  iffAg  and  J\fdst  as  com|»si«d  with  that  whiea  ssitts  bthrasa 

and        has  been  lost  to  the  eye  by  the  introduction  of  /,  y  to  etand  for 

/^flCx.  But  this  great  Mnslbility  to  noiatioa  be«n  accompanied  by  a  similar 
■sling  with  reerard  to  ws  sssimptioB  of  principles  or  theomne  ?  Have  thoie  who 

imagined  they  were  more  nccurate  when  they  wrote  '  '  —  p  luktead  o(  dy  —  pdx^ 

dx 

rejected  the  aaiumption  that  / {x -\-h)  c&n  always  generally  be  expanrln!  m  whole 
powers  of  A,  or  the  attempts  at  h  priori  proui,  after  the  manner  of  Lngrange.  that 
fractional  and  negative  powers  cannot  enter?  And  have  they  been  equally  attcntiro 
to  phraseology  '  H^vi*  thfv  rejt'cted  the  expn'«*vli>ns  about  the  yai/urr  of  Taylor'e 
Theorem^  which  would  imj)iy  that  the  said  expansiua,  not  having  the  proceta  by 
whieh  H  woe  declared  universal  before  its  eym,  but  being  moved  and  iniligated  bjr 
the  vanishing  of  a  factor,  did  wilfully  and  of  malice  aforethou rrfn;;e  to  be  true 
in  Chapter  II.,  the  same  being  against  the  proof  in  Chapter  1.*  its  truth  uud 
generality  ?  UfliU  Ummw  qsmou  can  bo  saswsnd  in  Im  afinnataTSi  we  are 
vemiiided  of  di&roDtiaU  bf  tbo  lelotifo  nsof  of  a  gnot  and  a  cunoL 
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only  wartiing  necessary  is,  lu  ver  to  pci)ariite  a  partial  dififcrential  from 
its  denquiinator  without  making  u  jpruper  distinctiuu,  since  the  removal 
ai  the  denonniitor  remom  the  existing  diBtinction.  Thus 

ifaiB=  ^  d«  +  ^     moot  be  written  c2i» s  dtt «|>  du,  thovgli  we 

have 

du  (when  boti^  varyj  =:  ctu  (when  je  only  varies)  -f  (when  y  only 
varies). 

ynddk  might  be  written  diis  d^u  +  d^u^  but  —     +  <^ 

will  lie  imnd  move  eonTenieat. 

We  shall  now  suppose  that  m  Vdx  +  Qcfy,  the  condition  of  inte- 
grabi!i!v  is  not  satisfied.  Let  M  be  the  factor  which  has  been  losty  SO 
that  Ui^  +  MQdy  is  a  comphie  dij^renUai. 

dy  dx  dy         dx        \dx  dyj 

Thus,  if  we  wish  to  feQ4ci'  ydx  ~  xdy  complete,  we  liavc 
™  ^  </M  c/M 


or  we  have  to  sol?e  a  parHai  diff.  equ.,  namely,  to  find  M,  a  fonetion 
of  X  and  between  which  and  its  partial  diff.  co.  the  preceding  relation 
shall  exist  This  we  cannot  do  generally,  but  thereupon,  seeing 
that  this  proposition  is  true :  "  given  the  solution  of  all  partial  difF. 
equ.  that  of  all  common  diff.  equ.  follows,  both  being  of  the  first  degree," 
we  may  suspect  the  converse,  namely,  tliat  we  shal!  be  able  to  solve  all 
partial  equatiops,  so  soon  as  wc  can  solve  all  common  ones.  And  this 
we  eh^ll  pnd  tmci  with  just  enough  of  variatif»i  to  remind  us  that  the 
assumptioii  of  converses  is  dan^rons. 

TflSQIim  If  N  he  a  function  of  x  and  y,  giving  dN  s  pdx  +  ^djh 
thai  the  equation  ss  Vc^N  is  incongruous  and  self-contradictorv, 
except  upon  the  assumption  that  m  is,  as  to  «  and  a  function  of  N; 
or  only  contains  x  and  y  through  N. 

Let  N  :=  V'Cj'jy)  givey  =  x(^>  •^)»  ^'^^^  suppose,  if  pos^sible,  that 
the  substitution  of  this  value  of  y  in  u  gives  tt  =  p  (N,  x),  x  not  disap- 
pearing with  y.   Then,  x  and  y  varying, 

dS  dg         <iN  dy  ^     dx  ' 

*     ari  dx 
which  equation  bdng  universal,  is  true  on  the  supposition  that  x  does 

not  Ttajf  or  that  dxszO,  This  gives  ^  =  * 

or  cKtt  =  VdN  +  ^  dx  VdN, 
dx 

because  ^  and  V  being  independent  of  the  variations  (ss  are  all 
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dilT,  CO.)  whatever  relalion  exists  upon  one  supposition  exisis  upon  all 

others.    Hence      =  0,  or  ^  does  not  contain  x  directly,  but  only  a» 

it  contains  X.  We  l)ave  purpusely  introduced  this  UemonstruLioii  here, 
because  it  gives  the  opportonity  of  dwelling  on  the  point  most  Bkely  to 
confuse  a  beginner  in  his  first  use  of  dmerentials.   In  the  equation 

d'S  =  pdx  +  which  is  true  of  rfN,  dr,  rfy,  not  in  the  ratios  which 
they  ever  can  have,  but  only  in  those  to  which  tliry  ci^iitlnually  approach 
as  they  diminish,  we  can  no  n^'^ro  «n]^po>^o  (Lv  ~  ()  absulutelv,  than  <fy 
or  dN,  except  only  on  the  supposition  tliat  r  does  not  vary  at  all.  The 
smallness  of  if  it  be  supposed  small,  is  no  reason  for  the  rejection 
of  qdy  as  compared  with  pdv.  Or  let  di  be  a  comminuent  with  rfN, 
dr,  and  dff,  and  let 

rfN  .    .  ^.  ,    .        d(i  d^     df}  dx  d}^ 

~~-  &c.  be  limiting  ntioa  as  usual,  whence  +  t-:i7=V-— 

at  d^i  at      dx  at  at 

is  absolutely  true,  upon  all  auppontions*  If  then  a  do  not  wy,  we 
have 

which  beiDg  tnie  Independently  of  ^ ,  nrast  give  ^  s  Ot  w  befim. 
'  Agaia> 

^  ^  +  V~— =  —  ~  +  V-i~  or  — —  —  ^—-0 
dy  '  dx        dydx  ^  dx'  dy        dxdy  *     dy  dx     dx  dy"  * 

whence  (page  187),  V,  as  to  x  and  y,  must  be  a  function  of  N.    Let  it 
be/N,  then  du  :=  fN^d'N  ,  «  =  y/N.r/N  +  const.,  a  funciiou  of  N. 
Hence,  du  =  WN  rec^uires  buih  V  and  u  to  be  functions  of  N. 

Thsorbh.  du  =  P(£c  +  Qc^yj  t4  being  a  function  of  x  and  y,  cannot 
be  true^  x  and  y  being  independent,  unless  ^  =: 

and  unless      ^-=.P     _=Q  gmng^^^^, 

we  may  easily  show  that  ro  given  function  of  x  and  y  can  be  =  t/, 
unless  vpnii  a  suvposiiion  w/dch  connects  x  and  y.  Thus,  in  the  cnpc 
of  du  (ix  H-  xdyt  we  cannot,  for  instance,  have  u  =  j*  +  y\  unless 
wc  have 

2xdx  +  2ydy  sdj?  +  xdy  or  ^  =s         ^  , 

St 
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which  18  only  troe  where  y  it  one  particular  function  of  Similarly, 
can  only  have  u:=xy+y^  where  y  ia  another  function  of  dr,  and  so  on 

for  every  function  of  x  and  y  which  u  can  he.  But  in  tfu  —  T'hj-\-ydx^ 
•wc  hftve  n  ■=  ry,  whatever  ?/ may  br  This  latter  sort  of  connexion 
bctt^ceii  u  and  a  function  of  j  ami  y  is  therefore  impossible  in  the  pre- 
ceding case :  which  was  to  be  proved. 

Where  one  equation  only  exists  between  two  variables,  as  in  y  = 
or  ^  (x,  y) = 0,  there  ia  one  independent  Tariable.   But  there  ia  one  only 
when  ibcre  are  two  equationa  between  three  variables,  three  between 
four,        To  take  the  former  case,  let  ua  nippose  ^(x,  y,  u,  c)  s:  0» 
^  (x*,  y,  ti,  c')  r=  0,  each  equation  containing  an  arbitrary  constant. 

If  we  difEdrentiate  these,  we  have 

dx  ^     du  dx         tly   "  *   du  * 

fmm  which  four  equations  wc  may  eliminate  c  and  c',  leaving  two  equa- 
tions between  .r,  y,  «,  and  tiicir  differentials,  or  when  more  convenient, 
the  diff.  CO.  of  any  two  with  respect  to  the  third.  We  may  also  in  the 
uam  way  obtain  aingular  solutions,  satisfying  the  diff*  equ*  by  subati> 
tuting  in  the  eqnationa  the  valuea  of  e  and  €^  in  terme  of  y,  and  «, 
'/0  d^tf 

derived  from  --r-  =s  0  -^rr  ==  0,   All  this  will  bo  also  true  when  both 
dc  dc 

aifttiona  contain  both  c  and  e\  tscegt  widi  regard  to  the  aingular 
ntiona,  which  we  ahall  have  to  ooniider  hereafter.  And  the  diff.equ. 
may  be  obtained  dhrectly  (as  in  page  184),  by  ezplidtly  obtaining  c  and 
^  from  9  =  0  Yr  =  0.  Let  these  give  c  =  *  (4P,  y» ss  Y(«iy,«0 
from  which  we  obtain  difil  equ.  of  the  form 

Kd9  +  N  Jy  +  Pcfti  s  0      Wdx  +  N'<^  +  Vdu  ss  0, 

where  M,  N,  P,  do  not  contain  c  or  c',  and  are  either  partial  diff.  go.  of 
^,  or  diff.  CO.  stripped  of  a  common  factor.  And  the  same  of  M',  N',  V, 

and^.  But  we  are  not  to  conclude  that  these  will  always  be  the  diff.  equ. 
present^  by  a  problem  of  which  the  result  is  that  ^  =  0  as  0.  For 
if  we  multiply  the  second  by  V  and  W  successively,  and  add  the  reaulta 
to  the  first,  we  Imve 

(M  +  MT)  dx  +  (N+N'V)  dy+  (P+  r=  0, 

(M  +M'Wj</2r+(N+N'W)<iy+(P+FW)di*  s  0, 

the  truth  of  which  implies,  and  ia  implied  in,  the  tmth  of  the  first  pair. 
And  these,  with  some  particular  form  of  V  or  W,  may  be  the  conditions 
at  which  we  arrive. 

But  now  su]>i)08e  we  require,  not  that  the  preceding  eqnationa  should 
be  both  true,  hut  that  Vy  r,  nnd  //,  should  be  C'riTicrtrd  in  such  a  way, 
that  either  of  them  will  be  true  when  the  other  is  true  ;  that  is, 
either  is  to  be  a  necessary  consequence  of  the  other.  Supposing  the 
equations  to  be  so  combined,  if  necessary,  that  the  restoration  of  a  factor 
shall  make  the  first  side  of  each  a  complete  diffisrential  (say  the  first  of 
#  and  the  aecond  of  then  our  requisite  condition  is  this,  that 
ihall  =s  0,  when  =  0.  This  will  be  true  if  such  an  equation  aa 
J4»  =:ViW  eztat,  that  ia*  if  4>  be  made  a  function  of  Sf,  Hence,  we  have 
this 
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Tbwbik.  If  the  diff  equ.  of  0  (ii,    ^       s=  0,  and  f(u^ 

c,  (/)  =  0  may  be  so  connected  that  either  shall  follow  from  the  other^ 
then  <^  and  ^  being  the  values  of  c  and  c'  deduced  from  0  =  0,  ^  =:  0, 
we  must  have  and  conversely,  (it  may  be  shown  from 

d(b=:f'^  (t¥)  that  *  ==fV^)  Biakea  either  of  the  di£  equ.  deduced 
fruui  0=0  \^  =:  0,  follow  from  the  other. 

Though  we  bm diown  Oil  Md* -f  Kdy  +  PciiisO  itiaemigfiiraiy 
exoept  only  In  the  cue  wlim 

^Ins  —  ily  isft  oompletodiiiiBrtnti»l{ 

vet  two  such  equations  exi?tinc:  together,  have  meanlnc:  and  rational 
results.  For  by  elimirmting  du  we  obtain  a  relation  betwien  di  and  dy, 
which  implies  that  ^  !»  a  particular  function  of  x ;  as  aiku  appears  by 
eliminating  u  between  the  primitives  0=0  y  =  0.  This  is  a  sufficient 
ficetch  <^  mt  theory  of  simutUmeout  diff.  equ.  §ut  our  pieient  purpoie. 
flTluil  AlQCtion  of «  and  y  fs  ti,  to  te  to  rolfil  the  eondition 

^S+^J-^  

where  each  of  X,  Y,  andU,i''"  a  iriven  fmiction  of  the  three  variables 
4»  yi  and  u,  all  or  either.   To  begin  with  a  particular  case,  let  ut  take 

X  ^     y  ^  ^       ^ow  u  being  a  function  qf  x  and  y,  gives 

iuts  ^dx  +        ifn  all fonctiont)  +  ^ ~ 

(for  the  caae  in  question). 

du 

That  is,  ydu  -^uiy-^  iyd^  -  *<^3f)  •  •  t  t 

This  iynmedifttely  shows  ua  that  u  must  be  of  such  a  Icind  that  ydu  — 
tidy  =  0  toiluws  trom  ydx  —  xdy  =0 :  of  which  the  tirst  gives  u  =  cy, 
the  second  y  =  r'x.  Hence,  in  the  theorem  preceding,  c  or0,  Qrwi^y^ 
must  be  a  function  of  r/  at  ^,  or  y-j- and  therefore 

if  x^  +  y  ^  ~  ^  have  a  edhitiait  Its  Ibm  ii « s  y  f(^' 

The  next  question  is,  will  any  form  off  be  a  Bolutiou,  or  docs  tl|ie 
require  any  particular  formi^  and  what  ?  To  try  thii :  observe  that  (2) 
may  be  immediately  reduced  to 


thenabould  -^^^//f^) 

y^  dx  \xj 


dx  X* 

which,  u  being  yf(y-^  x\  if  true  J  or  tvenf  form  of  /.  We  now  pro- 
ceed  to  the  general  case. 
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du 

In  the  value  of  du  lubetitute  —  from  (I),  which  givM 

G«iiMqiiently»« sratt  be  such,  that  Xdu—Vd^  sz  0,  and  Ydjr-  X<ly = 0 
■hall  follow  one  from  the  other.  If  then  their  primitives  can  be  found, 
and  the  two  conbtanif.  deduced  in  terms  of  y,  and  w,  the  value  of  u 
must  be  amonu:  these  derived  from  making  the  expreision  for  one  of  the 
cooatants  a  iuucuoii  ot  that  for  the  other.  It  only  remains  to  show  that 
fh»  warn  may  be  any  function  of  the  other.  Let  c  a:  •  and  c'  ^  ^  be 
thenlueaor  the  oonatantt  tjtto/ft  mentioned;  whence 4» a /i^  ia  the 
fcrm  to  be  tried. 

We  know  that  (by  the  manner  in  whieh  4  and    are  obtained) 

4u         dx         oy  du         dx         dy  ' 

may  be  transformed  into,  and  imply  and  are  implied  in 

Ydtt-  Vdy  =0  Yrfj  -  Xdy  =  0. 

If  then  we  use  the  two  leat»and  eliminate  dy  and  dx  from  the  twofirat, 

we  prfKlnce  (eliminating  a  quantity  from  equations  which  are  tbe  ■•me 
indifferint  forms),  jt/tTj/jra/ equations.    These  are 

ofT      dy  du       dx  dy 

These  leanlta  are  neoesaary  conaequenoea  of  the  manner  in  which  4^ 
and  ^  were  obtained.  Now  I  say,  that  the  auppotition  of  ^  =/^» 
makes  these  render  the  equat'  n(l)  true,  whatever  y  may  be.  Fofi 
differentiating  the  kMt  with  reapect  to  x  and  y  separately,  we  find 

d<^du_     ^  _«  ^ 
^dx     ij"  \du  dx  dx) 

...  .(A) 

du  dy     dy  ~       \du  dy     dy ) 

Mfiltiply  the  firttby  X»andihe8eoondby  Yand  add,  remembering' the 
preceding  equationa.  We  then  have 

du\    dx        dyj      du  \da  \    dx       dy)     du  ) 

Ccmaequently,  whatever  /  may  bci  we  have  either 
d^  ^  du  ,  du 

du  du      '  Ac  '  ^  dy 

of  which  we  shall  ahow  that  the  first  not  only  requtrea  a  relation  to 

exist  .identically  between  ^  and  but  is  even  then  only  true  of  one 
form  of  /.  Assume  the  iirat,  then  from  equations  (A),  we  have  the 
ibUoving  additional  equations: 
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ssf  *  3-  ,     and  3-  =  /  ^  3-, 
djf  dy  dy 

which  three  telations  imply  that  $  and  are  identteally  the  aame, 
or  at  least  only  differ  in  constants*  or  in  qnantities  not  containing  either 
tf,  J,  or  y.    Now  *  and  4^  contain  nothing  arbitrary,  being  entirely 

determined  when  X,  Y  and  U  are  given  :  tlie  one  therefore  cannot  he 
made  identically  a  function  of  the  other;  and  even  supposing  that  we 
had  obtained  a  case,  in  uincii  «I>  >vas  a  certain  function  of  the  fir?t 
could  only  be  one  definite  function  of  the  second;  that  isi/couid  nut 
be,  as  was  supposed,  of  any  form  whatever*  Generally,  therefore, 
^  =  gives  equation  (1).  And  we  have  thus  obtained  the  most 
general  solution  ;  for  if  not,  let  the  more  general  one  be  vr  (r,  tt)=sO, 
vrhich  is  such,  that  when  wc  substitute  values  for  .r  and  y  in  tenna 
of  7/,  4>,  and  ^,  from  *!>  =  <I)  (r,  y,  ?/),  ''V  =:  ^{  r^  y,  tt),  we  do  not  find 
u  disappear  also,  but  sui)])ose  we  hud  x  'IN  *)  =  0  giviniz;  <!>=/ ?/) 
instead  of  the  former  solution.  The  LMjuations  (A)  then  require  the  ad- 
dition ui  terms  to  the  second  sides  arising  from  /  containuji^  x  and  y 
through  «,  which  enters  directly,  as  well  as  In  ^ :  that  is,  terms  of 

the  form  3^  ~  and  ^       The  multiplication  and  addition  then 
dit  dx        du  dy  ^ 

makes  the  final  equation  become        meaning  now  the  partial  diff. 

and  this  does  not  aatisfy  the  equation  (1) ;  for  the  admission  of  that 
equation  gives  0  =  —  U        Now,   if  U  be  finite,  Ais  gives 

s  0,  the  very  equation  which  denotes  that  u  does  not  enter  where 

it  was  supposed  to  enter :  but  if  U  =  0  the  preceding  equation  is  then 
reduced  to 

^du     ^    du      du}       dx        dy^  ^* 

The  first  factor  docs  not  vanish,  by  reasoning  similar  to  that  already 
givcTi.  The  second  fnctnr  tbcrt  fore  vanishes,  or  tlie  equation  (1)  is 
satisfied  ;  but  our  new  i^uppusition  4>  =  still  exists,  as  a  solu- 

tion ;  has  tiie  equation  really  a  more  general  solution  when  U  =  0  than 
in  other  cases  ?  If  we  return  to  the  diff.  equ.  we  find  that  U  =  0 
(Y  being  finite)  gives  du  =  0,  Ydx  —  Xdy  s=  0,  and  one  of  the  pri* 
mitives  must  be  «  =  c;  that  is,  u  itself  is  either  <!>  or  ^  :  he  it  either; 
Btill  4>=  /  ^)  or  't>=f(%0)  show,  either  directly  or  by  dcdoetion, 
that  4>  is  a  function  of  ^. 

Thus  an  arbitrary  function  is  in  partial  difT.  cqu.  \>hat  an  arbitrary 
constant  is  in  those  which  have  oidy  one  indej^endent  variable,  a  neces- 
sary part  of  the  most  general  solution  of  any  one,  however  simple.  \Vc 
now  give  some  examples : — 

1.  ^  s  U.  Here  X    1  YsO  and  the  diff.  equ.  become  Ui/ysO, 
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X</y  =  0,  or  y~  c  satisfies  both.  In  fact,  owing  to  only  one  variable 
being  differentiated,  this  is  a  common  diff.  equ.,  in  which  the  other  pos- 
sible Tsiiable  is  constant.   The  arbitrary  function  is  one  of  y. 

2.  X=l  Y  =  -  1,  UssO,  and  the  equations  arc 

dti  0,  dx+  dy^  0,  the  primitives  of  which  aieussc  tf-httfsc', 
and  «         +  y)  is  the  solution.   (For  the  convense,  eee  page  62.) 

_    (lit       dn      ^     ,  -         .    du      ,  du  , 

^-  giTe.i.=/(«~y)    •iida-  +  i^=* 

hz 

gives  u  ^f(ay  -  bn}  +  — . 

gives  «  =s  0  (ii*  —  y*). 

5.  Let  X,  Y,  and  U,  he  Fovcrally  a  function  of  a-  only,  of  y  only,  and 
of  u  only.    Then  the  sulutiuu  is  the  value  of  u  derived  from 

fi-f^-  '(St  -  St)  ■ 

7.  Explain  the  following  assertion : — If  /may  he  any  function,  then 
/(P  —  Q)  +  P,  and  /(P    Q)  4-  Q  axe  the  same  in  fornii  and  lo  are 


We  have  thus  completed  whst  it  is  necenaiy  the  student  diould 
know  on  equations  of  the  first  order  (of  difierentistion),  and  of  the  first 

degree  (as  to  powers  or  pr(Kluct3  of  diff.  co.)  both  for  two  variables  (one 
independent)  and  three  variables  (two  independent).  With  regard  to 
thovrof  the  second  order,  we  have  already  integrated  (in  page  154,i^'c.) 
l»y  fiir  tlie  most  imjKjrtaut  of  those  which  occur  in  practice.  Those  of  a 
Jjiirhcr  degree  than  the  fir-<t  are  not  of  primury  utility.  Without  making 
further  application  than  ib  necessary  fur  elucidation,  we  shall  content 
ourselves  in  this  chapter  with  pointing  out  the  most  important  general 
considerations  connected  with  them. 

Let  there  be  an  equation  y  =  0  (j;,  Ci>  Ct,  •  .  .  )  containing  n  ar- 
bttrarj  constants ;  three  will  he  sufficient  for  our  purpose.  We  msy 
then  form  jt  different  diff.  equ.  of  the  first  order,  according  as  we  eli- 
minate one  or  another  constant.  From  anv  one  of  these  ^v^'  may  elimi- 
nate a  pecond  constant,  and  thus  we  ^<hall  have  ctjuations  ol  the  second 
order  witli  only  w  —  2  constaaUi  ui  each.  I'roceeding  m  this  way,  we 
may  by  means  of  the  primitive  equation,  and  the  n  equations  imme- 
diatdy  deduced  by  n  dinerentiations,  eliminate  all  the  constants,  and  we 
shsll  thus  have  an  equation  of  the  nth  order  containing  no  arhitraiy 
constants.  For  instance,  suppose  y  =  c,  r*  +  i:*  4- r^x'  (A)  whose 
diffnentiated  equation  is  y' s  4ci  jb'  +  3caa^  +  2ca  jr»  from  which 
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£Uiaiiiate  Ct  gwiug  4y  —     =      r, -f-  2c, .Bi 

•  •  •  •  Ct  2y  —      =  —  2c|«*—  Cti!**  •  *  •  *Bi  • 

The  diffiaentiated  eqnatioa  of  the  fint  is 

from  which,  end  mnn  either  B|»  Bti  or  Bi»  another  eotieliiit IM^  ft» 

eliminated. 

Proceed  in  this  way,  and  show  that  the  first  equation  in  which  all 
the  conetante  are  eliminated,  is 

i/"  -  6x* y"  +  ISjy'  —  24y  =  0, 

which  equation  has  (A)  for  its  complete  primitive.  It  might  be  sup- 
posed that  there  are  12  equations  of  the  second  order,  namely  (deuutiiig 
by  B/  the  differentiated  equation  of  Bt  t  two  from  each  of  the  fol- 
lowing pairs^  according  as  one  or  the  other  constant  is  eliniinated  Bt  B'l , 
Bt  B't ,  Bt  B  a » and  one  from  each  of  the  six  other  pairs  B|  B'a,  BtB'u  &c. 

But  four  of  these  twelve  contain  c,  only,  and  are  identical,  and  the 
eame  of  r,  nnd  r.^.  However  an  equation  containing  r,  only  may  arise, 
it  must  be,  with  one  order  of  ])roce88e8  or  another,  the  result  of  elimi- 
nating Ct  and  Cj  between  A  and  its  differentiated  equations  A'  and  A". 
Hence  there  are  n  ways  (suppoaing  n  constants)  in  which  one  constant 
can  be  omitted,  or  n  diff.  equ.  of  the  first  order ;  i  /t  (n  -  1)  ways  in 
which  two  can  be  omitted,  giving  as  many  of  the  second  oraer ;  and 
finally,  one  only  in  which  all  can  be  omitted,  or  one  of  the  nth  order. 
Thus,  in  one  equation  with  4  constants,  there  are  4  equ.  of  the  ftret 
order,  H  of  the  ?econd,  4  of  the  third,  and  1  of  the  fourth. 

Hence,  n  is  the  least  nuiulxr  of  constants  which  an  c(juation  of  the 
nth  onler  ran  have  in  its  complete  primitive,  and  also  the  greatest.  This 
la'^t  puiut  IS  one  of  which  a  complete  and  final  proof  cannot  easily  be 
given ;  we  shall  therefore  (here  at  least)  content  oursdres  with  remark- 
ing, that  as  our  onl^  method  of  redudi^  an  equation  to  the  next  lower 
oraer  is  common  integration,  which  introduoea  one  constant  only  at 
Mcb  step,  we  know  that  a  primitive  with  n  constanta^  independent  of 
each  other,  is  the  most  general  wliich  ^ve  have  the  means  of  finding. 
We  shall  now  proceed  to  consider  the  general  properties  of  the  ezpiea* 
sion 

^vhere  ,  P,-i ,  &c.  are  any  given  fimetionH  of  x  and  y,  and  V  s  Q  is 
the  general  ditF.  equ,  of  the  nth  order  and  tirst  degree.  If  for  y  we 
substitute  huv  ^iveu  function  of  .r,  then  V  becomes  a  given  function  of 
X,  and  18  iuiegrable,  or  supposed  to  be  so  :  we  ishall  hereafter  show  that 
approximate  int(»ration,  at  least,  is  always  possible.  But  there  may  be 
eases  in  which  this  function  is  what  is  called  integrable  per  ttt  ia» 
whatever  function  y  may  be  of  x ;  tliat  for  examplei  in  which  Q  -|-  Py' 
la  such,  has  been  already  investif^sted.  But  what  we  have  at  present  to 
show  is  this,  ihni  excepting  only  iit  the  case  last  instanced,  or  in  that  of 
Q+Ppi/  +  P,y',  the  preceding  function  cannot  hiivc  arisen  from 
direct  differentiation.  Nothing  more  is  necessary  to  show  this  than 
actual  differentiation  of  a  function  of  «  and  y.  Let  the  function  he  IJ, 
and  let  U' ,     ,  U\  U', ,      ,  &c.  be  its  partial  diff.  co.  with  respect 
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to  r  and  y.   We  liave  then,      y",  Ac,  being  tbe  diff.  co.  of  y,  the 
foHowiog  results  for  the  di£  00.  of  U»  eoniideml  u  ft  fiiiiotion  of 
botb  directly  and  through  y, 

lit  di£oo*ft 

s=U'+Uy  2nd  dift  CP.  :=  U«+aU', y'+U„y»+U,>", 

3rd  diff.  co.. 

It  appears  then  that  the  /ith  ditV.  co.  of  w,  thus  ohtaincd,  contains  not 
only  }/  y'*  ,  &c.,  but  powers  and  products  of  them  :  bo  that  V  cannot 
be  such  an  /ith  dili.  co.  when  P. ,  isic.  arc  siinplc  functions  of  r  and  y. 
The  odIv  exception  it  the  fint  diff.  co.,  since  Q  +  Po^  +  Piy'  may  be 
Menliciil  with  U'  +  U^y^*  But  if  ire  ftre  ftt  liberty  to  lupiMiie  P, ,  Ac*, 
Ibnctions  of  y,  y\  y" ,  &c.,then  V  ihey,  in  particular  caiei,  be  ftti 
exact  diff.  co.  independent  of  any  specific  connexion  between  y  Md  ^r. 
We  shall  proceed  to  ascertain  when  Uiis  is  possible. 

By  integrating  fVdx  by  parts,  we  can  now  attain  the  condition  (fbr 
there  is  only  one,  as  will  be  found)  \ni  Jer  which  this  operation  can  be 
performed  indcpcndciuly  of  specitic  connexion  between  y  and  x.  Let 
us  take  the  general  term 

A*  v         A  (A"-'  y)       /A*""*  w  \ 
For.  Aj  being  constant,       A*  ==  — jjj:^  «  A  ^ J . 

Write      in  the  fbrm  ^>^f  tbe  diff.  Oo^  beii^  total  (tbnmgbont 

this  process,^  is  an  implied  function  of  J?)  and  continue  the  process, 
which  gives 

*   "  4^'      <te  <t^     Ar-  4i— •    J  da*  ' 

„  tr"y     dP.  <r-y    <PP.  (T-'v  .  r^P  . 

=  P-^.  -     di=^'  +  lurir--  ±J  di-f*'' 

Sobetitute  these  several  terns,  up  to  m  =:  fi,  in  /  Vctr,  and  we  have 
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^  di»  V  •    dr  ^  J  ^  —  ^  diT'  ^ 

But  the  integral  in  the  first  line  it  not  attainable  without  specific 

connexion  between  r  and  y,  unless  wc  suppose  that  Q,  y,  Po,  &c.,  are 
so  connected  that  the  multiplier  of  dr  is  a  tunction  of  j:  onlv  •  let  it  be 
whence  the  fuUowing  theorem,  nluiLined  by  equating  that  multiplier 
to  x^*  ^^'^  substituting  the  value  of  Q  thus  obtained  (we  leave  out 
because  evidently  integrable ;  and  if  the  whole  be  inte- 

grable,  and  one  of  its  parts,  so  is  the  remainder).  The  expression 

is  integrable  jter  te;  and  its  integral  is 


P.- 

dV. 

dy 

r/*PA 

dx 

d^J 

are  integrable ;  the  first  we  know  well  already ;  the  integral  of  the  second 
^        ^       ~  ^)  ^  *  which  may  easily  be  verified. 

These  are  the  conditions  upon  which  one  integration  is  possible ;  we 

might  apply  the  same  mcihod  to  ascertain  those  upon  which  a  second 
integration  is  possible ;  and  so  on  up  to  n  intcfziations ;  but  as  this 
would  not  be  useful,  we  shall  merely  give  the  results  of  one  ease  as  an 
exercise  for  the  student.    "What  are  the  conditions  which  make 

d^u        d'y  dy 
V  =  P.  ^  +  P,^  +  P»  ^  +  P«y  ...  (A)  completely  integrable  ? 

That  first  integ-,  may  be  possible  P,  =  ^  4. 

dx      dj^  ax* 

^^•--^^  ....p.'g  +  (p.-g)g  +  (p..f 

Condition  of  2nd  integration, 
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•  Sccondmtegral  P.^  +  (p.-g-^)y, 

CoBd-.  of  3rd  intcg".    P,  -  2—"  =  or  Pg  =  3 

Third  aad  lost  integral  P^y. 
Show,  from  the  conditions,  that 

The  student  should  attend  particularly  to  this  procesi>,  as  it  is  of 
importance  in  the  Caicuius  of  Variations^  to  which  we  shall  come. 

Suppose  now  that  V,  instead  of  being  integrable  one  stepper  se,  is 
not  so  because  it  has  lost  a  factor,  as  might  have  happened  if  Y  =  0  be 
nn  equation  ^ven.  We  shall  confine  ourselves  to  the  second  order  of 
dilL  equ.    Let  M  be  the  factor  ;  consequently^ 

MP.^  +  MP.^  +MPa,..  mtcurabk,  andMP.=  ^(MPi).*!*"^ 
<Lr  ax  ax  ax* 

From  this  last,  if  M  can  be  fuuiid,  we  can  ititeKrate  V=0  une  step. 
Bat  this  is  itself  a  diff.  eqo.  of  the  same  def(iee  as  V^O,  and  we  there- 
lore  appear  to  have  only  reproduced  the  difficulty  in  another  form.  Nor 
have  we  done  more  relatively  tu  the  order  of  the  ditf.  cqu. ;  but  at  tlie 
same  time  observe  that  all  that  is  necessary  to  M  being  a  factor  fit  fur 
nnr  purpose  is  that  the  last  equation  shall  be  satisfied.  We  do  not 
^^allt  Its  general  solution,  or  even  a  solution  with  an  arbitrary  roj^st-mt  ; 
any  solution  will  (hh  For  the  preceding  process  makes  it  cvuicnt  th;it 
the  mere  existence  of  the  condition,  arise  how  il  may,  is  suUicieut  tu 
destroy,  or  to  render  a  function  of  x  only,  the  indeterminate  int^pral 

part  of  J'Vdx.    We  have  then  made  a  particular  solution  of  one  diff. 

equ.  the  only  condition  ncccissaiy  for  a  step  towards  the  yenet  al  bolutiou 
of  another.   For  instance,  I  propose  the  equation 

'•3-2'5+ay=o    P.***    P.=-2*i  p;=2. 

Let  M  be  the  factor;  Uien  2M»^?^-^^; 

dx  ox* 

whicii  may  be  reduced  to         x*       +  6j  ^  +  6M  =:  0. 

Now  8Uppo?o  by  trial,  or  other  means,  \vc  arrive  at  the  knowledge 
lliat  M  ==  1  -i-  -c*  will  satisfy  the  last,  which  it  will  be  found  to  do. 
Tiicii 

ConaequeDtly,  page  195, 
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y  =  f^'^  I  dr  +    I  =  —  C»  +  «V, 

which  is  the  complete  integral  of  the  given  equation. 

This  method  cnn  only  be  applied  with  success  to  cases  in  which 
P. ,        ,  &c.,  are  all  functions  of       Let  the  student  apply  it  to 

^  +  Pi/  ==  Q)  and  show  that  the  factor  which  makes  the  first  side 

dx  ^ 

integrahle,  is  log^^  i/^P^)*  whence  let  him  deduce  the  solution  which 
was  obtained  by  a  particular  arti6cein  page  195. 
When  P. ,  &c.»  are  all  constants,  the  equation 

admits  of  complete  intecjation.  We  shall  take  the  third  dce^rce  as  a 
case.  Let  M  hv  the,  facior  which  makes  the  first  side  intcgrable  ;  then, 
taking  the  equation  of  the  third  degree,  the  condition  for  determining 
M  is 


A  particular  solution  is  readily  found.  Assume  M  s:  ;  then  we 
have 

which  is  ^a«i>fied  if  it  be  cither  of  the  roots  of  4^4*^1^  +  &c.  :=0. 

Let  A,  ,  /fa »  >  he  these  three  roots  ;  use  them  one  after  the  other, 
and  we  determine  the  three  primitives  of  the  second  order  belonging  to 
the  given  equation,  as  Jollows  (muhiplyiiicr  both  sides  ])y  f~**,  inte- 
grating by  the  formula,  and  then  dividing  both  sides  by  f  ; 

^•^t  +(«»+flJt.)^+(«i+flA+fl,it.*)y=€**'/xrVifa. 

It  is  unnecessary  to  integrate  further;  for  the  clunination  of  ^  imd  y'' 
between  these  three  ecpiations  will  give  y  in  terms  of  the  three  explicit 
inte^^'rala,  each  of  which  Cfmtnins  an  arbitrary  constant.  To  perfonn 
this  elimination,  determine  \      and  from 

which  are  satisfied  by  \=z  kt  —  k^^  /'  =  A  j  —  Ai ,      =  A,  —  A", . 

Multiply  by  X,  fi,      and  add,  make  \ki*-\r  pk^  + vk^=:K  i  then 

c^  =         I  \r'i'ds  +  ^  I  X«-V<ir+  Xf-***  dx. 
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If  X  =  0  the  integrals  are  arbitrary  constants,  and  wo  have,  MTitiug 
c, ,  c^,  ,  for  the  complicated  coeflicientB,  whicii  arc  m  reality  arbi- 
trary and  constant, 

y  =  Cif*i"  +        +  . 

If  two  of  the  roots  be  equal,  aay  ki  =  k^,  then  vz=  0,  and  one  of  the 
pnoeding  Lemis  diiappean,  whence  the  lolution  not  haTing  three  nrbi- 
trary  constants,  b  not  complete.  In  this  case  two  of  the  thite  primi- 
tires  of  the  second  order  are  identical,  so  that  having  only  two  distinct 
equations,  we  can  only  eliminate  y"  ;  do  this  from  the  second  and  third, 
giving 

<%(*t-*b)^+(At-ifc,){fl.+a,(A,+A.)}y=«*«'/Xf-Vd,-iS'^ 

But  Ot  +  a»  (i^  — Oi/fi ,  in  all  cases,  by  the  theory  of  equations ; 

or  the  first  side  of  the  preceding  becomes  ehik»  —  ka)       —^ly^  i  the 

ftctor  which  renders  this  integrable  is  f*^»*;  multiply  by  this,  and 
uitegnte»  which  gives  (since  kt  = 

which,  invulviug  tour  integrations,  may  seem  to  introduce  four  urliitrary 
constants ;  but  this  is  only  in  appearance.  Fur  the  second  side  of 
the  preceding  differentiated  twice  successively,  gives 

fXr^dg  -  f^«k- V-  fXi'^dx    and  f  Xf-V  dx, 

whence         a^r*^^ss  J{dsJ(d9.^'»-^  /X9''^dx)}t 

in  v-}\ich  there  are  throe  integrations  only.  (It  is  always  possible  to 
make  u  single  integration  appear  two  or  more ;  thub 

When  XssO,  the  first  integration  gives  a  constant,  say  c ;  the  second 

gives 

-JL^gfH-t*f  4-      and  finally  a^s-'*'^      '  .  ^-  ^-c'j+c", 

or        ys=CsV  +  (C'«  +  C")f*^  . 

When  all  thn^c  roots  are  equal,  the  three  primitives  of  the  second 
order  become  idt'utical ;  and  we  should  then  intc^;rate  the  primitive  of 
the  second  order  twice  successively.  But  the  lorm  to  which  we  have 
reduced  the  case  of  two  e([ual  ruotb  does  not  lose  a  con&laiit  when  k^^k^ 
and  gives  (with  three  integrations),  frbdng  the  root. 
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when  X  S3  0  ysi  (C«*  +  C  ,r  +  C ') 

The  mmt  important  caie  is  that  of  the  second  order^  or 

and  proccediug  as  before,  we  find  that  the  factor  is  either  e~*\' ,  or 

ki  and  A",  being  the  roots  o(  a^k*  +  a»A  +  (/o  =  0 :  the  two  pramuves 

of  the  first  order  are 

giving     a,  {ki—kt)  y  =  e^i'/Xs'^i'  dx  —  fiV  f  Xs         . . , .  (A)  . 

If  both  roots  be  =  the  integration  of  either  of  the  first  pair  gives 
(remembering  that  Ogft  +  Oi »  — o^t  and  that  the  first  side  becomes 

Ogf^  —kx  \  ,  of  which  the  factor  is  s"*') 

my  r*:syar{/Xf   (B)  . 

when  X  =:  0»        y  =    6**'  4-  Cgf*** ,   or   f ^  (c,  +  t 

according  as  the  roots  arc  unequal  or  equal.  But  U  t  us  suppose  in 
(A),  that  A|  is  a  tariable  which  approaches  to    as  a  limit,  in  which 

case  liiu  value  of  y  iu  (A)  approaches  the  form  ^ .  Ditfercntiate  both 
numerator  and  denominator  with  respect  toi^i,  remembering  that  {x 
and  ^1  being  independent)      J  Vdji  =    'l^^'^*        the  value  of 

/'  d  \ 

i^y  will  be  Uince  jj-  (*,  — W  =1  j , 

To  whieh  (B)  is  immediately  reduced  by  parts. 

If  the  two  roots  be  impossible,  we  have 

i*''/Xr-*''Jx=="(co8/3x+\/rr,in^.r)/{co3/Jx-V^siQ/lr}r--'X^ 
«*»/Xi-**'«Ir»«-(cofl  ite-VM  siniBj)/{cos  fix-¥^mfix}t-^Xdx 

2i-VHl  sin  i8x/xr"coa  ArdJ?-2f-V^  co8/a»/Xr—  sin  ^jprf* 

If  a  s  0,  we  have  the  oaae  already  coosidered  in  pa^e  155. 
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Tbe  lollowing  theorem  »  the  synthetical  constniction  of  the  aoktton 
of  tiich  equatione:  If  ybe  multiplied  by  s*i*,  end  the  product  dif- 
ferentiated; the  result  multiplied  by  ^^"^t^  and  the  product  diiforen- 
tiated;  the  result  multiplied  by  5<S-*t>'  and  differentiated,  and  50  on 

up  to  multiplicatiua  by  a:Kl  (liflfcrentiation  :  and  if  the  result 

be  then  divided  by  f^^-^-P';  the  huai  result  will  be 

where  a,^i=Ai  +  ^  + ...    a^i  =:  ki kt      A»  +.,..  &c.  \ar=^kjct ,^k^ 

We  now  come  to  equations  of  higher  degrees  than  the  first.  It  will 
be  sufficient  here  to  consider 

m*<!£h<i>^='-  ■  ■  ■  »'• 

where  P,  Q,  and  R  are  functions  of  x  and  y.   This  equation  gives  three 

dy 

distinct  forms  for  answering  to  its  roots,  considering  it  as  of  the 
third  degree:  let  them  be 

2"^*      2==^  (A„A»  Ai,f-of»andy). 

If  we  can  find  the  primitive  of  either  of  these  three,  we  have  a  solution 
of  the  equation.  Let  the  primitives  of  these  be  V|  =  0,  Vg  as  0,  and 
V»=0;  either  of  these  then  satisfies  (1);  but  no  others  satisfy 

V,  V,  V;,  r=r  0 :  consequently,  let  V, ,  V, ,  and  V, ,  be  combined  by  muf- 
tiplicatioTi,  and  let  y  be  deduced  from  the  product.  This  value  of  y  will 
contain  three  arbitrary  constants,  contrary  to  what  is  proved  in  pape  1R4. 
But  it  must  be  renienibercd  that  in  wliat  we  have  just  said  we  have 
tacitly  extended  our  meaning  ul  the  term  differential  equation  beyond 
what  was  allowed  in  the  page  just  cited.  The  equation  (1)  gives  a 

dy 

dioioe  of  three  forms  for  ^ ,  and  may  be  written 

And  V|  Vi  ¥4=0  gives  a  choice  of  three  primitives.  If  we  choose  Vi=0, 
we  satisfy  (2)  by  means  of  the  factor     —  Ai  s=0,  which  follows  from 

Ti  =  0.    But  y  as  obtained  from  V,  V,        0  being  differentiated^ 

and  f,  (one  cf^n  tant)  beings  eliminated,  will  thp  resv.lt  bf  the  equation 
(I)  ?  To  try  this,  suppose  the  three  primitives  to  be  written  c,  =  W,, 
=  W,  ,  c,  =  ^^  ,  ,  when  (r.  -  W  (c,  -  W\)  (r.  -  \\\)  =  0  is 
the  cuiuplcte  primitive,  as  far  as  we  have  yet  gone.  Diircrcatiatc 
this,  and  we  have 
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J  xtr  ilW 

dW 

+  (C|-W,)(c.-W0-^  =  O. 

Eluninate  Cj  from  the  original,  which  can  only  be  done  1^  making 
Ci  sz  Wi,  and  the  preceding  is  reduced  to 

which  is  not  the  diff.  equ.  (1)  or  (2),  but  has  a  fiictor  In  common  with 
it»  80  that  both  are  satisfied  together  by  c,  =  W|.  For  by  suppoeition 

Ci  =  W|  and  Vj  =  0  are  simiiiumcous,  and  the  latter  gives  ^  -  Ai  =  0. 

But  if  we  make  so  as  to  have  only  one  arbitrary  oonstant, 

the  elimination  of    will  lead  to  the  equation  (2).    Suppose  (to  give  & 

more  simple  example)  we  take  the  form  (1)  but  of  the  second  degree, 
everjtlnnL:  reniaining  as  before,  except  the  suppression  of  Aa»  Y« »  &c« 
Then  (c  -  VV (c  —  WJ  =  0  gives 

Eliminate  e;    then  (W,  -  W,)«  ^  ^  =  0  .  .  *  .  (3) 

dx  ax 

But 

-T-^=!-T-  +  and-^  -A»=0  follows  from  -—  =  0. 

d»        <u      oy  OS       <w  dx 

whence 

which  is  the  primitive  diff.  equ.  affected  only  by  factors  not  containing 
dy 

Hence  the  real  primitive^  in  the  sense  used  in  page  184^  is  the 
product  of  all  the  primitives  with  the  mime  arhUrary  comUmi  in  all. 

(it  *         (1 1 

For  example,  let  ^~(A+'')^+ajr=U,  which  is  satisfied  either 

by  ^^^^"^  the piimitivea  of  which  are y-^off-c^O,  and 

y  —  Jj:*— cr± 0,  and 

-  (ax  4-  ^x^  -f  2c)y  +  (ax + c)  (Jjr* + c) =0 

is  thp  complete  primitive. 

The  student  must  here  rcnmrk  a  distinction  wliich  has  no  specific 
name,  but  is  of  cousidcrable  luipurtance.    The  ambiguity  which  exists 


Ul 
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in  algebraie  exprenioiis  anaing  firom  the  occurrence  of  the  radical  sign, 
haa  two  characters,  1,  when  the  root  in  question  can  be  extracted  in  a 

more  simple  algebraic  form ;  2,  when  the  root  cannot  be  so  extracted. 
An  example  drawn  from  creotiH^trv  will  do  better  than  anything  else  to 
ilhistrate  the  ditterence.  i^ei  y=zX  and  y=:VV  be  the  equations  uf  two 
curves,  V  and  W  beinj^  functions  of  x.  Let  it  be  required  to  hnd  an 
equation  to  both  curves  in  one;  or  0(jr,  y)  — 0  is  to  be  satisfied  when 
and  y  are  eo-ordinatea  of  a  point  in  either  curve.  This  may  be  repre- 
sented by  means  of  the  ambiguity  of  P+Q^i  let  P+VQ^=V,  and 
P— Vo^Wy  and  we  have 

P=i(V+W)   Q=i(V-W)^  y=i(V+W)  +  J(V«-2VW+W0i 

which  is  cither  V  or  W,  according  as  we  take  one  sign  or  the  other 
Ibr  the  aquare  root.  Thus,  under  the  appearance  of  an  ambiguous 
iingte  forai,  y  may  have  either  of  two  perfectly  diatmct  forms.   But  if 

we  now  consider  y=:a+i»^,  we  have  two  varieties  y^sza-^'Jx,  and 

y=a— Vx,  belonging  not  to  two  different  curvcM^  but  to  two  d^erent 

frranches  of  the  same  curve  ;  where  by  the  same  curve  we  mean  tlic 
same  fo  common  perceptions.  We  can  get  a  eircle  and  a  ])araboltt 
into  one  equation  of  the  first  kind,  but  y=a  +  ^/r  and  y  —  a  —,Jx  belong; 
to  two  different  branches  of  the  t^ame  paiuljulu.    Thus  the  equation 

7/— (r'4-c)^  exhibits  an  livpcrbola,  or  -\-»Jx*-\-c  and  — Vx*+c  are 
ordmates  of  different  branches.   But  let  c  become  =0,  and  we  have 

y  =s  (2*)^  ;  that  is,  ys+xor  ys  — «r,  and  these  two  branches  together 

form  two  straight  Unes.  It  is  tnic  that  this  system  of  two  straight 
lines  is  an  hyperbola,  according  to  every  definition  that  can  be  given 
of  that  curve :  l)ut  it  is  equally  true  that  this  is  an  extreme  caj^e  of 
the  hyperbola,  which  presents  a  peculiarity  of  its  own  ;  namely,  tliut  for 
this  single  case,  the  hyperbola  degenerates^  as  is  sometimes  said,  into 
two  other  lines  which,  both  together  possessing  the  properties  of  an 
hyperbola*  are  yet  each  complete  in  itself. 

The  last  diff.  equ.  we  took  waa  one  which  belongs  either  to  a  straight 
line  or  a  parabola;  but  let  us  now  consider  one  which  cannot  rationally 

be  resolved  into  fiictors,  .^^y  either 

Vy    or  and  Vy  =  Jx+c    or  —  ^^=^-1"+^, 

the  complete  primitive  is 

(i^  +  c— v/50(i^+c+V^)  =  O     or  y=(Jj<  +  c)", 

the  equation  of  one  parabola,  each  factor  being  that  of  one  branch. 

We  shall  now  proceed  to  applicati(nis  of  tlie  diHtrential  calcnlus 
which  are  valuable  in  themselves,  as  well  as  for  dluBiratiun  uf  prin- 
ciples. We  have  before  us  the  fields  of  algebra,  geometry,  and  mc- 
ehaaica»  which  we  ahall  take  in  the  order  in  which  they  are  mentioned, 
placing  a  chapter  of  examplea  on  the  subjects  of  all  the  preceding  chap- 
tera  between  those  on  algebra  and  mechuiics. 


i^iy  u^Lo  Ly  Google 


Chapter  XII. 

FTJRTBBB  APPUGATION  TO  ALOBBRA. 

A  FUNCTION  of  two  variables  may  have  a  maximum  or  a  minimum  ; 
that  i?,  it  may  be  possible  to  assign  t/r=ft,  f^o  that  0(a  +  A,  b  +  k) 

shall  be  always  greater  or  always  less  thuii  <^(w,  or  become  perma- 
nently so  from  certain  values  of  A  and  Arte  anything  short  of  A=0  ^=0. 
The  law  by  which  these  values  ave  to  be  detennined  is  obtained  as  fol^ 
lows ;  such  an  absolute  maximum  or  minimum  remains  if  we  suppose  y 
any  function  of  x,  subject  to  the  single  condition  of  that  function  being 
szo  when  jr=a.  For  if  all  species  of  values  of  k  and  k  satisfy  any 
condition,  so  do  those  which  arise  from  supposing  k^oc(a-^h)—rMj ; 
and  conversely,  k  may  be  made  =  any  given  quantity,  a  and  h  being 
^nven,  by  choosing  a  proi)er  form  for  a.  Thence  crx)  is  to  be  made 
u  maximum  or  minimum,  whatever  may  be  the  form  of  a  i  that  is 

chauges  sign,  whatever  ofx  may  be  (page  132),  m  passinff  fimn  xs 
toa+A;  and  this,  however  small  A  maybe.  Thai  there  may  be  a 
maximum  this  change  must  be  from  +  to      or  the  last  taction  must 
be  decreasing ;  for  a  minimum,  it  must  be  increasing ;  or, 

for  a  minimum}  <fz*-     dxdy         rfy*  dp      (must  be  + 

We  shall  confine  ourselves  here  to  those  maxima  or  minima  which 
arise  when  0'+ 0^.cr'x=:O,  (it  must  be  either  0  or  x  ),  and  since  this 
must  be  true  independently  of  ax,  we  must  have  ^'srO  0/=O.  Making 
0^=rO  in  the  last,  which  is  Aereby  reduced  to  i)"+20/a'a:+0^X«'-r)'» 
we  know  that  this  csnnot  be  always  of  one  sign  whatever  c^x  may  be, 
unless  the  values  it  would  give  to  o'x,  when  equated  to  nothini;,  are 
impossible  or  equal ;  that  is,  unless  0"^^/  be  not  less  than  (0/)*.  In 
this  capc  ff)"  And  (pjj  must  have  the  same  sign,  and  this  sign  determinea 
that  of  the  ejiipresBion.  Gontequeutly, 

determine  ail  the  values  of  x  and  y  whkh  give  ;t~='0  ~=0, 

.V        ^  .         1..   -L       •         <^-0  f^<^        /    ^'0  V  ... 

then  for  any  pair  which  give  a  pouUve  ngn, 

0(.,y)isamax.oramin.acco„linga.gand^are-or  +, 

We  also  r  xrlude  the  possible  case  in  which  0",  0'^ ,  and  0^  vanish 
with  0'  and  0^ . 

Example.    0(j,  y)=.t«+y*— jy-3x,  0'=2t— y— 3,    0^=2y— x, 

0''=:2,0,,=2,0/=-l:  0"0,X0/)',0'=Oand0,^Ogivea=2,y=l. 
Consequently  0  is  a  mmimum        3)  when  •rs=2,  ysl. 


i 
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We  huft  introduced  Ibit  method  here  as  eobiennent  to  the  demonstra- 
tion  of  an  important  theorem  in  algebra ;  namely,  that  every  function 
of  1,  whose  diff.  co.  cannot  become  infinite  for  any  finite  value  of  can 

be  made  s=0  by  giving  z  a  Tslne  of  the  form  a+b^ — 1,  where  a  and  h 

are  possible  quantities,  positive,  nothing,  or  negative,  finite  or  in- 
finite. The  assumption  nrnde  with  regard  to  imposssible  quantities  is, 
thai  the  processes  of  diticreutiation  may  be  applied  to  functions  con- 
taining them,  and  all  coneral  conclusions  applied  to  them.    This  being 

premised,  expand  /(j:  +  yV— 1)  and /(j? — yV— I)  Taylor** 
theorem,  which  gives 

Whence  we  find  that  -r=-r,  3-=-^r  (A.); 

dx    dy     dy  dx 

dj^'^dxdy'    dy**    dr«""   dxdy'^  rfy*'^ 

whence  F'P,, -(?;)•  and  Q^'Q^^-C^)*  are neceiiarily  negative;  that 
ia»  P  and  Q  are  of  a  claia  of  fonctiont  which  cannot  have  abeolute 
maxima  or  minima. 

Tbiorem.  If  P  and  Q  he  ml  functions  of  x  and  y  of  the  form  just 
given,  and  if  f'z  can  never  he  infinite  for  any  finite  value  of  z,  Uien 

P«+Q*  cannot  have  any  minimum  value  unless  there  he  simultaneoua 
values  of  x  and  y,  ^vhich  make  Pr=0,  Q=0. 
Firstly,  since /''z  can  never  be  infinite,  and  since 

neiflier  can  P'  or  Q'  become  infinite;  for  such  a  supposition  would 
make 


or  hoth  infinite,  which  cannot  be.  Next,  if  P*4-Q'  he  a  maximum 
or  minimum,  it  must  be  when  x  and  y  are  such  that  (for  their  particular 
values) 

Now,  if  P  and  Q  be  neither  of  them  :=0,  these  equations  will  give 
this  of  all  valttes,  hut  only  of  those  in  which  for  «  and  y  have 
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ham  substituted  the  particular  values  which  satisfy  (B).  But  equa* 
tiuus  (A),  true  for  all  values,  show  that  the  last  is  equivalent  to 

and  also  from  (A)»  ~dx^^* 

If  Q  be  :=:0  and  P  be  finite,  we  have  ^^^=0,  ^=0,  ^=0,  ^=0, 

ax        ay        ax  ay 

from  (A)  and  (B),  and,  similarly,  if  P=0  and  Q  be  finite. 
Finally,  if  P=0  and  Q  =  0,  tlic  c  quutions  are  thereby  satisfied. 
Let  P'-fQ'^t^i  form  u",     and  i/^,  wc  have 

Hence  in  all  the  preceding  ca&cs,  except  where  P=0,  Q=0  (since 
P'=:0,  &c.),  the  condition  of  the  minimum  requires  that 

bliould  be  positive  or  nothing,  for  the  values  of  x  and  y  in  question. 
But,  using  V\  &c.,  for  abbreviation,  this  is 

p  ( p '  p,,  -  p;') + Q«  (Q"  Q,,  -  (kj) + PQ  (p/'  (i, + p,,  Q'^  -  2p;  q;)  ; 

the  first  two  terms  of  which  are  necessarily  nq;ative»  and  the  last 
vanishes,  for,  from  (A), 

P"Q«+P«Q"=P/Q,'+P/Q/'- 

Therefore  there  cannot  be  a  minimum,  unless  there  be  one  when 
P=0,  Q=0. 

If  we  suppose  P=0,  Q=0,  and  if  P',  &c.,  be  finite,  then 

«%-w;«=:4(P'*+Q'*)  (P/+Q,0-4(P'P,+Q'Q,)*=4(FQ,-P,Q')«. 

and  is  necessarily  finite  and  positive,  being  4(P"  +  Q'*)'. 

Now,  since  P'+Q'  >8  always  positive,  there  must  be  some  one  value 
which  is  le5«8  than  any  other  whatsoever,  or  a  number  of  etpial  values 
which  arc  each  less  than  any  other  whatsoever.  And  with  regard  to 
these  equal  values,  they  must  either  be  separated  by  finite  intervale,  in 
which  case  each  is  a  real  minimum,  or  there  must  be  such  a  relation 
possible  between  h  and  h  in  ^(jr+A,^+/r),where  <^(jr,y)=P*-f-Q*, 
as  will  by  taking  h  and  k  accordingly  give  ^  (jrt4'^>yi+Ar)=conat.9 
where  j,  and  yi  are  values  which  give  (jr„yi)=  the  same  constant. 
That  is,  writiii^^  r  and  ax  for  .r,  \-h  and  yi+A*  which  is  determined  by 
it,  there  is  some  function  which  gives  ^  (j:,  ax)  =const.    In  this  case 

S+  Ty  -^'"P  T,+ Q 
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But  tmoe  the  ▼aluoi  indaded  under  ^  (x,  ax)  are  len  than  any  odiera, 
it  foIlowB  that  every  value  of  0(x,sf)  in  which  yrseu:  has  the  pro- 
perties of  a  minimum  for  every  change  in  x  and  except  only  that  which 
BuJces  Ay  =  Gr(j+Ar)  — aj. 

But  if  0'  +  t|), /3'j:  must  change  sign  for  every  fonn  of  jSx,  except  only 
^Xz=:aT,  \¥e  must  have  «/)'+0^p'j=O  independently  of  f3  r,  or  <//=:0,  0,=O 
for  these  vaUics;  and  the  other  conditions  of  a  miuiuiuni  must  hold. 
Hence  by  the  name  rcasumiig  us  before,  P=0,  Q=0,  arc  the  necessary 
conditiona  af  thia  caae  alao.  But  a  nunimum  or  a  collection  of  consecu- 
tive minima  there  must  he,  which  there  can  only  he' when  P=0,  Q=0  ; 
conaequently  P  and  Q  can  he  made  equal  to  nothing  for  aome  poeaihle 

values  of  s  and  y.     Hence  P+Q^dl  or  /(«+y^— !)♦  and 

P— qV  — i  or  /(x—yJ — 1)  can  both  be  made  =0  by  the  same 
possible  values  of  x  and  y. 
From  hence  it  follows  that  every  algebraical  equation  of  the  fbnn 

At2"+A|  z""'  +  . .  ..  +A,_iZ  +  A,=0,  («  a  whole  number,) 
has  n  roots,  either  possible,  of  the  form  zssa,  or  impossible  of  the  form 

2=:a+6V— 1.  The  common  proof  of  this,  granting  that  every  equa- 
tion  haa  one  root,  we  presume  to  be  familiar  to  the  student  Supposing 

r,  r,. . .  .  r„  to  be  the  roots  of  the  preceding,  it  is  then  the  same  as 
(r— r,)  (2  — r,).  .  .  .  (r  — O.    if  two  of  thcFe  roots  be  equal,  say 
r,=ra,  then  r,  is  abo  a  root  of  the  diff.  co.  of  the  preceding  with 
respect  to  r,  for  that  difF.  co.  has  either  z  —  ri  or  2  — r,  in  every  term. 

If  0J  be  an  integral  and  rational  function  of  x,  of  the  form  A^af^-i- 
Ai  j*~'+&c.,  and  if  ita  diff.  co.  be  made  a  divisor,  and  the  common 
procesa  be  followed  for  finding  the  highest  rational  divisor,  we  have  a 
series  equations  of  the  following  form :  remembering  that  the  remainder 
is  always  one  degree  ai  least  lower  than  the  divisor,  so  that  we  must  at 
last  come  to  a  remainder  which  in  not  a  fnuction  of  .r,l)ut  of  A„,  A,,  &c., 
only,  if  tlie  expression  iiavo  110  ecjual  nv)*^-.  L'^t  thr  quoticiits  i)c  Qj, 
Qrt  &c.,  and  let  the  rth  remainder  be  that  wiuch  ib  constant.  We  have 
tiicn  a  set  of  equations  as  follows  : 

<}>x=:^a;.Q,+R„    fj:=R,Q,  +  R„    R,=  K,Q,+R,  

Now  suppose  the  same  process  to  be  thus  modified;  let  Vj  be  the 
first  remainder  with  its  sign  changed,  with  which  proceed  to  the  next 
equation,  and  let  be  the  next  remainder  with  its  sign  changed^  and  so 
00.   That  is,  suppose 

4«==#*.Qi-V„  <K«V.Q,-.V„  V.==V.Q.-V,  

where  Q„  Q«,  &c.,  arc  the  same  as  h(  fore,  or  differ  only  in  sign.  We 
»hallgive  the  result  of  both  processes,  m  the  case  of  x'  — a:^  — 4j-i-3=<{>x, 
3x*-2jr— 4=^x.  Observe  that,  in  the  same  maimer  as  in  the  common 
tide  of  algebra,  we  may  multiply  any  dividend  or  divisor  by  any  number 
or  fiaction,  without  affecting  the  sign  of  any  subsequent  quotient  or 
remainder*  or  the  conditiona  under  which  it  is  nothing.  We  omit  the 
quotienta  aa  immaterial. 


Uigiiized  by  Goosle 


220 


DIFFEREi^TIAL  AND  INTEGRAL  CALCULUS, 


Common  Proeeu, 

(X3)       3.r'-3.r--12x  +  9 

—  a;"-  8a:+9j 

<X3)  -3i*-24r+27 
-3x*+  2x+  4 

l26x+23)3»»-2«-4 

(X26)  18i*-52T~  104 

181*- 69  J 

(x26)       '  rrT-Tloi 

442jr-2704 
442r-  391 

1^2313 

Sjf^vs  of  remainders  changed. 

First  remainder  —  26x:-^'23 
Sign  changed       20-i  —  23 

26r-23)  3j:--2j-4 
Second  remainder  —2313 
Sign  changed  2313 

<^ss        «*^4e— 3 
V,s=2313 

Vi  and  V„  as  written,  are  not  the  expressions  which  would  satisfy  the 
equations  above>  but  multiples  of  them :  this  is  of  no  consequeacei  as 
our  only  concern  is  with  the  sign. 

Now  the  theorem*  we  are  going  to  prove  is  this  ;  that  in  all  cases,  the 

number  of  real  roots,  if  any,  whicli  lie  between  x=:a  and  jr=:6  (greater 
than  a)  cnn  he  determined  as  follows.  Note  the  series  of  signs  which 
x—a  gives  to  the  series  <|>x,  <|>'jr,  Vj,  V^,  ^c.,  and  romi)are  it  with  the 
series  of  signs  which  J=6  gives  to  the  snnie.  Tlieii  the  number  of 
variations  (Irom  +  to  —  or  —  to  +)  which  is  fouud  in  the  last  falls 
short  of  the  number  of  Tsriations  wliich  is  found  in  the  first  by  the 
number  of  real  roots  which  lie  between  a  and  6.  But  if  no  real  roots 
axe  contained  in  those  limits,  the  variations  of  sign  are  the  same  in 
number  in  both  series.    For  instance,  in  the  preceding,  x=^2  gives  to 

<|>'.r,  Vj,  and  V„  the  si^ua  h  4-  +  (one  variation),  and  j:=3 

gives  +  +  +  +  (qo  variation).   Consequently,  there  is  one  real  root 

*  This  theorem  vm  pmented  a  feir  yean  ag9  to  the  lattitute  of  Purit  by 

M.  Sturm,  and  is  published  in  the  3frm.  tie$  SSommm  Etnmgtn.  It  is  the  complete 
throrttical  solution  of  a  difficulty  x\\>m\  which  onf'rifii'H  of  I'very  order  have  been  em- 
ployed since  the  time  of  Des  Cartes.  A  truu^iatiou  has  been  puUished  by  Air. 
W.  H.  Spiller.  John  Sonter,  St  Paurt  Chuicbysid,  1835. 


UiQiiized  by  Google 


FURTHER  APPUCATION  TO  AIORBRA.  281 


between  2  and  3,  If  we  wish  to  know  the  total  number  of  real  roots, 
we  substitute  for  x,  —  «  uiid  -^a^  both  so  great  that  they  &hall  render  the 
three  fintof  the  same  signs  as  their  first  terms,  aod  that  anytliiug  greater 
than  a  shall  have  the  aame  effect  (the  possibility  of  which  is  a  common 
theorem  of  a^iebra).  The  signs  will  then  be  ->  +  —  4-  for  orss— a 
and  +  +  +  +  for  jr=+«,   Tliere  are  then  three  real  roots. 

This  theorem  is  demonstrated  by  showing  thnt  if  "wc  suppose  x  to 
increase  from  —  ooto  +oo,  through  all  maguitudc  negative  and  posi- 
tive, the  series  of  signs  of  ^x,  fp'j:,  Vi,  &c.,  will  always  lose  a  variation 
when  r  passes  through  a,  a  root  of  0jr,  and  will  never  either  lose  or  gain 
a  variation  in  any  other  case.  We  suppose  there  to  be  no  equal  roots  of 
^x,  so  that  4*  and  ^'x  cannot  vanish  together.  (If  there  he  equal  roots, 
the  equation  may  be  cleared  of  the  factors  belonging  to  them  by  com- 
mon methods,  and  the  remaining  expression  treated  by  this  method.) 
Ar.d  no  two  cornfrcutive  ones  of  the  set  ^j,  A'.r,  &c.,  cnii  vanish  together, 
for  then  the  equations  show  that  all  whicn  succeed  would  vanish,  and 
there  would  be  equal  roots,  since  tlie  vanishing  of  the  last  remainder 
(which  is  no  function  of  j)  shows  a  coiumou  factor  iu      and  ^'x. 

Firstly,  let  ^=0,  and  let  V,. . . .  be  all  finite.  Then  however 
near  a  may  be  to  a  root  of  ^9  or  Vj,  &c.,  a±u  maybe  taken  so  near  to 
a  that  all  shall  remain  finite,  and  with  the  same  sign.  And  (page  132) 
0(a+«)— 0a  has  the  sign  of  ^'a,  while  ^(a-u)— 0o  has  that  of 
—  And  0a=O;  whence  0  («  +  ?/)  and  0(a— w)  have  different 
?iirii>;  that  is,  (the  other  signs  all  remaining  the  same,  since  u  is  taken 
£0  small  that  no  root  of  4>''',  Vj,  lies  between  a-\-n  and  a  —  u,)  tlie 
order  of  signs  for  0(a  -w),  &c.,  is  ciilier  — h,  &c.  or  t — ,  <&:c.,  and 
that  for  0  (a  +  t/)  is  +  +,  &c.  or  —  — ,  &c. ;  whence  a  variation  is  loU 
iflAcji  x^initi  inerecue,  poises  through  a  root  of  (in. 

Secondly,  no  change  of  sign  can  take  place  in  any  other  part  of  the 
series  except  only  where  either  or  V|,  or  V,,  &c.,  becomes  nothing. 
Let  V*=0  when  .r=:A ;  then,  as  before  observed,  both  V^..,  and  V^_^, 
arc  finite.  More  than  this,  they  have  diil'erent  signs;  for  "Vi._,— 
Vj.  Q*  — Vjt4.|,  from  the  hypothesis  of  formation,  in  wliich  V^— 0  requires 
Vt_i=:  — Vj^j.|,  Take  u  so  small  that  no  root  of  cither  of  the  last  shall 
He  between  A+u  and  h^u;  then  whether  Vj^  change  from  -f-  to  —  or 
from  —  to  +» we  see  that  the  part  of  the  series  of  signs  arising  from 
V*.i,      Va_i  is  changed,  when  9  passes  through  A,  either  from 

•I  to  -h  -h  — ,  or  from  +  +—  to  4  ,  or  from  —  —  +  to 

— J-  +,  or  from  — h  +  to  — +;  i'^  all  of  which  we  see  a  variation 
and  a  permanence,  so  that  no  variation  is  then  lost.  Consequently  the 
number  of  variations  in  the  series  of  signs  is  neither  increased  nor 
diminished  by  any  of  the  changes  of  sign  of  V„  &c.,  but  all  the 
effect  produced  is,  to  remove  a  variation  from  one  part  of  the  series  to 
mother.  Hence  the  theorem  follows  immediately ;  for  if  0a  give  n  more 
variations  than  0  (a+&),  there  must  have  been  n  epochs  between  x=a 
and  z=:a+6,  at  which  0x=O.  The  number  of  impossible  roots  is 
determined  by  finding  the  number  of  possible  roots,  and  subtracting  that 
numb(?r  from  tl»e  dimension  of  the  highest  power  in  0r. 

The  following  instances  are  from  the  Memoir  cited  (rinieinbcr  that 
Vi,  &c.,  here  given  are  multiples  of  tlicir  values  in  the  system  of  equa- 
tions) : 
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There  is  one  real  and  positive  root* 


4>Xts:  r^+nj*-102T+181 
0'j=3r*4-22r  -102 
V,=854x  -  2751,  V,=441 


All  tiic  ruoU  real^  two  positive, 
both  betweeo  3  snd  4. 


The  method  of  approximation  to  the  roots  of  equations  called  after 
Npwtnii  is  based  upon  the  theorem  0(fl  +  /O=0a-r-</>' C'^  +  ^A)  ./i.  If 
\vc  have  found  rn,  which  is  nearly  a  roi>t  of  an  etiuution,  und  if  the  real 
root  be  a,  let  m  =  a+A,  and  we  have  (p{m)=z(^j'  (m  —  (1  —  5)  A).  A.  If 
h  be  small,  we  have  <iim=(p'mji  iiearl)  j  in  which  it  must  he  observed 
tliftt  mutt  be  coDsidmble  when  compared  with  ff^n ;  for  if  not, 
^M-r^^  or  h  will  not  be  small. 

We  shall  now  proceed  to  the  theory  of  aeries,  and  to  the  consideration 
of  the  conditions  nnder  which  we  may  speak  of  an  infinite  series  as 
the  subject  of  al'^ebraicat  operations.  The  gul/ject  of  their  arithmetical 
consideration  hns  la-en  discussed  in  the  Elrmtjitary  I/lujitrations^  (pages 
8 — 10),  iii  which  will  be  found  the  development  of  the  following  asser- 
tiuns, 

DsviMiTioH.  The  seriea  Gt+^Zs+Os+^c  atf»  inf,  is  said  to  be  con- 
vergent (and  by  an  arithmetiaU  series  we  mean  only  a  oonvergent 
series)  when  there  is  a  limit  L  to  which  we  continually  approach  }sy  the 
addition  of  terms  of  the  series;  and  this  limit  is  called  the  sum  of  the 
aeries. 

Theorem.  The  preceding  ^.ries  must  be  convergent  if  ^^.^  -f-o, 
approaches  to  a  limit  less  tlian  unity,  wluai  n  is  increased  without  limit : 
may  be  either  convergent  or  divergent  (that  is,  one  series  may  he  con- 
yergent  and  another  divergent)  when  unity  is  the  Umit  of  the  pre- 
ceding ;  but  must  be  divergent  if  that  limit  be  greater  than  unity. 

Theorem.    The  scries  ao+aiX+atJ:'+&c  ,  if  a»4.t-f>a;i  have 

any  finite  limit  A  when  n  is  increased  without  limit,  must  he  conver* 
gent  for  all  values  of  x  lying  between  —  (l-r-A)  ancl  +(l-r-A);  may 
be  either  convergent  or  divergent  (in  one  scric-;  or  another)  when  .r 
has  either  f)f  these  values;  and  must  be  divergent  if  x  be  uumerieally 
greater  th»ui  (1-^A).  And  if  diminibh  without  limit,  the  series 

must  be  convergent  for  ever^  value  of  x,  however  great,  while  if 
a^^j-^a^  increase  without  limit  the  series  cannot  be  convergent  for  any 
value  of  X,  however  small. 

In  convergent  series,  we  include  those  which  begin  divergently,  bat 
afterwards  become  convergent.  Such,  for  instance,  as  the  development 
of  f*.  Here  the  direction  to  form  the  (n+l)th  term  frotn  tlie  /ah  is: 
multij)ly  tlic  ;/th  term  by  x,  and  divide  it  by  n.  If  x=lUUU  the  terms 
continually  increase  until  a;  =  1000,  and  tlie  100 1st  term  is  the  same 
as  the  1000th  :  but  the  teriu  alter  the  luilliontli  is  only  the  thuu* 
sandth  part  of  the  millionth  term,  or  at  that  part  of  the  series  the 
convergency  is  rapid.  And  since  we  are  not  now  speaking  of  methods  of 
summing  series  in  practice,  but  only  of  the  way  in  which  we  can  tatiefy 
ourselves  as  to  the  fact  of  there  being  or  not  being  a  finite  limit,  great  or 
small,  we  do  not  weaken  our  reasoning  by  the  supposition  of  n  million 
ol'nnllion  of  terms  beinu' divergent.  For  a  million  ot' nnllion  of  finite 
quantities  is  a  liiiile  quaiility ;  and  if  all  the  remaining  terms  have  a 
limit  to  their  Bum,  tso  has  the  whole  series. 

When  the  terms  of  a  series  are  alternately  positive  and  negative  there 
is  cdtain  convergency  if  they  diminish  without  limit  For  any  even 
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number  of  terms  of  a  h-\-c —  e-^- . . , .  must  be  less  tb an  double  the 
number  of  tc mis  of  a  —  h-^h  —  c  +  c—  e-^  , .  . ^vhicll  ib  tilher  a — 6  or 
H  — c,  ur  u  — f,  6ic.^  ihal  is,  less  than  a.  Consequently,  ill  the  sericB 
«i— ai+a»-a4+  . ,  the  fsmfionl*  - •  » «»n+i? 
Ibat  is,  diminithes  wtthoat  limit.  But  in  the  ceie  where  o^,  &c. 
ftpproach  a  finite  limit,  and  diminish,  we  cannot,  by  pure  arithmetic, 
assign  a  finite  limit.  For  instance,  in  3— 2^+2|  — 2^-h&0.,  the  limit 
f)f  tilt-  inclividual  terms  is  2,  and  counting  from  tbf  first  term  we  see  that 
no  subtraction  is  ever  compensated  bv  the  next  HiMitin?!  ;  consequently, 
if  there  be  a  limit,  it  miist  not  exceed  3.  Butcountnig  troni  the  second 
term  we  see  that  no  addition  is  ever  compensated  by  the  next  sub- 
traction ;  BO  that,  if  there  be  a  limit,  it  must  be  greater  than  3  —  2j^. 
Then  between  ^  and  3  lies  the  limit,  if  there  be  any,  which  is  all  we 
can  now  say.  We  cannot  show  the  preceding  process  that  the 
remnants  diminish  without  limit. 

By  considering  a  series  algebraically,  we  mean  that  we  do  not  inquire 
for  any  arithmetical  limit  of  the  sum  of  the  terms,  but  only  treat  tlic 
peries  as  the  result  of  applying  rules  of  algebra  tn  nicrebraical  exjircs- 
giun-^,  or  fornmlie.  And  though  the  algebraical  consideration  includes 
the  arithmetieal,  yet  the  converse  does  not  appl^.  All  arithmetic  is 
algebra,  but  all  aJgehra  is  not  arithmetic.  For  mstance,  sunpose  an 
algebraical  problem  gave  as  a  result  crsl+ATf  iin  equation  which  has 
its  arithmetical  cases,  and  its  cases  which  are  not  arithmetical,  the 
latter  when  a  is  >1.  We  proceed  to  solve  this  by  the  method  of  Mic- 
ce.mr^  nihHitution^  the  pnnciplc  of  which  is  to  suppose  the  required 
whole  made  up  of  parts,  an<l  to  endeavour  to  (ind  these  parts  suc- 
cessively by  any  steps  which  iriven  relations  point  out.  This  notion 
of  the  whole  made  up  of  parts  is  at  lirst  purely  arithmeticui ;  and 
we  proceed  accordingly.  If  our  process  be  such  as  if  its  own  nature 
cannot  have  an  end,  we  cannot  thereby  completely  attain  dr.  And  one 
of  these  two  things  will  take  place:  either  our  method  will  give  us  con- 
tinually smaller  and  smaller  parts,  whose  sum  converts  towards  a  limit 
which  wc  can  ascertain,  and  in  this  case  we  have  arithmetically  found 
the  unknown  quantity;  or  we  shall  at  last  come  upon  a  part  (a  supposed 
part)  wl)ich  more  than  rnmpletes  the  whole  required,  in  which  rase  the 
next  process  is  not  untiimctieal.  Our  first  notion  would  be  that  tlio 
next  part  should  turn  out  to  be  negative,  a  result  we  should  immediately 
comprehend.  But  it  may  happen  that  we  choose  a  process  which  gives 
us  continually  greater  aiuL  greater  parts  without  end ;  are  we  then  to 
eondude  that  the  quantity  sought  is  in6nite  ?  We  shall  immediately 
show  that,  sometimes  at  least,  it  indicates  that  the  quantity  sought  ts 
negative f  and  that  we  have  proceeded  to  determine  it  as  tf'  U  were 
positive. 

Let  x—l-\-aT,  and,  presumuig  jc  positive,  it  must  be  >  1  ;  for  it  is 
l  +  ojr.  Take  i  as  the  tirst  part;  then  1+aX  1  is  still  too  small;  for 
rince  « is  1 +aj,  then  1  +a  x  less  than  x  is  less  than  For  a  similar 
Kaaoih  14-a(l+a)  is  too  small,  or  1+a+a*.  So,  therefore,  is 
1+11(1+04.0^)  or  l+a+o^+o*;  that  is  to  say,  l+a+tf^+....  is 

*  The  ttfin  rtmrnmier  being  constantly  tised  in  connexion  with  subtraction,* and 
the  word  *  rest,'  ao!»WL'ring  to  tno  I  tcacli  rtxie,  being  of  tooj^eiieral  sipnificutioa  in 
our  lan-^uage,  I  have  borrowed  this  jiJir.isc  to  signify  what  is  li-tt     a  scries,  when  S 
ccrt&iu  number  of  its  leading  terms  is  remored.   Thus,  ia  u  — ^+c— e-^. 
-^-f/*"* •  •      ti  the  ismasAt  sflsr  e. ; 
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always  too  iina11»  however  far  we  may  go.  Now  if  a:=^  this  is  intelligi* 
ble ;  It  Ik,  Ih  lf>  Itt*  ^    too  small.  The  reason  is  evident ; 

the  answer  is  (2=  1  +^  2),  and  onr  method  is  of  a  character  which 
cannot  terminate.    But  if  as2,  then  proceeding  as  before,  1,  1+2, 

1  +  2+4,  1+2  +  4  +  8,  &c.  &c.,  are  all  too  small,  or  r  is  infinite.  This 
result  is  wtijul:;  tlic  f  ict  is,  that  — 1,  (--1  =  1+2  x  —  0»  and  the 
fundameutai  supposition  j:>1  is  incorrect.    When,  therefore,  we  write 

--I=l+2+4  +  8+16+&c  ad  infinitum,' 

the  student  must  not  think  we  intend  to  assert  any  arithmetical  equality, 

or  other  arithmetical  resemblance  or  analogy  of  any  fi<^rt  or  kind  what- 
soever, between  —1  and  1  +  2  +  i^c,  Every  attempt  to  es>tal)lisli  any 
idea  of  such  connexion  must  end  in  nUcr  confusion.  But  we  mean  this  : 
we  assert  that  1  +  2  +  4  +  S  +  &C.  is  the  result  of  an  attempt  to  procuie 
an  arithmetical  result,  upou  an  arithmeticat  process,  to  represent  a  quan- 
tity which  is  net  arithmetical;  and  means,  as  in  every  other  similar 
case,  that  the  two  sides  of  the  equation  are  thus  connected  :  the  first 
side  is  the  quantity  wliich  was  attempted  to  be  found  by  the  process 
ending  in  the  second  side.  And  this  result  heini^  obtained  in  strict 
conformity  with  algebraical  rules,  the  hrst  side  and  the  second  will  be 
found  to  have  every  ])roperty  in  common,  if  we  consider  the  intinite 
series  as  an  luhuiic  scries,  dropping  every  notiuu  ui  iis  numerical 
character,  and  considering  it  as  a  whole.  It  haa  no  connexion,  for 
instance,  with  1+2+4+8,  though  the  latter  expression'  contains  some 
of  its  terms;  nor' are  we  to  he  considered  as  making  any  approxinuitioa 
to  its  value  by  stopping  anywhere;  such  idea  being  reserved  entirely 
for  arithmetical  series.  And  in  a  similar  manner,  we  consider  the 
equation 

|-~=:l+fl+a'+a'+&c.  ad  ivf.,  arising  from  J?=l  ■{•or. 

We  shall  now  apply  the  ideas  here  laid  down  to  methods,  by  which  we 
shall  in  various  instances  return  to  the  finite  algebraical  expression  from 
which  divergent  faeries  are  produced.  And,  fiistlyi  we  shall  apply  the 
series  just  obtained.  Let 

«=ao+a,2'+a^.r*+aj  >i^+a4X*+, .  . ., 

where  a,,  a,,  &c.  are  not  functions  of  x.  Multiply  both  sides  by 
(1— x),  which  gives 

tt(l— d?)scro+AaoJ9+A«r,  j;'+Aag  j:^+  . .  •  • 

Let  tt|=u  (1— Oo ;  multiply  by  1— which  gives 

«i(l— x)=j:  (A£ro+A"£/o^+A«tf|j^+A*ffta'+. .. .  ); 

let  u,=  i/i  (1— r)  — Aa^.j: ;  multiply  by  (1 — jr),  which  gives 

i/g  ( 1  —  .r)  =:  I*  (A'  f/„  +  A^  cr,  j:  +  A»  a,    +  )  ; 

let  f/,=Wa  (1  —x) — A*  ^0  r* ;  and  so  on.  We  have  then  a  bet  of  sorie!^, 
the  first  of  which,  i/,  is  tlie  one  in  (lueslion,  and  Ux,  &C.  arc  cou- 

nected  with  u  (or  Vq)  by  the  ];jenerul  equation 

tf^s=tt.(l»x)-AX^*  or  — 

1  — l—x 

We  now  invert  the  ])roces8,  and  apply  successive  substitution  to  tlie  last 
equaUou  w  determine  u,    Wc  have,  theu,  making  l~(l— «i:)=Xy 
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uz=.aoX-{  Wi  X=f/o  X4- (A(7,, .  r  X  +  ^/i  X)  X 
=:£^X  +  Atfo.xX«+WtX*=aoX+^,  r  XH  AV^,.  r^X'+w, X» 

or  a,4-a|J^+at        •  •  =j^^  ^aa+Aa,  Ji;i^+'^'"»^l~~^+' .  •  J. . .  (A) 

If  0ii  be  luch  that  all  the  di^renoes  vanish  after  the  nth,  that 
is,  if  a,  be  a  tatioiul  and  integral  function  of  v  of  the  7ith  degree,  we 
th'u  sec  from  the  method  of  formation  that  f/,^|=0,  and  m  is  expreeved 

a  finite  number  of  terms.    We^thus  obtain 

i+2x+ax.+  ....=^(i+j£^)=^ 

1    /      3-p       2.1*  \  1+* 

It  we  cliougc  the  sign  of    wc  have 
fl«-tfix+a,a»-. .  •  •=  Aa« T^**"^'"*  (T^" •  •  .(B). 

Let  LU4  iiuw  take  M=rfl,+tfi  jr-f-a.-— -  • .  • . 

Multiply  both  sides  by  f 1  —  j:+  "o"^o^'^  •  •  • 

which  gives  iif"**=a,+Air»x+AraY+A*<'o2~3+**'* 

a»+ a, x+ac-^+ ^tf,+Afl,«H-A«apy+....^  (C), 

By  integrating  the  expressions  A  and  C^with  resjiect  to  x,  we  obtain, 
provided  ^^e  may  suppose  the  right-hand  side  to  vanish  when  x=0, 
(see  p.  157,  note,) 

We  have  thiu  obtmned  a  large  number  of  cases  In  which  ^uivaleiit 
series  may  be  found,  and  whieh  become  finite  expressions  if  all  the 

difTercnees  of  a„  vanish  from  and  after  any  given  difference. 
To  these  we  may  add  all  tiie  cases  which  can  be  expressed  by  the  deve- 
lopment of/(a+dr)  by  Taylor's  tlicorem.    We  shall  now  consider 

which  is  the  evident  result  of  successive  substitution  applied  to  the 

du 

equation  i/=:0x+A^,  which  gives  (p.  195) 


'      1   5.  r 
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Let  U«  be  the  value  of  the  sericis  when  ir  =  a, 

0j+^jr.A+0^«.&«+ ....  =U.«^—  J*W<|)X</« 

0jr-^*  A+#^'*  .=V.f~+ -j-*'*' J  €*<(>ar<ir; 

V.  being  the  value  of  4>a'—^*ah+  .... 

Though  all  thrs<-  reductions  may  occasionally  be  useful,  yet  our  prin- 
cipal object  ill  iiiiiking  thcni  is  to  show  that  thae  is  an  abundance  of 
series,  iiicludiug  every  variety  of  form,  which  are  by  the  coDunou  pro- 
cesses of  algem,  or  otherwise,  reducible  either  to  convergent  series  or 
finite  expressions,  or  definite  integnUs ;  or,  at  leist,  can  be  shown  to  be 
precisely  what  would  arise  Irom  the  process  of  successive  substitution 
applied  to  an  equation.  Wherever  there  is  anything  like  successive 
operation  following  a  known  law  in  tlic  coefficients  Oi,  &c.,  then 
a^j-f  a,  .r-l-tVc.  can  he  materially  altered  in  form. 

With  rt't:ard  to  series,  all  whope  terms  are  positive,  wc  can  only  make 
arithmetical  u&e  of  ihein  when  they  arc  convergent ;  and  the  luiuls  of 
the  value  of  x  within  which  they  are  ao  must  be  delennined  as  in  p.  322. 
But  when  the  terms  of  a  series  are  alternately  positive  and  n^tive» 
it  has  thiB  remarkable  property;  that  if  it  converge  for  any  number  of 
temif,  and  afterwards  diverge,  the  convergent  part  makes  a  perpetual 
approximation  to  the  arithmetical  value  of  the  original  function.  For 
example,  let  us  take  the  series 

a*     a*  J* 
log  (i+«)=J-y  +— —  — +&C.  ad,  ivf,, 

of  wluch  the  individual  terms  sooner  or  later  increase  without  limit  when 
X  is  anything  greater  than  1.  Let  us  suppose  j?=:l*3,  iu  which  case 
the  series  hecomes 

1  •  3  -  • 845 +  •  7323  1 140  +  •  7426— (increasing  terms.) 

Now  so  long  as  the  terms  are  convergent,  the  error  committed  by  taking 
convergent  terms  only  will  not  be  so  great  as  the  first  term  thrown  away  ; 

for  instance,  I '3— '845+  '7323  will  be  too  great,  but  not  too  great  by 
•7140.  The  sum  of  the  first  is  1-1873;  and  the  logarithm  of  l  +  l'S 
or  2-3  is  -8329,  and  1  *  1873  exceeds  -8320  by  less  than  -7140. 

The  irencral  proof  of  the  ])ri)))(ii;ition  i;?  a>  follows.  Asfsumintr 
a^  — A -\- it..  T* — &*c.  to  have  a  dcfuiile  Jilirehraical  efniivaJent,  we 
know  that  ^  (l>)=:</j,  *|>'(0)=  —a^  ;  for  hy  p.  75,  the  only  scries  of 
whole  powers  of  x  which  can  be  algebraically  identical  with  is 
^  (0) + ^'(0)  j;+ . . . .    And  since     Oi,  &c.  are  all  finite,  we  have 

Now  since  ^"^c  begins  (when  drsO)  with  a  contrary  sign  from 
as  long  as  it  preserves  that  sign,        must  be  in  a  slate  of 

decrease  if  <t>*^x  he  positive,  or  of  increase  if  negative,  when  considered 
algebraically ;  that  is,  in  a  state  of  numerical  decrease  in  both  cases. 
Consequently,  if  x  lie  within  tlir  limits  in  which  ^""♦''(j)  retains  its 
first  sign,  ^'(^.r)  must  be  numerically  less  than  ^"^'(O),  and 
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that  iii,  at,  aiiy  point  whatsoever  of  ^ucli  a  smes  the  arithmetical  value 
of  the  renmant  is  numerically  lesa  dian  that  of  iti  fint  tarm.  The 
student  roust  always  remember  that  the  above  can  only  be  appBed  to 
cases  in  which  no  diff.  co.  of  ^j?  up  to  'becomes  infinite  belN^  i n  0 
and  .r,  and  where  preserves  one  sign  within  the  same  limits.  This 
will  be  the  case  in  most  of  the  neccssan,*  apphcations.  And  the  theorem 
is  not  untrue  in  the  divergent  part  of  tl)r  sories,  hut  only  useless,  since 
the  convergent  j)art  alone  gives  a  surer  approximation.  It  is  also  tme 
when  the  series  is  altogether  divergent.  Nor  need  the  terms  be  alter- 
nstely  -f  and  ~.  If  the  series  have  only  one  negative  term,  the  theorem 
is  true,  within  the  proper  limits,  if  we'  stop  immediately  before  that 
term. 

Tbborkm.   Whenever  the  series  af+^fi^+^^t   +      is  the  deve- 

lopment  of  a  continuous  fnnction,  the  value  of  that  function,  when 
*:^0,  h  a,,,  even  when  the  series  never  becomes  convertrent  for  any  value 
of  J",  h(»wever  small.  For  if,  and  being  positive,  we  suppose  t  to 
be  negative,  then  the  diff.  co.  being  all  tinite  for  x—Oy  the  value  of 
the  invelopnient*  wiU  he  between  Oq  and  cro+«iJf>  if  '  be  taken  of 
sufficient  numerical  smallnees.  And  its  limit,  when  «  diminishes  with* 
out  limit,  is  therefore  Oo.  And  whatever  may  be  the  signs  of  ai,  &c.» 
the  theorem  may  be  proved  by  taking  x  such  that  two  consecutive 
terms  may  have  different  signs. 

The  theory  of  series  is  both  difficult  and  incomplete ;  hut  the 
diflSmlty  is  not  of  the  kind  which  a  student  perceives,  and  the  defu  iency 
is  also  unseen,  Ijctause,  in  fact,  the  imperfect  theory  which  is  lirst  pre- 
sented to  him  is  more  than  sufficient  for  all  the  series  of  which  he  has 
any  experience.  He  grows,  therefore,  in  the  conviction,  that  whatever 
senes  may  be  proposed,  or  may  occur,  the  theory  may  always  be  made 
satisfactory.  Now  it  is  mj  present  object  to  prevent  the  growth  of  such 
a  conviction,  by  showing  the  difficulties  of  the  subject. 

A  complete  theory  of  series  would  be  contained  in  the  answer  to  the 
following  question;  Given  a  series 

in  wbicli  tbe  terms  are  eonneeted  together  by  known  laws,  so  that  any 
one  of  them,  A^,  can  be  assigned,  required  tbe  finite  algebraical  expres- 
sion which  may  in  all  cases  be  substituted  for  the  series,  and  from  which 
the  series  may  be  obtained  by  development.  But  if  there  be  no  such 
expression,  or  if  different  expressions  be  nece^^fary  for  different  sets  of 
Talnes  of  any  variables  contained  in  A|,  A«,  &c.»  required  a  criterion  of 
determination  of  these  several  cases. 

The  preceding  question  is  one  of  almost  as  pri  at  a  width  as  the  follow- 
ing: "  Required  a  mode  of  solving  all  algebraical  problems  whatsoever.'* 
This  ia  the  first  point  on  mhich  roost  students  will  find  they  have  a  wrong 
notion.   Instead  of  being  an  isolated  branch  of  algebra,  the  theory  of 

*  The  iavsns  teim  to  dettlqimettt:  thus        is  lbs  isfttopnetit  of 

Q2 
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scries  an  infinite  subject,  in  which,  at  in  geometry,  every  question 
an<«wcrc<l  will  point  out  questions  to  ask. 

We  shuU  first  consider  such  seriei^  as  arise  from  successive  substitution. 
Let  fir,  vXf  pi^  he  fanctionB  ot  a,  and  kl  be  abbreviated  into 

(ju  {p  (pr) )  into  ftf^^t  9aad  ao  on. 

Let  ^  be  a  function  of  which  is  ascertained  by  the  ibllowinjp 
equation, 

<^jrs5  ax4*  vj  •  fax ; 

or  4»jr  is  that  function  of  which  is  such  that  a  similar  function  of  «x  ia 
reconverted  into  the  simple  function  of  by  multiplying  by  yjr,  and  add- 
ing fur.   We  have  then  the  following  scries  of  equations : 

which  give  by  substitution 

so  that  the  function     is  composed  of,  1.  the  infinite  aeriea 

2.  the  Uukit  of  the  set  of  products  vx.^ur,  vx.yar.^a*!*,  &c.  &C  ,  which 
we  may  denote  by 

v.r .  vax .  ya*x  vo*x.  ^a*  x. 

Let  the  limit  of  the  series  a-r,  a'r,  a'x,  &c.,  or  a*x,  be  denoted  by  L  ; 
and  let  \V  r  be  any  function  which  sntisfies  Y^t  =  vj  y^ax.  Then  by  a 
similar  process  of  successive  substilutiou,  we  shall  find  Y'X=:vx.>a.r.  i/'«'x 
=  vT.  v«x.ya'x.Y*a^x=>'X.yux.  vu*x  . . . .  ya^x-Y^L,  or  the  limit  above 
mentioned  is 

^ .  0L ;  so  that  we  have 
0L        .  .  •  .  o 

where  L  is  as  yet  wholly  undsternnned. 

Now  it  is  not  uncommon,  in  the  theory  of  scnes,  when  such  a  case 
occurs  ns  + vx./iax-f  &c.,  to  observe  that  it  sjilisfics  the  condition 
(l>x=^x -\-v.v (f>nT,  and  hiiviiiLj  ascertained  what  ujipcars  tu  be  the  solu- 
tion of  this  equation,  to  equate  buch  solution  at  once  to  the  given  scries. 
For  instance,  suppose 

0x=:x— X  4-x  (x'— a*)  +  x»  (x'-x 'j-f  x'  (x*— x^)  +  &c., 

which  appears  at  once  to  be  equal  to  x;  being  x— x'+x* — j^+Jt»— &c. 
But  it  also  satisfies  t]>c  equation  ^x=x  — i^  +  x0  (x-),  nnd  ^x=x  +  x~' 
is  .'I  solution  of  this  equation  as  well  as  0j  =  x.  Thougli,  therefore,  the 
series  satisfies  the  ctjndition  ^rrrar+ vr  r,  vet  whcu  thib  C(i>uiiion 
has  more  than  one  solution,  nolhiug  bui  aticniion  to  the  preceding  pro- 
cess can  preserve  us  ftom  error. 

With  respect  to  Uie  equation  0jrsr/tx+vj;^r,  it  can  be  shown  that 
its  most  complete  solution  is  as  follows.  Let  mx  be  one  solution,  and  let 
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xj:  be  one  soliiUon  of  the  equation  Yrx=yx  faXt  md  let  wx-^-xst,  g«  be  tha 
most  complete  solutioii.  Then  we  have 

fP4P-|-itT.  Jx=|x*+yjr(crax+xar.far)  ; 

but  by  hypollicsis  m—  r-fvr.tra.r,  and  '/.r^:  .r  .y.a  r,  therefore 
fnr=:^.r,  or  with  the  particular  solutions  above  mentioned,  nollung  more 
is  necessary  than  to  find  tlie  most  general  function  which  remains  un- 
changed When  s  it  changed  into  ajp.  In  the  ^ame  manner  it  may  be 
shown  that  xjp.gx  it  the  moet  general  solution  of  fx^YX,fajr.  We 
have  then 

fx       KX»^x   *       y«i*jr"~    ita'x,fx  * 

?x  being  the  functiuu  which  is  absolutely  unchanged  by  chaugiug 
X  into  cur.    If  n  he  increased  without  limit,  we  have  then 

fh       xLg*  ^  fL  xL* 

* 

so  that'the  equivalent  obtained  for  the  series  is  the  same,  whatever 
solution  of  the  equation  was  taken. 

We  have  thus  obtained  the  absolute  arithmeticai  sum  of  the  infinite 
scries ;  for  the  process  was  equivalent  to  finding  the  sum  of  n  terms,  and 

then  inorofising  n  without  limit.  Whenever  the  scrirs  is  divercrcnt,  the 
t c rill  K/. rjri^-f-y.L  will  become  infinite.  Thus  if  wc  n|i]ilv  tfie  process 
to  / +r/r  +  (/»r  +  &c.,  which  is  obtained  from  0.r  =  .r  4-'p  (r/r),  wiierc 
/>ua=jr,  vi—  1,  frr=:iv.t,  a"j?=flV,  we  shall  find  as  the  sum  of  the  scries 
4r(l — a*)-hCl~a)  which  is  finite  only  when  a<l,  and  infinite  in  all 
other  cases« 

The  preoeditig  i;^  literally  nothing  but  a  modification  of  the  method  of 
taking 72  terms  of  the  series,  and  then  increasing  n  without  limit;  but 
it  will  lead  m  to  the  following  ronclnpion  ;  nnmelv,  that  the  algebraical 
expression  for  a  convergent  scries  n.iLV  be  discontinuous,  or  not  always 
the  same  function  of  r.  This  wc  ghail  show  if  we  prove  that  L  may 
have  diUcreul  values  fur  diirerent  values  of  or;  or  that  aV,  when  n  is 
increased  without  limit,  is  not  always  the  same  for  all  values  of  x.  For 
instance,  let  022= j^,  thena*«s:j^,  o'jtssx*',  Ac,  as  to  which  it  is  obvious 
tbatthey  increase  without  limit  if  t  >1,  remain  always  the  same  if 
and  diminish  without  limit  if  t<1. 

As  it  i«  here  my  object  to  prevent  the  formation  of  an  ophiioii,  nnd  not 
to  establish  any  general  method,  one  example  of  every  ditiicuUy  "will  bo 
sui&cient.   Let  us  now  consider  the  foUowing'series : 

 •  •  •  •  • 


Looking  at  this  series,  we  should  suppose  it  to  he  one  which  wc 
might  safely  use  as  a  common  algebraical  quantity,  for  it  is  always  con- 
veraent,  except  only  in  the  single  case  of  xssOf  when  every  term 
CTidently  becomes  infinite.  To  prove  this^  form  the  ratio  of  each  term 
to  the  preceding  (p.  222),  and  we  have 

tfij^  a*^"  (flj^ 

«^+JC^  !  • 
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which  must  tliminisl)  witlunit  limit;  for  ereiy  term  may  be  written  hi 

either  of  the  following  lorins  : 

and  cither  x4-a  or  a-^x  is  less  thsa  unity  (with  the  exception  above 
cited)  ;  so  that  oue  or  the  other  form  explicitly  shows  the  diminution 

wjtliout  limit,  when  increases  without  limit  Now  ohs«T\ing  the 
terms  uf  the  series,  we  may  readily  see  thai  u  is  derived  by  successive 
substitution  from 


of  which  a  particular  solution  will  be  found  to  be  (pr~l-T-{a*—  T^}, 
A])i)Iying  the  result  of  the  preceding  pages,  we  have  '^1:=:  1,  a  particular 
bolution  of  Y'j=y  (j:*-rfl) ;  /xj=j:*-r(a*— x*)  ;  yx=l ;  aud 


t 


Now  cu:  =  — ,         — (  —  I  =— ,  a-x—  — ,  «icc. :  so  that  Ij  must  be 

the  limit  of  jj'-f-a''"',  when  p  inert* n?es  w  ithout  limit.  According  as  s 
is  less  than,  equal  to,  or  greater  than,  a,  this  limit  is  0,  a,  or  oc;  so 
that 

1        1  1* 

when  Jf<a,  the  series  isj-r  — or     — — -  ; 

a'— x«    a*  a*ia*—j') 

when  xrra,   ~T~i~°^>  <»  infinite; 

1  1  ^ 

when  x>a,  -5 — -5— 0,  or 


The  terms  of  an  infinite  series  nrast  be  connected  by  some  lew,  other- 
wise the  series  is  not  given  end  distinguishable  from  others.  A  finite 
number  of  terms  may  be  written  down,  and  each  is  then  given ;  but  an 

infinite  number  of  terms  cannot  be  written  down,  and  can  only  be  said 
to  be  given  when  a  law  is  pointed  out,  by  which,  when  r  is  assigned,  the 

rth  term  can  be  found. 

liCt  us  now  consider  the  ordinary  algchraicnl  development,  namely,  a 
series  which  proceeds  by  whole  powers  of  u  variul>le  <[uantity.  Let  the 
{r+ 1  )th  term  of  such  a  series  be  F  (x-^rl)  tf ;  so  that  the  series  is 

Fx  +  F  ( J,  +  /) .  a  +  F  ( J + 2/)  a*  +  F  ( T  -f  30  a*  +  . . . .  ; 

which     derived  hv  Ftu  cessive  ^ub-^^titution  from  0r=  Fx+ ^^^/j  (  r+/). 
AVe  have  now  this  c^uestion  to  coiit?i(icr 1.  (Jan  the  equation 

alwa^^  be  solved  1^  a  continuoos  function  vjr,  when  F  is  a  continuous 

function  ? 

This  question  will,  ns  we  shall  see,  bring  us  to  the  following:  Can 
a  continuous  c  urve  he  drawn  through  an  infinite  number  of  points  8e|>a- 
rated  by  finite  mtervals?  We  know  that  throut'b  anv  finite  number  of 
points^  however  great^  au  intiuite  uuaiber  ut  couuuuuua  curves  can  be 
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drawn  :  it  is  quite  certain,  for  instftnce  (as  will  n]>ppnrm  a  suV»Fcquent 
chapter),  that  if  we  had  ten  minion  of  given  points,  nothing  but  opera- 
tionR  of  impracticable  length  ^vuuld  lie  between  us  und  the  power  of 
uljtnining  as  many  continuous  curves  as  we  plea&e,  each  J)a^6ing  through 
all  ihc  given  points.  As  an  instance,  suppose  the  equation  of  a  curve  is 
required  which,  when  drs«,  gives  y  equal  to  either  A,  A',  or  A" ;  which, 
when  gives  y  either  B  or  B',  and  when  x=c  gives  ysC.  I^t 
xy  be  any  function  of  y  which  does  not  become  infinite  when  x  is  a,  6« 
or  c^  md  find  y  ftom  the  foUowing  eqtnation : 

(^-A)(y-A0(y-A")(j^-6)  (x-r)+(s/-B)(y-B  )  U  -a)(#-c) 

Hete,  wbca  xsa,  the  equation  becomes 

(y-A)  (f-A')  (y-A'O  a-c)=0, 

wbich  has  three  roots,  j/=:A,  y=A',  nnd  and  so  on. 

.  ins:,  then,  that  through  any  number  of  points,  however  great,  we 
may  draw  a  coatiiiuous  curve,  it  may  appear  that  we  can  do  the  same 
through  an  absolutely  unlimited  number  of  points.  On  this  postulated 
the  foUowing  oonsidentions  rest :  let  it  be  granted,  that  whatever  is  true 
of  any  finite  number  of  points^  however  great,  is  true  of  an  infinite 
number  of  points. 

We  now  return  to  the  equation  (hr-zYi'-\-a^{x-^l).  Observe,  that 
we  do  not  want  a  solution  of  this  equation  for  all  values  of  x,  but  only 
for  Tz^ky  .r=:A  +  /,  s—h-k-'ll.  &c.,  ad.  inf..,  where  /,:  ia  some  value 
assiirned  to  x.  Multiply  the  cnuatiou  by  and  let  o'^'^^  called 
^z.    Then  we  have 

Draw  the  curve  whose  equation  is  y^o^^'Fx,  and  on  the  line  of 
ftbseissB  eat  off  A,  4rc. 


Let  A,  B,  C,  &c.,  he  the  points  of  the  curve  y~a*^'  Fr,  whose 
abscisBS  are  K  *4  ^  and  let  MP  betaken  fur  x^-  ^^ke  Na=AP; 
then  Nar=MP-MA=xit-/fe=x(*  +  0.  SimUarly,  take  Q6=:B«^ 
Rc=C6,  sa=Dc,  TeraEt/,  &c. ;  we  thus  obtain  an  infinite  number  of 
points,  and  the  curve  drawn  through  them»  if  it  be  y^X'^  "^wfi^  *be 
equation  x-^f^tf*— xC*+0' 

•  Sf\cr»l  o'h.r  uH'thodsi  which  I  Iwve  tried  of  obtuuing  the  same  tuuchuioM 
end  ia  the  u«cu»bity  of  th«  tame  postttlate. 
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Assuming  theu  the  existence  of  mjc,  a  contmuoufi  fuuctioii  which 

M 

BfttiificB  </>j'=Fx4'«<;^(jr+i)i  we  find  yf/j^a"^  to  be  a  particular  solu- 
tiun  of  Yrjr=:ay(dP+0:  whence  the  vtihiDetical  lum  of  the  gi?eii 
series  ia  * 

in  which  n  is  to  l  e  made  infinite :  it  being  nlwaj's  remembered  that  m,v 
is  a  function  of  a  as  well  as  of  x.  If  we  assume  a?+ri/= 2,  the  pre- 
ceding becomes 

and  the  limit  in  question  nuiy  ^  nothing,  infinite;  or  a  fiinetioa  of 
a,  whiehy  for  anything  yet  appearing  to  the  contrary,  may  be  contiotiottB 
or  discontinuous.    And  upon  this  limit  depends  the  convergency  or 

divergency,  continuity  or  discontinuity,  of  the  scries.  It  h  my  object 
now  to  show  th»t  (liscnntinintv  Cflunot  take  place  without  the  ^rrirs 
becoming  divergent  at  the  epoch  of  discontinuity.  Let  us  buppose  the 
series  to  be  convergent  for  every  value  of  a,  fiom  a=a'  to  a^a",  both 
inclusive. 

The  eontinuity  of  law  of  a  lunction  ia  not  to  be  presumed  from  the 
simple  cootinui^  of  its  values  (page  45.)  To  return  to  the  geometrical 
illustration :  two  different  curves  may  join  in  such  a  way  that  the  value 

of  ;/  increases  continuously  in  passint^  from  one  to  the  other  throuc:h  the 
point  of  junction.   If  they  have  a  common  tangent  at  the  junction, 

^  may  alsovuy  c^mtinuoualy  in  value ;  if  they  have  there  a  common 

radius  of  carvature  ^  may  do  the  same.   And  two  curves  may  be  dis> 

tinct,  thougli  the  value  of  7/  and  of  any  finite  number  of  diff.  co.  increase 
or  decrease  continuously  in  jassing  through  the  point  of  junction.  But 
if  fili  the  diff.  co.  increase  "r  docrcase  continuously,  then  the  second 
curve  IB  only  the  continuation  of  ihc  iirbi. 

Now  if  iffx  satisfy  0x=Fx+&0(j+/),  it  follows  that  m'x  satisfies 
^xs5F4r-|-a^(>3*+0>  and  so  on ;  and  whether  we  differentiate  the  result 

wx— a  '  X  Lim.(a' wx)=Fx+F  (*+0,a+ . . .  • 

n  times,  or  whether  wc  treat  the  equation  0^"^x=F^"'^x+ff^*^"'X'^+O  ^y 
the  method  of  this  chapter  (and  by  pages  112-^115)  we  find  the 
following: 

'     lo  "* 

--^j  xLim.(a'w2)=F'"^x+F<">(x+i).a+...- ; 

so  that  tlie  convergcncy,  &c.,  of  every  diflercntiated  peries  depends  ujKm 
the  same  function  as  tlmt  ot  the  original  series ;  namely,  Lini.  (a'"'o?r). 
If,  then,  the  first  be  convergent  frani  asza*  to  azsaf^  so  are  all  the  rest. 
Name  any  number  of  them,  m,  which  may  be  as  great  as  pau  please.  We 
have  then  m+ 1  convergent  series.  Let  /  be  a  number  of  terms  so  great 
that  for  no  value  of  a  between  a'  and  a"  can  I  terms  of  any  one  of  the 
f» + 1  scries  difler  from  its  arithmetical  sum  by  so  much  as  0»  where  0  is 
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B  (Ictiiiitc  quaiUity,  as  sniall  as  you  pleate.  Tlib  ia evidently  possible, 
thuugh  to  bnug  some  series  a  little  within  the  limit  it  may  necessary 
to  take  i  so  great  that  otben  shall  be  very  much  within  it.  Let  the 
•mils  of  the  <  terms  of  the  seYeitl  series  be  repn^sented  by  I,  If,  1",  &c. 
It  is  clesr  that  Z\  &c.,  are  a  letof  oontimious  algebraical  functioiis» 
finite,  rationalt  and  integral  with  respect  to  a.  And  the  values  of  vJP— 
(the  limit  in  question),  and  of  its  ?n  dift'.  co.,  do  not  difTcr  by  so  much 
as  0  from  those  of  ^,  1',  Scx"  ,  for  any  value  of  a  between  a'  and  a".  But 
if  there  were  any  di^coiiliauiLy  of  value  in  any  one  of  these  expressions, 
this  cuuid  uut  be  the  case ;  fur  the  discuuLininty  must  take  place  at  some 
definite  paint,  and  be  of  some  definite  amount.   If  possible,  let  a  be  tlie 


B 

S 

A 

abscissa  of  a  curve,  and  let  w^'U— &c.  be  discontinuous  in  value 
between  asa'  and  cts?a^.  Let  AB  be  the  arc  of  the  curve  y 
contained  between  those  abscissm,  and  let  FQ,  RS,  represent  the  dis- 
continuity of  value  of  y=tir^*^x  — &c.  Take  0  less  than  the  half  of  the 
discontinuity  QR;  and  let  the  dotted  curves  be  those  whose  ordinates 
are  always  greater  by  0^  and  less  !)y  0,  than  those  of  AB.  Then  PQ, 
KS,  by  what  has  been  shown,  lie  entirely  wiiliin  the  dotted  curves, 
which  is  impossible,  since  QR  is  greater  than  2S.  The  supposition, 
tharefore,  of  discontinuity  of  value  in  any  one  of  the  diff.  co.  of 

flrx«-a  -'Lim.(a"«i) 

is  inadmissible  as  long  as  the  series  which  it  represents  lenwins  con- 
vergent; whence  we  have  the  following 

Thkorkm.  If  A,  B,  C,  &c.  be  coefficients  independent  of  a  and 
following  any  law,  the  scries  A  +  Brt  +  C«*4-&c.  ad.  inf.  can  never 
change  the  function  of  a  which  it  represer>t«,  in  passing  from  one 
yalue  of  a  to  another,  without  becoming  divergent  in  the  interval  betweeu 
those  values  of  a. 

Hence  we  have  no  further  occasion  to  consider  the  possible  discon* 
tinuity  of  snch  a  series  ;  for  if  it  become  divergent  for  any  one  value  ol 
cr,  it  is  divergent  for  every  greater  value ;  and  the  discontinuity,  if  any» 
takes  place  in  a  function,  of  which  all  the  values  are  infinite.  But  in 
periodic  scries  (sec  next  Chapter)  wc  shall  have  occnsinn  to  use  th''^  test. 

We  now  see  a  reason  for  the  a])pearancc  of  discontuiuity  in  ncs  of 
other  forms,  which  does  not  exist  in  those  we  have  just  cousidcrtd. 
Looking  back  to  the  general  expression 

fwr-iejfLiro.^^;^^sr/*«+yjr.fts*+i'X.i«x.fM^x+&c.  ad.  infi^'^ 

we  have  seen  that  a'ji  ma^  have  difiereiit  limits  fur  diiicrcut  values  of 
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B«t  in  the  cue  before  in,*  cr'«»«+S/,« .  ««^jrs;r+fii, 

and  «e  ii  iiie  only  limit.  Iq  the  example  of  page  330,  the  diicoiitinuitjr 
aroee  from  (jr^-o)*  being  0  or     according  as  dria  <«  or  >a.  I  have 

now  carried  this  subject  far  enough  for  the  purposes  of  this  work ;  but  the 
same  conH'.isioii«  might  be  extendi fMrther.  It  is  nlwnys  true  that  a 
scries  caniHii  clrauge  its  equivalent  tuaciiun  without  pawiog  through 
divergency,  or  some  other  sin^uhiritY  of  form. 

1  uow  come  to  the  question  of  convergency  or  divergency,  considered 
apart  firom  tbe  connexion  betuven  a  eeries  and  ite  algemical  equi 
valent. 

Tbborvm.   If  P|H-Pt*f  •  •  •  •  >nd  Qa+Qt+ ....  be  series,  of  whi^b 

the  terms  continually  approximate  to  a  finite  ratio,  so  that  by  making  n 
sufficiently  great,  P„-^-Q„  may  be  made  as  near  as  we  please  to  the  finite 
(luantity  c;  I  say  that  these  series  are  either  both  couvergeut  or  both 


Begin  from  the  terms  1\  and  Q„,  and  let  P.-v-Qn— then  r,+P,+i 

+ . . . .  =:c.  Q,+ ^.4.1  Q.+i  +   And  since  u  may  be  so  great  th^ 

Cat  c»^u  ^^^^  De  as  near  to  c  as  we  please,  they  may  all  be  con- 
tained within  c±B,  where  0  is  as  small  as  we  ])lease.    Certainly,  then, 

<^hQ-+c,+,Q,+i+          lies  between  (c+^^)  (Q«  +  Qm.i  +  )  and 

(c~0)(Q„-|-Q,^.,H-  )  ;  or  P.+  lies  between  (c  +  ©)(Q,4- .  .  .  ) 

and  (c — (Q„4- .  •  •  .  )•  If^  then,  either  of  the  two,  P,+ .  . .  .  and 
Q.+  . . .  increase  or  diminish  \vilhout  limit,  or  approach  a  finite  Limit, 
80  does  the  oilier;  wluch  was  to  be  proved. 

Let  two  series,  in  which  the  limit  of  P.-r-Q:  has  a  finite  ratio,  be 
called  comparahU;  thoaein  which  the  same  limit  is  nothing  or  infinite. 


Theoubm.  If  (pn  be  a  function  of  n  which  increases  without  limit 
with  w,  then  4>n-^n*  may  have  a  finite  limit,  but  only  fur  one  vnlne  of 
c  ;  ever}'  higher  value  giving  dimmution  without  limi^  aud  every  lower 
value  increase  without  limit 

The  first  part  of  the  theorem  is  well  known;  the  second  is  thus 
proved.  Let  ^n-Hn*  have  a  finite  limit  L ;  then  if  /  be  poaittve, 
0A^}|Hr  ig  (t^n^n*)  x  n"^,  and  its  limit  is  L  x  0  or  0 ;  but  (0n-r-iif-') 
—  (0;i X 1/,  and  its  limit  is  L  X  x  ,  or  infinite. 

The  value  of  e  is  easily  found ;  for  since  v'-i-(f)n  takes  the  form 
oc -7-00,  when  rrrrx,  we  kviov*-  that  its  limit  ia  the  same  'that  of 
e7i*^-7-0'7J,  so  that  the  limit  ot  //0'//~<*0^j  is  unity,  or  c  is  itie  limit  of 
7i(P'/i-^fpn.  If  this  be  infmite,  then  ti'—^/i  has  the  limit  0  iur  i  verv 
finite  value  of  e ;  but  if  it  be  nothing,  then  n*-r-0«  increases  without 
limit  for  all  finite  values  of  e.  The  properties  of  the  limit  of  n'-7*^it, 
when  nscc,  may  be  readily  deduced  from  those  of  ^x-rC'^-a)*  in 
Chapter  X. 

Definition.  If  P.-f-Q,  have  tbe  limit  c,  let  PiH-.  .  .  be  called  higher 
than  Q,  +  .  .  .  .  ,  when  c  is  greater  than  unity,  and  lower  when  r  is  less 
than  unity.  But  ^vhen  the  ratio  increases  without  limit,  let  the  tirst  he 
called  lucoiupaiably  higher  than  the  second  ;  and  when  it  decreases  with- 
out limit,  incomparably  lower.  If,  then,  a  series  be  divergent,  all  com- 
parable series  are  divergent,  and  all  incomparably  higher  scries ;  but  if  a 
scries  be  convergent,  so  are  all  which  are  comparable*  and  also  those 
which  arc  incomparably  lower.  And  any  divergent  series  is  incom- 


divergent. 


•  Also  Kr=a,  fur=:FjP|  »*»a"*--'. 
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I  lui  ibly  higher  than  any  and  evci)  couvci gent  series.  All  this  readily 
lyiiuw*  I'rom  the  hist  tJieuicin  l»ut  uiie. 

Tbborbm.  The  series  .. .  is  convergent  vlien  t  » 

(no  matter  how  Kttle)  greater  than  unity;  and  divergent  when  e  ia 
equal  to  or  lesa  than  nnity. 

Firstly,  let  e  he  less  than  1 ;  then  the  sum  of  n  terms  of  the  seriea 
being   greater  than  n  times  the  least  of  them,   is  greater  than 

wxti~*  or  than  n'"'.  Htit  tins  increases  without  limit  with  n  \  con- 
»e4|ucutly,  the  sum  uf  n  terms  of  the  sariea  increases  without  limit,  or 
the  series  is  divergent. 

Secondly,  let  e  he  equal  to   unity;   the  series  then  consists  of 

4)"*"(i"^¥"'"T'^i")"*"'(*^^*  codingwith 
+  ^siKteen  torma  ending  with  » irtoch  is  eridently  greater 

than  l  +  -i-+2x4+4x4-+8X:j^  +  16x^-i-&c   But thia h»t it 

the  divergent  seriea  ^+"2"*" "5"  "'""2  '^'^^'2  +....,  which,  hcing  ex- 
ceeded by  the  series  in  rjuestion,  the  latter  is  therefore  divcrijcnt. 

Thirdly,  let  e  be  greater  than  unity ;  make  puicelfi  as  before,  and  the 
series  is 

which  ia  lesa  than 

,1,248 
and  still  more  lesa  than 

or  l+^+gLi+JTri+g^  +  &c.,  or  1  +  2  '  +  c  4- +  &c.,  where 

1  Y*' 

17=^— J-   In  this  case,  therefore,  the  series  is  convergent. 

Tbeomm.  If  f  II  he  1  function  of  n  which  increases  without  limit 
with  ff ,  the  series 

1.1.1.        .    1    .     1      .         J  .  ^ 


0(1)    5^(2)  '0(3)-  •4>(») 

may  he  convergent.  To  ascertain  whether  it  is  so  or  not,  find  e,  so  that 
ff-f^  io  fioite  when  n  is  infinite.  If.  then,  e  be  greater  than  unity, 
the  series  \^  convergent;  if  unity,  or  less  than  unity,  disergent.  But 
if  n'-^^n  he  mtmitc  for  all  Yulues  of  the  series  must  be  diveigent;  if 
nothing  for  all  values  dt  r,  cnnvcrm'ut. 

To  Uiid  t',  abcertuiu  tiic  limit  ui  «^>'/i-i-0rt,  when  /'  increases  without 
limit :  but  n'-i-^/t  increases  without  limit  when  »^'n-r^A  dimiuishes 
vritbout  limit ;  and  diminiahei  without  limit  when  n^'iH-fn  increases 
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withoat  liimt  So  that  the  complete  test  of  conTergcncy  or  divergency 
may  be  stated  as  follows : — the  series  \%ho8e  terms  are  redproeala  of 

is  convergent  when  the  limit  of  n^'n-r^n  is  greater  than  unity 
(in6nity  included),  and  ilivrrircnt  when  the  Fame  limit  is  unity,  or  IcSB 
than  unity  (nothing,  negative  quantity,  and  — x  being  inchided.) 
The  proof  of  the  preceding  is  obvious.    If  n'-r^n  have  a  tinite  limit, 

the  two  series  2      and  2  «^  are  eomparable,  and  are  therefore  con* 

vergent  or  divergent  together ;  that  is,  convergent  when  c>l,  divergent 
when  e=  or  <  1 .    But  if  the  limit  of  n'-f-0n  be  always  infinite,  or  that 

of  T^'^zzt  ^heo,  taking  e  <1»  the  given  series  is  incomparably  above  a 

<pfl  IT 

divergent  aeries,  and  ia  therefore  diveigent;  and  in  this  case  the  limit 
of  fi^ft'-r0n  ia  nothing.  But  if  the  limit  of  n*-H^  he  alwaya  nothing, 

11 

or  that  of -T- -5-— I  theft  taking  e>  1 ,  the  given  series  is  incomparably 

below  a  convergent  eeries,  and  is  therefore  convergent;  and  in  this  caie 
the  limit  of  n<t)'n-T-<fm  is  infinite. 

If  yn,  the  term  of  the  scries,  be  used  instead  of  ^n,  its  reciprocal,  we 
have 

EzAMPLl  I.    (a^-l)  +  (x«  — l)  +  (x»-l)  +  (j7-l)+  

I 

i,  w# /i     -  -  

Here  iim^sx"  —  1,  and  — n  —  =   ,  ,* 

The  limit  of  the  denominator  is  log whence  that  of  the  fraction  ia  1, 
and  the  series  is  divergent. 

EzAMFLB  IL  1  +*+ j*+a5*+ . . .  .iirjissaf"' ,  —  n  n  log  jr. 

If  T  be  <1,  the  limit  is  +oc  ,  and  the  scries  is  convergent;  if  arc  I  or 

be  >1,  the  In^iit  j«  0  or  — cr  ,  and  in  buth  cases  the  scries  is  divergent. 

A  negative  limit  denotes  that  sort  t  f  divergency  which  is  shown  iu  the 
series  14-2'+3'+. , where  c  is  posiuvc. 

Example  III.  •^+■^+5-^+ . . . .  ;  ^H='^il?**'- 

It  will  hereafter  be  shown,  that  when  ii  increases  without  limit, 
1*2 ,3  n  and  1.3.5  (2a— I)  ap|>roach  without  limit  to 

I—  ,  ^  * 

v27r«  "g*",  and  2  « 71"  r",  from  which  the  application  of  the  rules 
sho^vft  the  series  to  be  always  convergent. 

Example  IV.  F  (t + /)  •  a  +  F    + 20    +  = F  (r  +  w/) a" 

But   IusF(x+/»i+0=logF(x+«0  +  |^^|S|g.^  (0<i); 
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whence  the  Umit  of  f^^'  is  that*  of  If  this  be 

finite*  the  aeries  is  convergent  when  the  limit  of  nF  (x+Cn+l)!)-?* 

F  ( r+zi/)  is  less  than  unity,  and  divergent  when  it  is  greater.  But 
when  that  limit  is  unity,  the  convergcncy  or  divergency  of  the  aeries 
dependsi  agreeably  to  the  rule^  on  the  limit  of 


,     f  FCr-f(n.f 


F(x+nO 
I  1 

EzAMPLB  V.  y^^  ^^gyi  +  ^T^^t-^'  •  •  la always divergent when 

a  la  unitv,  or  less,  whatever  inav  be  ilic  valine  of  b. 

The  expression  the  limit  of  which  is  greater  than  unity 

whenever  ^fn  is  convergent,  may  be  written  as — nxdiff.  dialog  Y^/i. 
The  limit  of  this,  when  n  increases  without  limit,  is  not  altered  by 
writing  r  for  n ;  in  which  case 

— It  —  becomes —T- (log  V'S*)* 

f  n  an       *  ' 

The  result  may  be  stated  as  follows.   To  ascertain  whether  the  series 

i^"*  is  ottivorennt  or  divergent,  take  the  Ainclioii  yrw,  or  nny  more 
'S!rn]>le  ofic  ihe  ratio  of  which  to  f  n  ncitlicr  increases  nor  dininushcs 
v,\\]ii>\:[  limit  wlicn  n  is  increased  without  limit,  and  find  the  most 
coiivtikiciit  uf  tlie  following  expressions: 

If,  then,  the  limit  of  the  result  be  greater  than  unity,  the  series  is  con- 
vergent; if  unity  or  less  than  unity,  diveigent.  But  first  eiamine 
y(*^+I)H-yff,  aincethis  test  can  only  be  necessaty  when  the  limit 
of  this  is  unity. 

As  to  series  of  the  form  P,  — P,+P,— .  . .  .  we  have  seen  that 
they  are  necessarily  convergent  when  the  terms  diminish  without  limit. 
Consequetitiy,  the  series  is  convergent,  all  wliose  terms  are  positive, 
provided  they  can  he  represented  by  Pj  — P„  P, — ^P^,  P, — P^,  &c.,  where 
P,>P,>P^'&c.  But  this  last  is  not  altered  by  adding  the  same 
quantity  to  both  of  every  pair ;  that  is  to  say,  the  series 

P,+  A-C^,+A)  +  (P.-fB)-(P,+B)  +  (P,+C)-(P.+  C)  +  . ... 

seems  convergent  whenever  P^,  P«,  &c.  diminish  without  limit.  Thus  a 

*  The  reasoning  here  given  is  correct  only  on  the  su])po«.ition  that 

P(*t«^i-<'L)  ^      '  F(^x-f«/; 

appfOiicIi  tltti  same  limit  when  n  is  increased  without  limit* 

For  accounts  of  the  tests  of  convrrpency  up  to  the  proposal  of  the  prevent  one,  lee 
Pfijfe^^or  Peacock's  Report  to  the  Brttnh  /l$tociatian,  in  207,  fee.  of  the  second 

Volume  of  their  Reports;  or  Cfruneit's  Supplement  to  ii/uefeC$  IVirleiLuckc^MoLx. 
page  4]fi.  I  hsTSaaotlisr  proof  of  tbs  coiroelDeH  of  the  test,  founded  on  entirely 
diftflvnt  prioeiple%  which  will  appear  stthttr  io  the  sequel  of  this  work,  or  eliewberei. 
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series  of  alternately  positiTe  aad  negative  terms  may  apparently  be  con- 
Tergent,  eren  when  the  terns  increaie  wiAoat  Umit;  and  if  AsBsC 
&c.»  we  have  then  a  serieit  of  which  the  nth  term  (independent  of 
sign)  is  P,+ A ;  and  because  P.  dlminiahea  without  limit,  this  has  the 

limit  A.  And  we  might  certainly  suppose  that  the  preceding  series  can 
menn  iiothinc  but  P, ^P,-fP, — ....  in  a  diflcrent  form.  Is  it 
p08bil)le  tliKt  there  can  be  an  error  in  the  following  reasoning? 

If  P,  — P^  +  Pa—  ....  be  a  series,  which  may  by  suiiiininjj  its  tomis 
be  bronght  as  near  to  M  as  we  please,  then  ccriaiwly  the  ^lun  of 
Pi — P„  Pg— P4,  P4  -P«.  &c.  can  be  brought  as  near  to  M  as  we  please. 
But  P,-P,  is  the  same  as  P|+A-(P,+A),  and  P,— P,  as  P«+A- 
(P,+A),  and  so  on.  Itfollow»,then,thatP,+A— (P,+  A)  +  (P,4-A) 
—  &c.  can  be  brought  as  near  to  M  as  we  'please ;  or  that  if  such  a 
fseries  as  the  last  should  nccnr  as  the  answer  to  a  problem,  we  may  con- 
clude that  M  is  the  answer  required. 

I  say  we  have  no  right  to  draw  any  such  conclusion ;  and  the 
reason  of  this  is  contained  in  a  principle  which  cannot  be  too 
often  remembered  by  the  student  of  this  subject  Whenever  a  deduc* 
tion  is  made  from  purely  arithmetical  principles,  by  means  of  purely 
arithmetical  premisesi  it  must  not  be  extended,  without  proof,  to  cases 
in  which  the  premises,  or  any  of  them,  cease  to  be  the  objects  of  arith- 
metic. In  tht  ])rceeding  series,  Pi  —  Pi+Ps — •  •  • .  approaches  without 
limit  to  a  tixeil  arithmetical  qnnntity,  and  an  accession  to  tlic  number 
of  terms  taken  uhvii\i«  bnngs  us  nearer  to  a  certain  limit.  The  same  is 
true  of  (Pj— Pt)  +  (P»— Pj+ . . . . ,  each  term  of  which  is  compounded 
of  two  of  the  terms  of  the  preceding  series.  The  same  is  also  true  of 
the  series  whose  several  terms  are 

first,  P,-|-A— (P,+A),      second,  P,+A-(P,+A),  Ac.; 

which  is,  term  for  term,  identical  with  the  preceding.    But  tlio  same  is 

noi  true  of  the  series,  whose  terms  are  first  Pi  +  A,  second  P^-f  A,  third 

Pt+A,  Ac,  alternately  positive  and  negative.   For  since  P„  P.,  &c. 

dhninish  without  limit,  tJ&e  series  may,  by  proceeding  to  a  sufficiently 

distant  term,  be  represented  as  nearly  as  we  please,  from  and  after  that 

term,  by  A — A+A— A-i*  •  •  •    which  has  no  arithmetical  signification. 

Ill  2 
Thus,  if  we  take  1— 5-+-T — >  which  has  the  limit  -,  and  add 

3      5  9 

one  to  each  of  its  terms,  we  find  2 — - — 

J      4  o 

Let  the  terms  of  the  hrst  series  be  collected,  and  we  find  the  set  of 
1     3     5    11  21  . 
resulto  I,       ^ '  8  '  Iti'  32'       "*«ro«tely  greater  and  less  than 

but  perpetually  approzimsting  to  it.  Treat  the  second  series  in  the 

d 

1    7    5   27  21 

same  way,  and  we  find  2,  ,  j^,      &c ;  of  which  the  even 

2  5 
terms  only  approximate  to  --^^  while  the  odd  terms  approximate  to 

If,  then,  we  were  asked  which  is  the  arithmetical  limit  of  the  preceding 

2  5 

series*  we  should  have  no  mode  of  deciding  between  -rr  and 


I 
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In  the  preceding  theory  is  contained  all  that  the  bUidcnt  ncf d,^,  to 
eoable  hiiu  to  upuly  the  theory  oi  beries  to  quetitioiib  of  geometry  and 
pbyvtcs ;  and  I  «haU  now  recapitulate  the  principal  results,  desiring 
the  reader's  attention  to  the  summary,  aa  distinctly  marking  the  point 

tt  which  we  have  arrived. 

L  An  infinite  series,  even  when  arithmetically  convcfgent,  may  lie 
the  nrithnv.lical  development  of  dilTirent  functions,  of  one  for  one 
value  «jf  /,  or  set  of  values,  and  w.  wi.Mhvr  for  another.  Or,  the  ro7t- 
ituuilif  of  any  series  must  be  proved,  ami  noL  axsuinetly  (pntie  230.) 

2.  if  tlie  series  be  of  the  form  « 4- 6a; +  01*+  or  developed  in 

whole  powers  of  jr,  it  must  represent  one  function  of  or,  and  one  only, 
throughout  the  whole  range  of  values  of  for  which  it  is  convergent, 
(page  233.) 

3.  When  a  scries  is  given,  and  nothing  is  known  of  its  invclopmcnt, 
it  cannot  yet  he  used  in  any  case  in  uhich  it  is  divergent.  But  wlicn 
the  ?eries  is  j>rodticed  from  a  given  function,  the  necessity  of  ahaolntcly 
CDnsidcnng  a  divergent  series  may  1)C  avoided,  as  in  page  226,  by  using 
tlic  theorem  of  Lagrange  on  the  limits  of  Taylor*s  series. 

I  shall,  in  a  future  diapter,  consider  this  subject  further,  and  shall 
eosclude  the  present  one  by  giving  some  theoxtms  which  may  be  con- 
sideied  as  insirvmenis  ofoferation  merely,  not  giving  any  proof  to  their 
lesnlts,  eicept  in  cases  to  which  all  the  preceding  reasonings  will  apply. 

Tbborbm.   Let  ^s=:a+aiJr*f  <||J(*+*  •••<u^tn/ 

V^j=a6+«idtJ+ai 6,j:'+  . . .  .ad.  inf. 

Then  Vrj:sft^jf+M.f  x.jr+A»*.^"jr.^+A«6.f  . . ., 

whert  AA,        are  the  successive  di£forences  of  b,  obtained  from  6, 

6i,  &c 

N.  B.  We  hnvc  already  bad  cases  of  this  theorem  in  psge  225. 
From  page  19  we  have 

Substitute  these  lu  liie  second    i  u>,  which  then  becomes 

+A«*  (<i.+3%«+6a«4l"4- . . . )  J^+A»  b  (a,-f.4««4r+lO0,4«+.. 

+  

Hvw       0xs:«  +  /7,  r+fljj:*  +^'4'**  +a^^''  +.«.. 

2.3  .         «  •  > 

and  the  results  of  tKta  set,  substitoted  in  the  preceding  development, 
will  obviously  give  the  theorem  in  question. 

BxAMtu  I.    r-i-  =  1  +jr+ j»+ ....  (page  225.) 

1  —X  ^  • 


Google 


M  Dima&XXUL  AND  INTSaiUL  CALCULUS. 

Let  fx  =&4-friX+6,jr«+6>a;*+64  «*+•... 

Then  fjt  =-  +-  r,+7^  T5+>-i — 

*•    J*  jtf* 

ExAMPLi  II.*   log  (I  +»r)=«—  •  •  •  • 


,     6,0?'    6,**  6,jr* 


•  •  ■  • 


2*3  4 

ExAliPl^K  III.    Z»4-ll6|X+M^i-^Aii"  +  lt^^ri  ^-r— 


« 


Example  IV.  6+6,  +*»^+*«  2"374"**  *  *  * ' 


Example  V.  2.3.475'^ ' '  * 


and  ^'.iT+^^r^ 


2.3.4 


scot 47 16— A*  *    +  •  •  • }        ap^Ad.jp— ^+  •  • ')  " 

wlicre  the  differences  must  be  taken  from  the  complete  leriet  h,  6„ 
64,  &c*  We  shall  lee  more  of  this  when  we  come  to  treat  of  interpola- 
tion. 

This  theorem  ciuthles  us  to  give  a  finite  ex]irrs?«ion  for  Y'j">  whenever 
(fit  can  be  exprct^scd  in  a  finite  form,  and  6,  i.<  u  rational  iirxl  intcip-al 
function  of  71,  (page  83,)  in  ii^hich  case  A"'6  is  iiuthing,  for  aU  vulues 
of  m  which  exceed  the  dmee  of 

The  theorem  itKlf  will  afford  an  instance  of  the  trnth  of  resalta 
obtained  by  separating  the  symbols  of  operation  and  of  quantity,  as  in 
page  164. 

The  fivmbol  f  r  is  (1  +  A)"6,  and  the  whole  train  of  operations 
performed  ou  6,  to  produce  ab-^aibiX+aJftX^-^ .  • .  •  is 

{a+a,(l+A)*+a,(l+A)«Jt«+...,}6,  or 

•  Lrt  tlio  student  apply  thb  example  to  the  caM  of  Aial,  A*6»l,&c,^nd 

cxplaiu  thu  rc&ulU 
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or  *^*A+0"jr  J  A*+  . . . }  6, 

I  sow  apply  the  preceding  theorem  to  the  transformation  ol 

and  Aiaii0.x+6k«i]i2^.j*+^tsiD3O.2*+.,.« 

The  hrst  series,  writing  z  iur  (as  m  Ciiapter  VII.)  may  be  thui 
wtitteii: 

i  {M-^         ••a^  + .  • . .  }+5  {       -7+*.  ^- + . . .  ^  ^ 
or^  by  the  uie  of  the  theorem, 


and  the  two,  collected,  give  a  aeriei  of  temia,  each  htcnoi^  the  fym 

IfT  1 
(rri^'+^^^^   <^>- 

But  1  — 1— cob9— 4p  am  0. 


1  ssl— «coa9+xun9.v— 

Assume  1  ~ cob  0£::r  cos  ^,     sin       sin  0, 

which  gives      r*=l— 2jrco8  0+a;*,  tan0=r  

and  (A)  becomes  (since  1 — jr*=r  cos  0+r  sin  0 .  v^—l,  &a) 

(cos  md+V — 1  sin  m6) 


COS  ffi+ 1 0— V— Isin  m + 1  f )  i*** 
(cosmfi —        sin  md)  Of*  I 
(coafM^^+V^ainm+1 0)  r^j* 

_^       cosjx±V— 1  sina  %j.^/~r  •  /    ■  \- 

eoay^v — 1  siar 
wliciioe  the  preceding  ia 

{cos(iiid+m+]0)+v— Isiii(do*do.) 
+ooa  (do.  do.)'*-V —1  sin  (do.  do.)  }» 
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or 


TTnn  ; ,  mnkins?  m  stirresBivcly  0,  1,  3»  &c«»  and  adding  the  results,  ne 

have  tlie  fuHowing  Theorem  : 

If        r=<l-8jfcot^+a«)^  and  ^-stan-'^j^jj^^^ 

,    ,  /jr  sin  ©\         ,  /I  —  r  cos  0\ 

then        6 + 6i  COS  0 .  + 6,  cos  2^ .  2» + COB  30  -f  

1  iT 

=rtco^(^  l-Mcos  (t>  +  2^)  --+A'&C0B(2y-|-3<^)--3 

+ A*6  COB  (36+4^) -^4- * . . . 

r 

Fur  !ii?tnnco,  let  &  —  — A,-^  —1  ;  wlionro  A^i=rO,  A.^A  =  0,  &C.  ; 
we  iia^e  then  C08<^-rr,  or  (1 — j:  cos0)-i-r*y  for  the  sum  of  the  scries^  or 

=14-co8d.jp+cos20.a:^+cos3d.j^+'  • 


1 — 2jrcos9+^ 

lYhich  may  be  verified  by  page  1 25. 

The  transformed  expression  may  be  discoiitinuous,  for  ft  or  tau~* 
{jsin0-i-(l — JCOS&)}  has  an  in fimte  number  of  values,  one  of  which 
may  applv  for  one  value  of  tf,  and  another  for  another.  We  have  ahown 
that  no  oieoontinnity  can  hit  produced  hj  a  diange  in  the  valae  of « 
(page  23a) 

As  long  as  our  conclusion  preserves  its  present  form,  wc  are  warned  of 
tlic  circumstnnrfs  wliich  mav  ]iro(luce  discontinuity  ])y  tlie  explicit 
appearance  ot  Uie  ambiguous  syinhnl  tan"'.  But  if  wc  take  a  case  in 
which  the  ambiguous  symbol  disappcarSf  we  may  be  led  to  a  false 
reeulty  if  we  do  not  take  care  to  retain  all  the  ambiguity  of  the  original 
form.  Su|ipo8e9  lor  inttance,  9=1;  then  ain  0-3-(I^ooa^  ia  cot  j  0, 
or  tan(iir— 16);  and  0  is  therrfote  tan~*tan(J*— JO) ;  that  ia, 
any  one  of  the  angles  which  has  the  same  tangent  as  J  1f^^B.  All  tbeae 
anc:lc«  nro  iiirludcfl  in  the  furmnla  mr-f- i  ti* — \  "\v1iere  m  is  any 
whole  numljer  positive  or  negative  ;  whence  we  have,  by  substitution  in 
the  expression  for  the  transformed  series,  (since  rss  +  2  sin^  6,  whea 

cosd+^icos  2d-i-6«cos30+. 

cos  (mir-t- }  (ir— 0))        cos  (1mv+r) 
"       ±2iBini5  Tain' J© 


A'6co8(3m+l  TT-f  {ir+O)) 
±8sin"i0 


in  which  6fb  is  multlpllt  d  by  cos  (1+ 1  yn i—l  i^)-  Now  it 
will  be  found  ou  iuvestigaUon,  that  theae  coBineB^  beguming  from  the 
6rsty  are 
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4:siu(— Je),    —1,     ±ein^0,    +CO80,    Ifsin  ^  0,    — cns20,  &c.; 

the  upper  sign  being  used  wlu-u  m  is  even,  and  the  lower  when  rn  is  odd. 

^  e  have  then  an  ambiguity  of  sign  in  both  numerators  nnd  denomi- 
nators of  the  alternate  terms;  but  returuiug  to  the  uiii^inal  equutiong  of 
condition  (which  become  I  <—  cos  O^r  cot  ^,  tin  0sr  sin  ^  in  the  case  of 
jrssl)  we  see  that  if  r  be  positive,  sin  6  and  sin  0  have  Hha  signs,  and 
Coo^  is  positive;  that  is,  0  lies  between  0  nn  ]  ^  i*,  if  0  liesbc  twtcn  0 
and  and  <t>  lies  between  0  and  — Jir,  if  0  lies  between  if  and  2v.  All 
these  conditions  are  satisfied  by  making  m=:0,  or  any  even  number,  and 
the  final  result  is  as  follows : 

h        Ah        A<5f*in,\f)    A 'A.  cos  0  A^ftsinfO 


2    Uiu*i0'  8sin'id     16sin'i&  32sin*i0 


An  easy  verification  presents  itself  when  0sir;  the  preeedmg  then 
beoomcs 

-=2-4 +T- 16+ 3a~ ' 

whidi  is  a  case  ef  (B)  in  page  335. 
An  anslysis  of  precisely  the  same  kind,  it  being  remembered  that 

2  V^l .  sin  »ifl= — a"*»  shows  that  we  may  substitute  sinss  for  cosines 
in  the  series  obtained;  or  that  (r  and  0  being  as  beibre) 

ftiStnd.ar+AksinSO,       . .  »9^sin0  sin (0+90)  4* 

+A«6sin(ae+30)^-h...« 

If  6=6, =  . . .  .  =  1,  as  before,  we  have  sin^-r'*  or  xsinO-r-r*  for  the 
sum  of  the  series ;  or 


1— 29C0S6+«E* 

and,  m  the  case  of  .r=:  1,  we  may  find 

Ai  «m  6+6,  «n  20+ . . . .  tr-  cot  4  A— g-jr^ 


A'i  sin  0  cos  l  Q 

J  u. —  ■ 


lOsiu'i^'  32sin4a 


the  terms  of  which,  after  the  first  psir,  are  positive  and  negative  in 
alternate  pairs.  An  instance  of  ycrification,  though  not  so  simple  ss 
the  former  one,  may  be  found  in  the  case  of  d^^ir.  This  gives 

'  _h     /A«6   A'6_.  A^6\^/A«6   tPb  £i?h\ 
6*-*k+6.-  T~ivT~"*'T;+Vl6""l6"**32>/""'-*-' 

which  we  leave  to  the  student  to  vcrifv  by  means  of  the  separation  of  the 
symbols  of  operation  and  quantity,  lie  might,  however,  be  perplexed 
lij  the  reduction,  if  I  did  not  call  his  attention  to  the  equation 

TmomBii.  II  0«si»+avr+<9»i^+       « •  •  t 

S2 
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Then  ||^(«jr)+0^^^|=«»+tf|C«e.J?+fltCO»20,a'+ 

|0  ^^-^^1=      <»i  Bine.JT+flj Bin  20  .... 

where  2=5^^-^  The  student  can  easily  pra?e  ihiB  for  hunaelf,  and 
also  the  follo\^'ing  :* 

5  0  (*  ±  x)+  i  0  U  ±  - j==^±^'«.  COS  —  ±  ^3—+  •  • 

Let  ^j=loga:,  and  let  the  upper  signs  he  used :  we  ha^c  then 

1,    ,   .  ^.1,    /   .  1\   1       .cos^    cos  29.  00830 
-log  (^+,)+-log(^a.+- j=log*+^  


3x« 


,     (x*+  2s  CM  e+  l)i   COB  a   COB  26  ,  cos  3d    cos  40  . 
or  log.  

,  1    ,     x+z    «!n0  tin  26  rinStf  tin 40 , 

jr+e*^  _jr+cos6  +  V — 1  sin  0_cos  0  +  ^—1  0_^V5, 
jj+g"*    '    X+CO8  0— V  —  1  sind    COS0— V  —  lsin0 

in  which  :e+cos0srrcoB5^>  sinter  Bin  0,  or  ^sstan""*  ( -4— — ^  J  •>id 

(page  126)  log^^:s20Vii^+2nrV--l,  n  hcing  any  whole  num» 
her,  poBttive  or  negatiye*  Thia  gives 

,/  sin  0  \  siaO    sin  20    sin  30 

If  «rs    1,  then  0  is  tan'*  (--•cot  i  6),  or  tan'*  tan  (v—j^  6) ;  so  that 

,                          .        sin  20  Hnn0 
«*— J 0+ WIS' Bin 0  s  i  . .  .t, 

m  helng     jh  any  whole  numher.   Thia  simply  amounla  to 
«  A  i  ,  -  ,  sin  20  .  sin  30  . 

The  meaning  of  the  undetermined  quantity  7n  may  easily  l  e  shown. 
Tlic  second  side  o£  the  equation  is  pm'oc£fc,  giving  the  same  values  for  6, 
f^  +  2.T,  0-f  4:7,  &c.   Tt  also  vanishes  vinth  0,  mid  becomes  1  -  ■  .  . , 

or  It,  when  0=Jx,  und  clianges  firrn  with  0;  and  it  becomes  0  figaia 
when  0  — TT.  This  requires  that  in  sliuuld  =-0,  where  O  lies  between 
—  TT  and  +t;  but  that  in  all  other  cases  m  should  have  such  a  value 
as  will  make  0+ mir  lie  hetween  — ir  and  +ir. 

I  now  proceed  to  some  developments  and  examples,  part  worked  at 

*  T)MMthsonnisaMdaibIlMliBVS>toM.FtoiMOft. 
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len^h,  part  merely  slcetched  out,  and  part  proposed  for  exercise  with 
their  answen*  In  conaidering  these,  the  student  should  read  again 
careftilly  those  parts  of  the  preceding  chapten  which  are  cited* 


CRAmR  XIII. 

MISC£LLAlf£OUS  EXAMPLES*  AND  DEVELOPMENTS. 

1.  Required  the  successive  diff.  co.  of  Pi*,  P  being  a  function  of  x. 

Jns  The  first  is  f'(P  +  P'),the  second  f(P+2P'+P"),  the  third 
f(F  +  3P'-h31'  +F"),  and  so  on:  the  7/th  is  f  (P  +  nP'  +  w,l'"+ 
«^P'+.«»»+P^"0»  where  1,  «,  iVt»  »•»  &c.  are  the  coefficienis  of  the 

several  terms  m  (1       ,  or  1,  n,  n—^t  ^ 

2.  ¥iad  the  diff.  co.  of  PQ  the  product  of  tiro  functions  of  s,  Ans, 
The  nth  diff.  co.  is  PQf>+nP'Qt-«+n,F'Qf*^+  +P«. 

3.  Diff.  CO.  of  P"  Q-  is  I^"'  Q'-»  {mQP'  +  nPQ'}. 

4.  Diff,  CD.  of  ^  is  {mQP'-nPQ'}. 

5.  Diff.  CO.  of  6^Q  is  e''  {Q'+QF}. 

It  will  be  worth  while  to  retain  the  three  preceding  results  in 
memory* 

6.  (Page  63.)  What  is  the  diff.  equation  of  y=xipC€x)?  This 
gtres 

\%  here/r  means  9+<r0'^'"'dr,  and  ^"^x  is  that  Amotion  which  gives 
1.y=.e"  gives  |=.y-(l  + log  0 

8.  Eliminate  the  functions  from  t^^(y-\-ax)+^  (tz—aai)  oy 
means  of  partial  diff.  co. 

(y (y-ttt),  ^^=«^*" {y+«)+<»» ^'(y - 

therefore 

*  Many  theorems  of  priniiiry  importance  are  dediKtions  of  so  immsdiate  a 

character  from  the  prim  iplts  bi  fore  laid  dmrn,  that  they  Rrc  here  introduci'd,  con- 
trarji'  to  tha  usual  practice,  us  examples.  They  are  so  lur  developed  limt  uo  vtudent 
who  has  (uund  himself  able  to  folluw  the  preceding  portion  of  tho  work,  viU  find 
any  gnat  difficuitj  ia  completing  what  is  Isft  undoos* 
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9'  Elitninite  the  fimetioBal  iymbol  from  /^^^ 

Jy»   ^\dsij  dxdy*  dxdy  *\dsj'dx^* 
therefore  —   <i*tt    /  J««  V^^ 

10.  (Page  65  and  Chapter  V.)  What  relation  exisU  between  the 
two  (lifT.  CO.  of  //,  when  u  is  that  Ainction  of  Jr  add  y  wtdch  is  obtained 
by  eliminating  a  between 

0=3  x-i-^'a.y+y'a,  or  v-=sO 

11.  Eliminate  the  iunctions  from  zs:^  (y+<ur).yr  (y— or). 

12.  »=(«+y)**(i»-y')  gives  y^+,^=£u. 
18.  «*.+^  Bi«,  _  =0. 

(irihj    \     %?/  2  dxdy 

15.  Required  the  expansion  of  tan  j  in  powers  of «,  by  Madaann's 

theoiom. 

Let«=ctan»;  then  ^=:l+te«,  ?S=2tt~32ii+W 

^=sl6+  laOuH  240w^+  120w« 
j^=272tt4-  i232tt»+  1680tt«+120i^ 

g=:2W+3968««+ ....   f|^7»36«+ . . . .  g=7936+  • . . 
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This  expansion  (whicli  ii  of  grett  importanoe)  my  be  &ciUtated  by 

Let  ;  tben       f  (  —      -•xi  conaequently     can  have 

no  odd  power  of  or  eicept  the  first:  for  evety  odd  power  which  appears 
in  Uie  expaniion  of  4^  mutt  appear  in  ^~^(— iv);  and  every  CTcn 
power  in  Iietii=^;  then 

f  (m+3u'+3m"+u'")  =  «'"»   )=«<^. 

Make  jr=0,  and  let  the  values  of  the  function  and  its  diff.  co.  tlien 
become  U,  U',  V\  &c.  The  preceding  equations  then  become  11  =  U, 
U=l,  TT  +  2U'=0,  U+3U'+3U'':xO,  U+4U'+6U"+4U"'=0,&c. 
Or,  generally, 

U  +  nV'+n^  JJ"+   n  ^  Uf-«+nUt-'>=0  (A), 

the  labour  of  oiii^  which  ia  diodniabed  by  our  having  proved  separately 
that  V'^O,  U*80,  U'>*s(S  &c.   Let  n=2m4- 1,  which  gives 

UC-)«-m22^U<^«.«H^:^   

3  3       4  5 


lis  series  ezhibiti  the  dependence  of  the  terms  on  one  another^  after 
U** ;  but  the  series  (A)  is  more  eaaily  used.  It  gives 

U+aU'sO,  or  U'sK-i;  U+3U'+3U"=0,  or  U"=:|; 

U+4U'+6U"+4U'"=sO,or  U'''=0;  U+5U'+10U"+5U '=0, 

1 

or  U"=:  : 

U+lU'+21U''+35U"4^1U''»0j  or  V^s^]-; 

U+9U'+3«U''+X26U"+84U'*+9U^s=0;  or  U'^'^aa^i-; 

U-|-ilU'+S5tJ"+a30U*'+462U'*+l66U'«»+UU-s=0i  or  U«=~; 

oo 

T,..^^  691  T   n^*^    3617  u^_438()7 

^  ~  2730*  ^  -6'  ^  — 510'  ^  "'rya"'**'- 

Hence,  if  £it]  denote  1 .2.3.  •  * . . we  have 

f— 1""     2*"**6  2^30  [4j'^42[6j'"30[8j'*" 
Tiie  values  of  U,  \}',  &c.  are  called  the  numbers  of  BemomUii 
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and  thoiigli  tlicy  do  imt  fnllow  a  visibly  regular  law,  yet  the  con- 
nexion between  them  is  simple.  We  shall  in.  future  call  them  Bt, 
Bis  Bt>  Bai  &c. :  thus 

B,s=l,  B,=-^»  B.=^,  B.=0,  B^s-^,  &c 
11.  Required  the  development  of        by  Bemoolli's  namben. 


^       ?^=B.+ B,«+B.  ^ + (B,+ Bi.  2«+ Ac) 


r+I  t—l  e^-l  2 

pl-j=~B.-3B,  f  ~(2*~1)  B.^^-(2-~l)  B.  I^j-. . .  ^ 

"5    23"'"2[4J  2[6]'^*"' 

18.  Required  the  development  of  tan  x  by  Bernoulli's  numboi.  * 

(l+2B.4-6B.^+2(2^-l)B,^Il)  +  ,..^ 

tan  «=4r^2*  (2*- 1)  B,  ^ + 2«  (2*- 1)  B.^  - . . . 

in  which  the  law  of  the  terms  is  sufficiently  obvious.  Reduced,  this 
becomes 

Un.=x+-+_+_4.2335+.... 

19.  llcquired  the  development  of  cot*  by  BemouUi's  numben. 

*"«   3  ""45   945   4725  "93555 

2 

90.  Bcquiied  die  development  of -p-^-p;::; 
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itth  diff.  CO.      =   f*  ^ti+ittt'+n^^  »"+ .  •  • 

«th  CO.  w-=T«-(«-"«^+«^.^-. .. .)  {+: ;:  :tt} 

«*  iu  ( 16.)  U  +  n  '-^^  U" + n  2z2  u" + . . , .  =0. 

which  ii  troe  for  eTeii  valuet  of  and  there  can  be  no  odd  powers  of  x 
in  this  development. 

U=l;  U  +  U"=0,  (;rIJ"=-l;  U  +  6U"  +  U"=0,  or  U"=6i 
tJ*«s=-61,  U'^'sms,  U*s— 50521,  and on; 
2    _      «•    5a*   61j*   13853f  505213?'*, 


€•  f  2  '  [4]     [6]  ^   [8]  [10] 

21.  From  the  last  it  readily  follows  that 

,     j«    5x*    6\jf    1385r"    50521  r'"  , 

22.  Requited  the  development  of  p — 

[Why  do  we  not  attempt  to  dcvelope  l-rCf*— r^)  by  MacUuriu'a 
theorem  ?] 

Mf*— wr^=2r, 
f  (tt  +  u')+r'(w-**')=2  11=1. 

After  which  U  +  «^  ^  ^        . . . .  =  0,  which 

k  derived  from  odd  values  of  n,  and  gives  the  even  diff.  co.  No  others 
can  enter,  for  reawm  in  (20.) 

•    U  +  3U"=0,  or  U*=-i;  U  +  lOU^'+SU^'sO,  or  U"^^ 

"  21        ^  45 

2j   _      1  >r'     T  J*     31  3^     3^1  .t:*_ 


r-r"        3  2  '  15  [4]    21  [6]    45  [8] 
23.  FVoo)  tlie  last  it  follows  that 

'***^*^:^"*"32"'"l5  [4]''"21  [6]"^  45"  [8] 

(24.)  What  is  the  best  formula  for  approximating  to  an  arc  of  a 
circle  by  means  of  its  chord  and  the  chord  of  its  IiaU,  and  what  is  the 

OTor,  nearly  ;  tlic  arc  bcinc^  supposed  not  very  i^^rcat? 

L^t  6  be  tiie  anulc  (in  theoretical  units)  subtended  by  the  arc  S,  and 
a  the  radius  (unknown) ;  let  (J  be  the  chord  of  the  aio,  and  C  that  ;jf 

iU  hM   Then  Ss:a9,  Cs=2a sin  ~  e,  C=2a  sin  ^  9. 
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Let  j>C+<^C'  be  the  fonnula  required;  theii 

pC + gC'= 2a     ain  i  0 + ^  sin  i  0^ 
P    Q    I     P  .  Q     ^  1  8 


i47J«,  The  third  part  of  the  excess  of  eight  limes  the  chord  of  the 
half  over  tlie  chord  of  the  whole  is  nearly  the  arc ;  the  result  is  too 
small  by  a  proportion  of  the  whole,  which  varies  nearly  as  the  fourth 
power  of  the  arc,  and  is  about  1-1080^  for  an  ate  aabtending  an 
angle  of  51i^. 

25*  If  C"  be  the  chord  of  the  quarter  of  the  arc,  then 

iS  ^r"*"  20643840/* 

26.  In  ^(d;+A)=^x+0'  (jr+6A)»A  lequired  an  approiimatc  ralue 
of  e  (p.  78.) 

Asfiume  6=A+BA+CA'4-«»»» 

Then     <(>  (x+^)=*j:+c//jr.*+^^.^jp.W+*'"*.-^+*t,« 

C#^'«+ABr'x+^f^*=^ 

If  A  be  ■miB,  and  ^'jp  eontiderable  wben  eompand  irith  Jl^' 

nearly :  or 

27«  Required  x  in  terms  of  sin  t  (<=:8in 

V 1  —  sm'  a? 


«««« 


1 

3 
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lategrate;  _+__+...  .(A.) 

No  constant  is  necessary,  since  and  x  vanish  tocjetlicr.  But  this 
coDclusiou  cannot  be  universally  true,  for  the  drat  hide  may  increase 
-withoot  Umity  wfaOe  the  eecoiid  k  periodic,  going  through  the  shme 
cycle  of  ▼•I«ee  from  csSr  to  «s4ir|  Ae^  m  are  oibtained  between 

j*=0  and  :c=:2ir.  Some  errar  then  muat  exist  in  the  preceding  process. 
On  looking  through  the  process  of  page  100,  it  n  il!  he  seen  that  the 

definition  of  an  integral  cannot  be  mndr  inti lllL^iblo  if  the  function 
integrated  become  infinite  between  the  limits  ot  mu  izriilion.  This  is  the 
case  in  the  present  mstauce,  it  we  svipposc  the  result  to  be  true  from 

tfsOtoorsr;  since,  when  ^sj^v,  (1— «*)~^  ia  infinite.  Between 
SBs — and  «=:-f  j^ir,  the  preceding  is  unoljectionablet  there  being 

no  value  of  s  between  these  limits  which  makes  (1<— iF)"^  infinite. 

There  is  another  objection  to  the  preceding  result,  as  soon  as  r 
becomes  gn"catcr  than  ^  TT.  When  x  increase?,  after  becoming  £=^ir, 
then  5  (and  consequently  the  second  side  of  the  equation)  begins  to 
diminish ;  or  an  increasing  qnantity  is  always  equal  to  one  which 
diminishes,  which  is  absurd.   The  reason  of  this  is  that 

abonU  have  been  taken  negatively  when  cos  x  beoomea  negative.  Con- 
■eqntnti^y  after  ^rss^r,  we  have 


1  «•  Li^il 

2  3    274  5 


tlie  constant  it  being  introduced  becanae  drsir  when  «=0. 

Denoting  the  series  (A)  by  A,  our  final  result  is  that  when  r  lies 
between  —  Jirand  +J7r,  x  — A  ;  but  that  when  op  lies  between 
and  Itt,  jr=ir— A;  when  between    ?  tt  and  ^i",  «=:2ir-i-A»  &C.  ; 
i^iiich  may  be  all  included  in  the  follow  ing : 

Wh«iijrU«tbettr«en^fi-0ir  and^n+i^*,  « &s nv 4*  (-*!)* A« 

38t  If  M&liir  6r  assl,  we  conclude  that 

1       I  i  1   1  ,  1-8  1  ,  1«8.5  1 
T"^'^2  3  "^2.4*  5  "^2X6  T"*"'*'* 

We  proceed  to  aacertain  whether  thia  aeriea  ia  convergent  or  difOgent. 
29.  Gnutbg,  as  will  afterwarda  be  proved,  tbaC 

1.2.3*...n<4-Va^  n"**f- 

Ima  tlie  Bmit  unity  when  n  it  incteaaed  without  limit;  m^uiied  an 
expfcaaioa  which  may  be  made  aa  nearly  equal  m  we  pleaae  to 
1«S.5**  ««2ii^l>  on  the  aame  aoppoaition. 
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Let  l,2.3,«..iis:^/25^  n*^  e""  •<(»«»  m  that  ^nhu  the  limit  unity 
when  n  increases  irithout  limit.  Then 

1.2.a..2n=l.3.5..(2n— 1)  .2.4.6.  .3n=sl.8.5.,(2ii-l), 1.2.8.. n.2"j 

and  2**^n'*r""  is  the  expression  rcqiiirftl. 
3D.  The  series  at  the  end  of  (28.)  has  for  its  (n+  l)th  term 

1.3. 5. ...(2/1-1)      1         r+*ffr»^2li4-0w  1 


2.4.6  2/i     '2/1+1*     ^  J2v,ii^^  r\^n  ^"  +  1* 

^  ^*n^*(0n)«'2«+l' 

which  (since  027i  and  4>n  have  the  limit  unity)  has  always  a  finite 

ratio  to  n~**  Consequently,  the  series  is  of  the  earoe  charaeler  as 

^n"*,  and  is  convergent.  (Page  235.)  But  it  may  be  shown  in  a 
siniilur  manner  that  the  original  series  is  divergent  when  .<>  ] ,  in  which 
case  X  IS  impossible.  Here,  as  in  many  otlicr  cases,  a  scries  htcomes 
divergent  at  the  momeikt  when  its  algebraical  e\prei>8iua  becomes  im- 
possiDle. 

31 .  When  x  lies  between  n»  and  (71 + 1 )  t 

K"+T>-^-'>  r" + 2    +274—+-  •  /• 

Prove  th]S»  both  from  the  preceding,  and  also  independently. 

32.  Required  « in  terms  of  tan    (tan «=0t 

_       d.  tun  X     ^  _ 

e   e  V 

the  constant  bemg  nothing,  since  x  and  <  vanish  together.  This  is  true 
from  «s=— -j-r  t0  4?=-i-w,  or  from  <ss— «  to  /ss+ac,  though  the 

series  is  convergent  only  when  m  lies  between    ^  ir  and       w,  the 

former  exclusive,  the  latter  inclusive.    Generally,  when  j:  lies  bet\\ccu 
— ^)'^      0*"^^)'*  x=nw+tanx— ~  tan*x-f-«. 

33.  Tlic  following  series  mnv  be  ensilv  deduced  from  some  of  those 
which  precede,  that  they  are  left  to  the  student: 

,     .       ,  1  1  2  \    X*  2 

log  sin  ^=loga:~  —  - — 


8  2    45  4    943  6    4725  8    93555  1U 


•  •  • 
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'99  t  0 


HIM  .1' 

Verify  these  by  log  — ^^=log  sin  a? +log  cos  jr* 
I  now  give  some  examples  of  finite  differences*  (Chapter  IV.) 

84.  A»in*s:2co8^.r+i  Ar^.sin-i-Ajp; 


V  2 


A'  cos  j=  —4  cos  (x +20)  sin* 
A*  cos  xss    8  sin  (j;+3d)  sin'  b 
A^oos^^  16ooa(x+40)niK*9 


35.  Let  Aj;=£28 
A«sinx=-4  sin  (j:+2^).8in'0 
A*8m»=-8co«(j^+3d)  sin'tf 
A«smj=  16sin(.T+40).8m«O 

36.  Let  n  be  auy  whole  number; 

A^  sinj?=:  2*"  sin  (x+4nd)8in^e 
A*""  sin  Jf=  2**+»  cos  (*+4tt+ie)  sin*^'^ 
A*»+*  sin  jf  =s  -  2"+«  sin  (x + 4/t+2(?)  sin***  6 
A*"+  giu  J=  -  2'"+*  cos  {x + iw+Se)  »ia**+»  0 
A*»  cos«=  2*'  co8(x+4iiO)siu*"0 
A*^  cos  x=  -2*"*'  sin  (jp+5t+l0)  sin****  9 
A**^»co8  »=s  -2*»*"  cos  (jr+ijT-fSo)  sin**»*e 
A*^cosa:=    2*''^»sin  (j+4aI+30)  bin*''-^*e* 

87.  Required  the  successive  diiferenoes  of  the  first  term  of  the  series, 
(T,    1",   2*",    3",   4*,  (mapositivcwh.no.) 

tn=l    A. 0=1    A*.0  =  0    A\0=  0    A*. 0=0    A\0  =0 
m=2   A.O*=l    A«.0«=  2    A'.0'=  0    A*.0«=  0    A».0*=0  &c. 
mrsS   A.O^rsl    A«.(/=:  6    A».0^=  6    A\(f=zO    A».0»=0  &C. 
nsz4  A.0«=1   A*.0*s=14    AV0*s=86   A*.0*=24    A*.0*=0  &c. 

38.  The  fiillowini;  table  contains  the  diiVerences  for  the  first  ten 
pouci^,  and  the  same  divided  b)  2,  2.3,  &c. 


A 

A* 

A. 

A* 

A» 

A« 

A'' 

A9 

^10 

Ml 

8 
7 
6 
5 

4 

3 

I 

T 

1 
1 
1 
1 
1 
1 
1 
1 

..1 

sio 

S54 

126 
62 
30 
14 

6 

...8 
45 

55f>80 
18150 
579S 
1806 
540 
150 
36 
....6 
36 
750 

818520 
186480 
4(HS4 
8400 
1560 
240 
....24. 

8680 

5103000 

sail  20 

126000 
16M)0 
ISOO 
....120 
21 
3G6 
2646 
SS687 

164:^5440 

1905120 
19I.ViO 
15120 

15 
140 
10.iO 
6951 
4S5SS 

2%35-iOO 
23U8480 
141120 
...5040 
10 
65 
350 
1701 
7770 
8II06 

30-240tJO0 
1451520 
..  .40J2y 
6 
25 
90 
301 
906 
3025 
9890 

16359600 
>..3G2j<8" 
3 
7 
15 
31 
63 
127 
255 
511 

..3628800 
I 
1 
1 

i 

1 
1 
1 

1 

a 
s 

t 
? 

8 
9 
10 

A» 

A" 

A? 

A* 

A» 

A* 

A» 

A* 

A 

M 
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The  upper  half  of  this  table,  mcludiog  the  clotted  liues  and  all  above 
them,  give«  ^  diflsranoes  as  marked  at  the  top,  of  the  powen  •■  marked 
on  the  left.   The  lower  half  shows  those  same  differences  (read  as  in 

the.  bottom  line,  the  powers  being  on  the  riglit)  divided  bv  2,  2.3, 
2.3.4,  Sic  Thus  A»0«=  126000,  and  A*.U« -i- 2.3.4.'5=  1050. 
Tlic  following  will  not  be  found  in  the  table :  A'.0'-^2,  A'.O'-^'i.S, 
A* 0*^2. 3. 4,  &c. ;  but  (page  83)  each  of  them  must  beimirv;  for 
ar"  being  a  rational  and  integral  function  of  the  «th  dimension,  we 
must  have  A*.jfs9*8.. .  .n,  for  all  Talnei  of  x.  And  for  the  same 
reason  A".0"3s0  when  n  is  greater  than  fii. 

89.  (Page  19.)  jr=:0"+«.A.Cr+4P^iiA».0-+  

a»=j?+3.r  (r-l)4-  x(r— l)(r-2) 

j?+7^  (a?- 1)  +  Or       1)  (j:-2) (a!  - 1)  (J? -2)  (a?  -  3), 

40.  We  leave  the  following  notation»  much  used  hy  the  German 
mathematicians^*  to  be  explained  by  tlie  student : 

4?(4?+o)=j»»*      «(*+«)  (a:+2fl)=i*»*  &c. 

j«=.i*<-»   4r(x-l)=2*»-*    r(x-l)(i:-2)=x''-'  &c. 

1.2.3-P"    1.2.3.4=1*'*    1.2.3.  ...«=l-«» 

1. 3.5.7. 9=l*i*    1.4.7.10.18. 16rrl«'» 

(a?+n)  {x+2n)». .  .(m  factors). .  ..(;r+m-lfi) 
X* X  (j" + w)— > I •    !"+•  •  »ss  1" "  X  (m  + 1 \ 

41.  (Page  84.)  0-+ 1"'+ 2* +....+(«-!)"•  is 
Jj"=a?.0"+*  iZl£Z?  A«  0"+  ,  • . . 

2*=rlx(*-l),  2>*=i*(jr-l)+^^(*-l)(4:-2) 

(x-  l)+x  (»- 1)  (x-«)+i  *  (x- 1)  (jp-2)  (*-8) 

9f  «  O 

42.  Calling  guch  cxpreBsionB  as  x  {j:-\-a)  (ar+2a),  j"*  ' ",  &c.  faclot  itds^ 
t  is  required  to  deduce  x\  o^,  Ac.  to  lhctorials»  without  the  use  of  any 
general  theorem. 

1.  Let  X,  9—  \f  X— 2,  &c.  be  the  factor;  then 

a»s=j?  (jp— l)+4f :  j^=j*  (jr-  l)+;r' 

*  The  only  English  work  of  which  we  know,  in  which  the  siiidfliil  can  And  in- 
stances  of  t)u«  iw,.  df  this  mt  iti^Ti  '  which  htis  not  ffiuiul  favour  anywhere  l)iit  in 
Germany)  itj  is'ichuiwn'n   Essays  uu  th«  (Jombiaatorial  Aiialysu/'  Loudon^  1318. 
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=j(.r-2)  (x-U+ax  (j:-  l)4.jr^=:x  +  3r  (x— +  r  (t—I)  (x-2) 
«*=«»(a^l)^.l^==.r»(x-2)(4^l)+2J•(J-l)+d5'==a(4r-3)(«-2)(4;-l) 
+Sj(<r*^)(^l)+^(«*8)(x-l)-f  4x(iivl)  +9-^ 
ar(«-l)+x(d^l)(«*2)rsx+7^x-l)H-6:Kcr-l)(«.2)+c(«-l)(«-2)(^8^^ 
2.  Let  J,  j:  +  <i,  .r  +  '2rt,  &c.  be  the  factors,  then 

— 2f/  J  ( t  -f- «) — a  T  (  a:  +  a)  +  a^jc 
= j>(  r + a)  ( J + 2a)  -  3flx(jf + fl) + a'* 
« --.eaj:*' -^Ta*  a"  A 
a»-«*i*-10tfjf*«-+«5a«4!^'--15fl?jp»"+<ftr. 
If  0  be  negative,  all  the  tenns  will  become  poiitiTe. 

43.  Kequired  the  law  of  the  table  for  A"0%  (page  2i>3.) 

A\(r:=ii**-n  (n-l)«'+n  ....  tn.l^T^ 

A-M-'=n-'-(n-l)(fi-ir-'+(fi-l)  ~  (a-ft)"^'-.  .±1"-'. 

But  the  first  series  is  n  times  the  8ecwi4|  and  by  the  nature  of  differ- 
ences A'-M"*-'  IS  A''~*.0'""'-[-A''.0"'"*;  M>  that  we  have  the  foilowiog 
Bimpic  law 

A" .  O" = n  (      0— » +  A"  0"-') 

for  the  upper  part  of  the  table ;  and  for  the  lower 

A".0-         A"-'.0"-»  A".0*-* 

— 7  4-  nx 


2.3  n     2.3  7»— 1  3.3.. «.n 

Thia  ire  may  vmff  from  the  tablea  as  fbUowt : 

240=4(S6+S4)       1800=s&(120+240)  1863«2(d2+l) 
350:::4.6S-f90         801=3.90+  81  63ss9.31+l 

44.  To  form  the  diilcrences,  and  the  divided  dilicieuces,  of  0". 
Taking  those  of  0'*  from  the  table,  we  have 

A  .0'«=      1  A«.0'«=:    1022  A*0»»=  55980 

A*.0"=:1022  A'.0"*=:  55980  A^O'^rr  81br>20 

loii  57002  874500 

9  8  4 


A*.0"s52046  A\0«*slT1006  A«0**  8498000 
and  80  on  up  (o 

A'*0*<»rs  3628800 
A"0":r  0 


3C28B00 
11 


A'^0"nd9916800 

fjtt  the  divided  differenoes  be  aigniiied  hj  attaching  acoenta  insteid 
of  numbers  to  the  letter  A.  Thus  A"'0"  mean*  A*0»-r2.8>  A*'0*  k 
A^a"-s-si.3.4,  Then 


Digitized  by  Google 


25C  DIFFKRENTIAL  AND  INTl-GHAL  C  VLCULU& 

A'0»*=     1           A'^O^s:    511  A*'0»»=:;  93S0 

2A*0"=1022         8A*'0»*ss27990  0**=136420 

A" 0"=  1023  A"'0"=28501  0"=14j7jO 
aad  80  on  up  to 

llA'^O'^zrO 


A««0»=1 

45.  To  fuid  the  law  of  the  series  for  jT,  expressed  iu  factorials  of 
or— Of  4r— 2a,        In  (39.)  substitute  jr-t-a  for  jr,  and  multiply  both 

sides  by  a*, 

=ar  -+A^— " (r.aar-»'"^+A^— .... 

46.  Let  the  teims  of  a  aeries  be,  a(a+fr) (<i+2&). . . .(a+J'2>) 

the  first,  (fl  +  6)  (a  +  26)  (a  +  (jp  +  1)      the  second,  and 

(a-i-(i»— 1)6)  1)^)  the  7ith;  required  the 

differences  of  any  torn,  and  the  sum  of  any  number  of  terms  of  the 
series. 

Aa=6 

Aa(a4-6)  =  (a+6)  -a  (rt  +  i)=26  (a+6) 

Aa  (a+6)  (a+26)=36  (a+6)  (a+26). 
Aa  (a+6)  (<i+26)  (a+86)=46(a+6)  (a+S6)  (a+S6) 
Aa(a*-6)  (a-26)  (a-S()=r4&0  (o-fr)  (a- 26). 

Thus,  denoting  by  [a,  a+^^j  the  product  of  a,  a-f//,  «-f  2^>,, . . , 
ai-)-j:6,  we  have,  on  the  suppositbn  that  successive  terms  are  made  by 
changing  a  into  ii+6, 

A[flr,  a  +  x6]  =  (j  +  l)6[«  +  6,  «  +  .r6]  1 

j_ No.  oA  ^  /' Comm.  DiffA  ^  / Prod,  of  all  the  factors  U 
yactors/    \  of  factors.  /    \  except  the  lowest.  J) 

A  [a+^,  a+J*]=(«-y+l)6[<»+(y+l)6,  a+«6] 

A*[a+i/6,a  +  j6]  =  (jr-y+l)(x-.y)  6'[a  +  (y  +  2)  + 

A* [a+y6, a+ j:6]=:(i:-y+ l)(*-y)(4:-y ~ l)6Ua  +  (y+8)^,  «+J?6] 

47.  What  is  the  sum  of  the  series 

[a,  ci-^i'b]-\-[a'\-h,  «-i-(3/+  1)/^+  •••  •  -f  [a  +  o-^  "  +  0/  +  -^)  A]. 

Tills  (]>nir*'  S2)  is  the  functinn  \v1io«e  difference,  when  .r  is  chanircd 
into  x-\- 1,  IS  [a  H  (a.-  4- 1)  6,  «  +  +  1)  and  uhetlier  .r  be  changed 
into  j+  1  or  a  into  «+6  the  result  is  the  same  in  any  single  term.  It 
IB  also  denoted  by  S  [a  +  (x  f  1)/^,  f^  +  (y+ar+l)6]. '  Now 

(y + 2)  6  [a + 1}  6,  a + (y + *  + 1 ) 6] = A  [«+ «6,  a+ (y  4- + 1 
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but  by  the  hypothesis,  2)  [a,  a+t/6]=0,  since  there  are  no  terms  pre- 
ceding [a,  a-tyb] :  whence  making  x^—l»  we  have 

10  that  the  final  result  ia  as  follows : 

48.  Th^  following  intlaiieei  ahonld  be  complelely  edlTed  by  tbe 
pncnliog  proocaa,  aa  well  aa  by  ita  leanltmg  fermuk. 

^  5.6.7-1.2.3 
2.8+S.4+4.5+5.6S  ^-^  ss68 

x(dr+l)(x+2Kx+d)  0.1.2.3 

1.2.34-2.3.4+ . . .  +X.(j?+l)(x+2)=:-^^   ^  ^  J  

1+2+8+..., 

2.4.6.8+..+2i.(2j+2)(2jr+4)(2;c+6)=— ^  ^ — ^  ^  


49.  Required  l-+2"+. . . .  +JB%  or  X<i+ir. 

«Cj+1)  (2j:+1) 

Bot  2.  l«=0,  C=0,  and  2  (j?+iy=^  ^  . 
Again,  (39.)  (a;+ 1)-=  A0«(»  +  1)  +^  («+l)» 

An*"  A*  fl* 

2(*+ir— ^(*+i)*+^(«+i>*<*-i) 

+^(»+iM«- »)(*-«)+•• 

Compare  thia  with  (41.) 

50.  Required  the  aucccBsive  differences  of  1 a+;c6].   Aa  an 

inbUucc,  uke 

 1    !_  &c 

a(a  +  6)(a  +  26)*    («+6)  (a4-  26)  (a  +  36)' 
!  1  1 


a(a+6)  Ca+26)^<a+6)  Ca+26)(tf+3i»)    a(^/  +  6)  (a  +  26} 

8 
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Similnrly.  if  t/„  u^,  &c.  be  ia  arithmetical  progressioDt  b  being  the 
commou  ditference, 

^       1  t   1       _  fi'-ti.+i 


;  wbeneel  =  — r.  +C 


I— L-».    '   I_+c. 

51.  Required  x4^+54-lL+  ^ 


9.8.4  *  8.4.6  ' jrC^+iX^-f  2) 
-C  ^        '  111  1 


(a?+l)(*+2)(x+3)  2(x+l)(x+2)  22.3  2(j;+l)Cxt2> 
for  C  must  be  fluch  duit  S  mushes  when  j;s=1. 


W.  Inquired  j-J_  +  j^j-3+^_  +  ....«J^f. 

The  sum  of  x  terms  of  the  preceding  is 

5  I   1    1       1  1 

(»+l)(*+3)C«+8)(*+4)'     8  1.2.8  "*8  («+l)(df+8)(«+8>* 

ivhicht  when  x  is  mfini(e»  beoomes  \  ^ 


3  1.2.3 


1  J_^(_L  1_V/^_L  1_V 

8  1.2.3    Vs. 1.2.3    3.2.3.V  "^V,3.2.3.4    3.8. 4. 5/"^ 
1  .1 


1.8.8«4  2.8.4.5 

1:3.577+  8X7:9+  OXU  +    •  •  *0  ' 
2  1  1111 


(2jp+lX8*+8)(23P+5)(2«+7)~"6  1.8.5  6(2jr+l)(2jt+3)(2j-i-5) 

1  1 

and  the  sum  ad  infimttm  is  -  ,  „  ^. 

6  1.3.5 

£4.  Required  +  +(a+«6)*,  or  2Ca+(x+l)6>- 

In  (39.)  write  ^+^+^^  for    which  gives  (44.)  making  7=Ar, 

(ik+»4-  J       A  O*0fe+x+ 1)+ A"  0-*(A+x-f  lKi^4-^> 

+ A'"(r  (*+*+ 1)  (*+«)  1>+  

the  sum  of  which,  made  to  vauish  when  xs  —  1 ,  is 
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—J- AO-  (Jt  -1)  0"CA-2XA:-l).Ar~  .... 

Restore       for  *,  and  multiply  by  6-,  which  givee  fi»  2(a4-(x+l)^»)'" 

_-L  A0»  6*^  (a  -  6)  fl  — i-  ^"         C«  -     C«  -  ^)  « -  •  •  •  • 

2  S 

ThuB  for  . .  +(2f>- ir,  (o=l,  6=2,  xz=zp—l),  we  get 

2 


i.  AOF  2r-*  (2p- 1 .  2P+ 1)4-4^  A"(r.S*-»(3p-S.«p-  1.2p+ 1)+ .  - . 


— i-^0-2'-*x(-lxl)-4-^"0-2*-'x(-8x-lxl)-... 

55.  i'Vum  the  preceding  l«+3«+. . . . +(2/;- 1)' U 

and  l*+3'+  . . .  .+(2/^-1)'=         '  > 

whidi  may  be  thus  more  simply  deduced : 

(2/>+l)'=(2p+l)2;>+2/»+l  =  (2p-l)(2/J+l)  +  2(2/;+l) 

Tbia  muBt  vamih  when  p^O,  that  is  CsO.  Agai&t 

(^p+ly==(8p+l)^8p+(8p+lVa(%'-lK8p4-l).S;>H-l^.ftp^^ 

+  (2;i-l)(2p  +  l)4-2(2p+l)  =  (2/>-3)(2;)-l)C2/i+l) 

+  3  (  2;?  - 1 )  ( 2;;  + 1 )  +  2 .  (2p  - 1 )  ( -i/;  + 1 ) 
+8  (8p+ 1)+ (8p-  l)(2p+ 1)+2  (2ii+ 1) 
as(«p-S)(2p- 1) +6  («p- 1)        1)+4  (2ji+ !)• 
the  turn  of  whieh,  made  to  vaniah  when  p=0,  \n 

(2p-5)(2fi->3)(2p-.l)(2;;+l)     6(2/>-3)(2/.  -l)(2p+I) 
4.2  3.2 
4(2i>-l)(2p-fl)  _1 
8.3  8' 
Both  of  these  expressions  gi? e  the  same  results  as  before. 

56.  Required  exprestiona  for  AW<r*»  (that  is  for  A"0***-5-2-8.  •») 
m  terms  ^  n.  We  have  (43.) 

Let  A^'^iT**  be    (w,  d)  ;  wc  have  ibo 

8S 
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^(fl— OhP-l)* 

mfun  A  tefen  to  «.  Thii  gives  ^  (n,  p)  ^{a-^  1)  0  (»+ 1« 1>« 
Now  psiO  pim  A^>0*9  which  (pige  84)  is  s  I,  whence 

A*(«,l)=i(n+l)Xi,  or  *(n,l)=^/^C«+l)+C. 

But  A.O'^''  i«  ahva^^  ~l,  whence  aU  theie  eipieauont  hecome  unity 
when  nsl.  Hence  C=0. 

^  (n,  2)=(n+ 1)  0  C«+ 1, 1)=^  (n+ 1  )«Cn+ 2) 
♦    ^/    ox  .  (/*'"l)n(n  +  l)(n4-2) 

 5:8  574 

_C«4-l)'(^+2)(«"t-3)    n(n  +  l)'(n-h2)(H-f8) 

^^"^        8.8.4   ^       3.4       ^  2.4.6 

57.  From  the  la»t  it  appears  that  ^  (/<  j^),  or  A^"^0■*^  when  divided 
by  the  product  of  til  numbiesB  from  n  Co  n+p,  both  inclusive,  consists  of 
p  terms  of  the  following  foim: 

Reqmied  the  Isw  of  the  ooefficienta  A«)  Ai,  &c. 

These  may  be  easily  expressed  by  means  uf  the  following  p  quautities, 

u**  (or  1)',  A^'>  0'+'',  &c  up  to  A^^  0*^.   Assume  n  in  succession 

to  be  1,  2,  3. . .  .p  i  we  have  then 

A«o»+»_.  „.      A«0*+»     24«0'+'  A<'»0'+» 

At^)0*^'        ^t-'^O^'f'  A"U)'+'' 

giving  a  Uw  in  which  the  coefficients  of  the  binomial  theorem  will  be 
always  found*  We  have  then  (k  not  >p) 

68.  Apply  the  preceding  to  espreis  A^'^0'*'^, 

F^^= A.+ A|(n  - 1 )  +  A.(n- 1)(«-2)+ A.(«-  l)(n-2)(n  -  8) 
1  .  SI  1  25 


2.8.4.5      *    2.8.4.5.6    1.2.8.4.5 ''l  .2.3.4.5.6 
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_   8»   1   105 

^"3.4.5.6.7      2.3.4.5.6  ^1.2.3.4.5  [2,  7J 


4.5.6.7.8      8.4.5.6.7      2.8.4.5.6  1.8.8.4.5 

680  105 
^9.8.4.5.6.7.8*  ^^2.8.4.5.6.7.8 

Ai.)0'+«=Il^±i3  jsSfi+UOO  («~l)  +  840  {iZl}"^      (ii  ill' 

59.  In  ilie  preceding,  it  is  found,  that  if 

U,=:A,+ Ai«+Ai»  («- 1)+  . . . .  K  2]> 

then  [1 ,  k]  .A,= U»  -  AU*.|+ A       U*^- .  ^. . , 

provided  kKp*  This  also  ie  an  obvioua  oonBe^uence  of  page  79,  which 
gives 

U.sU,+ AU,.JI+^*  »  (ft- 1)+  

tHe  first  and  third  leriet  (Ar<|»)  contain  the  eame  number  of  tenas,and 
are  identical :  we  have  thien 

A*TJ  1 

60.  To  expand  (i'—l)'  in  powers  oli^n  being  a  whole  number. 
In  f  -  n4<— >+»  ^  e^"-*-''-. . . .  ±n^?  1 

the  coefficient  of  r-r'(l  .2  m)  is 

«*_n(ii-ir+n^^(f»-2r- .inr+O*. 

But  the  last  series  is  A^.O^;  and  this  is  =0  whenever  n>tR: 
wlienoe 

^^-2.8  ...«•' +2,3.... ii+r    +2.8.... 11+2*^ 

61.  Required      =  yj n      ^  -•s""'  •••(!>  terms). .  •  .dn, 

These  arc  easily  found  by  multi^)lication  and  integration :  thus 

n  —  -3- <^«= - 3n'+  2/0     = j  +  »'j • 

whichp  taken  from  nsO  to  n=  I,  is 
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1  /'I      ^  1 


But  at  every  step  the  difliculty  of  the  reductions  increases,  and  the 
follow  iiig  method  U  given  to  show  the  manner  in  which  the  process  of 
finding  a  laige  numbo'  of  succestiye  resulto  may  be  shortened, 

/(I+J)- rfn=(l+*)--hlog  (1  +  J) 

1  +  J?  ^  *** 


log<I+*)    l<ig(l+*)  log(l+*) 
(I+a?)"=:l+nj+n2^«»+nJ^2^«*+.,,,i 

or  V«  is  the  coefficient  of  4^  in  the  dertlopment  of  j»f>log  (1 or  of 


1 


j-p^^p— -,l+V.a^^V,^+V.^+  .... 

Clear  this  equation  of  the  fir«ction»  and  make  (1 -fV|j; +  *•  •••) 

1 — ^  J?  +  . .  •     identical  with  1,  which  gives 


( 


v.-±=o  v.=  1 

v.-iv.+lv.-i-=o  v.=  ± 

v,-i.v.-,.|v.-i-v.+±=o  v.=-  ^1 

1  1  „      1  «  .  I  1     „  „  3 

100 


2    "  8    •    4        5    '    6        7  •  6048O 

and  so  on. 

Ci2.  Rc(iiurcd  A"0.r,  in  terms  of  difT.  co.  of  0r,  the  scries  from 
which  the  dilFerences  are  derived  being  0  r,  0  (.r-f-//),  0(.r  +  '2//)»  &c. 

It  may  be  shown,  as  in  page  IGf),  that  A"0.r  can  really  be  expanded 
in  a  series  of  the  form  c/v^^"  .£./i"+Cii^  "  ^  x.A . where  a^a^^ 
&c.  are  independent  of  the  iimotion  chojen.  It  therefore  only  remains 
to  assume  the  Ainction  by  which  they  may  be  most  readily  fcnmd. 
Assume 

A-^=a^-Jj,  A*+fl.^t-+»>«.  A-+»+ii^<"+«>ar.A»+«+ .... 
Let^KTSf,  then  A<^xs=r+*-f r=(|»^l)e';  A'0jr=(g*-1)(|H*„I^ 
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and  so  on:   whence  A'^OP^Ce*— 1)" fi'.   And  ^^"^o? 
— =  whence 

or  (60), 

63.  Reauired  the  inversion  of  the  preceding  piooess,  or  the  eipan- 
sion  of  ^^•'dP.iii  terms  of  A^r,  AY^i 

As  in  page  166^  it  may  be  Bhown  that  a  series  may  be  assumed  of  the 
foQoiring  form,  in  which  a,  «h,  Ac.  are  independent  of  the  functioa 
choien: 

V.0<">«rsflA^^P+at  A"+»f»+a,  A'^V*+  •  •  •  • 

l<et  ^j;=£',  and  we  have,  as  in  the  last, 

A"  =:  a       i  )" + ai  (f  *  - 1     + a,  (e*-  D*''*  +  •  •  •  • 
Let  f*— or  A=log i  whence 

{ log  ( 1  +  2)  }"=a«- + fli  '^•*'+ Of   

whence  a,  at,  &c.  are  the  coefficients  of  the  expansion  of  the  iiih  power 

of  log  (I  +     or  of  the  nth  power  of  i;— ^  2*+ .... 

64.  Required  the  expansion  of  (1 + 6«+cj^+eJi^+/«*+ .  -  •  )* 
Let  vsP*.  then  P^=m/  ~;  or  if  ii=:1+B4p+Cj*+EiJ^+.... 

we  have 

(l  +  6j:+CJf'+....  )(B  +  2Cr  +  . .  .  .)3:»(1  +  B*  +  C*^+ . . ..) 

(6+ 2c*+ ••••). 

Devdope  the  mntiplications;  and  equate  the  coefficients  of  corresponding 
powers  of  <r»  which  gives 

Proceeding  in  the  same  manner,  and  maldng 
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«— 1  ft — 1  n— 2        a    .  . 

B 

£ = n«4- ii(.26c+iit. 
Frsft/i-fit  (2fo4*d>)+fic*SiPc-f 
G=:ii;+fh  (2*/+2c<?)+n,  (86*tf+86cO+fi^.  6» 
HssfiA + Tit  (26|r+2c/+e«) + n,  (36'/+  66cc-f  c»)  +  n,  (46'e  +  66«cO 

+  n, .  5!)*c  +  rig  b*. 

Though  this  is  a  good  exercise  in  the  n^ctlio  1  of  iiulcterminate 
coefficients,  yet  the  preceding  coefficients  (as  £ar  as  Ho:')  will  be  found 
more  easily  by  actual  development  of 

65.  Required  ^1+^^^+^^+  Jtor^^J^^J. 


tei  c-i  «-i  f=l  g-l  h=l 


3n+5 

„    1     .13     .1     .1  Ibn'+lbOn'+iSin+hOin 

^"  s  "+36""+4'^+Io"'=  ym  

_  1    11  .  n    1  1 

**  =  6  "+30''+4i"'+6"'+32"* 
„    1    .  87     .59     .7        5  1 
7  "+846"'+m"»+8i"*+48"'+e4"'- 

Changing  the  sign  of     we  have 

Verify  the  results  of  (61.)  by  making  »sss— I,  ^ 
60.  From  (63.)  and  (65.), 


•  •  • 


11  ^  1 37 

o  7  15  OQ 
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67,  Required  y I'y^dXy  in  tcnns  of  y^,  y,j      . . . 

the  differences  being  taken  from  the  series     yoH-m*  •  •  •   By  (61.) 

Applying  tiiis  result  to  the  several  intervals  into  which  n6  is  divided 
•bmi  we  have 

/ry,  <i'=(  y. + ^  ^y'"]^  ^'^'""^0      +  ••••)  • 


/SLi)«y«  <ijca=y(.-i>+  Ayc.-i)i— .... 

The  addition  of  which  gives 

/r y,  (ir=:|       +  i  SAy^- ^  SA'y^+  ~  XA^y..- . . . . }  ^ 

2A  y^=  A  yo+ Ay#+ ....  4*  A  y(.-i)*"y«»— yo 
SA'y.,- A*yo+ A«y,+ ....  +A«yt^|,.=Ay^— Ay,  &c 

/:'y,rfa-=:f^5yM+^  (y.*-yo)-^  (Ay,.-AyJ+^  (A-y^-A'y,)-.. 

68.  As  an  example  of  the  preceding,  let  y,^.r> 

^^^tsO+^+SO-h . . . .  +  (It- 1)  0^^  n  (»— 1)  6 
y^—y#=«©— 0=110;  Ay^=^,  Ay,=0.  A'yM=0,  &c, 
/r y.  rfx=:  1  71  (n- 1 )  0^ + ^      + 0  =^  0% 

which  may  easily  be  verified. 

69.  Rc(|nire(l        in  terms  of  y,  nvA  lis  difTercntial  cwfticicnts. 
From  (G7.).  making  /iGrr  r  and  6=1,  it  is  obvious  that  if  the  values 

oi  -l-y,,  &c.  be  substituted  from  (62.),  a  series  will  be  obtained  which 
may  ht  reduced  to  the  following  form  : 

2y^/'„y.^A»+P  (y.-yo)+P.  (y'.-y'o)+P.  (y'x-^"o)+ •  , 

where  y'.ssdiff.  00.  y«  and  y',  is  its  value  when  jr=:0»  &c.   And  Pi,  P^ 
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&C»  are  independent  of  the  value  of  jc  and  the  form  ofy^  We  miut 
therefore  choose  a  iuuotiou  by  which  they  may  be  detennined. 

Ut  y.=r%  then  Z«"=:l+f  + .... 
fr^dM^tLri,  y^^^tr^u 

Su1)ititttte«  multiply  by  a,  and  divide  by  ^-^l,  which  gives 

p-^ = 1 +Pa+ P,  a»+ P,  a»H-P,  a*+P4  a*+P.  «.  +  ... . 
(ie.>^|.^a+  -  -        ~  —  ^j-. . 

Hence 

"^422. 8.. ..6     3U2.3....8  **"66  2.3... .  10 

This  it  the  aeries  alluded  to  in  page  165,  and  it  might  he  obtained 
from  II. 

The  following  are  examples  on  the  subject  of  Chapter  V. 

71.  z:=(f)(x,y),  y=0(r,x),  or  z  is  the  same,  function  of  x  and 
y,  %vhich  y  is  of  2  and  .r :  required  nil  the  dilT.  co.  nf  this  system. 
There  arc  three  variables,  and  two  e(|uation8  ^  consec^ucntly  there  is  one 
independent  variable. 

First,  let  the  independent  variable  be  ;  let  ^  and  <f>^  denote  the 
function  of  and  y,  and  of  t  and  j?. 

dx     dx     dy  dt  dx"  dz  dx^'dx 

dx    \dz  dx'^  dv)  -y    dz  dy) 

dt    \dx  dy'^dx)  •  ^/     dz  dy) 
Secondly,  let  the  independent  variable  be  y. 

dy    dxdy    dy  "  rfs  rfy  cfx 
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dy     \      dz  dyj  '  \dz  dx  "^dl ) 

Tbtrdly,  let  the  independent  variable  be  z. 

dx  dz     dy  c/z'        dz     dz      dx  dz 

dt'^\     dx  d^/'^dx'^ dy  dx ) 

rfa    \c/x     dx  dz  J  '  \d£    dy  dx  / 
72.  *=**+y,  ye*«+iP. 

dx         dx  dx"  "  dx 

dz_  2x+l  4x^.f  1 

dx^  I— 1—22  * 

^                dz    ^  '  dx    ^  ^     ^  dz  dx 

dy       diy^  dy  dy 

dz^  2jr+l  1—2* 

<fy     1 4-  Axz  dy  ~"  1 + 4ap«* 

,    ^  dx    dy  <fy        .  dx 

dr^  1— 2z  dy^l-h^rz 
dz'2x^  dx^'2T-^l' 

Thk  example  is  given  at  length  to  illustrate  the  fact,  that  when 
there  ia  only  one  independent  variable,  whatever  the  ayatem  of  equa- 
tions may  be,  the  nlir^braical  character  of  the  diff.  00.  pointed  out  in 
page  54  remains :  Ihus  in  the  present  instance 

dz     dr^^      dz    dy__j     dy  ^^^^.^ 
dx  ^da"*      dy  ^dx"      dx  dy^ 

13.  0(-r,  V,  <t)=0,  which  requires  that  z  should  be  a  ceirtaiu  fuuc- 
tion  of  X  and  y,  implied  In  the  preeediog  equation :  required  the  first 
and  teoond  dift  co.  of  x  with  respect  to  x  and  y. 

When  there  are  (as  in  this  case)  two  independent  variables,  and  two 
onlyy  the  netatkm  ef  Lagnmga  ia  aometimea  eonvenient  t  or 

'^^Tx*  '^'~dy'     ~d?'  ^•~dxdy'  ^""dy*' 

hnt  when  a  function  has  Bcvcral  variables,  as  <^(r,  y,  ?)  the  partial  diff. 
CO.  are  exprefflf  f!  by  Latrrangc  thus,  0'(t),  ^'(j/).  and  0'(j),  which  ia 
objecuouable.   The  notation  us^  by  Arbogaat  is  fts  follows : 
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Dyfor^.  l^yfoi'^,  ^V^or^  &c. 
When  there  arc  several  variables,  this  may  be  modified*  as  follows : 
r>.<i>  for        Di0  for  D:  for  &c. 

Leavlnij  tlic  studcni  to  employ  either oftiNte  notatinn  u  •noeielMk 
I  irin  suppose 

"B''*  7x  P  dy-  P 

i.g=rM^-p^^^>p. 
={-(2--S£)-'S'4'-©K- 

f„/dP    MdPX   _/rfM  M<»I\\ 


=1 


=i'"(S*f)-''"-"'SK- 

"  VTx  Tz  dldi     \dz)  ds*    \djij  d«*J  '^[^dg) 
dxdy"    dyP~~  dxP 

^  lrfArfrcfyrf2'^rfy<ird*y   dxdydz*   \d2 )  dx  dy\'\dz  J 

d^^_d  N 

""1  dy  dzdzdy  \d^ J  dy*    \dyj  d3fli'^\dzj' 
74.  Show  from  the  preceding  Ihnt 

*  The  system  alladed  to  ia  pagt  198  (note)  eonststs  in  writing  cUy  for  ~ » &c. 

The  confusion  thorcl>y  introduced  as  to  the  fum!  imontal  meaninj?  rf  the  symbol  ./ 
is  reason  enough  ngsinst  this  ^stem:  had  the  cajntal  letter  D  be«n  substituted,  as 
by  ArbogaMt.  it  irould  have  had  some  clainis  to  be  used  coordioateiy  Irith  the  old 
aysit^  1  should  recommend  the  atiutont  always  to  use  the  common  ajtt4?m  ia 
OXprefisin^  r(>suUs  and  r«';i«ornn^  on  principles  ;  employing  the  one  now  explained 
to  shurtun  mere  processes,  whtu  the  common  notatiuti  becomes  ui  troublesome 
leagtfa. 
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dy  dz        dit  dx        dx  dy 


dz  d.i '  d  v  dij     dy  dz'  dx* 


dz*    \dydz)  , 

dS>    /  d^\*       Y's—  —  — —  — 
^  d»*  di^    \dzdx)  dxdjf'djfdz    didx' dy* 

d^*  d^    \dxdyj  dydz'dzdx'^dxdy  di^ 

73.  Show  th«E  =  pg+Q^give.P^+Q|-K|=0. 

7d.  Given  f  (p,  9»  r)=0»  wheie  each  of  the  three,       and  r,  ia 

a  function  of  all  the  three,  x,^,  and  z ;  required  ~  and  ~, 

dz^  / dip  dp  ^d^  (/(/  d^  dr\  /d<f>  dp  d<p  dq  ^ d(f>  dr\ 
dx  ""xd/)  dx     dq  dx"^  dr  dx)'*'  \dp  dz    dq  dz     dr  dz / 

in  which  .r  m;n'  be  cliyncred  into  y  tV.roiiirhont. 
The  following  ore  examples  of  methods  subservient  to  integration. 

77.  What  ia  the  value  of  the  diff.  go.  of  (x— tf)".0x,  whenxsn; 
^  atid  ita  diff.  co.  being  then  finite,  and  m  being  a  whole  number, 
atanding  foz  the  ittb  £ff.  co.,  we  have 

D* {iX'-uy\({>x}=z(Pi,D'  (j:— r/)"'4-A-0'j:.D*-» (jp-a)-+  .... 

When  T=:fl,  D*(x— a)*ia  =0,  whether  v  be  >m  or  <m,  and  only 
has  a  finite  value  when  v=:?nj  in  which  case  D"*.(«— a)*  is  [m]  or 

1.2.3....m.  Consequently,  when  k  is  <m,  the  ]wccding  always 
vunishci';  but  when  k  is  im+p,  o  being  a  whok  number,  we  have 

(whcu  i=a) 

D^'{(«  -a)-.  ^}a:i2±^jpti3 .  [m]  .^«a=;£i,+ 1,  v+m]  .^W 

The  preceding  result  maybe  tbtta OQufinned :  by Taylot'a theorem, 
and  multiplication  by  h% 

But  by  Maclaunn'a  theorem,  A«,  A|,  &c.  being  valuea  of  A^^Ca+A) 
and  ita  diff.  co«  when  AssO, 

A*  A* 
A- ^  (a+ A)=: A,+ A,  A+ At  — + . . .  •  +  A,»      + .  • . . , 

whence      A»+,s[m+p]  xt-T=[»+l»<>+"»3«^'*«' 

Ik-  a  write     a»  and  we  have  (■r-a)'*^;  and  A=:0  when  x=:a. 


a. 
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•78.  For  (x— a)*0.r,  A„  =  0,  A,  =  0,  A,  =  0,  Ag5=  1,2.3^ 
A4=2 . 3 . 4 . ^'fl,  A.=  3, 4 . 0  v>  'a,  A.=4 . 5 . 6  ^"'a,  &c, 

'79.  Beqiilfed  the  valaeB  of  the  fluocesiive  dift  «».  of 

Y^.r={Ao  +  Ai  (j:-a)  +A5  (x-«)*4- . .  4-A.„  U— «)'"+  }  0r. 

A]^pl  y  the  preceding  rule  to  Uie  seveial  termi  of  the  form  A«  (.v—  a)" 

aud  we  have 

ya  r=A«t#^tf+lA,«iM 

Y^'a=A«^"a+2A,<^'  a+1.2  Ag^fl 

y"<»9A«^''a+3A|^''a+2;3Aft^0  + 1.3.3  A.^ 

V'assA«^«'  a+4A,  0^'a+8.4  A«^'a+2.3.4  A,^a  +  K2.8.4  A«^, 

and  80  on,  the  law  Wing  very  obvious. 

80.  Having      and      two  rational  and  integral  functions  in  vhich 
"^x  is  of  n  lower  dimension  than  (j* — fl)"*  (,ir,  it  is  required  to  expand 
— into  a  set  of  m+l  fractions  of  the  form 


^»»{A»+ A,  ....  +A,-,  (jr-ar-»}  ^^Jm.  («-<i>-; 


and  every  di£  CO.  of  the  liat  tenn/jr  which  is  under  the  mth 

order,  vaniihei  when  vso.  Differeftttate  m— 1  times  following^  and 
make  s^a  in  the  results,  and  we  have  thus  m  equations  for  the  deter* 
mination  of  Aq..  ..A«.tt  pTOcisely  of  the  fonn  obtained  in  the  last 
example;  namely, 

f'a  —  Ao  (ft'a +Ai<pa         or  Ai^^f'a        ^'^f  &c- 
One  difierentiation  mote  givea 

y-'a=  t  Ao  0*'"'a+ wA|  ^^"•"»'fl+  ....}  +  2.3  mfri, 

whence  fa  is  finite  or  nothing.  Conscqncntly  fx  is  an  integral  and 
rational  functinti  of  ,t  ;  for  it  is  the  dili'erenrr  of  l^vti  ^uch  functions 
divided  by  (a  — a)"*,  which  cannot  hv  finite  or  noUiiiig  unit  the  numera- 
tor be  divisibls  by  the  denominator.  Aud  fx  may  be  found  by  the  opera- 
tion jott  indicated. 


Cj-1)*C**+1)    i^-^y    C«-l>'    Cr-l)"    *-l  ^**-t-i 


(«— a)*^    (*-«r  (*-«)' 

This  equation,  cleared  of  fractions,  is 


3j«   A^   A, 
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2=/U.2  A«=l 

3srA,.2+A|.2  A,=~ 

2+Aj.4+A,.4  A.=5 

6=         A,.6+A,,12+A,.12  A.=  -7 

4 

4  r-l  "^4  • 

82.  To  perform  the  same  process  oti 

(j*-ey')-i-(jr-2)"(ap-l)<(ar-8)(j?-5). 

The  labour  of  suc)i  a  process,  which  is  considerable  when  there  are 
many  factors  in  the  deoonunator,  maybe  lessened  by  previous  reduction, 
aa  follows : 

Let   — .   4-- —  -4  . 

(x— 2)«(2— l)"(x— 3)(j— 3)  ~C»-2)V-1)'  ^d?-5 

Multiply  both  sides  by  d?— 5»  and  then  make  xszb^  which  gives 

125x-l_«       ^  125 

81 

Multiply  both  sides  by  x  — 3,  and  make  4r=:3,  which  gives  A=-2-, 

o 

and  the  fim  two  diif.  Co.  of  the  latter  term  vanish  when  ^sfi. 

then  sinca  we  need  only  two  dill',  co.  to  determine  Ac,  A,,  and  Ai,  wc 
may  use  j*  — d-c'  instead  of  the  Bccoud  side.  To  det*;raiine  A«,"&c.,  we 
■hall  have  to  differentiate  P  twice,  and  make  i  we  have  theo» 
neglecting  the  terms  which  must  vanish, 

P  (jr— 8)(«-5)=5af*-6«»+ .... 

P'(x-8)(x— 5)  +  P  (2x~b)=4jt*-18x"+.. 
P"  (r- 3  )  ( 5)  +  2P'  C2a-8) + P . 2=  12x« -36ar+ .... 
Or  making  x=2, 

8P=-82,      8P'-4Ps=  -40,      or  P's5-^» 
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Hence,  to  deteroiine      &c ,  we  have  y^xsP,  ^x=(j:~1 
32 

(19.)  ^=A. 

248     .        .  A 

—      g      =At«»+A|  illS— — 

2008  880 
-=  A« .  2 + A» .  4  +  2  A.  A,=:  — 


^   .   ^ 

56     1      880   1         /X  ,^ 


(j-2)Xr-l)*        3  (x— 2)'    9  (x— 2)*    27  j:~2  '  (x-1)* 
Again, Miume  +^.. 


When  the  ktter  term  of  P  and  of  ita  fiiat  diff.  eo.  vanish ;  and 
pcoceeding,  aa  before,  we  have  (when  «s0)' Yr^sP,  ^ss(«^2)*, 

P.8ss^5 

P'.8-P.6=-14  ^-^'^ 

(79.)         -±=:B.(-1)  B,=ti. 

-LJ=:B..8+B.(.l)  B.«:^^ 


(«— 2)»(x-l)*    8  («"!)•  •  32  or— 1     (t— 2)' 

But  since  (/)  and  (/,)  are  identical,  the  form  makes  it  obvious*  that 
the  indeterminate  functional  part  of  each  is  the  determined  part  of  the 
oilier:  1 'fitting  these  determined  parts  together,  with  the  two  IVactions 
%Yhicii  w  ere  separated  at  the  commencement  of  the  process,  v^  t  have, 
as  a  hual  result, 

J*— ex*  _^32  1^  56  1 

(^-2>»(*-l)"(«-3)(j— 5)""    9ix-2f     9(z— 2)« 
380    1       5      1  181    1       81     1       125  1 


27       2  •  8  («-!)■  '  82«— 1  '  8       8  864 

83.  Given  f/>j  =  (j:  — a)(x — b){x — c)....,  where  uo  two  ui  a, 
are  ct^uul,  required  yrx-T-^x  in  the  following  form, 

fx       ^  A   _^  B        C  , 

wx  heing  the  integral  part,  if  f  J?  be  of  higher  dimension  than 

If  (px  be  also  given  in  its  expanded  form,  Xn-{-pjr~^ . . . common 
division  will  nscertain  rrj  better  than  any  other  method;  but  if*<^r  be 
no  otherwise  known  than  as  the  product  of  x — a,  x — 6,  &c.,  the  process 

*  That  b,  wkcn  !•  in  Am  fint  idttonee  of  a  lower  duneotion  tlian  th«  deno- 
minator. W'et^  it  ofhLn\vise,/j-f-'j  —  I nn(l/j  (x  — 2/ would  each  contjiiu  tho 
intej^ral  purttou,  be^dua  the  iVactioual  portion  of  tlie  Ollut«  Tllis  ^'^*T^^Tf  1  poctian, 
if  aay,  uiu^  be  found  as  in  tl)e  uvxi  auuujfle. 
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of  involution*  will  be  more  convenient.     If  V'.rrrM  r'^-f  M,x'""*  + 

M,x— •+  division  by  a:— A- will  give  Ux'"-' +  (^\k  +  ^^,) 

(M^'  +  MiA'+M,)ar''*+  . . . which  gives  the  following  rule  for  »uc- 
cesiive  division  by  x — a,  x — 6,  &c. 


M 

M, 

M. 


• 


M 

P,6  +  N,=P, 


• 


M 


Go  on  in  this  wuy  until  the  divisors  are  CN:hausted,  taklni;  only  so 
many  terms  in  each  coluuai  as  there  are  cociiicieut:>  in  the  quotient  to 
be  determmed. 

Thus,  to  find  the  integral  portion  of  ^--^^-^x  divided  sucoeitively 
\sf  *— 1,  *— 2,  and      3,  we  nave 

Am.  ur*+ 6x«+25x  +  89 :  the  ftr&t  column 
contains  the  given  coefficients ;  the  eccoud^t  those 
after  division  by  «  —  1 ;  the  third  after  division 
by  x^'i  \  and  the  fourth  after  division  by  3. 
The  blanks  show  where  work  is  needless. 


I 

1 

1 

1 

0 

1 

8 

6 

0 

1 

7 

2& 

-1 

0 

14 

89 

0 

-1 

0 

For  the  fractional  portion^  tnultsply  both  sides  by  jr— a,  and  then 
make  xsa,  which  gives 

Asst  r  i  sunilarly,  B=7T— rrr — r— 


(c--a)(c-6). . . 


84.  Required  the  decomposition  of  (i'  —  4 J:^  Ss*  —  2i*)  divided 
by  the  product  of.x— 1»  * — 3,  j + 5,  * + 7, 


1 

8 

-5 

1 

1 

1 

1 

1 

1 

-4 

-3 

0 

—  5 

-12 

3 

0 

0 

25 

109 

-2 

-2 

-2 

-127 

0 

0 

0 

0 

(l-8)(l+5)(l  +  7)     48'  (3-.l)(3  +  3K3  +  7) 


81 
60 


•  f>ee  llie  F^nnp  Cf/clopttilia,  arUcla  Involution. 

^  It     an  a  lviTit  i-f  t)f  this  pioccit}  tbttt  the  us«  of  the  diviior»  10  s  Ui Arani 

ortlet  will  kcrvc  iui  wiiiicatiun. 

T 
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 ^(-5)  _   75S25  V/(-7)  674681 

(-5.1)(«5^8){-5+7>-  48  '(^l)C-7-8)(-7+5>"  80  ' 
wlMDce  the  finil  tciult*  is 

^  =x'-iat»+ 109a?- 890+-^ 


(x-.l)(x-3)(x  +  5)(jr4-7)  '  '48*-! 

81     1        75G25     1     _^(i746Sl  I 


.  80a:-3       48  80  ar+7' 

85)  Such  a/l  example  .at  that  in  (82.)  may  be  reduced  to  a  succes- 
sion of  toch  operationt  as  the  preceding,  in  the  following  manner.f 
First, 

 1*— 6j»  ??_L. 

(or— 1)(« - 2)(jf— 8)Cx- 5) ~     8j:— 1     3  x— 2     4  «-S 

125  1 

24  jr-5* 

Divide  both  sides  by  {x — 0  C-^'-'S)*!  and  take  the  resulting  fractious 
aeparately. 

(«— l)(j-2)      «-2  1 
1  1  1  11^1 


(«--l)(x-2)«     (a:-2)«    (j?— l)(j-2)     Cj-2)»    a?— 2  1* 

1     ^  1 


(»-l)'(x-.8)'    (*-2)'(*-l)    (,-8)(4r-l)  (*-!)• 


(x-2)«    J?-2  'a:-l    x— 2  '  x-1    (x— 1)* 

*  The  ealeuUttoni  ef  4  (3),  ^^  (  -  5),  >^  (  -  7)  fthoiild  b»  perfimnid  hf  involation : 
and  the  saffst  \)\nn  is  to  put  down  ereiy  tlvp of  llw  voffk.  Tlni%  for  4*     0«  tht 

compicto  calcuUtioo  is  ax  foilovs : 

I 

-7-4=-ll 
X-  7 


77+3=80 
X-7 

 -7 

<  4-3934 

— 
—27538 

-7 

4-192766 
-7 

f  Tliia  exiuupl«,  though  juulix,  is  iutigduccU  as  a  succtiMion  of  siiupk  «xampl«t 
of  Um  pa'cedtog  cosw. 
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5  1  5  5      1         5  1 

8  (*- -2)«  ""8  "  4  ar-2    8  (x— I)*  '^is^V  " 

Thirdl^f.  — — -  =-  —  — - — 4 


32  1    82      1        32      1        aa    I      82    1  - 

3  (jr— l)(x— 2)»""  8  (Jt— 2)«'*'  3  (j^-2)«^  8       a"*"  8 

Fourthly, 

1  111 


(*— !)(«— 2)«(x— 3)~"(«-2)«(*-8)  («— a)(j?— 8)^(*— l)Cr~8) 
 I  1_  1  _1    I  11 

(j— 2)(jr-3)  "^x-a     X— 2         (x-l)(r— 3)  ^2x--3    2j— 1 

I  1  1  111 


'  1   111  1  1 

(i^l)(x— 2)«(jr— 8)       (J— ay"*"  2  4?— 8  2x-l 

81  1   81      1        81  _1  ' 

4  (X— IXjp—  y(x— 3)"""4  (ap— 2)*     6  jp— 8  8 

 1  1  I  1_  

(x- 1  )(x  -  'Zy{£-  5)  "  (x— 2)*(a:— 5)    (x— 2)(x-5)    (x- 1 )  (x— 5) 

 1_  _1_1  1_1_  I  1111 

(aF-2)(jp— 5)'"3x— 5    3«-2      («-.l)(ap-5)'"44r-5   4x— I 

 1   I      1         1  1  

(x-2)«(a--5)'~    3  (x-2)«  "*"3  (x— 2)(x-5) 

_     1_J   i-i-  -L.^  JL^ 

8  (x-2)«  ""9  «— a  """S  «— 8 

1  1    1    4.?JL4._L.i  iJL 


(x-l)(x-2)*(x~5)       3  (x-2)*    9x-2    36x— 5  4x-l 

125   _125      1         125    1  ' 

24  («-l)Cx-2)'(«-.5)     72  (x— 2)«    108  x-2 

125    1       laft  W 
"864jr-5  ■*'864*-r 

For  a  moment  let  P„  P,,  P.,  and  P,  Btand  for  x—  1 ,  x— 3,  Ao.^  and 
collect  the  five  results,  which  gives  for  the  original  fraction 

^^ilH+Slp^Slp  .  125        125        125  125 

T2 
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=  •2?       56       380       5       1£1  81 

flie  same  at  before. 


86.  It  is  required  to  decompose  yjr-S-(4^— 1),  V  ^i^8  ^^^'^'^'^ 

of  a  lower  tlmn  the  7/th  degree. 

Let  u  lie  a  primitive  n\\\  root  of  unity,  (page  130,)  then  all  the  roolA 
are  I,  ce,  a". . . oud  by  the  preceding  method  (with  page  130) 

y^X    _Yrl     1        a-^a    1        cr>a«     1  /^-'l's,— »  1 

^— 1      II  jr— 1^  II  «— ft         a'"^*"*"^      n      »— o^"* 

JLct  yx=Co+C|X+ . .. . +C,_ix"~',  and  let  cos/ii  +  V— 1  sin /i  and 

C08/i— V  —  1  sin    he  two  of  the  7/th  roots  of  unity,  /i  being  a  multiple  of 
:  cu]\  these  routs  r  and  r'.   The  two  iactors  belonging  to  these 
roots  are  then 


ft 


2 (C» cos /i-t- . . .  +C.,t cos J— (C^+C ,cos^i4-. . .  +C._|Cos(yi  —  1)  fi) 
n  2  008/4.^4- 1 

87.  Rcqttired  (2+4*)-^(j*-0*{2«'*^6  »  »  degrees  60^}, 

C,s2,C«sl,  coB60*>c=cos5*60**s=i  cos2.60«s=coi4.eo**s-- 

^  2 

.  24-J*_l  j  1  J  1       1         1  1 

1 ''2j:-1  ""5*+!    2*«— j+1  2j^+«+r 

8S.  Every  thing  being  as  before,  except  that  the  denomioator  is 
1,  fi  must  be  one  of  the  odd  multiples  of    and  we  have 

yf/x  ^    ay^a    1  1  yfy  1 

ft 

where  «,  /3. . .  arc  the  n  nth  roots  of  ~  1.  These  rttYi  roots  are  odd 
powers  of  any  one  of  the  primitive  roots :  ibr  instance,  if 

a=co8~+  V— 1  sin 
n  n 

the  other  roots  of  —1  are  a\  a*. . .  .a*""*. 

89.  Every  corresponding  pair  of  roots  of  the  form  C09ft±*/~l  wmfg 

give  in  tlit»  (U-composifinn  a  fiiictioii  i)f  the  same  form  as  the  last  in 
(86)»  with  ita  sign  changed :  thus  (/a  denoting  it-i-n) 

 2  cos  (m-f  1)  /<  ..r-cos  m^i    2  co8(3m+3)/i.f  -  cos  Stnfx 

1+*^"*    n     X*— 2cos;i.:r+l  T'— 2cos3;f.j}+ 1  ^'•» 

the  number  of  such  fractions  being  half  of  n,  when  n  is  even,  and  of 
n—  1  when  n  is  odd :  but  in  the  latter  case  there  is  the  additioi/al  frac- 
tion (-O^+'-Mi  arising  from  the  real  root  —1, 
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on     JiL  --^^l£nL  4.  J:  ^lLlIL. 

The  following  are  exercises  in  the  methods  of  integration.* 

92.  To  integrate  x"'(a  +  6x)*dr,  in  all  cases  which  present  an 
olmoiia  method. 
First,  let  n  he  a  positive  whole  numher,  as  in  ^  (a+bx)^  dr^ 

fx*  Ca+  bxy  dxsrf  (a»  j;* + 3«*  bj*^^  j*i-b'jL')dx 

5      •  11 

/x*(a-j:)«dj=~^  ^ 

SecoTKlly,  let  m  be  a  positiTe  whole  number,  as  in  3^(fl-\-bxy*dxt 
assume  a  4*  bx=zy  i  then 

.    /—       3  ~   4  12  t 


2rtr*  Sa*x  16a*\ 
~35  ""105  ""'105/ 


Thirdly,  when  both  m  and  n  are  negative  whole  numbers,  as  in 
*~^(a+       tfj.  Assume  xrs  1-s-y,  which  gives 


^Mch  falls  under  the  second  case,  since  p  and  f,  and  therefore  ji+ 9— 2i 
are  positive  whole  numbers. 


+6x 


*  Thro>it,'!utMt  tVesf  »'\,Tnipli's,  nii  iwly  tin-  priniitive  functuin  (fsgo  100)  i»  fwind, 
rithout  uu)'  ruUrcucc  lu  the  iimits  uf  ihv  iutegratton. 
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93.  To  investigate  metliuda  of  reduction  for  the  followiDg  formula: 

fzT  (<u!'+&«0'4lJ»  or  (<i+6j(»-'r  At, 

tiM  form  of  which  w  /r  (a + fc^y  dr. 
Here  r  and  #  may  be  suppoeed  whole  numbera;  or  if  not,  assume 
k  being  auch  that  rk  and  «Jt  arts  whole  nnmbera.  Thua  for 

^  (a+6xi)^dr,  let  iPs:*'*,  which  givea 

a  form  in  which  r  and  ?  nro  whole  ti umbers. 
Let  I  be  the  fractiou  y-t-^  ;  asaume  a'k'bjf^v\  and  we  have 

which  is  integrn^)le  !n'  rnmmon  expansion,  if  (/  + be  a  positiTC 
whole  number;  and  this,  whatever  r  and  s  and  /  nmy  be. 

Again,  r' (a+6r')'=x"^"  (oj;  '  +  6)' <fjr,  which  by  a  giuiilar  process 
may  be  shown  to  be  integrable  whenever  (r+*<  +  l)-r(—*)  ia  a 
positiTe  whole  number ;  that  ia  when 

r-h  1 

.  —I  b  a  poiilive  whole  number. 

The  following  functions,  therefore,  are  immediately  integrablei  whatever 
1  and  t  may  bet  provided  ft  be  a  positive  whole  number : 

{aArhx'ydx  and  («+*«0'Ar. 

91,  Any  function  -^yr  di'^<i)r,  in  wliich  fx  and  0a?  are  rational  and 
integral,  can  be  mlcgratcU  in  a  huite  form. 

1.  If  yf^x  be  of  higher  dimension  than  0x,  divide  the  first  by  the 
second,  and  let  Q  be  the  rational  and  integral  quotient,  and  R  the 
remainder  of  the  aame  kind,  which  ia  of  a  lower  dimenaion  than 
Then 

and  the  difficulty  is  reduced  to  that  of  integrating  the  last  term,  in 
which  the  numerator  is  lower  in  degree  than  the  denominator. 

2.  Let  be  of  a  lower  degree  than  0.r,  and  let  the  roola  of  0j=O 
be  fl,  c,  &c;  whence  0j=: A  (.r—«)(j— 6) (r—r). where  A'js 
the  coefficient  of  its  highest  power  of  x.  We  have  then  various  cases 
according  as  the  roots  are  all  unequal,  or  there  are  one  or  more  aeta 
of  equal  roots.  After  the  decomposition  is  made,  as  in  (82.)  and 
(85.),  the  difficulty  uf  integration  is  overcome,  since  each  of  the  decom* 
posed  fractions  rnu  be  rcadilv  integrated.  Thus,  let  it  be  required  to 
tind  y  P<ir,  where  P=;(j;«+ l)-r-(*— l)*(«r-2). 


(*-l)V-2)       (x-1)'    4f-^I  ^x-Jd 
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Ar+B        Atf4-B,    ^       ^  .  Ai+B 


J  (j— a)C«— -6)      o— 6     "  6— a 

96.  It  is,  generally  speaking,  most  conTtnient  to  integrate  limpte 
radonil  iuDctione  by  traniformatioDe  which  a  little  practice  will  auggctt. 
The  fbUowing  ia  an  example,  the  fundainental  integrab  in  Chapter  VI* 
being  anamed : 

r(Aj+B)<ir_  rA(j4-tf)rfj  r(B-Aa)<ij 

=-log(x+a  — j — tan-»-j- 

I 

.  B+  A  cos  u  ^     ,  X — cos  u 
+  :  tan"'  — -. — ^. 

SmfU  9lUfA 

r^dx 

97.  Required  — —  (m<n.)   From  (88.)  and  (89.)  it  appears  that 

  J  1+* 

mat  being  a  pair  of  roota  of  «**|*lsO»  the  integral  Will 
conaiat  of  a  number  of  terms  of  the  form 

71 J       x'— 2cos<.j+l  * 

or  _£2ii2±iL'lc«(^-8co.*.*+i) 

n 

2{co8ml— a)B(f/i+l)<.co8/}       ,  jf — oos^ 
namf  ami 

]  COS  («+l) t.kg  (4^-2008 i . *+l)-2ain  (m+1)  /.tan*'  — r---  I  j 

n\  sm ^  J 

together  vitH  a  term  ( —  1)"*^' log  (x  +  l)-^n,  when  7t  is  an  odd 
iHiniher.    The  angles  denutcd  by  t  arc  tlic  odd  nuiltiples  of  T-f-n, 
stopi'inir  at  (/;  —  1)  limes  or  ?i  —  2  times,  ucrording  as  /*  is  even  or  odd. 
The  tuiiuwmg  arc  examples  of  inlcgruUuu  by  parts  (page  107.) 

98.  Aaaume  /  (log  tY  afi      V,,  ^  log  «=sL, 


From  thia  aoppoee  it  required  to  integrate  fl^jS^dxTssM^^^ 
1  1        L**  «• 
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V    -  iLil  3>2Lj*  _8.8j« 

8        8«  8»  8<  8»  * 

N.  B.  When  the  relation  is  found  by  which  an  inlri^ial  depends 
upon  a  lower  one,  it  is  always  more  convenient  and  sate  lo  work  up 
from  the  lowest  to  the  given  inlcgrai  than  the  contrary  way. 

(a*+j^*' »  being  a  whole  ntunber. 

Let  l-^(a«+j»)=!P, 

which,  hdng  true  for  «1l  values  of  n,  gives 

•    C2» -2) a«    (2»-2)  a« 
This  expression  holds  good  when  ffs2»  and  becomes  infinite  when 

1  X 

iissl ;  but  evidently  ~» 

V.sr  1  H  tan~*  - 

pj     5P*jc     'S.SPx  5.3 
*'"ea*"^4,aa*"*"2.4.6a«"^2.4.6«^**"  a" 

100.  The  equation  of  redaction  for  V,^,,=s  I    ,    .     is  thns 

obtained : 

"^"""^    2(n-l)  (a»+j*)-»  ^2<»-l) 

By  this  formula,  the  prescn^  case  may  be  made  to  depend  upon  the 
last,  or  upon  the  more  simple  case  of  f  x  {a^+x'y'dx,  which  is 
immediately  integrable,  or  else  upon  J*x*{a*^a^y^dXj  which,  when 
ar>l,  is  intcgrablc,  after  reduction  by  common  division.  Thns,  the 
iirst  integral  in  each  of  the  following  lines  is  found  by  ascending  from 
the  last,  through  the  intermediate  ones,  by  means  of  the  preceding 
formula,  CP=  1  -r  (o* + J*)),  ^ 
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f^^P'dx,  yV«P«dr,  /x"P4«x,  /r"PAt 

y>  P»<lr,  fi^V^dx,  f^P'djif,  fj^V'dsi  fV^dx. 

lOT.  The  following  fbnnnlft  of  reduction  involve  a  large  number  of 
geuciiil  cases. 

Let  P=Aar*+Bx*,    V».,=/a:"' P"  rfx. 

Multiply  the  equation  P"=(Aj^4-Bar')  P"~*  by  and  integrate, 
which  gives 

A\  ,«+u. -,-1 4"  B\  M^ft,«_i •  •  •  •  (I 
Integrate  V^.  by  parts*  which  gives 

Eliininate  BY«|.kii-i  fron  (I.)  and  (2.)#  which  givea  ^ 

which  is  a  formula  of  reduction  -when  n  is  positive.    By  it,  for  instancei 

we  icdiicc  the  integmtimi  of  s^l^dbt  to       of  x**^'Pid.ry  and  the 

latter  to  tbat  of  dr. 

To  twm  this  into  a  ibnaula  of  rednctioii  when  n  is  native,  proceed 
thus: 

^^.,-1-  (6-a)nA"*"(6-.«)nA 
For  m  write  m— <r,  and  for  n  write  which  gives 

**-^(6-a)(ii-l)  A      (6-«)(n-l)A  • '  •  '^^'>' 

By  this  we  ean  make  the  integral  of  ^  P'^  dx  depend  upon  that  of 

x*^'P~^dxt  this  one  again  upon  x^'^lP'^dx,  and  the  latter  upon 
pi  rfx. 

To  make  a  formula  of  reduction  for  the  diminution  of  m,  n  remain- 
ing the  same,  eliminate  V«.,  from  (1.)  and  (2.),  which  gives 

jr«^ P-= (m+ 1  +iia)  AV«+,. Cm  + 1 + nb)  BV^.,.|  (5.)  ; 

ibr  n  write  n-f-lt  and  for  m  write  oi— ir,  which  gives 

y-^-'P^       in— g+I-f(»-M)  ft 

(m+l+7ia)A  (m+l+wa)A 


whicli  may  be  made  a  iurmula  of  reduction  >vhen  tn  is  positive  by  taking 
o  as  the  greater  exponent,  and  vice  versa, 

102.  The  preceding  results  can  be  stated  as  follows: 

P= Aj:-  +         V„.  ,=/x":  P"  iix. 
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(m+ 1  +n*)  V^.+ft         AV«,^,.,  a:      P*  (A.) 

+iia)  V,„+n(&-a)  BV^»,^, «      P  (B.) 

(m+l+na)  AV«..+(m-fl+ft+«ft+l)BV,..^..=afV^»P-^'. . .  .(C.) 
(«+ 1 4- BV^,+  (7/i-6+a+//a+ 1)  AV«.»^^ jr-''  *         . .  ,(D.) 

108.*  Let  PsA+B«, or a=:0, 6=1 ;  andlbr  r  write  -«fi. 

(A+Bj)**'    nA(A+B*)-       fiA    J  (A+Bj)- 
((m+  1)  V„._-,iBV„+,_f,+o=j^+»P- 

IJ  CA+B*)"+»~    «B  (A+B*)"     »B  J  (A+Sir 

((in+ 1)  AV«...+(m-«+2)  BV^.^= P-(-»> 

]  r  ^d€^  _        1  '  J^'  (m-hl)A    p  a^etr 

(J  (A  +  Bx)-    (m-n+2)B*  (A+Bj:)-»"(iii-fi  +  2)  iij  ^A+Bx)- 

[ (m-n+ 1)  BV^^+mAV^,,_.=  r- p-t-'> 

IJ  (A+Bj?)"    (m-»+l)B'(A+B*)'-»   (m-n+DBj  (A+Bjr)» 

The  two  last  formube  are  really  the  same.  For  negative  vulucs 
of    we  haye^  writing  — m  4br  m  in  the  tfaird» 


jr-*  (A + B  r)-""    (w  - 1 )  A  •  J— '(A+B«p» 

104.  LetPssA+Bx+Cx*;  required  a  redwction  for  /r-p(iT  =  V^., 
V^.,=:A\v-i  +  BV^^,.,.,-|-CV«+,.,_„(rrom  r'=P"  '(A  +  Bx+ca«))i 

aod>  by  parts,  V«„=^i'P  -  J  x-^P-»(B+2Ct) 

^^'P"      «B  2/xC 
m+1  "fi4+l  ii+T 
Eliminate  V»h^».i,  and  we  have 

2/i  +  m+l  ^  2n  +  m+l  2/i+m4-l 
Ag:aiD,  eliminate  V^.,,  wiiich  gives 

1)  A  V„.  ..j+(m+«+ 1 )  B  V«+ ^,+(m+2»+l)  CV^       j?"H-«p« . 

write  m  -2  for  w,  and  »+l  for  n,  and  we  have,  as  a  Ibmiitla  of 

reduction  when  m  is  positive, 

V    ^  (m+n)B  _    <m-l)A  „ 

(nHr2n+l)C    (m+2»+l)C  (m+2it+l)C^-*- 

tli»  itudelTt!"^^     ^  ****       folUnriog  ariades  ihouU  be  tejmtely  deduesd  by 
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In  the  ]a»t  fomula  but  one,  write  for  m»  tad  ii*f  1  $oar  n,  and 
we  have  ai  a  formula  of  leductioui  wheu  m  ii  negative, 

«  P^*  (m->n-~2)  B 

(m-*2fi— 3)  C 


(m-DA 


105.  Let  V^.=jrBin"'aco8"drfe;  reauii 
Since  multiplication  by  ain'd+coi*^  doei 


iuircd  a  formula  of  reduction, 
loea  not  aflbct  tba  ezpraesiKm  to 

be  integrated,  we  have 
writing  c  aiid  s  fur  cos  B  and  sin  d.    This  gives  {dc=i — ^$) 

The  last  but  one  is  a  complete  formula  of  reduction  when  m  k 
negative  and  n  positive:  and  the  last  is  another  as  to  n.  By  proceed* 
ing  in  the  same  manner  with  c<Va,.=c'  &"*~*  d  (— c)  we  find 


~  irrr  +im 


die  fint  of  which  ia  complete  when  n  ia  negative  and  m  positive ;  and 
the  second  reduces  m  when  positive.  Combining  the  two  results^  we 
obtain 

V    ^C- 8"+^      (»— 1)0-^8-'-^  (m^l)(»-l) 

C«+*8*-'      (m— l)c"-»s'""»         (m— 1)(«-1) 


m+fi      (m+  /0(»»  +  n  — 2)     (m  +  «)(m  +  /?  — 2) 

which  are  conijilcte  formula)  of  reduction  when  m  and  fi  are  both 
pobiiive  Bui  vsheu  m  uutl  arc  both  negative,  write  — m^2  and 
— yi-^^  fi>r     y-"^      vvhicli  ibises 

(i»-hgi"2)c"<-'>a-^'*-^  c-t*-»s-^'"-^> 
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(m+w-2)(m  +  n-4) 

106.  We  now  write  the  preceding,  and  particular  cases  of  them,  in 
the  usual  form :  the  student  should  deduce  all  the  latter  separately. 

A-  c"  de-^^'  c*-^  {m~  1  ~(m-f  71  ~  2 )  c^* 

(w+n)(m  +  n— 2) 

(m+»)(m+n— 3)'' 

J'j!L  _  w~l-(m+w^2)c«     (fn  +  n"2)(m  +  n-4)  r  dO 
(m-I)(w-l)s^-»c-'"*"     (wi-~lX»^lj    J  8"=V^« 

C  "'(n-l)c-»'"jr=^l  J  tf^ 

re" rfQ  _  c"-'   n-]  rc^'^dB 

J   tr  "     (m-l)s'-»'"in-l  J  • 

«— 1 

107.  When  m orn is  r::0,  proceed  as  follows : 

Trfa  s_   71-2 

J  C'.      (ft-l)c-»  I  J 

Similarly,        f^^^-—!—  fi?. 

From  c" <Z<?s:c—*  c/s  and  s* de^aT"^  d  (-c)  it  ia  found  that 
/c»dtec-»s+/(n-l)  s'c!-»<i&=:c-»  8  +       l)/(l-c')  c-«i/0, 
or  /c-rfteCl^+ZizJ/c-rfft 


or 


Similarly.  A-  d0=i  +I!llJ 

411.  «n  • 


111  fit 

108.  In  c*  s"  (id  let  tan  6st :  from  thence  deduce 


Call  the  last  7^^,  and  deduce 


♦  Hiis  factor  it  also  (w+ii— 2)«*-(/i-l). 
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m-Ar+3 
~T — 7^  '•"T — ^(T^-^** 


it-2 


109,  An  integral  is  thus  made  to  depend  upon  the  integration  of  a 
m^re  sinnple  t'f^rin,  that  again  upon  one  still  more  simple,  and  so  on, 
until  we  come  ;  '  l  ist  to  au  integral  which  cannot  he  simplified  by  con- 
tinuing the  process  of  reduction. 

This  may  be  called  the  uhmiutc  iategrul,  and  may  be  found,  some- 
tiiiiee  directly,  sometimes  by  a  further  reduction  in  a  different  form. 
The  following  table  exhibits  a  large  number  of  integrals,  such  as  are  dis- 
casied  in  the  preceding  articles,  with  an  exhibition  of  their  ultimate 
fonns.  To  save  room,  denominators  are  wiitten  as  ratios  with  the 
symbol  (:),  a  plan  which  the  student  should  nut  lulupt  in  copying  them. 
The  first  culumn  contains  the  function  to  be  integrated,  the  second  the 
ultimate  form,  with  its  integral ;  or  else  a  tians*ronnaliou  of  the  int^al, 
which  reduces  it  tf)  a  preceding  form.  An  tiltimate  form  enclosed  iu 
{  }  means  that  it  haa  been  already  given  iu  the  preccdiug  part  of  the 
table. 


x'di :  a+bx 
^dx :  (a-f 


yVte  :  fl+6jr  ss  log  (a+6i)  :  b 
fdx  I  <a+6jf)"  =  - 1 :  (»— X)  6  (a+*jr)-' 
«=1  :  y  gives  ^y*+*^rfy  :  (6+ ay)* 

/dj  :  a  +  6x«  =  tanj*  (x^6  :  ^a)  : 


dx :  (a- fdji :  a-^hjfl  = 


lojr 


2j{ab)    °  ^a-x^b 


ds  :  {bx'-ay 

dx :  jr(a+&**>" 

dx  ;  (a+iuf+ct*)- 


fdjti  bx^  —  a  =; 


log 


I 
f 


{fdxla-hhx'},  fxdTia-¥hj^  =tlog  (ii+6je")  :2& 

{x'^dx  :  a+/>x"  j,  page  2S1,  formula  (4,) 
jTssl  :  y  gives  -y-+''"-«dy  :  (6+ ay*)" 

fdx  :  a+bx-^-cx'  =-777  i7\^^"'*~#77  s; 


log 


2cx+6-V(y-4gc) 

^^4^  *"^2cJf+/*+  J(J/-4ac) 

fxdjg :  a+6jp+ei^=^log(a+6*+ca») 

«^<;jr:(4i+&i4ci^)*   {dx :  (a+fcar+ei*)'} 

/dx:a±b^  x^;/{alb).y^vt»~^y^d9il±^ 
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1 


1  1 


1  2Tr 


1      _1        +  r 


1  1 


I 

1+7 


2-^2. X 

jTdf :  '     a+to=«  gives  an  integrable  form,  (page  877) 

fxdx  :  V(a+6a;')  =  ^(a+6jt^)  :  6 
«sl  :  y  gim  : 


:  y  gives  ^f^**^^dp  :  (6+ay*)  •  t 


dx 


tj(fl-^b3^)  d» :        dpsl :  y  gives  -y*"*V<*+«y*) 


*         J  ^ 


/dx  :  i/(fl*-6«»)srvcr8-*(26x  :  a)  :  ^6; 
dir  :  «"^(ax+6j*)     a?=:l  ;  y  gives  — :  ^(ay+b) 

46 


fJiax-^bxOdx  ijT    xc=  1  :  y  gives  — +^) 
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fdx :  ^  5=i^log(2c»+H-V(cX)), 

/VX*f- — 3j — "•'"sT'Jvx  5^ 


^1^ 

3 


X 
J 


"^2 


2 


=  -7-  sm 


■in^cos*"e /tin Bddss  -cob 6,  /coBdc^OssiuO 

/  •m'0<i9s  J  ,yco»*0<i0=  j  

J  aiii«e  J  coB«e 

110.  The  following  miscellaneous  forms  will  occasionally  be  fuund 
uieful: 


J  V  COB-'  X.  <ijJ  =cos-  X/ Vdx  +  J  ^TTx*)" 

/VUa-»X,d*=taii-»X/Vdr^J 

,„  (  X  dxfVdx 

/•Vcor»X.i»=cor»X/V«Jar  +J  — j^x^ 
/VlogX.(iar=logXy  Vdx-J  ■  ^  
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f^OofYd* = — (log  xy-'<h 

=  -<>"co8e+if0^tme-iii(n— 1)/ e^»8inOJ(} 

sd- 8in9+it9*-' cot  0«.n  (fi  -  COB  a  cTO. 

111.  The  number  of  forms  wliicb  can  be  completely  integrated  is 
comparatively'  small ;  and  tlie  vanuus  methods  by  wluch  fuuctious  are 
tranafbrmed  into  othen  more  easily  iutegrable  may  be  classified  under 
▼ery  few  heads. 

(a.)  Integration  by  parts. 

(6.)  RationalizaUoD  of  niimeraton. 

(c.)  Combination  with  other  int^alt. 

id.)  Substitution  of  a  function  of  another  variable  for  the  in- 
dependent variable  of  integration. 

(e.)  Resolution  of  the  function  into  an  infinite  series. 
.  We  shall  now  take  some  examples,  paxtieularly  of  the  time  last. 

/J(a+bx+c:^)dx=:  C -.  +  f  [lA 


hidv 


The  second  sides  are  in  both  cases  more  easily  integrated  than  the  fint 

US    f— _?f!l  =1  r     2te^+ft       .  p  

the  first  term  of  which  is  directly  iuici^ruble,  and  the  second  can  bet 
integrated  (page  116) 
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J  VX'  -u''^^    c  J  c  J  VX    J  2c  J  VX 

114.  V=:/- 


+  6  cos  t^' 

If  co8  0=rj',  this  becomes  J*  (—fh  :  (a-\-bjc)J{\—x*),  which  can  he 
integrated  ia  the  same  way  as  cit;  ;  v^(a  4- 60  4>ev*)  by  making 

The  following  process,  however,  will  illustrate  more  clearly  the 
advantage  of  aubstitatton. 

-  6  +  rtco80  ^  ,  ^  ia*—h*)  hill' d  ,  (a*-h^mnOdB 
Let  —  then  1-1^=^; — -j- — rr-, ctoas— -  

1  dv 


J  a  +  6coBtf  ""V<«^-^ \«+6 coieJ 
(a<6)-^?_  =  ?  

J<iO      _       1  ( 6-haco8  04-V(^'—tf')  ain^^  i 

cos  0  a«)      I  a+ 6  cos  0  J 

_«   — ^  I  tan  -. 

Ja+aooB0    2a  J     ,0    a  2 

cos'- 

116.  J* di  (l>  {\o^  j)  depends  upon  J't(pxdx 
/dt*(f)   J^<i» 

 Jv(ra 

117.  Any  function  containing  irrati  onal  functions  of  tf+Ax  Only  may 
be  ratioualizcd      biuiplc  &uuaUluUuu ;  tiiua 

•  « 

 J-  becomes  — r-  if  «=:tr 


T  becomes  ?  f^^^f  a+i*=t^* 


U 
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118.  As  examples  of  integration  in  scries,  we  have  already  27,  31, 
32,  33.  The  following  will  be  readily  ascertained  by  integrauoii  by 
parts : 

Let  fVdx^  P„  /P,  /P.  4i*=F^      ;  ^sQ',  Ac  * 

=QP,-Q'P,+Q'P.- ....  ±Q^-;'> P. T/Q^-^ P. '^r. 

John  Bernoulli's  theorem  (page  168)  is  a  particular  case  of  this, 
obtained  by  making  P  —  i     If  Q  be  a  lational  and  integral  function, 

the  preceding  series  terminates. 

/f'Qdr=f{Q-Q'+Q"^...}5/f-Qrfr=:tf-{-Q-Q'-Q»-..,} 
f  coa».Q<ir=   Qain  jF+Q'coa»-*Q"iuii Q'"coa«4'< « •  • 
/tin  X .  Qdj:=  — Q  co«  X + Q' «n  j?+ Q"  cos  X  -  Q"' sin 


119.  The  following  method,  wliirh  is  a  generalization  of  integration 
by  parts,  has  been  successfully  applied  to  the  formation  of  approximat- 
ing series,  in  a  particular  case,  by  Laplace. 

Let  /Q(i«=P„  /P|Qt<ir=P„  /P.Q.dr=:P.  &c., 

Qi  Qii  ftc.  being  any  funcHooa  wbtcb  may  be  found  convenient. 
The  order  of  proceiiea,  in  passing  firom  one  to  tbe  next,  ii  miUliplicar 
tion  before  iniegraUon.  Again,  let 

Q-*^"  Q,  dx-^-  Q,  dlr-^"  *"•' 

the  order  of  processes  being  division  after  dyfercnliaiion.  Then 

=V.P.-V.P.+  J^g-.P.Q.dx 

=V.P.-V.P.+V.P.-J5-P.«to 
=V.P.-V.P.+V.P,  ±V.P,^  (  -^•P.'ls. 

If  Q>  Qi>  &c.  be  properly  choaeni  a  coQveigeat  Miies  may  be  frequently 
obtained. 

Let  q^%Q,=Q^Q,....=l^J. 

^    jfr'     '  ^  y  dx 

Pi=j/,  P»=yf  P.=y.  &c. 

(f.r  dx  d  /  da:\  dx  d  \  dr  d  f  dx\\  ^ 

,       dx        p  ,         \ ,    du     d  [   du\     d  (    d  /  du\\  \ 

which  is  the  case  given  by  Laplace.  We  shall  have  occasion  to  use  it  in 
treating  on  definite  integrals  Let  tbc  atudent  obtain  this  particidar 
caae  in  a  more  simple  OHuiner* 
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1^.  The  comiiuni  iormukc  of  trigonometry  ire^ueutly  expedite  the 
perfonuance  of  integration  :  thus 

Bim*teCM4<» -4  00120-1-3  gives 
181.  Required   /cos  (a0+6)  coe  (a'6+  b')  dB 


1 


cos  iaO-^b)  cos  ia'e-^  b')  =-  cos  (a+ 6  +  6') +5  cos  {a-a'iii-b-^) 


8(a-aO 

If  in  fhii  we  write  ^^^^^  for    we  ha?e 


/•  .  COS  ra+a'0+ 6+ 6^) 

/sin (00+6)  cos  iafe  +  6')  f/0=  - 

and  if  we  also  write      5*  for  6^,  we  have 

16 


The  preceding  finms  become  false  when  a=:  +0^,  but  in  euch  a  case 
we  have  either  (a+a')  or  (a— a')0+^'-^  constant,  and  the 

integntiea  introduces  Uie  angle  itaelf. 

123.  In  all  that  precedes,  no  constant  has  been  added  after  integra- 
tkm^  which  proeese  is  ahoayi  to  be  remembered  in  application.  If  two 
different  methods  give  different  resultSi  it  follows  that  the  two  integrals 
obtained  only  differ  by  a  constant.  Thus 

I  .    r  dx       r  dv      I  X 

Let  then     y-.  ri=  —     7  rri  = — -  3-  . 

1  X 

Both  results  are  correct ;  and  — —  —  r-" — =1- 

1— X    1 — X 

123.  By  the  tueaniug  ui  u  dclaule  integral  (pages  99  aud  IGO)  it 
follows  that  if 

/Vaj=^j-h/Wdj»,  then  /J Vdjr=^-<i(»a+/tW(ir. 

124.  Let  V.=/sitf0dO=/8in-'i)rff-cos0); 


U2 
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2d2            DIFFERENTIAL  AND  INTEGRAL  CALCULUS, 
by  (107.)  V,=  +— 

fl  A 

Let  this  integration  be  made  from  6=0  to  6=  r,  which  gives 

Bin->i*.co8iir     (  iin— 'CcoaOl 

+        r*\in^arf^=—  r*'iiii-*6(ie:  or  k,=— 

«  J  •  « J  •  « 

w^ere  K.  stands  for  the  integral  taken  between  the  limits.  Write 
n-f-2  for  n,  which  gives 

^  71  +  1^71-1-3  ?i+l«  +  3Vi  +  5  "V 

_7e  +  2 //  +  4  ;/+6  714-2/3 
or       —  — — 7  - — — —  — r-r^  :  .  K»4c^ 

where  may  be  any  whole  number»  however  great.  Make  ft  succea- 
sively  s:^0  and  =1,  which  gives 

2.4.6.... 2/:)       ^      ^_3.5.7.  ...  (2p^  1) 
^•=1.3.5.. ..(2.3-1)-^  2.4.ti....2^  ' 

K,   /  2. 4. 6. ...2/3  Y   1  K» 

Ki*" VI . 3. 5 • . .  •  2/8-«  V  2/3+ 1 '  Kv*. ' 

BtttK,=J^*'<»=:Jir  andK|=r  p'sin6d9=— cosl*— (— cosO) 

=  1,  whence  i^-r-l  or    t  is  tiie  first  side  of  the  preceding, 

125.  If,  between  the  limits  a  and  b,fa  always  lies  between  ^  and 
y^jtf  then  J'ftds  must  lie  between  J  (ftsdg  and  f'fxdx^  the  limtta 
being  a  and  6  in  all. 

Proceeding  as  in  page  98.  to  construct  the  sums  of  which  the 
integrals  are  limits,  it  will  readily  appear  that  each  Icj'm  of  the  scries 
whose  limit  is  Jfxdz  mu»t  lie  between  corrrsponding  terms  of  those 
whose  limits  2iXQ  j4>xdx  and  J  fxdx:  whence  the  whole  in  the  first 
case  must  lie  between  the  whole  in  the  second  and  third  cases. 

Hence  it  follows  that  in  the  last  instance  K^^i  must  lie  between 
and        :  since  sin*'*'*  0  always  lies  between  sin^O  and  ain*^ 
And  since 

~         ^  between  and 

^  lies  between  X  and  whence  , 

'  1       I     2.4. n... .2/1     Y     1        (2.4.6..  ■■2^  +  2\'  _1_ 
♦2      11. 3,5,.. .(20— 1)1  2/8+1  ^ll.S.5....2i8+lJ  20+2* 

in  which  the  value  of /S  may  be  what  we  please,  nor  need  it  be  the  same 
in  both.  If,  then,  we  write  fi-^l  instead  of  /3  in  the  second  formula, 
we  find 
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U.3.5...,2/(J— IJ  2/3+1  "^^tl. 3. 5.... 2/3-1/  2/8— l*  * 

This  remarkable  ressiilt,  which  was  first  i^ivcn  by  Wall  is,  should  be 
verified  by  the  studeut  in  a  lew  instances.  Tlius  J  ir  being  1  '570790, 
we  find 

Since  the  two  expressions  for  ^  tt  can  be  made  as  near  as  wc  ])lease 
by  making  /3  auffidentiy  great,  and  since  l-i-2fi  lies  between  l-7-(2/tJ+  1) 
and  l>7-(2/3~l),  we  find  that,  as /3  increases,  the  following  equations 
approach  without  limit  to  truth : 

/  2.4.6.  ...2/?  V        1.2.3... J^i€f0 
*'^'^i^l.3.5. 1.3.5. . .  .2^-1 

126.  It  is  obvious  that  1.2.3....X  divided  by      must  dimuubh 
without  limit  when  9  increases  without  limit,  being  only  a  fraction  of 
Let  1 .2.3. .  ,,xzz^'f r,  and  (x  being  very  great)  we  have 

1.2.3  ..  .J        (1.2.3  r)'.2'  _j^(/c)«.y 

1.3.5....2a;— 1        1.2.3. ...2jp     "  (2T)«'/(2r) 

Bot   -Ll-illI_-^.=Vii2-';  whence  ^'=-^'^; 
1.3.5....2J-1  • 27rjr  V(27r.2T)* 

whence  fa^Ji^rrx)  eatia&es  the  equation  (xj)*=x  (2r).   The  most 

general  solution  of  th\<  equation  is  s'^',  where  Ir  has  the  property  of 
not  changing  its  value  when  x  is  chimged  into  2r;  or  ^(2j:)  =  ^x. 
But  we  may  show,  as  loiiows,  that  m  this  case  must  be  a  constant. 
Since,  when  x  is  great. 

1.2.3. .  •  .«r=ap'.V(2irj).i'^'  very  nearly,  we  have 

{where  P=Cr+ 1)  g  ix+l)-x^z} ;  or  \/(^) 

The  hst  equation  must  approach  without  limit  to  truth  when  x  h 
increased  without  limit    But  the  limit  of  (1+1  :  J^)'  is      that  of 
1)  ; «}  is  1 :  so  that  the  limit  of  the  expression  is  s 

or  the  lunit  of  (x+ 1)  ^  (x+ i)— xiiu.  is  —1.  But  cannot  diminish 
nor  increase  without  limit,  nor  csn  l(x'^l)—lx;  for  {x=((2x)sa 
^  (4x) ,  4c.,  and  {  («+  «  (2*  +2)  - 1  (2jf),  Ac.  Unlets, 

therefore,  {(x+l)=ix,  we  see  that  4PU('r+ I)— vO+^ (^+ I)  will 
increase  without  limit,  positively  or  negatively.  But  if  ^  ('r+l)  =  fJ', 
then  |(ar+2)=g  (j4-  1 ),  &'c.,  find  p_  r  is  tlic  same  fur  all  whole  values 
of  r.  The  limiting  equation  in  question  is  satished  by  J(jr+1)=— 1, 
and  we  then  ha?e 
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1.2.3....  x^^(2vx)    g-*,  or  J{2ir) .  sf*^  nearly. 

127.  Required  an  appioiimatioxi  to  the  coefficient  of  ji^  in  (l4-«)% 
k  and  ;i  being  both  large  nomben,  but  &  very  much  leas  than  n:  thtt 
ifty  required 

n(n-l).  .   .(  :-k  +  \)  1.2.3  n 

or 


which  it  nearly 


1.2.  ...A  (1.2.3....A)(1.3.3....n<-A)' 

V(27r).»-^*f- 


or 


128.  The  subject  of  definite  integration  will  be  tieated  in  a  future 
chapter ;  we  ahail  now  rive  an  inatance  of  the  manner  in  which  it  may 
happen  that  an  integru  may  be  found  in  a  finite  form  between  two 
aneeified  limito.  which  cannot  be  generally  found  in  the  aame  wi^. 

Required  fe—^dx  from  r=0  to  x=oc. 

It  is  easily  proved,  cither  by  expansion,  or  as  in  page  175,  that 
(1  +  A :  continually  approaches  to  g'^®  when  n  is  increased  without 
limit.  If,  then,  we  can  find  f  (1— :  n)"  dx  from  j:=:0  to  x:=^n,  we 
afterwards  find  Ji^^dx  from  »=0  to  xssoc,  by  increasing  n  without 
limit. 

Assume  «s=V^.cob6.  or  (1— i  n)*iir=(8in*0)'*(— tf^) 

,     2n     2«— 2      4  2  fi'  .   .  ,^  \   2.4.6... 2ii  1 

^  2n+l  2«— 1      5  3j,  2«+l  11.3.5.. .2n—l f 

The  Greater  n  is  made,  the  more  nearly  does  the  factor  in  brackete 
approach  to  VC'^'Of  or  the  whole  to  ^ar.n:  (2n+l)»  the  limit  of  which 
is  ^  fjTf.    Ueuce  jfj  f -**  drs  V. 

129.  From  the  definition  oi  an  integral,  an  approxim  itum  of  any 
degree  of  nearness  may  be  made  iQjl(pxdXf  by  the  summaiion  uf 
terms  of  the  form  ^x4r,  where  Ar  remains  the  aame  throughout,  and 
T  is  intermediate  between  a  and  6.  We  may  express  this  by  saying 
that  the  integral  is  the  sum  of  an  infinite  number  of  infinitely  small 
elements,  each  of  tlie  form  ^x  dx»  Again,  the  result  shows  that  jifsdm 
is  of  the  form  4*\b—^xa^  where  <f>^x  has  0x  for  its  diff.  co.  From 
each  of  these  cunsiUeratioos,  let  the  student  deduce  the  following 
theorems : 

II.  If  0r  be  a  function  which  is  michanged  when  x  becomes  —  x, 
then 

f^'  4^  — ft'  <px  dx. 
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III.  If^V^x  be  a  fimcti on  which  changes       only»  and  not  Talue> 

when  X  becomes  — jr,  then 

130.  Let  a  fuuction  which  dues  not  change,  when  jc  becomes  —  j,  I>c 
called  an  evm  function,  (it  can  be  expanded  only  in  even  powers  of  ^ ,) 
and  one  which  changes  sign  only,  and  not  value*  an  odd  fiinction ;  then 
^+0(— J^)  is  evi&ntly  even,  and  ^(jr)— ^  ( — Is  odd.  And  every 
function  is  either  even  or  odd,  or  the  sum  of  an  even  and  odd  function, 
as  appears  from 

V*-       a  2 
Also^  if  ^  be  eveit  and  odd, 

131.  The  prod  IK  t  uf  two  functions  of  the  same  name  is  even,  and  of 
difierent  names  odd. 

The  di£f.  co.  of  an  even  function  is  odd,  and  vice  t>er«d. 

Every  even  function  fjc  ia  of  the  ibrm  and  0jr  ia 

j^/r+  any  odd  function:  and  every  odd  function  /r  is  of  the  form 
0  ( — j:),  where  ^=  J/j  +  any  even  function. 

f  1^4>j:'dx  is  necessarily  either  so  odd  function  of  or  s=Q»  what- 
ever ^  may  be. 

133.  If  fx  be  even  and  possible,  0(W^)  Is  possible,  and  if  be 

odd,  <p  (jv— 1)  is  impossible,  and  of  the  form  V— 1  x  a  possible 
function.  This  is  easfly  proved,  when  it  b  remembered  that  every 

fimction  of  Ji-^l)  and « is  ledudble  to  the  form  F«+yar irhera 
F#  and /rare 


133.  Show  that  f^S-^dl=^Jvy  and  that ^'lisia  a;'<iF=0. 

( 1  +«0(co8  » — sin  jr)' 


134.  ShowthatJ^-j-pr=:J^ 


135.  To  reduce  J  '^<^dr  to  the  ftflrm  J* ll(pxdd. 
Take  a  function  of  ^r,  which  becomes' or       according  as  x  is 
or       say  of  the  form  A-f  Br :  then  A-*-Bc&ia,  A+Bc:=r6,  and 
we  hufe 

135.  Show  that  fH^xdxJ-^  ^tz^,)dx 

I  now  proceed  to  ezamplea  on  some  of  the  subjects  in  Chapter  VIII. 

136.  Required  a  discussion  of  the  function  (a  i-hry  s~\  It^  diti.  co. 
is  f  (a-\-bjy~^  [nb  —  a  —  hT]^  the  sign  of  which  ia  to  be  considered. 
Fir!«t,  let  n  be  an  even  positive  or  negative  whole  number,  then  the  sign 
of  the  preceding  depends  upon  that  of  (a+6x)^{n6  — a — 6jr},  or  on 
thatof 


Digitized  by  Google 


896  DIFFKRBNTIAL  AND  INTS6RAL  CALCULUS. 


which  is  alwayt  negative,  except  when  x  lies  between  —aib  and 

n — a:b.  There  is  then  a  minimiim  %vhpn  .r  is  the  less  of  the  pro- 
ceding,  and  a  maximum  when  cc  is  the  greater :  and  the  function  never 
increases  with  x  except  when  x  lies  between — a'.b  and  n—a:b. 
Thus,  if  the  function  be  (^\-\-Jc:ny  er'^-vt  have  a— 1,  6=1:«,  and 
there  is  a  minimum  when  x^-^n^  and  a  maximum  when  xasO,  if  » 
be  poaitive:  or  a  minimum  when  4ps=:0,  and  a  maximum  when  drss— 
if  n  be  negative.  But  if  ns=  0>  then  for  all  valuea 

of  X. 

If  n  be  a  positive  or  negative  gM  number,  the  sign  of  the  diflP.  co. 
depends  upon  that  of  vh—a  —  bTj  or  of  — {x  — (n— a:6)},  which 
changes  from  the  sign  of  b  to  that  of  — b  wlien  x  increases  through 
11 — a:b.  There  is,  therefore,  a  maximum  or  mimmuiii  at  this  point 
according  as  6  is  positive  or  negative, 

A  rational  numerical  fraction,  reduced  to  ita  lowest  terma,  has  one  of 
the  ftdlowing  forms : 

sH^l'  -2^'  2^V  («««>»«««K*>^«o-) 

The  first  case  presents  results  resembling  that  of  an  even  whole  number; 
the  third,  of  an  odd  whole  number;  and  the  second  is  altogether 
different  from  either,  since  it  gives  two  real  vahics  to  the  function  for 
every  positive  value  of  a+^<7,  and  none  for  negative  values  of  the  same. 

137.  Required  the  discussion  of  y = (a + bx)*  r",  when  n  is  a  fraction 
which  in  its  'lowest  terms  haa  an  even  denominator.  Its  diff.  oo.  has 
the  sign  of  (a+6.r)'~' (n6 — a — hx)^  the  first  fiietorof  which,  like  it» 
primitive,  is  impossible  when  a+br  is  negative,  and  has  the  sign  of  ^ 

when  n-^hr  h  positive.  Consequently,  the  sign  of  the  diff.  co.  depends 
on  tliHt  of  y  (lib — a  —  bx)  or  of  — by  {x — {n—a:h)].  If,  then, 
x^ii  —  a.h  gives  a  +  bx  negative,  that  is,  if  bn  be  Ticgati\c,  there 
is  no  change  of  sign  in  the  dili.  co.  throughout  the  w  hole  range  of  the 
possible  values  of  y ;  and  the  di£  co.  has  Uie  sign  of  — d  for  all  positive 
values  of  y,  and  of  +6  for  all  negative  values*  If  bn  be  s=0,  the 
inciease  or  decrease  of  the  function  (whether  it  be  that  b^Q  or  n=rO) 
depends  solely  on  that  of  r".  But  if  bn  be  positive*  then  the  diff.  co. 
changes  from  the  sign  of  by  to  that  —  by  when  x  incrfpipes  through 
n—^a  :  b ;  that  is,  if  b  be  poi«itive  there  is  ri  maximum  for  the  positive 
values  of  y,  and  a  minimum  for  the  negative,  at  that  value  of  x,  and 
vice  versa.  ^ 

138.  Required  the  discussion  of  the  function  cos.r+asin^.  This 
function  being  evidently  periodic,  it  will  he  sufTicient  to  consider  one 
complete  cycle,  namely,  fmm  r  —  0  to  x=2r.  The  diff.  co.  is 
— sin  r  +  «cosx,  which  becorucR  =0  when  tan.r=a,  to  which  there 
are  two  solutions,  one  less  and  one  greater  than  tt.  Let  k  be  tlie  less, 
then  the  diif.  co.  is  —sin  r+  tani;  coa  or  sin  C«:--Je) :  cos  while  the 
original  function  is  oob(«:— j?)  :  cos  v.  If^  then,  i:<i  tt,  or  if  a  be  posi- 
tive, the  diff.  CO.  is  positive  from  0  to  xsif,  negative  from  x^k  to 
«=«r •!-((,  and  positive  from  jrs=«-|-K  to  x^TiCi  or  there  is  a  maximum 
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when  TT^K  and  a  minimum  when  jr=:ir+;..  T}\c  maximum  is  1  :  cobic 
or  jjil-i-a^) ;  the  minimum  is  — V( liUtific>jT,  or  if  a  be 
negative,  the  words  positive  or  negative,  and  maximum  and  mimmum 
mimt  be  inverted  in  the  preceding. 

And  the  function  itself  is  (a  being  -f  )  positive  from  jr=0  to xt=:k+^ 
negative  from  csir+^v  to  x=:«:-j- 1  tt,  and  positive  again  from 
xsar+f  IT  to  4rs2ir.   But  (is  being  — )  the  function  is  positive  from 
*S50  to  negative  from  jracv — J  ir  to  f:=ic+jir,  and  posi- 

tive from  T=^  4-|ir  to  j*=:2Tr.  Both  of  these  may  be  thus  stated  in 
one :  cos  x+asinx  has  the  sign  of  a  only  when  x  lies  between  jc — j^r 
and  ic-f  i  ^> 

139*  Beqiuied  tfie  variations  of  sign  in  a  fonnula  of  the  form 

cos  (ax+  6)  cos  (a'ar+ 6')  cos  {a"x-^h") .... 

Every  cosine  changes  its  sign  only  when  its  angle  passes  through  an  odd 
nunil>er  of  right  angles ;  so  tliat  we  must  examine  the  several  equations 

flj:+d=:i  (211+1)  IT,  fl'«+6'=4(2»+l)ir,  ii"j?+6"=:4(2n+l)ir,  Ac, 

ascertaining  every  value  of  x  between  0  and  2ir  which  can  be  given  by  a 

whole  value  of  r?,  positive  or  negative.  Arrange  all  these  values  of  x  in 
order  of  magnitude:  then  the  sign  at  the  outset  Ixiing  that  of  cos  6. 
cos 6'. cos  6".  . .  .,  there  is  a  change  cf  sign  whenever  x  attains  one  of 
these  values ;  but  if  two  of  the  values  ui  x  coincide*  there  is  no  change  of 
sien,  if  three  coincide,  there  is  a  change  of  sign,  &c.  For  if  a  number 
of  factors  change  sign  at  once,  there  is  or  is  not  a  change  of  sign  accord- 
ing as  that  number  is  odd  or  even. 

But  if  there  should  be  a  sine  among  the  preceding  fsctors,  as 
wk(kx'\-0,  cither  write  Uus  cos  (Ajr-h^-^^v)*  or  eiamine  the  equa- 
tion  Ajr4- 2=:nir. 

140.  Required  the  variations  of  sign  in 
y=co»  (3j;  +  30*»)  cos  (2x  +  230°)  cos  (18°  -4j)  sin  (x+ 15°). 

1.  As  to  3.r  +  30°.  The  limits  of  the  value  (within  the  cycle  finm 
j-=0  to  j=3G0^)  arc  30°  and  12.90®+ :^o°  within  which  arc  contained 
90%  3.90*^,  5.90°,  7.90°,  9.90°,  ILSO^,  to  which  the  values  of  op  are 
20%  80°  140°,  200°,  260°,  320°. 

2.  As  to  2x-f  230°,  or  2u. -f  2.9()°+50°.  The  limits  are  2.90  +  50* 
and  10.90°+50,  between  which  are  3.90°,  5.90°,  7,90°,  and  9.90°, 
and  the  Tables  of  «  are  SOP,  110*,  200<*,  290^. 

3.  As  to  18°~2j?.  The  limits  are  18°  and  —(8.90°— 18°),  between 
which  lie  —90°,— 3.90°,  —5.90^,  —7.90*,  and  the  values  of  are  54% 
144°,  :^34°,  and  324^ 

4.  As  to  0-+ 15°.  The  limits  are  15°  and  4.90+  15°,  between  which 
lie  2.90°  and  4.90°,  to  which  the  values  of  .r  arc  165°  ami  315° 

Arranging  these  in  order,  and  braci^cung  tiiote  which  occur  twice,  wu 
have 

(20%  20*)  54*  80*,  110*  140*,  144*  166% 
(200%  200*)  284%  260*,  290%  820%  824%  845*. 

Now  when  t=0,  y=cos  30°.co8  230°.  ros  15°.sinl5°,  which  is  nega- 
tive :  GODsequeutly  from  .;t=0  to  x^ti't  (neglecting  2U°)  y  is  negative. 
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from  j:  =  54°  to  j:=:80P,  y  is  positive,  and  so  on ;  finally  from  xs345^ 
to  jfs360°  y  w  negative,  as  in  the  foUowing  table : 


Lim.  of  J. 

Litn.  of  jr. 

y 

Lira*  of  «. 

Ltm.of». 

0  54° 

110"  140^ 

+ 

165"  834*» 

290P  820<* 

+ 

64*  80° 

+ 

140°  144° 

234°  260° 

+ 

320°  324° 

80**  110^ 

+ 

260<»  290° 

324''  31,)° 

+ 

345°  360° 

141.  Every  expression  of  the  form  Acos  (a0  +  a)+A' cos  (a'0+ee') 
•f  •  • . .  mu«t  have  at  least  two  values  of  which  malce  it  vaiiish,  if 
a,a\d',*..  be  none  of  them  evanescent.  For  if  not,  the  preceding 
expression  can  never  change  mgn,  and  in  that  case  its  inte^al  (A :  o) 

sm  (a0+a)  + •  •  •  •  always  increases  or  always  diminishes.    But  the 

latter  expression  has  at  least  one  Tnaximum  and  one  nnniinum,  since  it 
has  a  value  for  every  value  of  0,  and  that  value  must  lie  beiween  ccri  un 
limits.  Consequently,  its  dilf.  co.  has  at  least  two  values  uf  0  at  whicli 
it  changes  sign,  and  at  which  it  must  become  notliing,  since  it  cauuot 
be  infinite. 

142.  Required  the  discus  Fin  of  sin*  ^.cos^    the  diff.  co.  of  which  is 

sin'.T  .  cos'x  (4  cos*  r  —  3i?in'j?),  the  sign  of  which  depends  upon 
sin  X  tan'  .r),  ur  sin  .c  (tan'4lP6'— tan'  J*).  Here  is  then  a  minimum 
when  x=rO,  a  maximum  when  x^4^6\  a  minimum  when  r  =  130°  o4', 
a  maximum  when  j:=180'^,  a  uinianuni  wiieu  j— 229^0',  a  luaxiuium 
when  07=310^54',  and  a  minimum  when  «=360°.  When  x=0,  the 
function  =0;  whence  it  increases  till  jr=49^6',  when  it  becomes 
*09161,  from  which  it  decreases  till  jr=130°54',  w  hen  it  becomes 
—  •09161.  It  thence  increases  till  j:=180°  when  it  becomes  0  again, 
afterwhich  it  diminishes  till  j=229°0',  wlien  it  is  a^ain  —'09101.  It 
then  increases  until  r  =  310^54',  when  it  is  'OUICI»  and  theuCC 
diminishes  till  Ji;=300°,  when  it  again  vanishes. 

143.  Required  the  discussion  of  (r— 1)»(3— jt)*,  the  diff.  co.  of 
,  which  is  (or— ly  (3— <7)*(30 — 14 j),  the  sign  of  which  depends  on 

that  of 

(j:-l)(*~n)(«~3), 

when  jp<l,  the  function  is  decreasing  as  x  increases,  when  x  lies 
between  1  and  it  is  increasing;  whin  r  lies  between  and  3  it  is 
decreasing,  and  when  x  is  greater  than  3  it  increases.    There  is  then  a 

minimum  when  r—l,  a  maximum  \\hv,n  x=|^,  a  minimum  a^ain  when 
jr=3,  and  the  progress  ul  the  function  from  .t=  — 'x  ♦o  r=:-|-cc  may 
be  de8cril)cd  as  follows.  When  j:  is  inhnite  and  negative  the  function 
is  iniitiiicly  great,  iiom  thence  it  diminishes  till  j;  =  1,  when  it  is  =0; 
from  thence  it  increases  till  when  it  becomes  2P*.y  from 

thence  it  diminishes  till  4^=3,  when  it  is  «s0:  and  ever  aftmranla  it 

increases. 

The  questions  of  maxima  nnd  minima  which  present  themselves  are, 
with  some  exceptions,  only  of  interest  in  particular  problems:  I  give  a 
few  of  the  most  remarkable. 

144.  The  base  of  a  triangle  is  a,  and  the  bum  of  it^  sides  0  ;  required 
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greatest  triangle  which  eati  be  drawn  under  Uieae  eonditkms.  If  «  be 
ene  of  the  ndea  lad  8  the  area)  we  hare 


and  the  sign  of  the  diff.  co.  of  this  is  that  of  6— 2r  ;  which,  x  increasing, 
changes  bign  from  +  to  —  whet?  r=i\h.  Tlicr<  i?,  llierefdrc,  (page 
133)  a  maximum  whea  the  trianKie  is  isosceles,  aud  the  greatest  area  is 

145.  A  four-sided  figtire  has  a  for  the  base,  nnd  fj  for  each  of  tlic 
other  sides  :  what  is  the  greatest  area  which  it  can  huvc  ?  Let  0  and  ^ 
be  opposite  angles,  the  former  being  at  the  base :  then  the  urea  is 
j^odsin  +  sin  ^ ;  which  is  not,  however,  a  function  of  two  indepen- 
dent variables,  since  a«+6'— 2a6co8  0=26*— -26'co8^.  The  iaiier 
equation  gives 

fiO    ,  .  f/S        /         do    ,  \ 

^.^=08109,  and  ^acosfl  ~ +6cos0  1, 

S  being  the  area :  whence  we  hnd 

af    *   \       Bmd  I    *  smO 

Now  it  is  easy  to  see  that  Q  and  4>  increase  together,  as  long  as  the 
fissure  la  convex:  whence,  9  being  <t,  there  ia  a  change  irom  +  to  — 
when  0+^s:ir»  or  the  figure  must  be  capable  of  inscription  in  a  circle. 
Consequently  die  two  angles  opposite  the  base  must  be  equal.  Pre* 
cisely  the  sams  reasoning  will  show  that  any  four-sided  figure  of  given 
■idea  ia  the  greatest  possible  when  it  can  be  inscribed  in  a  circle* 

146.  Of  all  figures  contained  under  the  same  length  of  boundary,  and 
having  a  given  number  of  sides,  the  equilateral  and  equiangular  figure 
must  be  the  greatest.  Suppose  the  greatest  figure  constructed :  if,  then, 
any  two  consecutive  sides  be  unequal,  let  the  diagonal  which  is  their 

base  remain  fixed,  and  on  that  diagonal  construct  an  isosceles  triangle 
having  the  sum  of  its  sides  equal  to  the  sum  of  the  sides  of  the  triangle. 
Tlicn,  all  the  rest  of  the  figure  remaimng,  the  isosceles  triantxle  u»l(led  to 
it  will  make  a  hgure  of  the  given  perimeter,  |and  greater  tiian  liiu 
greateat,  which  is  absurd.  Next  let  any  consecutive  angles  be  unequal. 
Take  the  diagonal  on  which  the  three  sides  containing  them  stand,  and 
let  the  three  sides  move  on  that  diagonal  until  the  angles  arc  c(|ual. 
Then  the  four-sided  figure  which  has  that  diagonal  for  its  base  is  made 
greater  than  it  was,  and  the  rest  remaining  the  same  as  bef(jre,  a  figure 
of  the  given  perimeter  is  found  whieh  is  greater  than  the  ureatest.  This 
is^absurd,  and  putting  the  two  results  together,  the  conclusion  is,  tlnil  a 
rc^rular  polygon  is  the  greatest  of  all  hgurc^  having  a  given  number  of 
si&s  and  a  given  length  of  boundary  or  perimeter. 

From  this  it  follows  that  a  polygon  of  given  number  of  sides  and  given 
area  is  least  in  boundary  when  it  is  regular*  Let  P  be  the  length  of 
boundaiy,  say  of  a  r^ular  pentagon,  whose  area  is  A ;  and  if  possible. 
It  {  flu*  -nme  area  be  contained  under  a  less  boundary  Q  in  a  certain 
irregular  pentagon.  Form  the  latter  boundary  into  a  regular  peutairon  : 
theu  the  area  of  the  last  is  increased,  or  is  greater  than  A.    But  since 
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Q  is  los?  than  P,  the  second  regular  ])cntae;r)n  has  a  less  side  than  the 
firf  t ;  i}iit  it  has  also  a  greater  area,  ^'h)cU  la  absurd.  Heuce  the  pro^ 
|)ot>iuon  readily  follows. 

If  the  boundary  of  a  regular  polygon  be  P,  and  its  number  of  sides 

P  T 

the  radiufl  of  the  drcmnicribed  cirde  is  — run — *  and  the  area  of 

P  T  PVt  »\ 

the  polvgon  u  -7— s-tan  — ,  or  —  (  7- tan —  l  But  the  last  Actor 

continually  increases  as  ir-f-w  diminishes,  since  the  diff.  co.  of  jr-=-tan  x 
is  (sin  x»coex—i')-f-sin*  jr,  whieh  is  always  negative,  siDce  sinx.cosjr 
is  )f  (sin  Sjr— 2x).  Hence,  increasing  the  numher  of  tUles  with* 
out  limit,  we  find  that  the  circle  is  the  greatest  of  all  Bgures  under 
the  same  houndary, 

147.  What  is  the  greatest  rectfingle  which  can  be  iuFcribcd  in  an 
ellipse,  whose  semidiameters  are  a  and  6  ?  A  rectangle  can  only  be 
inscribed  in  an  ellipse  when  its  sides  are  parallel  to  the  scmidiameteis  ; 
and  if «  and  y  be  the  coordinates  of  one  of  its  vertices,  the  area  of  the 
rectangle  is  4ay  or  4  (6-v-a)  x  j:^  jc*)  .  Consequently,  JR^(a*— of} 
is  to  be  a  maximum,  and  also  a*a^ — a*.  But  2ifix — 4t*  changes  mgn 

from  +  to  —  (jc  increasing)  when  x^^^.a  and  y^hJ2.b.  The 
area  required  is  Tab;  and  the  greatest  rectangle  in  an  ellipse  is  similar 
to  the  circumscribing  rectangle,  and  of  half  its  size. 

148.  Find  the  shortest  line  which  can  be  drawn  through  a  given 
puiut,  and  terminate  at  two  given  straight  lines. 


Let  P  be  the  point,  and  OA  and  OB  the  given  straight  lines  i  let 
OM=a,  MP=/>,  YOXrry,  OXY=<^,  then 

ftsinv  flsinv 
aY=  .    .  +  .  /■         whose  dm.  co.  is 
sra^  sm(y+0) 

/6cos0     acos(y  +  <J>)\ 

which  is  negative  when  (p  is  pmall,  and  continues  negative  until 

Uin  (y  +  4*)\*  cos (»+<(>)  ^ 

I    sin^    J  ^    b  *    cos  ^  ' 

the  least  root  of  which  equation  (0  being  unknow  n)  determines  the 
position  required.  This  might  be  reduced  to  an  equation  of  the  third 
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degree,  in  powers  of  tan^  ;  but  if  v  be  a  right  iingle,  we  find  taii'^=6-7*a> 

and  the  shorteet  distance  required  is 

Corollary.  The  equjition  of  the  curve  which  is  such  tliat  the 
shortest  line  drawn  through  auy  poiut  of  it  to  the  axes  is  a  giveu  length 

I,  ia  jfl-^^=zfi, 

149.  Of  all  eircular  area  of  'given  length,  a,  to  find  tbat  which  with 
ka  chord  inclosea  the  greateat  apace.  If  r  be  the  radiua,  the  angle  at 
the  centre  is  n-r-r,  and  the  area  of  the  segment  ia 

or  a  Ot  a>     (I  <t 

—  — -rr  sin — t  whose  di^T.  co.  ia  '^—r  sin  —  +-irCoa — , 
2     2       r*  2  r      2  r' 

which  is  positive  when  l;r  ie  small,  and  becumts  nothing,  aftcrwarrls 
changing  dign,  when  a-r-r—iTy  or  when  a  is  a  semicircle.  This  wHi  be 
seen  more  clearly  by  writing  the  preceding  dilT.  co.  ia  the  form 

acQa*4r^l— ^ij^^,  where  xaa-T-2r. 

Now  X— tan  X  changes  from  +  to  *  when  t  decreases,  passing  ihimigh 

\  T,  which  happens  when  r  increases,  passing  through  a-r-^* 

Most  applications  to  geometry,  of  the  preceding  kind,  offer  little 
difficulty  except  in  the  determinatinn  and  choice  cf  the  equations  which 
must  be  found  previously  to  the  entrance  of  the  ditferential  process. 
We  shall  see  some  further  examples  in  treating  tlie  theory  of  curves. 
In  the  mean  while  it  mtty  be  observed,  that  when  it  is  convenient  to 
aacerUun  the  maximum  or  minimum  value  of  ^  by  meana  of  that  of 
it  ia  necessary  to  pay  attention  to  the  aign  of  If  (^)*  be  a 
maximum,  and  0jr  be  then  negative,  ^  is  a  minimum ;  since  (page 
132)  the  criterion  is  deduced  on  the  supposition  that  the  magnitude  of 
quantities  is  interpreted  with  reference  to  their  signs.  Thus  it  is  possi- 
ble, that  by  finding  the  maximum  or  minimum  of  (0-r)-  we  might  infer 
that  0j;  is  the  one,  when  ni  fact  it  is  tlic  other.  AVhen  the  Uiff.  co.  of 
(0jr)%or  24>x.4*'sy  changes  from  +  to  — ,  thcu  <^'x  changes  from  +  to 
—  if  be  positive,  but  from  —  to  -h  if  0^  be  negative.  But  ilf  4ut 
itaelf  change  sign,  passing  through  0,  then  (^)*  ia  a  minimum,*  though 
fx  ia  not. 

I  now  uke  one  or  two  inatanoea  in  which  tbei€  are  more  variableit 
than  one.  (Page  216.) 

150.  Required  a  point  within  a  triangle  whose  aidea  are  a,  6,  and  c» 


A  47  B 


*  Sli  >nr  thit  in  stieK  a  rane  c&jr  aad  iLttd^m  saB  iitfiK chaogs  sigo  togtihsr'whta 
,  iacrtAi^,  except  ixom  - 1«  +. 
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the  sum  of  the  dbtances  from  which  to  the  vertices  is  a  mimmum.  Let 
the  distances  be  p,  9,  and  as  marked  in  the  figure;  and  let  the 
coordinates  of  the  required  point*  measured  from  A,  bie  dr  and  y.  Then 
we  have  (u  being  p+g-hr) 

r*=:  (6  COS  A — .r)«+  (6  sin  A — y)". 

Let  the  anprle  made  by  p  and  y  be  0,  let  that  of  q  produced  and  y  be 
^,  and  that  of  r  and  y  be  x*         ^^^^  ^''^ 

rfjj      X  Ji)  dq  dq 

rfr       .  dr 

dr         *  dy  * 

~ = 0  gives  sin  0— sin  y — sin  x= 0,  or  sin  0— sin  ^ssin  x- 

du.    ^  ,  . 

^=0  • .  •  C0S9— C08V+cosx=0,  or  COB 9* cos ys— cos x* 

Add  the  squares  of  the  Ust  equations  in  each  linfiy  and  we  hav« 
cos(Yr — or  the  supplement  of  the  angle  of  p  and  q  is  GO^, 
whence  the  nniile  of  p  and  q  is  120°.  Similarly,  it  may  be  proved  that 
the  angles  of    and  r,  and  of  q  and  r,  arc  each  120°. 

This  is  a  case  in  which  it  would  be  a  loiig  process  to  apply  the  criterioa 
of  distinction  between  a  maximum  uud  a  minimum ;  butjt  is  sufficiently 
evident  that  a  minimum  does  exist  and  no  maximum,  *Let  the  student 
now  prove  that  the  point  at  which  ji^+^+f'  is  a  minimum  is  the  point 
of  intersection  of  lines  drawn  from  the  vertices  to  the  bisections  of  the 
opposite  sides^  or  tihe  centre  of  gravity  of  the  triangle* 

151.  What  is  tlie  greatcbt  t»pace  which  can  be  inclosed  in  a  quadrt* 
lateral  figure,  three  of  whose  sides  are  a,  6,  and  c,  in  order  of  con^uity. 
Let  1^  be  the  angle  of  b  and  c,  and  ^  that  of  a»  and  the  diagonal  inter-* 
secting  a  and  6 :  then  the  area  is 

«  =  J  6c  sin  d + J      (^>*  +  c* — 26c  cos  0)  .  si n 

which  IS  certainly  a  niaximimi  with  respect  to  0  when  0  is  a  right  angle. 
It  would  retpiire  the  solution  of  an  equation  of  the  third  degree  to  deter- 
mine 0 ;  but  Biiuiiar  reasoning  with  respect  to  V',  the  angle  of  r  and  the 
diagonal  intersecting  a  and  will  show  that  must  bie  a  right  angle. 
Consequently  the  four-sided  figure  must  he  inscribed  in  a  cirde*  of 
which  the  side  not  given  is  the  diameter. 

It  may,  however,  very  easily  be  shown  that  1.  when  all  the  sides  of  a 
figure  are  given,  the  greatest  figure  is  that  which  can  be  in6cril)c(1  in  a 
circle;  2.  that  when  all  the  sides  but  one  arc  cnven,  the  greatest  figure 
is  that  inscribed  in  a  circle  0''  whicli  the  unknown  side  is  the  diameter. 
Let  a,  6,  c,  «Suc.  be  the  bides,  and  let  (^abc  d),  for  iubtance,  mean  the 
diagonal  which  separates  a,  6,  c.  d  fnm  the  rest  of  the  figure.  Then 
the  figure  ahe{abc)  can  he  inscribed  in  a  circle;  for  if  not  <x,  6,  c  could 
move  un  (flbe)^  all  the  rest  of  the  figure  remaining,  so  that  €i5c  (a6c) 
should  increase.  Similarly',  bed  (6cc/)  can  be  inscribed  in  some  circle. 
Now  there  is  but  one  circle  which  can  contain  the  tiiaiigle  bcibc)^ 


Digitized  by  Google 


BlISCELLiiKXOUS  SXAlfPLES  AND  DRVBLOPMBNTS.  308 

which  is  cominnn  to  hoth  the  preceding  quadrilaterals :  so  that 
the  same  circle  nmst  c  uitaiTv  (the  {abc)  and  bcd{b<  J),  or  ahrd  (abed)  is 
mscribed  m  a  circle.  Similarly,  abcde  (^abcde)  must  be  inscribed  in  a 
ehcle»  and  ao  on.  So  much  for  the  figure  of  which  all  the  aidea  are 
given :  now  if  mt  aide  or  be  at  our  pleaaure,  let  p  and  q  be  the  con* 
tiguouB  sides  (given)  ;  then  whatever  x  may  be,  the  greatest  figure  can 
be  inscribed  in  a  circle.  Now  in  the  triangle  xp  (xp)  the  angle  of  (pur) 
and  p  must  be  a  right  angle ;  for  if  nut,  the  rest  of  the  figure  remaining 
the  same  xp{xp)  could  be  increased  by  ulterinL''  r,  so  that  the  angle 
mentioned  should  become  a  right  angle.  Consequently  x  is  a  diameter 
of  the  circle. 

It  ia  the  condition  of  a  polygon's  inscription  in  a  drde  that  its  anc- 
ceaaiTe  anglea  should  be  capable  of  being  represented  as  follows. 
Snppoaa  the  figure  to  be  of  seven  aides,  and  let  <r,  ^,  ^,  f ,  ^,  be  any 
aeren  anglea  whose  'sum  is  two  right  angles.   Then  all  aeren-sided 

ficntre?  which  can  be  inscribed  in  a  circle  aie  contained  among  thoae 
which  have  for  their  angles 

«+/?+y+a+f,  y+J+i+^+i,,  ^+f+f+^+a^ 

When  the  figure  has  an  even  number  of  sirles,  the  preceding  shows  that 
the  sum  of  the  first,  third,  fifth,  &c.  angles  must  be  equal  to  the  sum 
of  th  e  stic'oiiU,  I'liiirtli,  sixth,  &C. 

Examples  on  the  remaining  subjects  of  Chapter  VII I.  will  be  found 
in  the  two  folWwtng  chapters.   I  now  proceed  to  Chapter  IX. 

152.  Any  one  function  of  s  may  heeonsiderecl  as  a  fimction  of  any 
other  function  of  x\  thus,  if  ^=0x,  2= Y'X,  the  elimination  of  x  gives  a 

relation  between  y  and     which  may  be  reiliiced  to  the  form  y=x** 

Let  y  and  z  be  two  fnnctions  of  r  which  vanish  top^ether,  and  such 
that  z  :  y  can  be  expanded  in  the  form  A  + A,-r  +  Ag2*+  • . . .  :  then  P 
being  any  otlier  function  of  which  may  be  transformed  into  a  function 
of  either  y  or    it  follows  that  when  z:=0 

(^V     rT"'    idV  f  X  VI 

=-rz:T •  <  T- •  -~  1  f-    (Called  Burmann'a  Theorem.) 
rfy"     djr^*  Xdn  \  y  /  i 

In  order  to  prove  this,  it  is  necessary  fint  to  prove  the  following : 
Let  a  :  y^t\  then,  when  xsO, 


Since  li9A4-Ata;+Ati^+..  we  know  that  f^*  muat  take  the  form 
B+B»«+  and  i"  is  r'%  or  B2'+B,2r'+*+  * . . which  diffe- 
rentiated with  respect  to  z,  n  times  following,  n'being  >r,  the  only  term 
independent  of  ar  is  that  obtained  from  H,_^2",  which  L'ives  w  (//  —  1 ) .  . . 
2. 1  B,_„  when  w=  or  >r,  and  0  when /i<r.  liut  J^„_^  i--  the  coelli- 
cient  of  z"'*^  in  the  development  of  or  the  value  of  the  {n — r)th 
diff.  CO.  of  r  divided  by  1.2.3.,.  (/*—  r),  when  ^=0.  Consequently 
(when  zsstO) 


9 
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d' if  C)  _d*  jz' I*  ')  _n  (U'-l)  1  d-^.r-^ 

dz'  dz*      "*1.2....(»— f)'  d*-' 

=  n  (a- 1). . . .  («-r+ 1) -^p::^. 

"    '  ^  t/5      '       dz  dz    H'-r      dz  . 

=s  —  «'(B»+2B,z  +  3B.c'+. .  . .)  =—  (Bi^'+2B,^'■^^+ ....); 
n— r  »— r 

which  with  all  its  diff.  co.  up  to  the  rth  exclustTei  yanishes  with  z.  If 

then  71  he  greater  than  r,  the  (/t — l)th  diff,  co.  of  the  preceding  is 
reduced,  wlicii  r=0,  to  (n  ■  «— r)  x  (71— I). . ,  .2. 1  X  («— -r)B,_„  or  to 
n  (ra  — 1). . .  2. 1  B._,»  wiiich  has  been  found  above.  Coaaei^ueiUly 
(when  2=0) 

and  the  same  is  =0,  when  n—  or  <r. 

By  Maclaurin's  theorem  P=:Po  +  Po.y+P"o(3/* :  2)  +  . . . where 
Pjt  P'o  are  the  values  of  P,  considerccl  as  a  fuactiou  of  and  its  ditf. 
CO.  with  respect  to  y,  when  ^=0,  whicli  gives  also  ;:  =  0.  Multiply  by 
r«  and  diffisrentiate  n  times  folbwing  with  lespect  to  jt,  which  givea 

whidi^  when  sssO*  is  the  same  as 

all  the  tuilowing  terms  disappearing,  by  the  preceding  theorem.  Again, 
multiplying  P  by  d.r  :  dz,  and  diilerentiatiug  »— 1  times  with  respect 
to    we  have 

d*--'  ^s.   dij     'dz'-'  dz  c/5> 
which,  when  xsO,  is  the  same  as 

which  has  one  term  less  than  the  preceding,  since  U"  {\f  f)  docs  not 
vanish  until  r>n,  white  D"~'  (y'^  Dr)  vanishes  when  r  is  equal  to  »• 
We  then  evidently  have  (when  z=0) 

which  it  the  theorem  above  stated. 

Per  instance,  let  -=a^— 1,  ij=:x — 1,  which  both  vanish  when  xs^l, 
and  Ytllish  in  the  ratio  of  2  to  i*   Let  P^x^",  we  have  then  J 
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te*+ 1=^0 +«)+!;  P:=5(l+y)*«(l+2)-; 

-vvhcn  :r=l,  aud  y=:0,  and  2=0,  the  first  becomes  2a(2a — 1),  aud  the 
second  4a(a— i)+2ay  which  are  evidently  equal. 

153,  Required  the  expansion  of  in  powers  of  Let  a  be  one 
of  the  roots  of  and  let  y=^<t^j  *ssx — a.  Consequently,  j^and  s 
vanish  togetlicr,  and  in  the  ratio  (page  173)  of  to  1,  which  is  finite, 
unless  tliere  be  two  or  more  roots  equal  to  a,  or  unless  f'a  is  infinite  : 
delude  these  cases.  Again,  since  z^x—a,  we  have 

dK^dX  dz_dk  <WL  £dA  dz.^dTX 
dx  '^dz'dr''dx*    d^^^dz  dz' dx^  d9^' 

the  brarlccted  diff.  co«  standing  for  the  values  when  yszO^  orj  when 
xsstf.  But 

(drfx\  (dfx  x^a 

in  wliirh  r  Is  a-^z  :  which  is  not  altered  by  writing  x  for  z  in  the 
fynilH>ls  oi  iiitlerentiation.    Wc  liare  then 

X  being  made  =a  hi  the  coeOicioTits  of  0j,  &c.    Observe,  that 

these  coefficients  are  results  independent  of  x,  though  written  so  as  to 
show  how  tiiey  arc  obtained  from  x, 

154,  Show  that  the  preceding  becomes  Taylor's  theorem  when 
— a,  and  also  that  Lsgrange  s  theorem  may  be  deduced  from 

Purmann's,  by  making  xszx^^a^  y^ix-a)  :  ipx. 

153.  Required  the  development  of  *^<p~^x  in  powers  of  jp,  being 
the  inverse  function  of  or  0  (0~'j)=ar.  Write  ^"*jr  for  x  in  the 
preceding,  and  we  have 

a*  /Y<|j(5-n)''\  .t' 
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For  example,  let  (x— o)  r"',  then  to  find  ^"'j  is  the  lamett  find* 
ing  y  in  the  equation  x^iy'^a)  ir* ;  and  the  theorem  gives 

156.  If  X  and  ^  vaniah  together,  we  have 

T  +£i  (0  0+  

making  jr=0  in  the  coeflBcieuts.  Let  0x=aj4-^  +  <''**+«P*+ . 
ao  that  the  determination  of  is  equivalent  to  frndins  x  in  terms  of  u 
from  «sar-|.6«*4> » .  • as  in  page  157.  We  have  men  (x^0cr)*s: 
(a+&r-f  •  •  •  • )~"» whieh  can  be  eipanded  in  positive  powers  of  9,  mdess 
a  be  :=0  (an  excluded  case.)  Tne  value  of  the  (n— l)th  dlff.  co.  of 
(a+6j:+ . . .  ,)"•,  when  j:=0,  evidently  results  fiom  the  term  which 
contains  (say  A^.tJ:*"'),  and  is  (n  —  l)(n  —  2)  . .  . .  1  A^. 

Dividing  this  by  1.2.S....n,  and  multiplying  by  j^,  we  have  A„  , 
a'-r-n  for  the  general  term  of  Now  m  we  have  fonnii  the 

development  of  the  powers  of  a-\-bx-\- ....  when  asl,  whence  if  in 
that  development  we  wriCB  — n  for  n,  6 :  a,  c :  a,  &c*  for  6,  c,  &c., 
and  multiply  the  whole  by  «r*,  we  shall  have  tiie  development  of 
(0+6^+  ...  l«t     .  denote  the  coefficient  of  ^  in  the  develop- 

ment of  (a+ 6«+ . . .  O'^t  ^d  we  have  (64.) 

P^,=l:fl;  P,,,=-26:a*;  P^,=s-^ +5? 

_     4«   206c    206^  I5(2fte+C«)    105  706* 

_    6g    21(2A/+2ee)    56(3ye4-36c')     12d(4yc)  2586* 
p    _    7^  .  28(26g4-2c/4.e«)    84  (3^y«f  66cg-fcO 
210(46'e+6fe»c*)     4ry2(5/;^r)     924  // 

whence  we  have  the  lolluwiug  result :  if 

««iiJ:-|-Ajp*+cj'+t*»+/jr*+tfa^+Aj|?+ .... 

Then  ap=---6-^+(2M-iic)^-.(56*-Sfl(w+aV)iC 


or 


— —    jft 
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a 

—        Ac.  +  Ac.  —  Ac. 

This  agrees  with  page  158,  as  far  aa  the  latter  goes. 

157.  Retmniiig  to  Bumaim't  tbeonait  let  .v=:^x,  z^x'^  ^ 

hftving  a  common  root  a,  and  vanishinj^  in  a  finite  ratio.  It  is  required 
to  expand  f  x  in  powers  of  (px.  Transform  zzr^i-into  y~x~'iP,  thftHi 
fx  and  ^  made  functioua  of  z  are  Vx  0X~*** 

1 58.  We  proceed  to  some  exercises  on  the  sepaiatiun  of  the  symboU 
of  operation  aiid  quantity,  (page  163.) 

It  a-\-  aiX-\-a^x^+  . .  , ,  ^fXf  by  we  muau  to  represent  ab-\- 

o, . . . . ,  wlieve  ^  M,  &c.  are  differenoes  formed  from  6, 
6|,     Ac.  Thus  A*6  meeno  i^^Sd^-f  8At— 5,  (page  77.) 

(a4-^)(a— t)=si^— X*:  required  the  exhibition  of  the  meaning  and 
proof  of  the  theorem  (a+A)(a— A)  6=a*6— A«6.  By  (a— A)  6  we 
mean  tliat  the  operntion  performed  on  6  is  the  subtraction  of  its  differ- 
pTirp  from  it>'  o'th  niulti])le;  which  gives  aA  — A/>  or  od— 6|+6.  On 
tills  the  operation  fl-fA  is  to  be  performed,  which  ifives 

a(a6-6,4-^)+(aA,— 6,+6,)  —  (a6— or  a«6~(/»,— 2ft|+6), 

which  u  a%-A«6,  or  (a*— A*)  6. 

159.  /A. (T  repreBenti  a  finite  number  of  operatloni ;  being 

+  rt ,  AO"  +       0"  +  +  a.  A"  U"  +  a.+»  A"  '  0"  +  . . . . , 

in  which  (38.)  all  the  terms  afkr  a*  A"  0"  vanish. 

IfiO.  BtrseheVs  Theorem,*  Let  it  be  required  to  derelope  /(O  in 
powen  of  jr.  This  might  be  done  by  Maclaurin's  theorem,  or  by  making 

^r=logT  and  a  — 1,  in  (]r>S.)  Hut  it  is  tlie  object  of  the  present 
thfnrem  to  exhihit  the  cm  llu  k  nts  in  torni?  of  tlie  diflereiices  of  the 
povkers  of  nothinsr,  operated  on  in  a  nianuei  depending  on  the  form  of 
the  function  f,    liy  Taylor's  tneorcni 

(60.)  =/i  +/1  (j .      (T:5--'+r878'^+  • 
+0  vTXs '^+1X8:4    •  •  •   

from  which,  if  we  pick  out  the  coefiicieut  of  x",  we  hnd 
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Carry  o?t  tlif  series  in  brackets  ad  itifinilum^  and  no  difference  is  mndc, 
since  A"^"*  QT^O  in  all  caiet*  In  Uui  case  the  operatiooa  performed  on 
0*  are 

|/I  +/1  ^+ . . . .  }o-.  abbreviated  into/(L-f  A}.0*,  whenM 

/c-/l  +/ ( 1  +  A)  0 . i:         +  A)  0«.  +^)  ^-  ^+ 

This  theorem  may  be  used  either  to  discover  iinTcnown  scries  by  means  of 
the  differences  of  nnthinn^.  or  to  establiih  relations  between  those  differ- 
ences by  means  of  known  series. 

161.  The  following  method  of  demonstration*  eihibita  the  pfeoeding 
theorem  in  a  very  striking  point  of  view.   The  several  terms  j^, 

a* .... ,  considered  as  particular  cases  of  may  be  represented  by 
9\  (1  +  A)     ( I  -f  A)*  J®,  &c.   H«nce  Maclaurin's  theorem  becomes 

:=|v^+^0.(l  +  A)4-^^"0(l+A/+.,..}i-, 

which  may  be  abbreviated  into  ^> 
Now  a^ssa*-^  ]ogx.a+^  (log  jr)*.<^-f  •  • on  which,  if  the  operatioii 

0(1  Hh  A)  be  performed,  a  being  then  made  =0,  we  have 

(1 + A) .  ()•+*  (1 + A)  OMog        ( 1 + A) . 0«.  ^"^^V . . . 
in  which,  if  we  write  c*  for  Sf  we  have  the  theorem  of  the  last  article. 

162.  Show  that         |/r  ^?^J|=./(i+A).0"  when  *=l. 

103.  Required  the  expression  of  Bernoulli's  luimliors  in  terms  of  thr 
diHereuces  of  nothing.  By  definition,  the  /<th  sucli  nuujbcr,  is  the 
roetlieient  of  .r"-^[//]  in  the  develcjpnient  of  .i-  :  (s' — 1)  ;  an<l  (17.)  the 
cocflieieut  ol\t--7-[/i]  in  that  of  1  :  (s'+I)  is  -B.+j  (2"'*— 1)  :  («-f  1). 
But,  fir  being  1 :  (&'  +  1),  the  same  coefficient  is  /( 1  -f  A)  (T  or 
{I  :  (2+A) }  0",  whence  we  have 

_     71+1       1  n+1   /^O"    AO-   A«0'  4.A-0»\ 

^•+1-     2"+'-l *  2  +  A     *~2«+'— I  V¥     r ~8     •  •  / 

sincp  A'"'0%  A'^-O",  &c.  are  all  eqtial  to  nothin;^.  It  is  necessary  to 
retain  O" :  2,  for  though  it  vanishes  when  n  is  >0,  yet  when  n  — 0, 
0*—l,  which  iniikcs  the  preceding  Ecriirs  perfectly  i^cncral.  And  since 
B,+,=0,  whenever  «+l  is  an  odd  number  greater  than  i,  or  when- 
ever n  is  an  even  number,  we  must  have 

-2  r+^h  —yr^O  (»>0). 

To  verify  this»  when  2it=6,  we  have 

*  Given     Sir  W.  Uaniiton  in  tho  Ttam.  Jtoy,  Imh  ^cad. 
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1  _G2     540^1500     1800  720__ 

2  4"^~8  i6""*'"5r~*«4^^' 


iur  the  value  of  13„  (/i=:7)  vvc  have 
I    4^  8 


  _  1806    Stop     16800    15120    5010)  l^- 

255  l~4"^  8  *"  16       33        64       128  "256i~  30" 

164.  Show  from  x ;  or  logs* :  (c'-l),  that 


•  •  •  • 


1?    •    .  n        1  .  14     36     24  1 

Formstaiice      B*««^  +~  -^^  +  -=--, 

165.  Required  the  development  of  co8(a£').  IIcic  yi^ci/Bux, 
/( 1  +  A)s=coi  (a + aA)scfNi  a •  cos  oH-^mn  a . sin  or 

/(l+A)=co.a(^l  g- j 

-.ma(^aA_+_  J 


This  ma)  be  readily  verified  by  Aluclaurin's  theorem;  but  the  deve- 
Iqnnent  is  eaner  by  this  method,  with  the  table  in  (38.)i  than  by  the 
direct  use  of  that  theorem. 

166.  If  jr=:c\  it  maybe  shown  that  {log  (1  + A)}*0"=0  in  all 
cases,  except  when  7i=fr,  in  which  case  it  is  =1 .2.3. .  ..a.    Also,  if 

frm'*,  if  follows  that  (1  +  A)*0*=a"  for  all  values  of  a,  which  was 
iuovvn  bctorc  m  ihe  case  of  whole  and  positive  values.  Thus 

(l+A)-»0-=0'—  A0'+  A*0'— •...±A"0-s=:(— !)• 

(l+A>-"0»s:0--2A(r+3A«<r— ±(n+l)  A"0»ar(-.«)-. 

1G7-  The  prccrdinL^  rcFult  is  even  true  when  the  exponent  h  incoin- 
mensumblc  or  impossible.  Thus,  the  second  of  each  of  the  foUuwiug 
pairs  \ehhcs  the  first. 


(i+ A)'+^~ 0«=0*+(l  +         A0'+  (1  +  V^T)  ~  A 
(1  +  VlTl  )«=  1 + ^/ITi  +  1. 


16H.  The  f)llo\ving  propositions  mny  be  easily  proved  by  con- 
F?<!ering  the  fuuctioas  of  i%  in  which  the  operations  set  down  will  be 
coeiiicicntt. 
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{(log  l+A)-./A}  )•  • .  .(a-n+ 1)  {/A}.<r- 

{/.(l  +  Arl-CrrnM/il  +  A)}©* 
{/(I  +  A)         +  A)-  }  0-»= 0       { /( 1  +  A)  -/ (1  +  A)-' }  (P=0. 

Tims,  in  the  second  instance,  the  first  side  is  the  coeflScient  of  :  [a] 
ijx  the  e&p&Dsiou  of which  is  x  the  same  fioeffioent  ia  that 
of/f. 

169.  To  express  a  function  of  difiereooo  M  a  fimction  of  diff.  oo« 
Let  u  be  a  function  of    and  let  t<=0j:,  ii,s^(x+A),  tits^(«+8A), 

&c.,  from  which  let  differences  be  taken,  namely  At/=tt|— u,  A*m=: 
u,— 2u,  +  T/,  &c.    Let  /A.fi  be  the  function  in  question,  that  i»,/A 

being  a-fo,A+a,A'+   fA.u  incan^  ^'W+«iAa+aBA*M+ ,  . 

Then,  Au  being  (g*°— 1)  u  (page  IGj)  we  imve 

/A.tt==/(«^-l).«^/0+/A.O.AD4^/A.O«^~^  . 

Hence       flM+a|Au+a^''ii  +  . ,==/D,w+/A,o^A 

/A>a»cfu  /A.O'iPii 

^  2  d^*+Tr55*+  


/Drrcr,  /A.U=cr,AO,  /A.O''=aiAO^+a,A« 0%  &c. 

170.  To  determine  flM.+a,w,+,+fl,u,+,+. . in  tenns of  difioeQcea 

and  diff.  co.  of  u,.  Here  the  total  operation  performed  on  tr,  it 
a+a,Cl+A)+a,(l+A)«+ . or/(l+A),  or /f».  Hence 

r'l 

aiW,+,+  =/l , u+y  1 .  Am,+-^  a* ».+ .... 

ni.  Let  Y'-r  =  4>-r  +  0(i:  +  l).a  +  </i(r+  2).a*  +  ;  thtO 

V'*=^{l-i-a(l+A)+....}0x=:l  :(l-a--flA)0*. 

Let  A=a  :  (I -a),  then  yops:-  rA-r^- 

a  1— AA 


(i-o)  v«=*t+.uo.«'*+^^5^i^^'i"* 


3+  • 


.AA0C+A'A'O»4A'A'y   

+  *  *+•• 


172.  The  coeiricif^nts  in  ^fix  are  these  in  the  expansion  of  1  :  (I  —of*), 
and  ifrt=l  the  expression  fails  to  give  a  series  in  a  finite  form.  To 

had  the   sum  of  the  ternuiiaiing  series  ^a;  +  0  (jr+ l).fl-f-  

+0(x+y— 1)  a*-',  we  have  evidtiiuly  f  r—f  (x+y).a*,  and 

(1  -  a)  {  Vra:-  f  ix+y) ,    }  =(^)j-ja%) + AAO  (^'x— ^  (x+ y  )) 

AAO*+A*A0* 
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But  if  ass — I,  or  A=s — tbe  exprmiua  iu  (17.)  give« 

5        2.3.4        "5  2.8.4.6.6 

the  counterpart,  oi  (6i>.)  ;  veriiy  it  irom  what  precedes. 

Its.  If  dp  be  a  gtett  mimber,  show  fiom  the  Utt  that 

X     x+2  £+4        ^  #+2y    _     /       X  - 
jr+l'i+S  x+a «+2y+i""  V  *+2y+2*"^^' 

174.  If  the  value  of  in  (171.)  be  reduced  to  a  8liQ|»le  ftmctioii  of 
a  and  «,  tt  wiU  beeoine 

1  a  ' 

+71 —     -PT  T —  w—  -:;r-:;  + 


+ 


(\-ay  2    ■   <1  — -^.S  (I— 2.3.4 

(I— •)»  2!^.4.5"*" 


175.  In  the  fttiilt  of  (69.)  we  may  obterre  that  the  aeriea  containe  a 
part  which  doea  not  depend  on  jr»  hut  onlv  on  the  speoiSo  Talue  «=0> 
■nd  which  it  in  Ihct  an  arbitrary  constant  of  an  infuiite  number  of  tenna» 
depending  on  the  beginning  of  the  aeriei.   Calling  it  Ct  we  have 

where  the  conettfit  of  the  integral  it  aleo  contained  in  C.  We  shall 
now  show  how  to  use  this  series^  which  is  most  available  in  cases  where 
the  diff.  CO.  of  y«  diminish  lapidly.  It  ftinst  be  remembered  that  Zy« 
enda  with 

176.  ii^mted  1+-^  •  •  •  • +(— 

^jT     '^^r    2df*    12»*^»"*"       w  x^+* 

Add  1  :  ^  to  both  sides,  aaii  we  have 

I  1  1         n  n(n+l)(/»j-2) 

oecpi  only  when  nssl,  in  which  case  the  two  first  tarms  ara  C+log«, 
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To  deienniQC  C  must  calculate  one  value  of  both  sides  of  Ibe 
equation  in  gome  particular  case  :  thus,  if  n^l,  and  if  we  take  the  cn«^e 
of  xrr  10,  wc  shall  find  bj  calculation  2*9289663  for  the  hiat  aidci  aud 
therefore 

2-928M83«C+loglO+l-^  +^^-  

which  givea  C= -5772157  (log  10  being  2-3025651) 
l+l+....+l=-5772157+logjr+i--l-4  ^ 


Thus  we  see  that  the  aeries  of  rectprocala  of  whole  mtmben,  when  x  is 
eonaideiable,  Incitaaea  with  the  (Naperian)  togarilhm  of  Che  last  munber. 
nearly. 

177.  Let  the  scries  be  log  I  +log  2+  ....  +log  (x— 1)=2  log 


1.       .1  11 


Ilog*=C +/log*ifc— Uigx+—  -      -  + . . . 


log  I  + . . .  +log  j:=C  +  (log  x.x— a?)+i  log   +  j"^         ^+  .... 

In  this  caaewe  have  already  shown  (126.)  that  the  precodbgapproachea 

to  log  (y(2irx).j'f  •)  or  log^(2T)-f -logx+jloigx-Jf:  consequently 
CsslogV2T»and 

,  J  _1  1. 

1.2.3..  •.*=V(2irx)x'<""^i^  a6ox»+*'* 

178.  Show  that  OgJ^xt^'-aJXHt^'^a^Ht,  —  •  •  *  • 

A*  A* 

and  also  that  atp^'^tti^'^^fi+a^'x-^'htk  0'"-^      +  •  *  *  * 
sra* («+«+ (T+  h).h+L*a<i,"  Cr+ A)  ^+  •  • . .* 

179.  To  expand  by  means  of  differencea  which  can  be  obtained 
without  using  y^„  &c» 

A-y.=A  (l+A)'.y,=  (l  +  A)'j^^(l-j^)jVo 

= A-  (1+ A)--  {1  +n  5±1  ^-^.+ . .  •  •  } 5b 


ISO.  In  (61.)  it  is  shown  that 

j;;^(^=i+Va^+ v.x-+v,xH  ^ . .  .{v.^i.  V.=  -1  &c.}. 
For  X  write  x:  (l—x),  whence  the  first  side  becomes 

or  = — r  i  whence 


(l-.*)iog(l-*)*  ^  I— ;c 
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l-Y.  x+  V,*'- . . . .  =  Cl-J:)  { I  +  V.  V,  •  •  • } 

rr  1 -X  +  V.  r  +  V,  (j:«+x»+ ....)  + V.  (x* 8i?»+ .) 

+  \\  (x*  +  3a *  +  6a:^  +  . . . . ) -f- V,  (i'  +  1  j" 1 0-f '-]-  ) 

=  1  -  (1  -  V.)  -f-  V,  x«  +  ( V. + v.)    4-  ( V,  +  2  V, + V.)  a  * 
+  (V,+3V,+3V.+ V.)      (V.+4V,+  6V,+4V.+ v.)       . . . . ; 
whence         V,+V,sr— V„  V^+2V»+V,r=V^  &c. 

1  . 

181.  In  (67. )^  ^/VVwdr  was  expanded  in  ft  eericB,  ihe  variable 
paft  of  which  waa  yoi.i)«s=y— it       •  •  •> 

which  (179.)  ia  2y.+ + V, (Ay^,+ A«y..,+ . . . . ) 

-f     (A*  2A'y,.3  +  3 A*  . . . . ) 

+  

=      +  V,       V.  Ay,.,  +  ( V,+ V.)  A»  y,_,+ ( V«+2V,+V,)  A'  y,.,+ . . . 
=:2y*+V,y,+V,Ay^i^V,A«y^+V,  A»y^-V,  A«y^+., . . 
Joining  to  thia  the  conatont  part,  lAe  same  at  fit  (69.)>  we  hare 

i/-y.d*=:2       V|  (y^-yj  +V.(Ay^-Ay,)- V,  (A«y^+A«y,) 

+  V,  (A«y,._3,- A»y,)  -V,  (A*  y.._,,+A*ye)+ .... 

If  the  limits  of  the  integral  bu  a  and  a+/t0,  we  have,  by  siuiiliir 
reasoning, 

5/2^y»<<»^y.+y#+»+  •  •  •  •  +y-+(^w#+ Vt  (y.+.t-'y«>+ .... 

The  use  of  thii  theorem  in  approximaliug  to  tlie  values  of  definite 
integrals,  is  called  the  method  of  quadratures^  iruiu  its  iiiu>t  obvious 
apiplication  being  the  determination  of  the  area  of  a  curve  in  square 
imtta^  which  ia  the  arithm^ical  prohlem  anawering  to  the  (juadraiure  of 
a  conre,  or  the  dttenninajtion  of  s  square  which  ia  equal  to  itaaxea.  The 
two  first  terms,  V|  being  make  up  Jy«+y»H4- •  • .  * +iy«+fli»  And  the 
theorem  may  be  thua  eahibited : 

/:*^y.  r/4f=(iy,+y.+.+y.+ti+  •  •  •  •  +y.H,-w+iy-f»i)  0 
~(Ay^-AyJ-^(A«y^+A«y.)-^(A-y.+«,-A-yJ 

^~(A^y^+A*yO-^(A»y^.3,-A»yJ-  

182.  As  an  example  of  the  preceding,  in  a  case  whidi  can  easiW  be 

Tcrified,  we  propose  to  find  fXo^xdx  from  j:"=11  toxr=20.  Wc  have 
then  fl:=:ll,  710:^9,  let  n=9,  0=1.  Taking  a  tabic  of  hyperbolic 
logarilhmsi  we  find  the  following  logarithma  and  difi^iences : 
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11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

2« 39789527 
2*48490665 
2*56494936 
2*63905733 
2 • 70805020 
2*77258S72 
8-83321394 
2*89037176 
2*94443898 
2*99573227 

0*08701138 
0*08004271 
0*07410797 
0*06899287 
0*0o4r».jor»2 
0-06062462 
0«0ft71S84^ 
0*05406722 
0*05129329 

0-00f;9GB67 
0*00593474 
0*00511510 
0*00445435 
(i*uuoyioyo 
0*00346620 
O«00S09l90 
0*00277393 

0*00103393 
0-OOOS1964 
0*00066075 
0*00054045 

A  m  AAA  4  ATftl 

0*00044/ 70 
,0*00037500 
0«0M>31727 

0-(  on-:i42!t 

0*00015889 
0*0001203U 
0*00009275 

A  «  AAAA'Vtl^ A 

0*00vu7270 
0*00006773 

0-0000.' 540 
0-00003859 
0*00002755 
0*00002005 
0*90001497 

i^log  U+log  12+  +log  19+i  log  20 

-  {0-05139329-^*D6101138}4-12 

-  {  -  •OmiSgS— «O00M851}-4-M 
- 19  { •O0OS1721— •00103393}-r790 

-3  {  —  •00005713— •00021429}-f-160 
—863  {  00001497  -  *  00005540 }t-60480 


a  24*53439011 
8+  '00891651 
a  4.  •00040594 
s+  "OOOOlSOl 

=  +  '00000510 
=r+  -00000058 


34*53919715 

Now  /]o^sdssix}fi$JB^^tWai  /2;i(«d;<ixs=201(^2O— lllcgll— 9 
s80xa-99518Mt4-llx2-8t189im-9s24-5S7191^; 

or  the  preceding  approximation  it  true  to  six  placet  of  dedmalt. 

183.  The  smaller  tlie  value  of  0  in  the  preceding  example,  nO  being 
given,  the  more  nearly  Jy«  +  y«+.4-  •  •  •  •  -fi  .V^+m  approximates  to  the 
value  of  the  integral.    If,  for  instance,  we  were  to  divide  0  into  ten  parts, 

and  if  0=1O\,  then 

iy.+».+A+  •  •  *  *  +         or  y.+,)+jf.+iu+  *  *  *  *  +i3Uia*fc 

is  much  more  near  to  the  required  integral.  The  following  questioM 
will  illustrate  this,  and  at  the  same  time  introduce  a  useful  thetnem. 

184.  Required  the  defdopaiiBt  of  iics«:{(l4>«)"— 1}  in  powen  of 
w*  Here 

« (I i^<14.jr)«+aai(14-4»)"''«Bl4-ti', 

vf^  (l+jr)"+*ni^»-»><  1  +t)— + . . .  +[/f,  n - it+1]  M  (1  -f t)-*=i/*>. 
Let  .r=0,  and  let  U,  U',  &c,  be  the  values  of  t/,  u\  &c. ;  then 


n-1 


U'+nU=rl+U' 
2iiU'+n(/i-l)  U=0 

3«U"+3/i  C»- 1)  U'+n  (»— l)(ii-2)  U=0 

4fiU«'+««(ii-l)U''+4[ii,n-«]U'+[iH«-8]U«0  jy^^iiz}}^}} 

4ji 


U'=- 
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Snir'+ lOM  (»  1)  U'''4 ....  +[fi,  »-4]  UssO 

6ltir+15fl  (/I-  I)  U"  +  .  . .  .  +  [m,  n-5J  U=0 

1aU*'+21ii(«  - 1)  U'+  .  • . . + [h,  »-6]  Us:0 
iT^_(>»-l)(»+l)(8<»-t45n«+an^) 

Applying  Mudaurm's  theorem,  we  liave 

(1+*)-— 1    n      Sa    "^2.6fi      3.3.411    ^  2.3,4.80» 

_  (i^^l)(9-n«)  (««-l)C8C3--14!fai'-|-g«0 

2.8.4.5.411  2.3.4.5.6.84ft  ' 

Vtrifv  this  series  (I.)  by  making  /i=2,  when  it  ought  to  l^ccoino  tlie 
development  of  1  :  (2  +  ir)  ;  (2.)  by  multiplying  by  /i,  and  dmniuslnng 
n  without  limit,  when  it  ought  to  coincide  with  the  development  (61.)  of 
x:log(l+jr);  (3.)  by  writing  #:n  for  «i,  multiplying  by  n,  and  in- 
ereaciag  n  wiUumt  limit,  irhoL  it  ooslit  to  become  the  development  (16.) 
ofxrCr-l). 

185.  Let  f/oi  Vi'  • '  -y,  he  the  terms  of  a  series,  boinc;  the  several 
values  ot  a  lunction  of  j,  corresponding  to  x=0,  a  x=26,  &c. 
Between  each  of  these  terms  let  n  —  1  terms  be  interposed  following  the 
■ame  law,  to  that,  in  fact,  if  the  function  were  0x,  and  if  four  terms 
weie  interposed,  the  tenna  ^(a)  and  wHk  tbeir  interpoaed 

termf  would  be 

^(fl),  0(a  +  ieO,  0(«+|0).  0(a+j0),  ^(a+l-e),  <(>(a+^). 

Required  the  total  sum  of  yo»yi»  •  •  .ys-n  together  with  all  the  inter- 
posed terms,  including  those  interj>o8ed  between  and  by  means 
of  the  simple  sum  of  ^o+^i+  •  • .  •  +y«  u  and  difiercnces  taken 
frofti  the  original  aerko,  aa  if  the  tenna  had  never  been  intorpoied. 

The  following  process  contains  the  most  difficult  inatance  which  has 
yet  occurred  of  the  separation  of  the  aymbola  of  opemtien  and  quantity. 
I  shall,  therefore,  follow  it  by  another*  demonstration,  independent  of 
that  principle,  and  the  student  who  can  comprehend  the  first  will  see 
that  it  is  an  nbridgemeut  of  the  second. 

The  function  is  (1  +  A)'.y,,  and  tliis  whether  x  is  whole  or 
fractional.    Hence  the  sum  of  all  the  terms,  primitive  and  interposed,  is 

{ iKi+A)^+ .  .+(i+A)+(i . +(i4^y+ •  • .  ■Ki4A)"^^^^^ 

or   ; —  ir«,  or  J     .  J  jfr 

*  feeing  that  given  by  Bfr.  Lubbock,  to  whom  .this  theorem  is  duo*  (<kmh,^FM, 

Trgtu.  vol.  ill.  p.  3i{2.) 
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Now  the  opention  (1  +  ^)'  —  1  i)erformed  on    gives  y«~y«  and 
is  the  same  as  2.    Write  1 :  n  instead  of  »  in  the  development  obtained 
in  the  l  ist  article,  nnd  substitute  the  expanded  operation  ioatead  of  the 
condensed  one»  which  gives 

-  (»'-»)  W-145«'+2) 

Here  Iy„  meaning  ye+  . . . .  +yx-i»  standa  fyt  A~'  (y,  -y^ :  this 

transformation  is  obtained  as  follows.  Tlie  meaning  of  A~'  (ym'^yt)  i* 
that  function  vhich  gives  (7,-3/0)  =  yx—yu '  where      is  not  a 

constant  witli  reference  to  the  opt  ruUon  A,  as  abundantly  appears  iu  the 
preceding  procc4>s,  iu  which  we  have  Ay^  not  =0,  but  =yi — y^.  If, 


then,  stand  for  the  sum  of  all  terms  up  to  y,.,,  (os  in  page  82,) 

r»  - 

truth  is,  that  A~*'y«  ahouli^atand  for 


lacc&ii,; 

then  L"^  {yM—yi)i  or  A^^y*— A*"'y4,  is  the  preceding  diminished  by 
the  sum  of  lUl  the  terms  preceding  yi»  that  is,  y^-i-  • « •  •  +y«-.t>  Thie 


y*-!+y.-f+«« •  •+yi+yu4-y_i+y-t+ .. .  .wel,  m/; 

thip  being  the  only  sp.rieR  which  satisties  Ad~'y,=y^.  Or  the  symbol 
2y«  beginning  irom  y^,  and  ending  at  y««i,  is  A~'  (y,-  y^)* 


186.  The  second  demonstration  is  as  follows.  Let  l  :n=/,  then 
y»>  yn-o  y«+ti>-  •  *  •y»4-(--»<  ^'^I'c  y^  followed  by  the  terms  interposed 
between  y»  and  y»|4>   Using  the  theorem 

yH«^yp+*«  Ay»+*«^^  A*y.+ . . .  •  ; 
and  summing  the  results,  we  have  for  the  n  terms  beginning  with 
ny,+{»+2i+ . • .  (n-l) i)  Ay,+{t  i^+2i^+ .... 


.  • , .  +11-1 1 .  j  A'y,+ 


• « •  • 


Apply  this  to  every  term,  from  y,  to  y^i  indusive,  and  we  have  for  the 

required  sum 


n 


Xy.+  (i+2i+ . . . . +(n-l)  0  2Ay.+(^*  4^+^*^+  *  *  * 


•  •  • 


But  IAy,^A;/o4-  4- A//,_,=y,— y,;  ilA' =  Ay,  — Ay^  &c., 

and  the  coc^cienls  are  evidently  those  of  the  powers  of  iv  in  ^ 
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1  +  (1       +  (l +1)"+ . . .  +  (I  +j:)''-'>'.  or  ^jj^j.  or  Ji^^. 

fiiuce  Hi=.l.  Tukiug  these  coefEcienU,  aad  writiug  1  in  for  i,  we  Uavc 
the  same  result  as  before. 

187.  It  hove  stifiiciendy  appeared,  that  instead  of  bclnf?  madG 
an  undetcriuincci  symbul,  by  not  havin;^  a  specified  beginning:,  it  uould 
have  been  more  tu^reeable  to  analogy  that  it  should  have  begun  lioui 
— oc,  or  should  have  signified  y_i-i-y«-t+  •  •  •  •  4-yo+V-i+ ....  ad 
infinihm,  '  In  such  a  case  A  and  Z  would  Itave  been  leally  convertible 
operations;  for  AIy^=(y,+  . .)'*(y#-i+*»**)^y<v  Mid  2Ay,s 

+ ....  s=y.— y,-i + y^i -  y*-t  + . . . .  =y,.  That  I  may 
not,  however,  depart  from  established  notation,  I  shall  in  future  use 
A'^y^  as  meaning  the  preceding  series :  so  that 

Sy-- A^'y*- A->y^  or  A-»  (y«-y«), 
where  m  may  he  anything  whatever. 

188.  If  in  ?/o  +  y.+  •  •  •  .  +yi+yif.+  •  •  •  •  wc  multiply  by  /  or 
1  and  incicase  it  without  limit,  wc  approach  (page  100)  lo7  '^y^dv. 
Let  this  be  done  with  the  preceding  series,  and  we  shal)  obviously 
approach  without  limit  to  the  series  obtained  in  (61.),  as  it  becomes 
when  0^1,  n^9. 

189.  If  we  add  the  term  y,  to  both  sides,  wcvfind  for  the  sum  of 
y«yi'  •  • and  all  the  interposed  terms 

n— I  n'— 1  ^ 


190.  In  the  aeries  obtained  by  writing  I:n  for  n  in  (184.)  write 
dr:(l  — :r)  for  x,  and  then  multiply  by  1 — x.   This  gives  {A«s=n» 

A,=:jf(ll«-l),&C.} 

=  A^+(Ai- Ao)  r- A,  a«+  (A3-  A.) 

—  ( A4 - 2Aa+  A 0  -r*  +  (  A3—  3 A,  f  3 A3—  A,)  -  

But  the  first  side  nia^also  be  obtained  by  changing  the  of  71  and 
of  T,  and  then  chan^in;:^  the  sign  of  the  wliule.  The  fufet  nud  third 
operations  compensate  each  other  in  every  term  but  the  second,  and  we 
have 


 —  r=A«—  (n+ 1)  4?  <-  As  J^— At  J^— A* 

whence  At-Ats=— A»  A4-^2As+AtsA4 

AA^t-AAH-t+^-y- A*—* ±/rA«:|:A«=(— • 

191.  The  series  in  (185.)  requires  terms  following  y„  in  order  to 

construct  the  necessary  differences.  But  it  may  be  reduceil  to  another, 
requiring  only  preceding  terms,  by  the  same  process  as  in  (181.)  The 
teriea  in  question  is 
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For  Ay«,  A«|f^  Ac.,  tubitltute  Ay^i+A«y._,+ .....  A*y^+2A'y^ 
H- •  •  •  .f  Ac,  which  gifw 

A.2y.+A,y,-A,(Ay_,+AV,Hi4- .  .)  +  A.(AV*-i+2A*y.-«+. .)—... 
— Aiy,+A,^o  — A,A*yo  +.., 

sA.^.+ A,y,— A«Ay,-|+(A,-A,)AV..t-(A4-2A«+A0AV.^+ . .  • 
— A,sf^4-A«Ay»-  A,      AV,  +  A^APy^ 

= A,  2y,+  Ai  (y,— y.)— A,  (Ay,.,— Ay«)  -  A,  (A"y,.,4-  A'  y«) 

-A«(A'y^-A«y.)-.... 

Or,  making  ^  alteration  n<>  in  (189.),  wc  find  that  the  aam  of  the 
tenna  y*,  y„. . .  .y.,  with  Uie  luterpoaed  terms,  is 

«(yo+yi+  ....  +y,) — ^-(y^+yo) — jjjp  (Ay^»-Ay„> 

0i'->l)(9n'-l)  ,       ,  (n'-l)(863n^-145>»*4-2),. 

480i?  60480J?  ^ 

(A»y^-A*y.)-  

We  ihali  now  proceed  to  some  methods  of  ohtamhig  the  auma  of 
aeriet  connected  with  the  roota  of  unify.   The  nth  rootaof  unity  m  1, 
.o^S  where  « ia 

f»    >orcoa — j-v  — Isin — .  (page  127,  Ac) 
n  11 

192.  Let  So"  stand  for  the  sum  of  the  mth  powers  of  these  roots^ 
then  Stf^O  in  all  caaea,  except  when  msO»  or  or  a  multiple  of  n. 
In  which  caaea  SeTsin. 

Sa"=l  +a-4-a^+ ....  +»^*-***=^^-t^  ; 

hut  tiiu  uuiiierutur  :=:0  io  all  cases  fur  a""*=(a")'"=l"*=l.  But  the 
denominator  la  never  =sO,  unleaa  msO»  or  n,  or  a  multiple  of  m* 
Except  in  theae  caaea,  then,  Sft**sO;  and  in  theae  caaea  eyerV  term  of 
^e  series  ia  unity,  or  the  series  is  n.  Thia  theorem  la  equally  true  of 
negetiTe  powers,  since  givea 

198.  Given  the  equivalent  function  of  a+Oi^+^t^'-h  . . . required 
thatof 4^,4r"+<Wi»«^+^-+fci^"^+. .  ..(i»<«).  Let^jr=a+a|jr 
+  ....,  and  having  multiplied  botli  sidea  hy  or~*,  (at,  /3,  y,  dtc- 
heing  the  nth  roots  of  unity,)  or  &c.  as  may  be  most 

write  OCX  ibr  jr.   Do  the  same  with  i3,  y,  Ac ;  we  have  then 


0flurssaarK"+a|  . +flj.  a^"  «•+      or**  «»*^+  

&c.  &c.  &c. 

Adding  theee  together,  every  term  vaniahea  except  those  which  contain 

x^,  x"*^",  Ac,  and  we  have 
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S  (a— ^ajr)=na„i'-+nG„^.r+-+  . . -  S  {a"-" (pax) 

fl 

ld4.  Whatiil+j-j-^+— +^  +  ...  The  preceding  theorem 

gives  i  {r-|-f"'+2co8  j}, 

!»  — 1,  V — If  wad  ~V —1  being  the  fourth  roots  of  unity. 

195.  Beqmred  +_^_+  wb« 

[6»6  +  c]  iteDdB  tm  befm  for  6(6+1). Mtdtiply  thi* 


 -r  +  p-j  —  +  rr  —J  +  •  ♦  


whici),  with  intermediate  terms,  it 

Let  a,  /3,  &c.  be  the  ath  roots  of  unit)- ;  multiply  the  last  by  a^~^^\ 
&c.t  and  substitute  ar,  )3x,  &c.  for  x.    The  results  added 
together  give  the  series  required  \n  r\  fmite  form  ;  and  this  multiplied  by 
[6—  l]y  aad  divided  by  jc^'\  gives  tiie  original  series. 

196.  The  nth  roots  of  -^t  are  a,  oc*.  (x*. . .  .o^,  whm  1»  «^  aP. .  •  • 
a*^^  are  «11  the  3fith  mots  of  +1.  And  we  have  for  the  ram  of  ib» 
mth  pofm  of  these  mote  of 

•r+fl^+ . . , .  or  «-^^[. 

The  nunentor,  being  (a*")"*— 1  is  sO  when  m  is  a  whole  number, 

positive  or  negative;  so  is  the  tlcnominator  whvn  v\  ik  0,  or  n,  or  a 
multiple  of  n.  But  wlien  m  is  an  even  iiiullipie  of  //,  each  term  of  the 
series  if*  1,  Rnd  when  an  odd  nujltiple  of  w,  —  1 :  consequently  the  sum 
of  ilie  mth  powers  of  the  nth  routs  of  —1,  i»  n,  — «,  or  U ;  the  iirst  when 
M  »  an  efen  multiple  of  n  (0  included,)  the  second  when  an  odd 
multiple,  the  tinrd  in  any  other  case. 

197.  Given  0x=a  +  a,  x-('afZ*+«  •  required  a^jf — fl»f«*"^" 
+0.4^  x-***-  (m<ii). 

Let  a,  /3,  y,  &c.  be  the  2/ah  roots  of  —  I,  multiply      separately  by 
\  t  end  change  x  into  otr,  fix,  &c.  The  lesnlla  added  toge- 

will  giire  (ngeeting  tenno  whi^  disappear) 

i  So^-"  0B«  as  flr«  J^— flU+«       + ^W*  .  • . 

fl 

10«.  Required  aiT—G^jr*+ayjr'— </>r  heiiiEr  a +  «ijr 4- ...  •  .'^ 

The  cuberooUof  -1  are  -1,  i+iV(-3)ss%  J— 4  V  t""^J^A 
and  the  required  result  is  one  third  of 
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-1       i+iV(-s)         i-4^(-a)  • 

»- — — 

199.  From  the  preoetling  it  can  be  shown  that  if  a-f-Oi  jr-f*  •  •  •  •  can 
he  expressed  in  a  Unite  form,  (j>Xy  then  alflo  that  seriea  can  he  ezpreased 
in  a  hnite  form,  is  hich  is  made  by  allowing:  the  fint  m  terma  to  stand, 

changing  the  sign  of  the  next  m  terms,  and  so  on  ;  changing  the  sign  of 
ever}'  alternate  set  of  m  tcrnjs.  And  this  can  also  be  done,  if  only 
every  rith  Icrni  of  the  oriinnal  scries  be  taken,  and  the  result  se]>nrated 
into  parcels  of  in  termb  each,  changing  the  signs  of  the  ahcruatc 
seta.  And  the  same  ia  ttne  if  the  terms  of  the  lesulting  scries  be 
multiplied  by  6,  6|,  &c.,  being  any  integral  and  rational  function 
of  II.  So  that,  for  instance,  if  a+a|jp+,.«.  be  expiessiUe  in  finite 
terms^  the  following  has  the  same  property : 

200.  (Chapter  X.)  If  and  i/^x  have  the  same  limit,  or  if  both 
increase  without  limit,  or  butli  diminish  without  limit,  then  of  course 
the  final  tendency  of  0x  may  be  found  from  that  of  ^^x,  or  rice  versa. 
And  in  the  case  of  a  finite  limit,  we  may  say  that  0x :  "^x  has  the  limit 
unity,  but  we  may  not  say  the  same  'if  both  Increase  or  both  diminish 
without  limit.  Thus,  if  x  diminish  without  limit,  a-\-x  and  a+J*  have 
the  limit  r/,  and  (rt+j:*)  :  (a  +  x)  has  the  limit  1 :  bnt  if  a=:0,  r  and  jfi 
both  diminish  without  limit,  but  x* :  .r  also  diminishes  without  limit. 

Thus  the  tendency  of  0.r:y/.r,  if  both  functions  vanish  when  .r  =  <7, 
can  uiwaya  be  discovered  from  tliat  of  0'x:  f  x,  or  ^"x;  'a,  &c.,  but  it 
is  only  when  <px:fx  has  a  finite  limit,  as  x  approaches  towards  a, 
that  we  can  say  that  {(p'r  :f'x]  :  {(pi :  yx},  or  (0'x  ^x) ;  has 
the  limit  unity. 

201.  To  avoid  circumlocution,  let  us  in  future  use  the  algebraical 
symbols  of  tlie  limits  of  magnitude,  interpreliuK  them  in  the  language 
of  limits.  Thus  0(cc)  =  x  means  that  the  function  ^  increasea 
without  limit  when  x  increases  without  limit,  and  nothing  elte.  Also 
0a=x'  meana  that  0x  increases  without  limit  as  x  approachea  to  a  : 
0(0)= X  means  that  0x  increases  without  limit  as  x  diminishes  with- 
out limit.  Sometimes  when  it  is  necessary  to  rer  iH  this  caution  to  the 
EtuJenfH  mind,  we  shall  write  the  single  word  (limit)  in  parentheses, 
for  that  ]>urpusiC. 

202.  If  (pa—0  and  Y/rt  =  0,  then  f/*x  and  may  have  two  distinct 
relations.  If  0^  •  (\j!>a)'=uc  (limit),  then  still  more  does  0flf :  (y/a)'^'' 
=  «,  A  being  positive;  and  if  (pa :  (^ay=:Q  (hmit),  then  still  mure 
does  (V'<^)'"'  =  0,  k  being  positive.  But  0a;  (yo)"'  is  certainly 
sO,  and  we  have  the  two  following  cases. 

1.  <pa:Cfay  (limit)  may  Ije  =0  for  all  valuea  of  f,  positive  and 

negative.   Thus,  for  all  vsducs  of^,  diminishes  without  limit 

when  X  diminishes  without  hmit. 
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2.  There  may  be  a  critical  value  of  such  that  for  every  greater 
value  0a :  (fay^siaL^  and  for  every  less  value  =0.  This  critical  value 
must  be  nothing  or  positive ;  and  when  e  has  it,  the  function  0f/ :  (Y'a)'t 
may  be  finite,  and  may  be  nothing  or  infinite.   Thus  (as  we  sitall  see) 

(xss  1)  log  X :  (jv—  l)'s=0, 1,  or  X ,  according  as  e<s=  or  >I 

)  4f-' :  (r'y  s:0,  0,  or  oc ,  e<ss  or  >0. 

203.  In  the  ordinary  functbns  of  algebra,  (f^ :  Cf  i)'  is  usually 
finite  when  e  haa  the  critical  value.  The  other  cases  have  attracted  but 
little  attention ;  and  as  I  haTe»  in  the  preceding  part  of  the  work,  made 
two  eiTOfB  fiom  neglect  of  the  diBtinction»  I  shall  now  proceed  to 

correct  them. 

Since  ff)a  :  (yf/ay=zO  when  e  is  0  or  neirativc,  it  mmt,  as  e  increases, 
either  remain  =0,  or  must,  for  some  si)ccitic  value  of  e,  become  Unite, 
or  for  the  first  tiiur  uitiuite.  When  the  latter  !uip])ens,  the  critical 
value  V6  finite;  but  when  the  function  =.0  for  all  values  of  f,  we  may 
say  that  the  critical  value  is  infinite.  And,  e  itself  having  the  criticad 
value, 

TBBaaKH.  If  ^:=:0,  if^^O,  the  critical  vahic  of  e  in  0a :  if  a)'  is 
i^'afa :  0«Y^it.  Let  Kss^jr:  (f  ^r)',  and  aa  wc  speak  only  numerically 
of  the  limit  towards  which  it  approaches,  let  ^  and  fx  be  positive. 
We  have  then 

°  fx      fx   \f*X^X  i 

First,  let  X  be  increasing  towards  o,  and  therefore  ^  and  diminish, 
or  begin  to  diminish  before  x=ra.    (In  this  way  all  assertions  about 

increase  and  diminution  are  to  be  understood.)  Consequcntlv  <^'i'  and 
■^'x  arc  negative,  while  ^jyfjx :  (pvf'x  is  positive,  and  f'r:  \}/r  is 
n(^tive.  Let  k  be  the  limit  of  v^'r  i//r  :  0t y^'x  ;  then  diff.  co.  log  11 
must  at  last  take  the  sign  of  —{k — e),  or  of  e  — ft.  If,  then,  e  he  ihc, 
critical  value;  that  is,  if  the  substitution  of  <'+/for  e  (lutwi  vir  isuiall 
e')  would  make  11  a  function  increabing  without  limit,  or  difi'.  co. 
log  R  positive,  and  if  e— ^  for  e  would  msJce  R  a  function  diminishing 
without  limit,  or  diff.  co.  logR  negative;  it  follows  that  e+e'— is 
positive,  and  e—e'— ft  negative,  for  all  values  of  >^  lu  wt  vd  small.  This 
cannot  be  unless  e=ft.  But  if  R  diminish  without  limit  for  all  values 
of  e,  then  diff.  co.  log  R  nuist  become  negative,  or  r  —  (0'j  U  i' :  f''^^  i  ) 
must  become  negative  for  all  values  of  Consequently,  <^'a  :  (/>'« 
(limit)  must  be  greater  tliaii  any  value  of  e,  or  infinite ;  that  is  to  say, 
the  ^me  expression  which  gives  the  critical  value,  when  there  is  one, 
becomes  infinite  when  no  value  of  c  is  great  enough  to  fulfd  the  con- 
ditions  of  a  critical  value.  Thus,  adopting  the  usual  phraseology,  the 
critical  value  is  infinite. 

Next,  let  X  be  diminishing  towards  a,  so  that  the  diff.  co.  of  n 
function  is  iTegilju..  Moreover,  let  <ftx  and  -fx  be  positive,  as 
before.  Then  0't  and  i/*'r  are  positive,  and  so  is  0'j  ^.r  :  0r\//'r. 
Therefore  ditf.  co.  log  R  takes  the  sign  of  k — e.  If,  then,  e  be  the 
critical  value:  thnt  is,  if  the  substitution  of  >--\-c'  for  e  (however  small 
would  make  K  u  function  increasing  wuiiout  limit,  or  diff.  co.  log  R 
ntgaitve;  and  if  e— e'  for  e  would  make  R  a  function  diminishing 
without  limit,  or  diff.  co.  logR  pa$Uive:  it  follows  that  k^e^ef  is 

y 
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negative,  and  k^e-\-^  positive,  for  all  values  of     however  smalL  Thii 

cannot  be  unless  <»rrA-.    But  if  R  diminish  without  limit  for  all  the 
values  of  e,  then  diff,  co.  log  R  must  become  positive  for  all  values  of  e. 
Consequently,      fa  '.  (pa  ^t'a  must  be  greater  than  anj  value  of  e«  or 
infinite ;  and  the  conclusions  ure  as  before. 
Corollary  1.    If  0a=oc,  ^a=.  oc ,       ;  (^fl)'  is  the  eth  power  of 

'       ^  \iwa%  pontiTey  both  are  DOthiiig»  finite,  or  infinitey 

togeUier.  But,  by  the  tiieoran»  tinoe  (<j^a)'~*=:0,  {^aY^zzQ^  the 
critifial  value  of  1 ;  e  » 

diff.  CO.  (f .  i^a,4>a 
(fa)-' .diff.  CO.  (^)-* '  °'  ^.^a 

Hence  the  critical  value  of  e  is  (pfa,fa  :  (/ia.yff'a,  precisely  as  before. 
But  nnce  the  reciprocals  of  ^  and  ¥ra  took  Ibcir  plaisea  in  the  reaion- 
mg,  (and  this  can  be  shown  independently,)  it  followt  that,  e  being  the 

critical  value,  <(>«  :  (Y'a)'"^''=0,  and  0o  :  {fay~''=  a;  also^  that  when 
0a  :  i^uy  is  always  infinite  (at  which  it  begins,  if  we  begin  with  e 

negative,  or  nothing,)  the  limit  of  (J)'a  fa  :  (pa  f'a  is  infinite. 

Corollary  2.  If  0x  be  finite  when  i=ia,  nnd  when  ^/arrO  or  x, 
it  is  obvious  that  e==0  is  the  critical  value.  But  as  the  preceding 
deinonstratiou  did  not  apply  to  this  case,  tliough  it  might  be  adapted  to 
do  so,  consider  the  function  in  a  form  to  which  the  theorem  applies, 
namely, 

T-'-^xi  which  gives  t  ^  ^.^-h  1  for  the  critical  value  of  e+ 1 : 

Imt  this  value  is  =1,  as  is  obvious  from  the  function;  whence 
4fayffU:<payff'a:=:0.  And  by  such  an  inversion  as  that  in  the  first 
corolkry,  it  follows  that  when      is  finite,  ^'a^a :^^a=:«c,  if  ^ 

be  0  or  (X  . 

CoKOLLARY  3.  If  oue  of  thc  two  be  =0,  and  the  other  =00 ,  then 
^ :  {(ya)"'}"'  can  be  treated  by  the  theorem,  and  gives  a  positive 
value  far  — c,  or  a  negative  value  for  e.  And  it  readily  follows  that 
when  e  is  less  than  this  critical  value,  4>j  :  if^Y  has  the  same  limit  as 
Y^jr,  and  the  contrary.  But  if  — e  be  infinite,  or  e  infinite  and  negative, 
^ :  (^xy  has  always  thc  limit  contrary  to  that  of  fx ;  that  is,  0  or 
cc  when  y^x  has  the  limit  or  0.  All  these  are,  in  -fuX,  cases  alreadjr 
described. 

204.  All  that  precedes  may  be  collected  into  one  theorem ,  as  follows. 
When  is  finite^  the  character  of  the  Umit  of  ^ :  {fay  (whether  0, 
finite,  or  at)  is  that  of  ipa:  in  every  other  case,  e  hmag  if/wfa :  0a  y/a, 
the  limit  has  the  character  of  when  n  is  less  than  e,  or  of  (^)'*' 
when  9t  is  greater  than  e ;  or  has  the  character  of  fyfta)*^". 

The  preceding  demonstration  has  Ijcen  purposely  derived  froni  first 
principles,  and  shows  rhnrlv  what  takes  place  when  *■  »s  infinite.  The 
followincr,  of  u  nmrli  more  ^niple  mechanism,  ia  perfectly  satisfactory 
only  when  <•  is  finite.    We  know  that 


— ■ 


A—  B'^^i' »,  whence  5 — r-  =  {fx\^''»'^ 
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When  ^  »  0  or  oc ,  kg  ^ascc ;  if  then  log  ^ :  log^a  be  finite, 
matt  have  Iog0asac,  end  the  ?alue  of  kw^aUogY^a  is  that  of 
(0'a :  0a)-r-(y'a :  ya),  or      V^a ;  Henoe  ^ :        has  the 

character  of  Cfay-%  as  iMerted. 

205.  If  4ta :  (fay  he  finite,  then  «  is  the  critical  value,  which  is 
therefore  finite:  nut  the  converse  is  not  true ;  that  ia,  0a :  CfaY  mhj 

be  infinite  or  nothing,  the  critical  value  e  being  finite.    Thus,  if 

<t^x=xhgT,  '^T  =  T,  we  have  :  Y^.f  0rrr  H-(log  r)~' ;  which 

=  1  when  X  is  infinite  :  but  in  that  case  0j  :  f  i  is  evidently  infinite. 
This  leads  to  an  extension  of  the  theory  of  aJgebraical  dimension,  as 
follows. 

If  we  take  two  powers  of  jj,  jt",  and  and  make  cc  infinite,  then, 
however  imall  k  may  he,  the  second  Is  infinitely  sreatei*  than  the  first ; 
and  if  a-f /lie  betwen  tfand a+i^»  then  ^  is  infinitely  greater  than 
and  infinitely  less  than4^\  These  three  are  ofdiifenm  dimension. 
Let  us  now  make  a  definition  of  dimension,  not  attached  to  the  notion 
of  exponents,  but  to  the  necessary  character  of  difference  of  dimension. 
Of  two  functions  which  simultHriPotisly  increase  without  limit,  let  the 
dimrn«i()n  be  said  to  he  the  same  if  they  be  always  to  one  another  in  a 
ratio  uliich  approaches  tu  a  finite  limit.  But  if  one  increase  without 
limit  with  respect  to  the  other,  let  the  first  be  said  to  be  of  a  higher 
dimension  than  the  second.  AbbreYiate  as  follows:  when  two  fiinc- 
tioDs  are  infinite  they  are  of  the  same  dimension  if  they  have  a  finite 
ratio;  hut  if  one  be  infinitely  greater  than  the  other,  the  first  is  of  a 
higher  dimension. 

The  following  consequences  arc  evident.  Two  functions  wliich  hare 
the  same  dimension  with  a  third  have  the  same  dimens-inn  with  one 
another ;  and  if  A  have  a  higher  dimension  than  B,  and  B  than  C,  A 
has  a  higher  dimension  than  C. 

Usually  X*  is  the  dimeiienl  function  of  algebra ;  we  must  come  to 
the  consideration  of  transcendental  quantities  before  we  find  a  fiinction 
which  is  not  of  the  same  order  as  j^,  for  some  value  or  other  of  a :  and 
then  between  ^t*  and  may  be  found  an  infinite  number  of  functions, 
higher  in  dimension  than  the  first,  and  lower  than  the  second,  however 
small  k  may  be.  Find  the  critical  value  of  c  in  (lopr)':  a?*,  and  we 
shall  find  ^'=0.  That  is,  (logx)' :  r'  is  =()  v.hen  x  is  infinite,  for  all 
positive  values  of  e.  Therefore,  h  bt-ing  positive,  .r"(logx)*  is  of  a 
higher  dimension  than  -t*,  and  of  a  lower  than  jr''+*,  however  small  k 
may  be,  or  however  great  6  may  be.  Similarly,  (log  j)*  (log  log  x)  is 
of  a  dimension  between  that  of  (log  x)'  and  (log  however  small  k 
maybe.  Denote  log*,  l^logj>,  &c.  byXj?,  X*x,  Ac,  then,  however 
small  k  aaay  be,  the  function  in  each  line  of  the  second  cohlmn  lies 
between  that  of  the  first  and  third  in  dimension. 


x-(Xt)'(AV) 


a?"(\jp)» 
.T"(Xr)'(X«j)^ 

x"  iXxf  {XKty  (,Vx) 


j'*(Aj)'(\^xX+* 


We  have  then  an  infinite  number  of  interpositions  of  dimensions 

*  We  mteod  to  me  thb  langua^  inabbxeviation  of  that  of  liouts.  See  iMFiMilB 
^in  tfa«  penny  Cyclopasdia, 
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between  thoie  of  s!"  and  and  between  each  of  the  dimesinons  so 
obtaiiied,  an  infinite  number  may  still  be  interpolated.  Thus,  Nvrite  \t 
in  the  fonii  and  it  will  be  found,  m  beinp:  >0  nnd  <1,  that 

is  of  a  higher  dimension  than  X*x,  and  of  a  hiwer  than  X  i. 
If  in  the  first  liac  the  signs  of  6  and  k  be  changed,  of  c  and  k  in  tlie 
wcond,  &c.,  the  dimension  of  the  second  column  is  still  intermediate 
between  those  of  the  first  and  third.  We  may  agree  to  denote 
*"(Xj:)'(X*jry....  by  a^'****—,  which  the  comma  will  distinguish 
sufficiently  from  the  notation  of  (40.)  page  254  :  and  we  may  ca)) 
this  the  dimension  [a,  6,  c,....].  Thus,  of  the  two  dimensions 
[a,  6,  r,. . . .]  and  \a\  ^,  r',. . . .],  that  one  ia  the  higher  which  first 
shows  a  higher  sub-dimension.  Thus,  [1,  1,  1,  3,  2j  is  higher  than 
[1, 1,  I,  2, 10],  but  not  80  high  as  [1, 1,  f ,  14,  20]. 

206.  The  critical  value  of  n  in  0  r  :  t",  or  the  limit  of  x^x :  being 
a,  we  know  that  <^<t.  :  <c**^zzO  and  0x:«''"*=ac.  Hence  the 
dimension  of  (px  lies  between  that  of  af~*  and  jr"^*,  however  small  k 
may  be :  but  we  may  not  therefore  say  that  it  has  the  same  dimension 
as  j^.  Let  us  now  try  0J.ar*  :  (\x)' ;  the  critical  value  of  n  will  be 
found  to  be 


Let  this  not  be  iniinite ;  then  ^.x""  lies  between  (X*)*'*  and  (Xx)*** 
in  dimension,  or  0.r  has  a  dimension  between  [a,  b — k]  and  [ct,  b-{-k]. 
But  if  b  be  infinite,  then  <ftx  belongs  to  some  new  kind  of  dimension, 
which  falls  between  tiiat  of  (Xj)*  and  J^"*"*,  liowever  gn-at  or  how- 
ever small  k  may  be.  Such  a  dimension  is  a: '  tC^*-')'",  m  being  >'l, 
and  many  others  might  be  given.  We  shall  here  confine  Oitrsehres  to 
the  cases  in  which  the  sevend  snb^^mensiona  are  finite. 

Let  us  now  6nd  the  critical  value  of  n  in  0««jr^(Xx)^:  (X'«)"»  If 
we  call  it  c,  we  find 


P,=X"x(P4— aO  •  •  •  Pt=a«  

Then  so  long  as  no  one  of  Oo.  «i>  is  infinite,  the  dimension  of  0r 

mny  be  asserted  to  lie  between  those  of  [Oo—k}  and  [a^-^k}^  of 
[Ou,  Uj— and  [or,  (r^—k],  of  fflo»  «i»  «t— *1  a^^l  [^o>  «!>  &c., 
however  small  k  may  be :  and  if  any  one  of  the  set  ;  x^, 
0x :  jf*  (Xx)'i,  &c.  have  a  finite  value  when  x  is  infinite,  then  0x  has 
abeolutely  the  dimension  [^ol  C^o*  &c.  But  when  any  one  of  the 
set,  Oo,  &c.  is  infinite  and  positive,  say  then  0jf  is  of  a  dimension 
higher  than  that  of 

(Xj)-'  (X«:p)t  (X'j)-.  and  lower  than  that  of  a«  (Xx)-'  (X'x)''«+*, 
however  great  m  may  be,  or  however  small  k.   But  if  the  first  of  the 


Pinoeed  in  this  way,  and  we  come  to  the  foilowmg  theorem. 

0'x 

Let        P»=d;  and  let  P«=at  when  x  is  infinite. 
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ict,  8«y  ffj,  which  becomes  infinite  is  infinite  and  n^ativc,  then  is 

of  a  dimension  lower  than  that  ui 

jr^  (Xx)*»  (X*^)"*  (X»j)— ,  and  higher  than  that  of     (Xjr)'»  (X'*)**"*,  : 

however  great  m  may  be«  and  however  small  k.  And  it  is  uaelen  to 
attempt  to  make  any  terminable  scale  of  dimensions,  since  between  any 
two  difforent  r^iTTiensiona  an  infinite  number  of  intermediate  dimensions 
may  be  interposed. 

20*7.  The  preceding  contains  only  dimensions  of  the  same,  or  a  lower 
Older  thin  those  of  powers  of  The  same  theoiem  hidds  if 
0^d?.ygr :  ^^x,  provided  \*fx,  &c  be  substitnted  for  XxrX%ftc. 
By  this  means  the  dimensions  of  fonctions  higher  than  any  power  of  « 
may  be  obtained;  but  there  cannot  be  any  method  of  ascending^  or  of 
obtaining  the  exponents  of  lower  dimensions  first. 

^8.  We  shall  now  proceed  to  apply  the  preceding  theorem  to  the 
rule  (pa^  237)  for  the  determnmuou  of  the  convergency  or  divergency 
of  a  series  ;  which  is  correct  in  every  point  but  this,  namely,  that  what 
in  the  pieceiding  aitioles  would  he  called  a  dimension  greater  than  that 
of  and  less  than  that  of  x^'^j  is  then  confounded  with  the  absolute 
dimension  of  jr.    The  nde,  then,  may  be  wrong*when  ji^jt  :  1^ 

Theorem.  If  <px  diminish  without  limit  when  x  increases  without 
limit,  and  do  not  become  infinite  after  jr=ii,  then,  of  the  two  expres- 
sions 0  (a)+0  (fl+l)-f-0(a4-2)  4- ...  •  ad  infiniium^d J^^dx, 
either  both  are  finite,  or  both  are  infinite. 

There  must  be,  by  hypothesis,  some  finite  value  uf  j ,  iroui  und  after 
which  4»9  oontinuaUy  decreases ;  and  this  value  may  be  chosen  for  a. 
Then,  iirom  xsa  to  jr:=a+l,  ^>0:r>0  (a4- 1)*  whence 

/:+» 0ff  dx> f 4)xdx> f 4>{a-^X)dx ;  or  0a> y*:^'^jrdx>^(a+l). 

Similarly,  it  may  be  shown  that f  lX\(f).Tdx  lies  between  +  and 
*jri(r-^2),  and  thus  that  J^l^"  fpx  dx^  however  great  n  may  he,  lies 
bttwecii  <i^>a  +  ^(a-l-l)+ .  ..+(/>  (o+n— 1)  and  0  (a  i- 1)+0  (a-f2)+ 
. . . . -f  f/>  («  +  n).  But  these  last  differ  by  0(a)— 0(a+n):  con- 
{^(jueutl^  the  limit  uf  the  integral,  and  the  sum  of  the  series,  do  not 
difler  by  so  much  as  0  (a)  -0  (x or        Hence      ^xdx,  and 

•  •  •  •  do  not  difler  by  so  much  as 
Hence  it  follows  that  the  series 


0»Xo.X*a. . .  .X*"'a.  (X"a)' 
1 

."f*  •  •  •  • 


(a4-i)X(a+l).V(a+i)....X"  •Ca-i-l){X''(a  +  l)]' 

(beginning  at  a  value  of  i>  so  great  that  all  the  lectors  of  the  first 

term  are  possible)  i?  convergent  when  r  is  greater  than2,uni^)  and 
diveigent  when  e  ia  unity  or  lota  than  unity,  i^'or 

 1   _    I  d 

x.lu,  \*x. . ,  .X*-'4f  (XV)'^^*"" (vviy*     ^  ' 

f4^xdjg  s  C+^^^'.  or  C  +X-*»jr,  if  <=sl ; 
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which  is  finite  when  e  is  <;Teatcr  than  unitr,  and  infinite  when  e  ii 
unity  or  lees.   Whence,  hy  the  pfeceding  theorem,  the  condiinoii 

obviously  follows. 

In  page  234  il  is  shown  that  when  2(1:0?)  is  r<)iiverii:eiU,  any 
series  iu  wliich  for  ^  is  substituted  a  function  oi  higher  ilHuension  is 
also  convergent;  or  that  if  fx  be  higher  than  4».r,  ]E(Yrx)"*  must  he 
ccniTergent  when  2  CM'^  is  eonyergent.  Also  that  if  yjp  be  lower  than 
is,  2(Vr«)~*  must  he  divergent  when  2(^)~^  is  diTergent  This  it 
merely  the  gtatement  of  the  dtearem,  using  the  words  higher  and  lower 
dimension  in  the  extended  sense ;  that  is,  instead  of  saying  that  yffx :  ^ 
increases  without  limit  with  t,  we  say  that  yf/x  is  of  higher  dimension  than 
i>T,  or  higher  thnn  tf)T.  And  by  higher  understand  the  same  or  higher ; 
'  bv  lower,  the  same  or  lower. 

Having  proved,  tiit-u,  liiat  when  <(>t=:  r.X<r. .X*~'j.(X"j:)',  the  series 
is  convergent  when  e  is  greater  than  1,  and  divergent  when  e  is  equal  to 
or  lesa  than  1,  it  ibllowa  that  every  series  'of  the  same  or  a  higher 
dimension  is  oonveigent  when  the  preceding  is  convergent^  and  every 
•enea  of  the  same  or  a  lower  dimension  is  divergent  when  the  pieoeduig 
is  divergent.  From  this  the  following  criterion  of  convcrgcncy  or  diver- 
gency (which  includes  the  preceding  one)  may  he  found,  the  aeries 
being 

1  1  1 

^(a)  ■^0(a+l)  0(0+2)"^ 

First  examine  V^t^s  :  0ap,  when  x  is  infinite.  If*  then,  the  limit  el 
Pg,  be  >1,  the  scries  is  convergent;  if  <1,  divergent   But  if  OfS:!, 

find  Ou  the  limit  of  Pj  or  Xr  (Po  — Oo) ;  then  if  a,  >1  the  series  is  con- 
vrrient,  if  <1,  divergent.  But  if  aj=:l,  find  Ot  the  limit  of  P„  or 
X*jr  (P,— a,) ;  then  if  a,>  1,  the  sehea  ia  convergent,  if  <1,  divergent 
But  if  Qt—  1  examine  P,,  &c.  &c. 

Tiie  dcuionstration  is  as  follows.  If  f7o>l,  then  0j,  being  of  a  higher 
dimension  than  x^*,  however  small  k  may  be,  can  be  made  of  a  higher 
dimension  than  where  e  is  greater  than  1.  But  £jr*  has  in  that  case 
been  shown  to  be  convergent.  Similarly,  if  ao<l,  which  is  of  a 
lower  dimension  than  x**^*,  can  be  shown  to  be  lower  than  Jf,  where  c<l. 
But  if  £ro:=:l,  and  if  Ot  should  be  >1,  (and  this  includes  the  cnse  in  which 
it  is  infinite,)  0t  is  of  a  higher  dimension  than  T.(Xr)"'^*,  and  can 
therelure  be  shown  to  be  of  a  higher  dimension  than  x  (Xt)',  where 
p>  1 .  But  in  this  case  Zof"*  (Xx)~*  has  been  shown  to  be  convergent ; 
and  so  on. 

209.  If  a  fiinction  oonld  be  shown  for  which  a»,  at*  ^*  act  in^  are 
severally  szl^  this  criterion  does  not  determme  whether  the  series  is 
convergent  or  divergent    But  if  in  mck  a  esse  there  he  coawgener, 

it  must  be  less  than  that  of  S^p"^*"*^*  for  any  value  of  k,  however  small ; 
indeed,  between  thf  ?cries  just  named  and  that  in  rjnestion,  can  be  inter- 
posed an  infinite  number  of  series  more  convergent  thau  the  latter. 

210.  If  we  substitute  ^x,  the  term  oi  tlie  scries,  for  fx  its  rmprocal, 
we  have  P«=~4r^« :  yx,  the  rest  being  as^hefore. 
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Page  236,  Example  I.,  (using  n  for  x.)  yn=a;»— 1,  Po=:j:«  Xx  :  n 
(«■— 1)=1,  when  fisoo . 

1  ■  t  t 

P,asXn(Po-l)=Xn{4r«  X«— n(a?«-l)}  :«  (x-  -1), 

the  dcoomiiiator  is  Ax  when  n=  oc ,  and  ihc  numerator,  expanded,  gives 

X«x-{Xx-n(l-x 

which  rrO  when  w=  x  :  or  the  series  is  divergetii. 

In  page  237,  Example  V.,  for  the  words  "  unity  or  lees,"  must  be 
read  **  leas  than  unity.*' 

211 .  The  same  error  h  mwle  in  pnires  180-182,  the  whole  of  which* 
must  be  read  with  reference  only  to  those  liinctions  in  which  ^  is  hnite, 
when  the  critical  value  of  e  in  0j:  :  (r — a)'  is  =:0.  It  is  possible,  liow^- 
evcr,  tlmt  buch  functions  may  have  the  same  dimension  as  {X  (x  —  a) }  : 
theae  fimctioiiB  caoiuil  be  expanded  in  positive  power*  of  x— a,  but 
require  both  positive  and  negative  powers.  The  pai^es  in  question,  there^ 
fore,  include  all  that  can  be  included  under  Tayior^s  theorem:  what 
they  omit  is  the  notice  of  a  particular  class  (little,  if  at  all,  noticed 
hitherto)  of  exceptions.  We  shall  proceed  to  some  consideratiops  on 
series  containing  both  positive  and  negative  powers  of  «.  ' 

312.  There  is  no  difficulty  in  exhibiting  any  function  in  a  double 
series,  containing  both  positive  and  negative  powers  of  r.  For  example, 
X  itself.  From  among  the  infinite  number  of  equivalents  for  dr,  choose 
one,  fpr  example 

« 

The  fiiat  may  be  expanded  into  «— l+x~*— ap^'+ar*— . . . and  the 

second  into  x — jt'+x'— &c.  The  sum  of  these  two  series  then  is  an 
equivalent  to  &nd  an  infinite  number  of  such  equivalents  might  bt 
found.  We  are  not  then  to  say  that  two  snch  developments  must  he 
identical,  term  fur  term,  because  they  are  develo]>ed  from  the  same 
function  :  for  one  function  may  give  an  infinite  number  of  diftbrent 
developments  of  tliis  kind.  Nor  is  the  divergency  uf  one  part  of  the 
series,  which  will  generally  be  found  to  happen,  any  impediment  to  the 
equation  of  tiie  development  and  the  function  from  which  it  was  derived. 
For  both  developments  may  be  made  by  Madanrin^s  theorem  (as  will 
immediately  he  shown)  and  Lagrange*s  theorem  on  the  value  of  th^ 
limits  may  be  used,  to  repreaent  the  remnant,  Itom  and  after  any  term, 
in  a  finite  form. 

1  1  1     fl*  jr" 

For  eammplc.  log  (l+ar)=ap— jA'^'+gO^**-  • '  • '  *n  (l-feox)" 

log (^1 +-)  =;  -2  jr+3        •  ±-  ; 

B  and  6'  being  both  <1.    The  second  is  obtained  by  writing  1:« 
instead  of    in  the  first.    Consequently,  by  subtraction, 

*  Bagiimiiig  fvom  psgs  180,  th«  fifth  line  firom  ths  bottons. 
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^  n  V(  1  +  to)"  ^a)V 

This  series,  carried  lu/  mjijiitum^  is  convergeDt,  if  ox  and  a:x  be  both 
<  1.    If,  however,  «  =  1,  it  becomes 

« 

If  this  be  carried  ad  infinUim^  it  Is  the  well  known  development  ol 
logivin  positive  and  negative  powers  of      and  is  never  conveigent 

That  log  X  cannot  be  developed  in  positive  powers  alone,  nor  in  negative 
powers  alone,  is  sufficiently  evident  if  we  consider  that  it  becomes 
luiiuite  both  when  x  is.=0  and  also  when  x^^, 

213.  There  is,  however,  a  great  difference  between  double  series  of 
this  kind  made  by  arbitrary  tranafonnalions,  and  those  in  which  the 

mfxture  of  positive  ?nu1  nccrntive  powers  arises  from  logarithmic  develop- 
ments. This  dificrence,  however,  has  not  vrt  been  established  bv 
demonstration,  though  it  is  found  in  a  very  remarkable  theorem,*  as 
follows.  Let  ijf'x  be  a  function  which  has  a  root  a,  so  that  i//x= (x  ~  a)  4»x, 
Then 

y^x         /     a\  o     1  tt* 

log.-i^  eslog(^l --j+tog4>«=— +- ..+iog^. 

If,  then,  Ihl:  s  r  can  be  expanded  in  positive  powers  of  j,  and  log 
(■^x  :  jt)  in  pociuve  and  negative  powers  of  j*,  (both  which  can  gene> 
rally  be  done,)  and  if  the  identity  of  the  two  sides  of  the  equation  be 
then  assumed,  it  follows  that  —  o=coeff.  of  x"^  on  the  first  side. 

214.  We  ^hull  conclude  this  chapter  of  developments  by  giving  a 
process  wha  li  "^vill  hucct^ssively  introduce  the  stndent  to  a  notion  of  the 
calculus  of  dcrivationsy  the  combinatorial  analysis,  hiid  ih^  calculus 
of  aeneraliiiif  functiom.  We  have  already  seen  successive  derivation» 
and  its  use»  in  the  successive  diff.  co.  of  a  function  and  the  theorems  by 
v^hich  they  are  employed  in  development. 

When  possible,  required  thedevelopmentf  of^  (ii»+A|.t+a»r*4- . . .) 
in  powers  of  .r.  When  it  is  required  to  represent  complicated  results, 
let  a«=a»  01=69  o^^c^  &c.,  the  indices  of  the  different  letters  being 

ahce    fgkklmn  ••«. 

0     123456189    10  ....^ 

•  This  th«>0Ti»m  was  ^iven  by  Mr.  Murphy,  in  the  fourth  volume  of  the  Cambrid^ 
Philosophical  Trsosactions.  and,  intlependentlv  of  the  defect  of  absuliitt>  proof, 
one  of  the  most  gent*  ral  nn«l  interesting  contributions  which  analysis  has  rfcfivrd 
for  oiAoy  years.  It  is  derived  from  the  assumption,  certainly  not  generally  tru«| 
thst  two  doubts  series  which  an  developed  from  the  Mme  ftmctkm,  sie  identtcsl, 
term  lor  term.  Yet  almost  every  {general  theorem  of  development  can  be  obtained 
from  the  use  of  this  tluotem.  anrl  it  has  not  shown  any  cave  of  failur*'.  See  the 
volumu  just  cited,  and  also  Mr.  Mur]  h) 's  treatise  un  Algebtaic  Kt^naiiutis  m  the 
Library  of  U$efui  Knowledge  (page  77). 

t  This  inve«itij;iitii)n  is  a  deduction  of  the  method  of  dcrivr.t'tm  from  a  more 
analytical  principle  than  that  of  Arbogast,  though  it  terroioatrs  ol  course  in  the 
same  pcocew,  or  raih«  in  the  decoai|iOHlioB  of  the  pioocse  of  Axbogast  into  its 
most  aimpls  elemtnts* 
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Let      0fa»4>tfi'-|-aiJ*4'.  •••)— Ao+Aijr+AiO^-l-*.*. 

Diticrcutiate  both  sides  with  respect  to     ;  we  have  then 

but  ^'  (09  + . . .  .)=A,  +  2At  . . . and  contaiDs  no  negative  power 
of  jc  ;  consequently,  for  all  values  of  m, 

or      docs  not  appear  before  the  cuefiicieut  A^  appears;  and  wc  have 

But  thit  leries  is  tbe  lame  thing  whatever  value  of  m  is  employed ; 
namely,  A|+2AtX+  •  •  •  •  Consequently  the  coefficients  of  the  same 
power  of «  with  different  values  of  m  sie  equal,  or 

that  is,  any  A  beinr  differentiafed  with  respect  to  any  a,  gives  the  same 
result  as  an  A  which  is  p  tern)B  before  or  behind  the  first  mentioned* 
differentiated  with  rospect  to  an  a  which  is  as  many  terms  before  or 
behind  the  first  mentioned  a.  Or 

da^ rfa,_i  ~~  dap_t     '  •  • ^^^^  • '  • : 

dh^ 

First,  Ao=^a«,  and  -r-i  s-~=0'ao,  whence  Ai=aj0'<io+C,  where 

C  5s  BO  function  of  a,.  But  nothing  Iiigher  than  r/,  can  enter  A,,  there- 
fore C  is  n  function  of  only.  But,  in  fact,  C  =  (),  for  us  it  is  in- 
dependent of  aydf.  &-C.,  it  is  the  same  as  if  tlicy  ucrc  hU  =0,  or  as  in 
the  development  of  0(ao),  in  which  Ai=U,  or  C=:0.  The  same  con- 
sideration shows  that  in  the  remainder  of  the  investigation  no  in- 
dependent constants  can  enter. 
Next,  it  is  clear' that  the  form  of  A^  with  respect  to  is 

where  To,  &c.  are  independent  of  and  0„<iu>  0m  i^„,  do  not 
mean  the  simple  dilf,  co.,  but  tho*«c  coefticicnts  divitUd  by  1.2.3...« 
m,  1 .2.3. . .  —  1,  &c. :  <p*a  and  being  of  course  the  same  things. 
This  follows  obviously  from  the  development  by  Taylors  theorem, 
which  is 


And  it  is  clear  that  a,  enters  for  the  first  time  in  A«,  with  the  co- 
efficient fli*.  Consequently,  leaving  blanks  (nimibcrtd)  for  cocflSclcnts 
to  I  c  discovered,  we  have  the  following  table  of  the  general  form  of 
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=  (  3  )0,a,+(  5  )0A+C  6  )0,a«+a;04aD  . 
&c.  &c.  &c. 

The  blanks  are  filled  up  by  an  easy  process,  which  may  be  called 
denrafioTi.  This  is  somewhat  different  from  the  derivation  of  Arbogast, 
which  will  appear  hereafter.  It  follows  immediately  from  the  e(| nations 
(A)  that  each  l)laiik  must  be  so  filled  up  as,  on  being  differential  1  with 
respect  to  any  letter,  to  yield  the  same  as  the  nvxt  higher  coeiiicicut  in 
the  same  column  difoentiated  with  reapect  to  the  next  preceding  letter. 
To  fulfil  this  conditioii,  theproceaa  ia  very  aimple ;  aa  foOowa.  Suppose 
£e+ce+6/ fills  up  one  of  the  blanks » what  la  to  fill  the  oneunderit? 
Fram  6e  by  6-difi (or  differentiatii m  with  respect  to-  6)  comea  e,  but 
this  must  come  by  c-ditl"".  from  the  next,  therefore  ce  is  in  the  next, 
nnd  /)|"n]so,  since  6  comes  from  f  ditV"  in  the  presrnt  term,  and  should 
come  trom  J-ihiV*  in  the  next.  Again,  ce  would  give  ee  by  the  same 
rule,  but  this  musi  be  divided  by  2,  for  c-diff"  of  the  present  term  gives 

and  e-diff "  of  ee  would  give  2e.  Also  cf  iaa.  term  from  ce.  Again, 
from  ^fiiat  would  come  cj\  but  term  baa  already  occurred,  and  if  cf 
came  twice,  c-di£F^  of  the  next  would  give  reaulto  from  both,  and  would 
give  2/,  whereas  6-di£^  of  the  preaentone  givea  only  /  from  the  term  hf. 
Obviously,  whatever  conditions  a  new  term  is  required  to  fulfil,  they  are 
fulfilled  if  that  term  has  already  occurred,  and  would  be  repeated  twice 
over  if  the  term  were  allowed  to  enter  twice.  Fmully,  h>r  must  enter  in 
the  new  coefficient.  Consequently,  the  derivative  of  be-^re+hf  is 
re  +  6/+Jc*+c/+6g.    And  the  rules  of  derivation  are  as  follows. 

1.  Difeentiate  aa  if  all  the  letten  were  fonctiona  of  a  common 

variable,  and  inatead  of  the  diff.  co.  of  each  letter  write  the  next.  (Thua 

db  dc 
if  /  be  the  common  varialde,  -j^  e  givea  ^>  ^  ^  givea  6/,  &€«) 

2.  Whenever,  by  the  preceding  process,  a  newly  entering  letter 
increases  the  exponent  of  one  which  ia  already  in  the  term,  divide  the 
term  as  it  stands  afti-r  derivation  by  the  exponent  as  increased. 

3.  When  a  term  new  ly  obtained  has  been  obtained  before  in  the  aame 
derivation,  throw  it  away. 

The  successive  derivations  may  be  denoted  by  D,  D',  in  this  particular 
problem. 

We  give  aa  an  example  aome  derivatiooa  from  6*.  A  term  in 
bracketo  meana  ^at  it  is  either  altered  or  thrown  away :  if  altered,  the 
alteration  is  written  immediately  after.  When  altered,  and  then  thrown 
away,  both  are  in  bracketa. 

D.M=4yc     D».6*s=[126V.e]  6aV+46»«=66V+4&V 
D«.6*=[l3ftc.c«]  46c»-hl26»cc+[12A^cl+4fty 

=  46c»+I2iV+46'/ 
D*.6*=[4c.r»]  e*+l26c'c  +  [246c.ce,  126c*«]+[126«e.cJ 

sr  12te*e+66V+12^c/+46V. 
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Tliii  hang  doDe«  and  Ae  mnlts  tabolatod  to  m  idBdeiit  extent,  we 
bsre 

and  the  total  result  may  be  represented  by 

the  symbol  S  exteDding  to  every  whole  value  of  m,  (0  included^)  and 
nmultaneoosly  to  (  very  value  of  p  which  does  not  exceed  m :  mean- 
ing the  diff.  CO.  ^^''^a  divided  by  2.3. .p. 

215.  The  fellawmg  ia  the  table  requisite  for  the  formation  of  A«  up 
to  A|i  indufive : 


DV=:26/+2ce 

D"6=A 

D'&*=  26/  +  2cA:  +  2eh  +  2/^ 

DT=:26m+2d  +2eiir+2^+«' 

D*6'=36'it+66cA+66eg+3c'^H-36/»  +6ce/+«» 


D*M=46^g  +  l26V/'+  66V  +12&c«c +c< 

D*6*:=4A»A  +  126^c|r+i36V+126c«/  +  126et*  +4c»e  [+6c*e» 
D>te4^ik+i2MeA+12i^  +  19&(^^+  66^*  +246ee/+4c'/+46e 


m»=56«c+106V 

D  V=  56Y4-  20i?>"ce  -f-  lOAV* 

I»fi:56*A+206»c^+206»«f+«06^+306"<»*+206c»c+c» 


or' 
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D'6«=  66y'+  SOl/ce  +  20i'c' 


D«6'=r86'e+286V 


216*  Prove  from  tbe  precediog,  that 

+  (0.  +  3^t+30,+0O       . . . 

where     is  the  value  of  the  divided  iiih  difiF.  co.  of  4|>x,  when 
Also  verify  the  developments  in  (61.),  (64.)>  (156.) 

217.  If  we  form  the  siacceauTe  derivatiTei  of      we  cbmll  find 
from  which  we  abould  auppoie  that 

D-<^a = D— •  6 . 0.a  +  D"-*  6' .      +  . .  . ,  +  6" .  9>„a  (D) 

The  proof  cnn  he  easily  completed,  a»  follows.    Let  the  preceding  be 

true,  thi  n  D<^«a,  or  D^^^^a  :  2.3  p  is  0^''+*^<7.  6  :  2.  3  p,  or 

<Pr+i<^  X  (/>  + 1 )  o.    Consequently,  suhject  to  rejecUuu  u(  repetitious, 

Kow  since  any  repetition  of  terms,  however  often  it  may  occur,  ia 
followed  by  an  immediate  injection  of  the  fepeated  tenna^  and  ainoe  in 
other  respects  the  formube  of  difierentiation  will  apply*  we  have  (aa  in 
Ex.  2,  p.  245) 

D- 6*+>,  or  D- (6^.5)=&D- i*+«iI».D-«*^+ .... 

ail  liie  teruib  ihuciore  of  bVb"  are  found  in  li"        and  therefore  in 

*  That  tetm  it  rajteliNl^  the  two  being  the  taaae. 
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the  fomiiilii  above  written  for  D^+'^a,  the  first  term  of  each  coefHcient 
ia  brackets  may  he  rejected,  as  being  no  mnre  than  a  repetition  of  terms 
contained  in  the  second  coefficient.    We  have  then 

or  the  theorem  (D)  is  true  for  the  m+lth  derivntion,  it"  true  for  the 
mth.    Being  true  for  tlie  firsl,  ha  Bhowu^  it  is  thcrciuic  iiuc  lui  uii. 

218.  We  have  then 

+  (4i+fcjf+ ci»+. .  D^.*+D*<fr«.«*+D^4«*a*+ .... 

which  shows  that  thia  method  of  derivation  is  a  gcueralizfttioii,  one 
particular  caie  of  which  is  divided  dilfereutiutiou,  as  follows.  Let  a  he 
a  function  of  <»  and  let 

J.    I  du  db       ^1  dc         1  de 

if,  then,  a=Y^,  we  have 

Coueqnenlly,       D*^=-^^ :  1.2. 3. .« .n, 


or 


219.  The  preceding  affords  a  ready  mude  of  finding  any  diff.  ro. 
which  may  be  wanted  of  ^  with  respect  to  t.  Suppose,  for  example, 
we  would  ezpieis  the  fifth  diff.  eo.   We  fint  take  out  D*.^  which  is 


2   •        2.3         2.3.4  2.3.4.5 

This,  multiplied  by  2.3.4.5,  gives  the  diff.  eo.  when  the  substitutions 

are  properly  made  in  the  derivatives  of  the  powers  of  6:  takeout  the 
preceding  Uenvutives  from  the  table,  after  the  multiplication  just 
alluded  to,  and  we  have  (writing  the  index  of  each  letter) 

Denote  the  diff.  co.  of  a  with  respect  to  <  by  a\  Ac.  Then,  for  b 
write  a',  fore  write  a^':2;  for  e,  fl'":2.3;  for/,  a":  2.3.4;  forf, 
o' :  2 . 3 . 4 . 5.    The  most  comm(Kiiou8  way  of  doing  this  is  under     c,  e-, 

/,  and  to  write  iTidices  1,  2,  3,  4,  and  5,  and  to  let  these  indices  be 
guidea  to  the  divisors  which  are  to  be  introduced.    The  result  is 

<iVa+(5a'a''+10<i'V")  #"a+(lOaV''+ 15<i'o"«)  ^*'a 

which  may  be  verified  by  commua  methods. 

220.  The  theorem  in  (217.)  may  be  made  to  give  higher  derivatives 
fipom  those  sUcady  fimned.  Thua 
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[nr-^m+l]  [r,r-m] 

If,  then,  all  the  derivatives  of  b'  np  to  the  mth  be  formed,  tliose  ot  c 
can  be  found  by  changing  b  into  c,  c  into  f,  &c.;  whence  the  (m  +  l)th 
deriyative  of  can  be  found.  I  think,  however,  that  the  method  in 
(215.)  is  the  more  easy,  though  the  present  one  may  serve  for  verifica- 
tion. Thus,  D*  A%  as  found  in  the  taUe,  is,  when  atraoMd  in  powen 
of  6, 

This  is  the  method  employed  by  Arbogast  himself,  in  whose  work 
D^.i"  siiindii  fur  what  in  the  present  notation  would  be  2.3. .  .m.D*.6*. 
To  exhibit  the  actual  formation  of  D*  6*  by  thi»  method,  we  have 

D'c.46»  =46V 
I>6*s=<  t+eM=66V 

The  five  resulting  terms  put  together  make  the  value  of  6*  in  the 
Uble. 

221.  Having  ya?=aj+6j:*+cj:*+ . . . .,  required  an  application  of 
the  preceding  theory  to  the  detnminadon  of  or  to  the  reversion  of 
the  aeries  iu+&^+  •  •  • .  In  (156.)  it  ia  shown  that  the  development 
of  V^'j  is  Po. ,  »+iPt,t  Ac,  where  P^„  means  the  coefficient  of  ji^ 
in  the  development  of  (a  +  6jr4- • .  •  .)"*•  We  want  from  this  P«.i»s. 
Let  <fta=a~' :  we  have,  then>  for  the  coefficient  of  aT^j 


-3 


The  sign  +  being  used  when  n  is  odd,  nnd  —  when  it  is  even.  T?ie  deve- 
lopment re(|uired  is  then  obtained  by  writing  the  cases  of  the  preceding 
expression  instead  of  those  of  P,-,.„  in  the  form  obtained  from  (156.) 
Suppose  it  required  to  verify  the  coefficient  of  u'  in  the  article  cited. 
We  have  then  to  find  the  value  of  the  preceding  when  n=r7,  and  to 
divide  it  by  *?.   This  gives 

firing  all  to  the  common  denominator  and  take  the  derivatives  from 
the  table.  This  gives  for  the  numerator  the  following,  the  order  of  the 
terms  being  inverted. 

132//  :mab*c  +  3Ua-  ( 4//e  -f- iV/'f  *)  —  1 2«»  (36V'+  6?>rr-f  r») 
4-4a*  C26^+2c/+0'— [Compare  this  with  page  dU<».] 
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222.  Required  the  expansion  of  (l+6x+cx'+  )"*.    The  diff. 

CO  of  a-\  when  a=l,  aie  ^1,  2,  —2.8,  2.3.4,  4g.,  and  divided,  they 
are,  —1,  +1,  — 1,&C.  . 

iyvi=5-p-'6+ir-*d*-i>-v+ ....  ±6-  I  ±>  ^ 

(1  ....  )-'=  1— 6t+  (6^— D?»)  a'«-(6»~D6'+ W  ^^H"-  •  •  • 

The  matcriala  for  finding  this  to  the  tenth  power  of  x  are  in  the  table. 

Hence  we  have  a  simj)lc  form  for  the  (|uotieDt  of  il'+6'«+c'45*+  •  •  •  •» 
divided  by  •  •  •  • «  namely, 

223.  The  rnmhinatoriai  artalyms  mainly  consists  ia  the  analysis 
of  complicated  tlcvelopraents  by  means  (jf  d  priori  consideration  and 
collection  of  the  different  combinations  of  terms  which  can  enter  the 
coefficients.  The  first  theorem  of  the  kind  which  the  student  usually 
meets  with  is  the  well  known  development  of  (1+jr)",  when  »  is  a 
whole  ninnber,  depending  upon  Uieobvioos  fact,  that  in  (1 ') 
. . . .  (/i  factors)  mnst  appear  once  for  every  manner  in  which  m  xes 
ont  of  m  factors  can  be  combined  by  multiplication  with  the  units  of 
the  v~-  m  remaining  fnrtors. 

If  we  multiply  together  - .  . a'  +  fe'4-c'+  a"-^h  '-f 

c"4-  . .  . &c.  (n  factors),  the  prodiu  t  consists  of  a  luiuiUer  of  j>iutlucts 
containing  a  term  for  every  combiiiuiion  of  //  factors,  one  out  of  each  of  the 
polynomial  facton.   But  if  we  multiply  toj^^tha  Oo+r/i  . . . , 

ib+  ^1  «+^4c'+  • .  •  •  (n  fiu^tors),  the  coefficient  of will  consist  of  such 
combinations  above  described  only,  as  have  the  sum  of  their  distinctive 
indices  equal  to  m.  Thus,  if  we  want  the  coefficient  of  there  being 
four  factors,  we  must  ask  in  how  may  ways  6  can  be  composed  of  four 
numbers,  0  included.   Thus  we  have 


0005  gives  <i»^e»e,,  ao^«.c«,  &c. 
0014  gives  a»  6,  Cx  a*  e«  ftc. 
0023  gives    K       ^      e^,  &e. 


01 13  gives  a^hi  Ci  fg,  d|  ft,  Ac. 
0122  gives  ffo  ft|  Ca  e*,  (i«ct  2^  ei,  Ac. 
1112  gives  at  6,  c,        6,    c„  &c. 


Collections  of  tables  of  the  different  metiiods  in  whicli  numbers  mav  be 
constructed  by  additions  of  lower  uumbert^  under  various  conditions, 
make  the  fundamental  tables  of  this  method,  just  as  those  uf  the  deriva- 
tivee  of  powers  of  6  are  the  fundamental  tables  of  reference  in  the 
method  of  Arbogsst. 

224.  Re(inired  the  development  of  ((jf^-f-^/,  j  -^a^^j^^ .,..)",  7j  1:cing 
a  whole  nuTn^er.  To  find  the  coefficient  of  .r*"  we  must  find  every  way 
in  which  n  nnnibers  (0  included)  can  be  put  together  to  make  m.  Let 
us  suppobc  that  the  10th  power  is  the  one  iu  question,  and  let  n=iA. 

Firstly;  take  10  in  four  different  numbers,  as  I,  2,  3,  4.  Hence 
a,  Ot  0^  iti  is  a  part  of  the  coefficient  of  jv**.  But  may  come  from 
either  of  the  four  ftctors,  Oi  from  either  of  the  remaining  three,  &c.,  so 
thst  if  we  write,  first  the  number  which  comes  ont  of  the  first  factor,  &c., 
wc  have,  in  the  coefficient  of  j:*",  a,  a^flafl^-t-f/s  ^7,  ^i  +  ^i  Ov  fl,4A^c., 
repeated  as  many  times  as  there  can  be  made  difTerent  arrangements  of 

&ur  quantities.   Hence  4.3«2*1  aiOtOba^  is  a  part  of  the  coe^ient. 
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Seciiiidly,  take  four  numbers  lo  make.  10,  which  are  not  all  dii remit, 
as  2,  2,3,  3.  The  number  of  ^vays  in  which  a^^d^^Oja^  can  be  wnncu 
is  not  so  many  as  before,  iur  from  the  iiist  factor  and  from  the 
■econd  u  the  aame  selection  as  from  the  iieoond  and  from  the  first 
In  fact,  by  a  well  known  rule  of  common  algebra  the  number  of  different 
arrangements  of  at^a^a^OtiB  (4.3.2.1)-^(I.2x  1.2).  Generalizing 
this  reasoning,  we  find  the  following  method  of  finding  the  coefficient 
of  the  mth  power  of  x  in  the  development  of  the  ?ith  power  of 

fl„+a,i+....     Let  A-^+A-7'+  =  m,  in  which  *  +       .  . . . 

=  72,  and  find  every  possible  way  in  which  these  equations  can  1)C 
solved,  kj  k'f  «kc.,  /,  &.C.  being  positive  wliole  numbers  (0  included). 
Then  tiie  ooefficieot  required,  which  call  r,^„  is 

^  1,1.2.3.. ..ixl.2.3.... Ax  

225.  Required  the  development  of  ^(a46x-f  ca'+*«  ••)•  1^ 
by  Taylor's  theorem,  it 

whence  it  is  evident  that,  making  b=^a^  c=:ao  &c.  iii  the  last  problem, 
the  coefficient  of  is 


2  2«3«  •  aflt'S  2a3*««*IK 

Tables  mav  be  provided  to  facilitate  the  formation  of  these  coeffideats, 
but  in  Artiogsst's  method  they  are  already  formed.*  Comparing  the 
preceding  ezpresston  with  (214.),  we  see  tlut 

226.  "  We) have,  however,  gained  by  the  preceding  a  method  of  form- 
ing or  of  verifying  any  derivative  of  a  power  of  6  independently  of  the 
rest.  Take  as  an  in^^tance  6*.  We  liave,  therefore,  Lu  tAamine  every 
way  in  which  loui  iiumbers  (0  included)  can  be  put  together  to  make  i. 
The  different  ways  are 

0005    0014    0023    0113    0122    1U2.  . 

The  letters  which  should  have  the  indices  0,  1,  2, 3,  4,  5  are  ^,c,  /, 
h.    Observing  what  indices  are  repeated,  we  have  for  the  terms  of  D^b* 

1.2.3.4...  1.2.3.4,,      1.2.3.4  ^.  ^  1.2.3.4  ,  ,^ 

TX8:T**'TXT7i^^^*i:ori**'>^i7r2a  . 

1.2.3.4  ^  ,  1.2.3.4^ 

which  computed  and  put  tugetlier  give  the  same  as  in  the  table. 

227.  The  most  simple  form  of  the  development  of  (a+^x+cx* 
+  ...•)"  is 

*  As  far  as  I  Yuan  eompsMd  the  melhodi  of  Arliogul  with  thoM  of  Hindeaburg, 

this  is  always  the  case.  The  tables  of  reference  of  the  former  method  are  one  step 
more  towards  the  tolutioa  than  those  of  the  liitti  r.  In  other  respects  their  powera 
an  miidi  the  lame^sa  &i  as  develgpmeuts  are  coucerued. 
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a'i-Da\x-i-DUi\x'  +  U'a\x*^  ..... 

where,  when  n  is  integer,  the  derivativcs5  oC  «"  may  he  formed  directly 

from  the  tabic  o^^'^  by  irubstiliitino:  a  for  ft,  ft  for  c,  c  for  &c. 

From  this  it  maybe  shown,  tliut  D'"ft'  may  be  described  as  the 
cocthcieut  of  j^i/  h\  the  development  of  1 ;  (I— y0ar),  etauding  for 
6  +  fx+cx*+ .... 

228.  The  last  article  has  left  us  in  possession  <*r  a  result  which 
belongs  to  the  calculus  of  generating  fuiictions,  which  should  be  con- 
sidered as  n  «ort  fif  inverse  method  to  the  combinatorial  an;ilvsi-s,  tlurrgli 
neither  was  originally  set  forth  in  connexion  \\itli  the  other,  and  cither 
may  have  dcveloj>inents  to  whicli  tiie  corresponding  parts  of  the  otiier 
have  not  yet  been  investigated.  Every  mathciiiatical  method  has  its 
inverse,  as  tndy,  and  for  tlie  same  reason,  as  it  is  impossible  to  make  a 
road  from  one  town  to  another,  without  at  the  same  time  making  one 
from  the  second  to  the  first.  The  combinatorial  analysis  is  analysis  by 
means  of  combinations ;  the  calculus  of  generating  functions  is  combina- 
tion by  means  of  analysis.  Thus,  having  observed  (and  the  observation 
is  common  to  both  methods)  that  in  (1  ■4-'^)(l +-7) .  .  .  .  n  factors;,  the 
Coefhcient  of  i'  must  be  the  number  <>f  combinations  of  7  onf  of  n,  the 
combinatorial  analysis  requires  us  to  imd  that  number,  and  thence  to 
infer  the  coellicient  of  j';  the  calculus  of  generaliug  functions  requires 
tti  to  eipand  (1  +  j^^)"  by  purely  algebraical  considerations,  and  from  the 
ooeffideat  of  x'  infers  the  number  of  ways  in  which  7  can  be  taken  out 
ofii. 

229.  T.et  0/,  expanded  in  powers  of  ty  give  cfo+fli  ^  +  ^Js • 
Tht  ii  qJ  being  given,  and  also  7i,the  coellicient  of  T  is  imphcitly  given, 
and  IS  therefore  a  function  of  n.  The  function  0/  is  then  called  the 
generating  function  of  a„  which  is  a  fiuution  of  ft.  Thus  m :  (1— Os 
m-f  ml+mt'  or  m :  (1—0  is  the  generating  function  of  the  con- 
stant m:  again  m:(l— (*)=m+m/*+mi*+.  and  is  the  gene- 
tmting  fonction  of  a  Ihnction  of  ti,  which  is  =m  for  every  even  value  of 
n,  and  =0  for  every  odd  value.  This  function  is  m  (l  +  ( — 1)").  TIip 
generating  function  of  n  itself  is  / :  (1  —  0  '  ^  ^^^^  gcneradug  functio])  uf 
a.±6M  is  made  by  adding  or  subtractiug  the  generating  functions  of  a. 
and  A,. 

{(  (pi  generate  a.,  1^4)1  generates  a^;  for  "in  the  coefficient  of  T 
ia  that  of  <•"*  in        Similarly,*  r*0i  generates 

If     generate  a,,  and  ft  generate  5.,$<x  yt  generates  a«&,+ai 
. . • . -ha,6«.   If, then,  6.5s I,  oTft=:l  :  (1— 0»  we  find  that  <^t :  (1—0 
generates  a»+ai4- ....  -|- a.,  and  t<pi :  1— <  generates  Oo-f  ^1+  •  •  •  +at.-t 
or  2<i,. 

230.  The  last  remark  enables  ns  to  pass  to  the  generating  function  in 
an  infinite  number  of  cases.    Lei  up,  for  abbreviation,  express  ao  +  «it 

+  Of  P-^&c,  by  (a,  a,  a,  ).   Then,  for  instance,  seneratea 

(1, 1,1,0,0. . . consequently  (l+<+0<:  (1~0  generates (0,0+1, 

0+1-1-1,0+1+1  +  1,  0+1+1  +  1+0  ),  or  (0,  1,2,3,3,3....). 

AgaiD»  1  +  1  generates  (1,1,0,0....),  (1  +  0  J  (1-0  generates 

•  The  itm!»T.t  shouM  n  w  li.ok  throii-h  the  various  devilopmcnts  which  bsvs 
bees  made,  and  kbould  describe  tach  in  the  bnguagu  uf  genecatiug  fuactioBK. 

2 
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(1,  2,2.  2  );  .therefore  (1+0  :  (1—0*  generate  (1,3,  5, 7. «. .)» 

and  (1-f  0  :  (1         lienerates  (1,  4,  0,  16  ). 

If  9^  'j-eiierate  a^,  (pt:{l—l')  geueratts  ending 
with  Uq  Nvhcii  n  is  even,  and  with  ai  when  n  is  odd.  Find  what 
^< :  (1  —  r)  generates. 

281.  If  i^t  generate  wliatever  functioii  of  a,.  fty.4>t  genentei* 
it  is  obvious  that  y<x  ("^f'^O  generates  the  same  function  of  the  new 
ooeflficients.  If,  then,  we  find  that  a  certain  operation  on  On  is  geofr* 
ratal  by  ft»^i  we  know  that  the  snme  operation  repcatwi  on  the 
results,  and  so  on,  until  it  bus  been  repeated  n  times,  will  be  trenerated 
by  (^^f)" .  (fit •  This  may  be  exemplified  as  follows.  Let  d»e  operation 
in  que.^tKMi  Ik  ^r,^, — which  call  and  let  Aa„+, — Ari,  be  A*<i^.  as 
usual.  Tiic  generating  function  of  a»^, — a.  is  — 1)«^^  wheuce  that 
of  A*a.i8  (r'— 1)*0«.  But 

of  which  generates  ki~^^'^  generates  ito»4A.t>  and  so  on. 
But  when  two  Kmctions  are  identical  they  must  generate  the  same 
function,  since  no  function  of  t  can  be  expanded  in  whole  and  positive 
powers  of  t  in  two  difiSerent  ways.  Hence 

as  already  known.  Again 

+r>- 1)*=  1 +A  ^  (<-»-.!)•+ . . . 

Multiply  by  infer  the  equality  of  the  generated  from  that  of  the 
generating  functions,  and  we  have 

<W*=««+*^+*-2— A*       •  •  •  •» 

which  is  also  l<nn\^Tl,  Let  1  :<=ry,  and  RP«nme  y=3r  +  Txy ;  then,  as 
in  p.  110,  ^ » z^+y(2,kz^~^  j;  +        or  bubstituting  values  for  y  aud s» 

r*=^+(x*.A^-)  «xO'-4»*-)-   

Let  2=1,  multiply  by  tpty  and  let  P„  Ps,  &c.  be  the  values  of  x^-^-*"*. 
&c.,  when  z=\.  Again,  let  (x^~*)~'<^^  (x'~')~'0^»  generate 
Xi,  »t  Xt, &C. ;  then,  inferring  as  before,  we  have 

a^k=a,+  P,  AX., ,  >  ^  P,  A«X..  P«  A^  X.. .+  . . . . 

For  instance,  let  xy— ^^'^^ 


and  {r')~^m^  generates  Conscqueutly  (ja^l) 
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According  to  analogy  A~*a,  denotes  21a,.  But  the  generatincr  fnnrtinn 
of  A~'  a,  shonlfl  be  — and  we  have  already  shown  that  thia 
m  the  generating  function  of 

232.  To  show  the  application  of  the  calculus  of  generatitig  fhnctionfl 
to  a  questioD  of  oomhinatioDs,  we  propoae  the  fbUowing  question ;  in  how 
many  iliflierent  ways*  may  the  numher  p  be  made  up  of  lesser  numbers, 

no  one  of  which  falli  short  of  n.  If  we  tnkc  the  qnnntity  .r"  + t*^* 
+  . .  .  adinf.^  and  rfiisc  it  to  the  Arth  power,  it  is  phiin  that  enters  once 
for  rver\-  way  in  whu  h  p  can  h(>  made  up  of  k  numbers,  no  one  of  which 
is  less  ilian  n.    If,  then,  we  take 

^+^^^«+ , . , , . . .  .)«4.(af . . .  OH  . . » .od  #11^^ 

enters  once  for  every  way  in  which  p  can  be  made  up  of  1,  2, 3, 4c. 

munbers,  no  one  of  which  is  less  than  n.    But  A+A'-|-  

=A :  (1— A),  consequently  the  number  required  is  the  coefficient  of 
m  the  development  of  I 

or  •=  — -:  r,  or 


the  itth  term  of  which  is  a^(l— and  when  developed  contains 
df  as  long  as  kn  is  less  than  (or  not  greater  than)  p.  The  co- 
efficient of  in  the  devehipment  of  ^(1— x)~*]s  that  of  <«^in 
(I—*)-*,  or 

Ip-kn]  ' 

Let  then  p :  n  give  a  quotient  9,  (neglecting  the  remainder,)  and 
the  answer  required  is,  9  terms  of  the  ibllowing  series, 

Ll,p-"]     [2,p-2n+l]     [3,p-3n  +  2j 


For  example,  in  lio%v  many  ways  can  11  be  niade  out  of  numbers,  no 
one  of  which  is  less  than  2?  Here  ^=11,  «=:2,  ^=5,  and  the 
answer  is 

1  .  o  .  6.7  .  4.5.6  .  2.3.4.5 

These  55  ways  are  U;  9+2,  8+3,  7+4,  6+5,  each  in  two  ways; 

*  Thiacoonis  diftMBi  gidcis  as  dilbient  ways:  thu$  3+3+4  and  3+4+3  are, 
ia  flu  inoblMD!,  diflttent  ways  of  loalnBg  10. 

Z8 
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7  +  2+2,5-1-3+3,3+4+4,  each  in  three  ways;  6  +  3  +  2,5  +  4  +  2, 
each  in6ways;  2+2  +  3+4 in  12 ways ;  2  +  3  +  3  +  3 and 2+2+2+5, 
each  in  4  wa^s;  2+2+2+2+5,  in  5  ways;  55  in  all, 

233.  It  is  Bu(iiciently  evident  tiiut  two  funclions  wliich  are  the  same 
in  diflferent  forms  must  generate  the  same  function,  it  may  be  also  in 
different  forms.  Thus  (i!+4<*+0  Kl—O*  generates  n',  or  the  co- 
efficient of  C  is  71*.  If  we  decompose  the  preceding  fraction  into  three^ 
the  first  will  be  found  to  generate  [n,?i+2]  :2.3,  the  second  4  [«— 1, 
«+  1]  :  2.3,  and  the  third  li] :  2.3,  the  sum  of  which  is 

Buttlie  convcrsf  is  not  nece.ssarilv  true,  uiilcs^s  it  happen  tliat  all  the 
different  forms  ot  ihe  generating  function  are  made  to  commence  from 
the  same  power  of  /.    Fur  though  we  call  fl«+«, /+a, i-+ . . . .  the 

generating  function  of  a.,  yet  a_,     +  a^+ai  <  +  Oj  r  +  is  also  the 

generating  function  of  the  same,  with  one  more  term,  and  +4ra£*+ ...  * 
tvith  one  term  less.  When,  therefore,  the  equality  of  two  generated 
functions  is  asserted,  that  of  the  generating  functions  can  only  be 
inferred  when  they  are  made  to  begin  with  the  same  power  of  L  The 
following  problem  will  illustrate  this. 

Required  the  function  a„,  which  the  property  of  being  e({ual  to 
<?,_i  +  flr„_a.  If  be  the  ijeneratin-^  funcUon  of  (beginninir  with  ti,>,) 
iipt  is  that  of  and  V<i}l  lliai  uU/^,,  whence  ((pt+t  ^fjl  is  iliat  oX" 

fl„_»  +  a,_„  but  it  begins  with    i  +  (ffi+Og)  ^•  +  . . , .   Hence  we  have 

 ^   + i^^  "^O^'^  •  •  •  -i 

by  a  process  Bimilar  to  that  in  the  la?t  article,  the  coe£&cient  of  t*  in  this 
development,  or  the  value  of  a^,  will  be  found  to  be 

^  J  [1,71 -21  .[2,  n-3]  ,  [3,»-4]  ,  1 
"•l  [n-2]    ^  [«~41       [«-6]  ■^••••J 

the  number  of  terms  in  the  coefficient  of  Oo  being  Jn  or  |  (n— 1), 
according  as  7i  is  even  or  odd,  and  the  number  in  that  of  ai  being  or 
i  (7i+l).  And  f7„  and  nr,  may  be  taken  at  pleasure.  Also,  if  in  the 
preceding  notation  [UJ  appears  in  the  denominator,  the  whole  term  is 

unity. 

For  example,  ffj  should  be 

n.2.3     2]  ,     jl.2.3.4  .  2.3      1    ^    .  . 

which  is  easily  verified,  since  the  terms  are  (!«,  aj=:a|+ai,' cr^rs 
2B|+af,  a^=3ai+2ap,  aj=5ai+3ae. 
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APPLICATION  TO  OBOMBTRT*  OF  TWO  DIMENSIONS. 

The  applications  of  the  Differential  and  fntcgrnl  Cnlcnlns  to  geometry 
are  twofold  in  character.  Those  of  the  lir^t  kind  arc  such  as  simply 
require  the  algebraical  treatment  of  a  s^eometrical  question,  and  make 
use  of  the  Differential  Calculus  in  aid  of  the  algebraical  treatmim. 
Thus  a  question  of  geometry  might  give  <p  (ct-t  h)  as  the  answer,  and 
being  already  known,  and  k  small,  it  may  be  convenient  to  calculate  an 
approximate  result  by  applying  our  rules,  (not  so  mucb  to  the  geometry 
of  the  question  as  to  the  algebra  wliicii  it  is  found  convenient  to  employ 
in  the  solution.)  and  by  using  0a+0'a  ./i.  All  the  geometrical  questions 
of  maxima  and  minima  in  pages  296 — 303  fall  \mder  this  licHd  :  and  in 
this  sense  all  the  applications  of  onr  ^■cicnce  hitherto  iniule  to  alfrebra 
are  also  applications  to  every  science  in  Nvhich  ali^ebra  can  be  made 
useful.  The  second,  and  more  direct  application  of  the  science  of 
geometry,  consists  in  the  formation  of  a  body  of  general  rules,  by  which 
the  difierential  relations  of  space  are  treated ;  and  in  which,  though  the 
application  is  made  through  algebra,  it  is  not  the  formation  of  isolated 
results,  but  of  general  precepts*  which  is  the  main  object  of  the  appli- 
cation. In  this  point  uf  view  we  have  to  consider  successively  geometry 
of  two  and  of  three  dimensions. 

I  suppose  the  student  to  be  familiar  with  tho  method  of  coordinates, 
the  distinction  of  positive  and  negative  cooitlniiiies,  the  equations  of  the 
straight  line  and  of  the  conic  sections.  But  as  the  genend  relations  of 
nga  are  imperfectly  treated  in  elementary  works,  and  as  the  perception 
ofthe  universality  of  the  results  and  precepts  to  which  we  shall  come 
depends  upon  a  thorough  acquaintance  with  this  part  of  the  subject,  I 
propose  to  b^n  this  chapter  by  supplying  the  necessary  considerations. 

Y 


The  directions  OX  and  OX'  are  the  positive  and  negative  directions  of 
the  abscissa ;  OY  and  OY'  of  the  ordinate.  The  positive  direction  of 
revolution  round  OP  is  from  OX  to  OX  a^n,  through  OY,  OX',  O/, 
aa  marked  by  the  arrows  in  the  left  hand  diagram.  Take  any  point  P : 
the  line  OP  has  no  sign  in  itself,  but  according  as  one  or  the  other  sign 

•  It  is  not  my  intention  in  tliis  cluii)ter  to  dwell  on  any  maiftr  which  belongs  to 
the  s'xnple  »pplir»tioa  of  algebra  to  geometry,  and  wliich  cao  iuiiud  ui  tlie 
f  teatiLe  on  that  suHsct.  This  traatiss  wlU  bs  refetied  to  by  tbo  initial  Isttets  A.  G. ; 
thM,  (A.G.  100)  means  tbii  ICOth  article. 
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ii  given  to  OP,  aU  lines  passing  tlmmgh  P  divide  into  two  directions 
witn  different  signs.  And  the  rule  for  assigning  the  signs  is  this  :  if  P 
were  to  move  along  a  line  drawn  throngli  OP,  in  one  direction  of  motion 
OP  would  revolve  positivclv,  nnd  in  the  oth«'r  necr;itiveiy ;  when  OP  is 
positive^  t\yt  positive  dneciioi)  is  that  ui  winch  UP  revolves  positivf!^ 
when  P  moves  iu  that  direction ;  when  PC  is  negative  the  positive 
direction  is  that  in  which  OP  leTolTes  negoHvebf  when  P  moves  in  that 
direction.  Or»  the  positive  direction  on  any  line  is  that  in  which  OP 
and  the  direction  of  revolution  have  the  same  names ;  the  negative 
directiont  thai  in  which  they  have  different  names.  The  preceding 
diagrams  contain  various  instances,  all  on  the  supposition  that  OP  is 
positive. 

If  a  line  move  parallel  to  itself,  its  directions  retain  their  signs  until  it 
crosses  the  origin  O,  when,  if  OP  retain  the  same  sign,  the  bigus  of  the 
directions  change.  But  if  OP  change  sign  when  the  lines  travel 
through  the  origin,  the  directions  do  not  change  sign.  At  the  moment 
when  the  change  of  sign  takes  place,  there  is,  as  hefbre,  no  sign  except 
an  arhitrarv  one. 

The  angle  made  by  a  line  with  an  axis  is  in  all  cases  to  be  found  by 
drawing  through  the  origin  a  parallel  to  its  positive  dirprtiu!),  and 
measuring  the  angle  made  by  that  parallel  with  the  axis  ni  tlu  [^Msitive 
direction  of  revolution.    Tluis,  if  01^  be  positive,  the  angle*  madv  by  the 

line  drawn  through  P  is  XOM,  greater  than  two 
right  angles ;  bnt  if  OP  be  negative  it  is  XON. 

The  angle  made  by  two  Imea  may  be  con- 
sidered as  positive  or  negative,  according  as  one  or 
the  other  is  mentioned  first.  Thus,  if  OA  and  OB 
make  angles  v  and  (3  witli  the  positive  side  of  the 
axis  of  X,  then  a — should  be  called  tlie  angle 
made  by  OA  with  013,  and  j3 — a  llie  angle  luudc 
by  OB  with  OA.  It  is»,  however,  possible  to 
make  the  distinction  between  the  angle  of  OB  with  OA^  and  that  of 
OA  with  OB,  as  follows.  Let  the  angle  made  by  OA  with  OB  be  that 
made  by  passing  from  OA  to  OB  by  revolution  in  the  negative  direction. 
In  this  manner  the  angle  of  OB  with  OA,  made  by  passing  from  OB  to 
OA  in  the  negative  direction  is  2'7r — 0,  if  that  of  OA  with  OB  be  0: 
and  2Tr  —  d  has  all  the  properties  of  —0.  If,  however,  we  allow  the 
second  method,  it  nuist  l^e  kept  in  mind  that  results  may  lie  greater  by 
2n  than  they  would  l)e  in  the  first.  I  shall  use  the  fust  method. 
.  We  gain  by  the  preceding  definitions  not  only  the  power  of  repre- 
senting the  relations  of  direction  by  simple  and  universal  theoremB,t 

*  It  may  \h>  useful  1o  notice  that  when  a  iiue  cuts  a  triaaglu  out  uf  the  first 
quarter  of  space,  the  angle  it  makes  with  the  axis  of  jr  lies  between  ooe  and  two 
right  angles  ;  oat  of  the  hei-und,  between  two  and  three  ;  out  of  the  third,  bftween 
three  atid  four ;  and  out  of  the  fourth,  between  four  and  fivei  (or  an  angle  less  than 
ooe  right  angle.) 

•^  Since  the  angle  made  hf  a  line  is  that  made  by  the  potttive  side  of  it  with  the 

axis  of  jr,  convorst-lv,  tn*^;ativo  linlii  nrt'  to  be  mfaMiied  in  tlu-  din  ttii  n  opposite  to 
the  lines  bounding  the  angles  which  belong  to  theni;  that  is,  it  r=^/  be  the  polar 
equation  to  a  curve,  wheneTur  is  negative,  the  line  which  boa  traced  out  the 
angle  4  is  not  the  direction  of  r,  but  the  ojiposite.  Uwing  to  the  neglect  of  this 
4-xtension,  the  spiral  of  Archiitiedc^  has  t»nl}'  half  iU  convoliitinut.  and  r~«-f  A^-f-r^ 
would  frequently  loose  a  loop.  The  reciprocal  spiral  also  has  only  halt  ii»  couvulu- 
tiona;  aa it  ia oanally  giirtn,it  ptMSnts  the  aaetnal/  of  n  cum  which  has  a  iinmr 
aejmptote,  with  only  one  brsncb  apptoximaling  to  it ;  and  what  is  ttiU  mom  straagCt 
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but  also  tbRt  of  'j;ivirig  demuii8trf\tio!i«*  as  [general  as  the  theorems  them- 
selves. I  hhall  tlrst  show,  by  oiie  or  tH\o  s-epaiate  cafies,the  UQiveraality 
of  a  certain  theorem,  and  ehall  then  prove  it  generally. 

A  Btraiplit  line,  YX,  making  with  the  azia  of  an  angle  /3,  is  cut  by 
OP,  making  an  angle  B  with  the  same.  Again*  YX  makes  with  OP  an 
angle  ft.  Required  the  relation  which  exiata  b^ween  /3,  6,  and  fi,  Twu 
positions  of  the  line  XY  are  given,  the  first  cutting  a  triangle  out  of  the 
first  quarter  of  space,  the  second  out  of  the  fourth.  In  the  first,  OP 
falls  within  the  triangle  cut  out,  but  not  iu  the  second. 

In  the  first  case,  />  is  XOA,  and  w  is 
XOP,  wliile  fjt  the  angle  of  OA  with  Oi'  i& 
XOA— XOP,  or  ^— or  fijSifi-O. 
Again,  in  ibe  second  case,  fi  is  XOB, 
and  0  is  XOP,  (greater  than  two  right 
angles,)  while  / the  angle  of  OH  with 
OP,  is  XOB— XOF  or  /i— 6,  as  before, 
being  now  negative. 

The  general  proposition,  which  in  fact 
answers  to  that  in  Euclid  relative  to  the 
i»um  of  ail  the  angles  of  a  ^Kjlvguu,  is  as  / 
follows.  If  A,  B,  C,  D.  •  •  .M,  N  lepretent  the  n  sides  of  any  pokgnn, 
then  the  sum  of  the  angles  made  by  A  with  B,  B  with  C*  •  •  with 
N,  and  N  witli  A,  is  equal  to  nothing,  provided  that  the  above  con- 
ventions with  regard  to  the  angles  be  strictly  observed.  For  if  «,  /3,  y 
....//,  V  he  the  angles  made  by  the  sides  with  the  axis  of  X  severally, 
then  by  definition  the  angles  above  described  arc  /3,  — y.... 
fi  —  y,  i"—(Xy  the  sum  of  which  is  obviously  equid  to  nothing.  If,  then, 
in  the  above  w  e  denote  YX  by  T,  01*  by  R,  and  OX  by  X,  and  if  by 

AB  we  mean  the  angle  made  by  A  with  B,  we  have 

^^TX.   e=R"x,   f»=TR,  XT+TR+RXa=0, 

XT=-TX,=— A  whence  -/3+fi+e=:0,  or  ^— ^3-©. 

We  ahall  always,  unless  wheie  the  contraiy  is  specified,  consider  OP 
as  having  a  positive  sign.  We  now  proceed  to  establish  those  differential 
relations  between  the  different  coordinates  of  a  point,  on  which  much  of 
the  subject  depends. 

The  coordinates  ON  and  NP  of  the  point  P  are 
X  and  its  radius  vector  OP  is  r,  and  the  angle  of 
OP  and  f  (which  in  our  figure  is  PON)  is  0.  The 
line  PT,  usually  the  tangent  of  a  curve  passing 
through  P,  makes  an  angle  /3  with  the  axis  of  «r, 
and  fi  with  OP.  In  our  figure  /3  is  equal  to  PTN, 
and  is  equal  to  OPT.  Let  «  stand  for  1  :r,  the 
reciprocal  of  r.  And  as  we  are  at  first  only  con- 
sidering mathematical  consequences,  without  refer- 
ence to  the  geometrical  considerations  from  which  the  premises  arc 
derived,  we  shall  introduce  several  suppositions  which  here  merely 
denote  abbreviations,  and  [kjuU  out  at  a  future  time  why  these  particular 
abbreviatiunis  become  useiul. 


the  curve  whow  e^Qstion  is  V(^4>f ')>tAn~'>(jf  :>)sl,  hss  aa  infiotte  nuinlMrof 
lokU  which  axe  not  fvttod  ia  ris  I. 
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Let  £  and  y  be  both  functions  of  some  variable  /,  (in  niccbanlcs  it 
stands  for  the  time  at  wliich  the  point  is  at  P,  or  the  nuniWr  of  sec&uds 
measured  from  some  given  epoch,)  and  let  all  differeatiatioiMi  he  made 
relatively  to  L  iDstead  of  diff.  co.  mte  differentiala :  thuA»  when  I  uy 
cbi  is  to  stand  for  ^(dc*+<2yO>  I  mtui  that  «  is  to  he  such  another 
function  of  t  that 


di 


the  latter  if  y  be  expressed  in  terms  of      Again,  let  p  be  the  abbrevia- 

lion  of  ^  *>r  — :  ~ .    Finally,  let  a  perpendicular  from  O  upon  PT 

be  called     and  let  it  make  with  the  axis  of  x  an  angle  Let 
which  being  drawn  through  O  has  no  sign  but  an  arbitrary  one,  have  a 

,  ^    f^'i      dy  dx 

positive  sign.    Also  let  PT  be  so  drawn  tiiat  tan/3~^,  or 

Our  symbols,  then,  are  as  follows : 


one  coordinate  of  P.  I  i3>  an  angle  so  taken  that  tan/3~ 

y,  the  other  coordinate.  ' 
an  implied  iii(U:]H'iident  varia- 


ble, of  >\hich  X  and  y  are 
fuuctiun:^. 
r,  the  radius  vector  OP, 
V,  the  reciprocal  of  r, 

6,  the  angle  of  rj<. 


~,  also  the  angle  FX  £, 


/i,  the  angle  PTr. 
fi,  the  perpendicular*  from  O  on 
PT. 

«,  the  angle /ix. 

derived  from  (2ras^(ifx*-t-<^« 

p,  abbreviation  of  4^. 

*3 


The  following  cc^uatiuns  fullaw  iiumtdiately  :  \, 

fi^P^B      «f=:/3  +  ^.  (rejecting  27r  if  necessary.) 

The  first  has  been  already  proved ;  the  second  follows  thus: 
.     /x+«>T+PtJ»=0,  or /x-PT«-pPT=0, 

j»  j?=PTi+/PT,  or  cj=/3+*^. 

To  find  the  internal  angle  POK  of  the  triangle  POK,  we  have,  when  the 

angles  are  measiired  by  our  conventions,  pr=pji^rx^vs — 0.  And 

i1v'  nnsjle,  ns  to  inai;nitade  :\iul  iiidejicndently'of  sign,  must  be  either 
1*UK  of  the  triimule,  or  the  ditferciicc  between  the  latter  and  four  riprht 
angles.  In  these  cases  cos  POK  in  the  triangle  is  the  same  as  co» 
(ct  — 6).  Hence  we  have  77=r  cos  (cj— 0).  If  we  now  collect  these 
equations,  and  add  to  them  some  others  whicli  are  very  evident,  and 

*  It  will  be  found  that  aecordtog  to  the  conveatiims  laid  down  fTpT  »  alwajt 
Ihxw  right  angles,      or  -     aad  not-  u  might  Is  lupposed. 

mm  s 
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also  those  by  which  s,  /J,  and  p  arc  introduced,  we  have  the  following 
list 


(L)  4;=sroos6. 
(2.)  yrsrsiuO. 
(3.)  r^Jix'+y*) 

(4.)  tane=^. 


(6.)  fi-fl^e. 

Sir 


2' 


(9.)  d^z:z^((U  Jtdy') 

(10.)  p= J. 


We  DOW  proceed  to  find  ditierenliul  rektioiii',  all  witli  itspecL  to 
mcmniDg  ^by  dr,       by  cftf,  &c. 


m 


•I 


^  dxd^y—dtjd'x     dxd'ij  —  dyd^x 

_  tan/3-tonO  _xdy—yd.t  _r''dO  _  ^ 


(11.) 
(12.) 

(13.) 

(14.) 

1  +  tan   tan  6  ^xdjt+ ydij  ~~  rdr  dr 

dj:=cr)S^  (hi r—r  sin  6  (Id,  1   "  /1I5^ 

#r^=rco8  ^  (r/--2  sill  6  ^/e  dr-r  cos  0  rii^-— r sin  6  cf 0J 

c/y=8in  0  r//  -frC08  6r/9»  1  /i7\ 

dhf^iia  ed^r  ■{'2  eo&e  de  dr-r  Bin  OdB^-i-r  COB  ed^d  J  ^^'"^ 

tdr^tdxJ^ydy   rd^r-^di*^x^x-^yd^'\rd:i^'¥^^  (18.) 

FVom  (9.),  (16.),  and  (17.)    rf.y«=(/r*+r'f/t«  (19.) 

From  (190  and  (18.)   r<fr-rW= Jci'jr+i/^iV  (20.) 

d^i=dxijPi+dy  d'y:sdr  d*r+f  Jr  rfO^+i  Va  cPd  (21.) 

From  (13.)  and  (19.)   8m'/i=r-^,,  co» >=^« 


From  (6.)  and  (1.)    tu— 0=-  T-f/i,   cos(w— ii)  =  6in/i 

From  (5. ).  (22. ),  and  (23.)   f = » '  "j;  =  • 

,    ^          111  f/r* 
From  (19.)  and  (24.)       *p  =  p  +  ?" 


(22.) 
(23.) 
(24.) 
(25.) 
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From  (24.)  dp=: 


U26.) 


p  '  dp 


But,  (7.) 


7  - 

dfi^dm^  or<to*=s^^^ 


(27.) 


For  r  write  1 : and  we  have  the  foUowiog  tnuisfomiations : 

du 


tt" 


tt" 


(18.)  becomes 
(19.)  becomes 
(2S.)  becomes 

The  lubl  gives 
or 


du 

14- 

dp       .     du  dOtPu-ducht 
^^^^^udu^^  

.  (udO^+dB^^dud'd) 
^P--f^  ^  • 


(28.) 

(2ft) 
(30.) 

(31.) 


Divide  rdr,  or  -"du :  u%  by  dp^  putting  for  its  value  from  (31.),  ot 
(ilPcW +<*!*•)' ^       and  , 


rdr 


(yd^+duy 


dp        iudet"  +  ded'u—du  (PS) 


(32.) 


The  preceding  equations  "will  admit  of  uny  quantity  being  taken  as 
the  iiulei)eiulent  variable,  and  are  given  in  order  that  the  cmnplete 
relations  may  be  first  exhibited.  They  are  also  useful  in  their  mast 
general  form :  thus,  lu  dynamics,  where  a  material  point  is  in  moUun, 
acted  on  hy  forces,  the  question  always  is,  at  what  time  from  the  begin- 
ning of  the  motion  wUl  the  moving  point  have  a  given  position.  Here 
the  object  is  to  express  every  coordinate  as  a  function  of  that  time;  if| 
then,  t  be  the  time  from  the  commencement  of  the  motion,  equatttfB 
(20.)  would  be  expressed  by  diff.  co.  thus» 


d'x 


X       (i  ll       (i  r  . 


The  independent  variables  moBt  commonly  used  in  purely  geometrical 
questions  are  j,  0,  and  «•    If  the  first  be  used ;  that  is,  if  ls=jr,  we  find 


I 
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da* 

It  0  be  llic  indepeudent  variable,  we  have  (i'd^U,  aud 


"Veo'  _   .  - 


If  ^  be  the  independent  variable^  we  have  from  (21.)  dxd^xJ^dydSf 
=0,  or 


dy      ^  dy 

dp  ^  fl*i/  __d'ij  ^  dx^     tPx        rf'a-  .  f/f/ 
(if  ^  dxM~       *  diT"    dy,d8~~     rf**  * 

These  dilfevendal  relationB  are  those  which  will  be  of  most  use 
in  our  fotuie  operations :  and  the  more  the  student  considers  them  by 
themselveB,  as  simple  deductions  from  the  relations  which  exist  between 
the  coordinates,  the  better  will  he  distinguish  between  the  analytical 

part  of  a  problem,  and  the  geometrical  or  mechanical  considerations  to 
which  the  analysis  is  applied.  Thus  he  will  afterwards  learn  that  ^  is 
the  arc  of  a  curve,  or  hv  may  remember  the  result  of  pnye  14(»  ;  ?)iit,  in 
the  mean  time,  it  will  be  clear  that  the  function  s  may  he  cuiisuit:rud 
simply  as  a  function  uf  jc  and  y,  the  expression  of  winch  by  a  distinct 
symbol  will  fiicilitate  the  formation  of  simple  relations. 

The  equation  of  a  curve  is  generally  written  in  the  form  ^=:0r,  but 
the  more  general  form  (jr,y)=0  is  frequently  used,  and  requires  some 
consideration.  The  circumstance  which  needs  notice  is  this,  that  the 
equation  ^r^O  may  in  reality  belong  to  two  or  more  distinct  curves, 
possessing  no  property  in  common.  If  P=0,  Q  =  0,  R  =  0,  be  the 
equations  of  distinct  curves,  then  PQR=()  is  sHiisiied  by  either  of  the 
three,  and  belongs  therefore  to  all  three.  Thus  y^  —  x'=0  is  either 
y+jr=0,  or  y  —  j=0,  and  belongs  to  either  of  two  straight  lines. 
But  y*— J^=a*  is  the  equation  of  an  hyperbola,  of  which  the  preceding 
straignt  lines  are  asymptotes,  and  as  a  diminishes,  the  hyperbola  ap- 
proaches without  limit  to  coincidence  with  the  asymptotes,  in  which  it  is 
finally  lost  when  asaO,  See  page  215.  Similarly,  the  equation  PQR=a 
beloiiL's  to  a  contiiuions  curve  having  different  hranche?,  which  branches, 
when  a  rliniinishes  without  limit,  approach  witlwui  limit  to  coincideiice 
%Mtii  the  curves  denoted  hy  P=0,  Q  =  0,  R=0.  But  even  when  we 
consider  the  equation  PQRrrO,  we  can  trace  the  properties  of  either 
curve,  or,  as  wc  should  say  with  reference  to  this  tquutiou,  of  either 
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branch  of  the  curve  :  hearing  in  mind  (page  52)  that  when  an  incre* 
ment  is  given  to  jt,  the  ordinates  corresponding  to  x  and  matt  be 
taken  upon  the  same  branch. 

As  an  instance,  let  us  propose  the  equation  (y— jr)=0,  which 
belongs  to  a  straight  line  passing  tlirough  the  origin,  and  equally  inclined 

to  X  and  7/,  and  also  to  a  parabola  whose  latus  rectum  is  tlie  linear  unit 
The  developed  equation  is  ?/*— .r?/* — ry+  i'^^O,  in  uiiirh,  imlcss  we 
knew  of  the  derivation,  we  ;-ln)uld  uever  suppose  that  two  distinct  curves 
were  iiivulved.    From  it  we  find 

^  djt      ^  dx   ^  ,    dx  ^  dx  Sy*^2xy^x 

which  is  ambiguous  ia  value,  since  y  is  ambiguous  in  value.  Put  2/=x, 
and  the  diff.  co.  becomes  or        should  follow  firvm 

y =<r.  Put  y*=:x,  and  it  becomes  ( + V* — *)-r ( + 2xJx-\-  2x) » which  is 
+  as  should  follow  from  3/*=j.    The  only  difficulty  that  can 

arise,  is  when  the  point  in  question  lies  on  the  intersection  of  two 
diflercnt  branches  :  but  of  this,  as  we  slinll  immediately  proceed  to  show, 
wc  are  warned  l)y  the  appearance  of  the  dili.  co.  in  the  form  U-f-0. 
Let  PQ^O  be  the  equation  of  such  a  two-fold  system.   This  gives 

which,  if  P=0  and  Q=0  at  the  same  time,  takes  tlie  form  04-0.  Wc 
shall  presently  see  more  of  this  point. 

Wlrat  then,  ii  iiifiv  be  lusked,  is  it  which  distinguidies  one  curve  from 
another,  since  an  e(|Uutioii  between  coordinates  may  i)clon!x  to  any  and  all 
of  twenty  curves?  In  reply  to  this,  we  mui?t  first  ask  what  is  nieunt  by 
one  curve  and  anodier  in  the  question?  The  eye  will  not  distiDguish 
with  certainty,  nor  do  common  notions  drawn  from  inspection  of  curves 
always  prove  sufficient.  A  person  accustomed  to  consider  only  the 
conic  sections  would  always  regard  a  complete  oval  as  a  finished  curve: 
ncvertliclcs?,  it  often  ha])pens  tliat  one  equation  of  the  form  (x,  .v)  — 0, 
which  cannot  be  so])araied  into  factors,  yet  belongs  to  two  ovals,  or  more. 
The  proper  answer  to  the  quciition  is,  that,  as  far  as  ilic  eve  is  concerned, 
all  distinct  branches  must  be  reckoned  as  dili'erent  curves :  thus  the  two 
branches  of  an  hyperbola  are  considered  as  distinct,  and  we  know  that 
before  the  application  of  analysis  they  were  not  called  opposite  branches 
of  one  hyperbola,  but  opposite  hyperbolas.  But  if  we  reply  with 
reference  to  analyticul  considerations,  we  answer,  that,  by  convention. 
PQj=0  is  only  to  be  considered  as  representing  one  curve,  when  P  and 
Q  arc  really  ohtninrd  by  performing  the  same  operations,  the  tiitVcrencc 
arisius:  from  tiie  different  results  which  nmbipruou?*  operations  alVord,  it 
being  luulert^tood  that  the  operations  wliich  are  amli'LCuous  are  uhnn:ite 
forms,  or  not  reducible  algebraically.  Thus  3/*  =  -i  gives  y^.-r^-i^^  and 
yrs—ijj^;  but  these  arc  considers  as  different  curves,*  since  the  sign 
of  ambiguity  may  be  made  to  disappear,  giving  y=z+jc  and  y=s — x. 

*  .I'll'  ti  rmritm-,  in  nnnlysis,  means  a continuoui  line  Of  collectiou of  lines.  ThttS 

the  itfiught  hue  is  uicliuiid  iiiuUrthc  tenii. 
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But  y*=.x  gives  ^Jx9xA  y=:  —i^x,  which  are  not  further  reducible; 
and  the  equuttont  are  cooftidered  as  TeprewDtiog  different  bimnches  of  the 

same  curve. 

I  now  proceed  to  con>iiler  the  circumstances  which  attend  the  cuii- 
tacts  and  intersections  ot  curves.  The  terms  contact  uad  inttisoctiuu 
couvey  distinct  and  well-kuowu  notions,  and  the  word  coincidence  may 
stand  for  both.  Say  that  there  ii  a  coincidence  when  two  cunres  have  a 
point  in  common:  let  y=:^  and  y=Y'«  be  the  equations  of  these 
curves,  and  let  the  coincidence  take  place  when  x=a,  or  let  0a£=ya. 
Let  the  point  of  coincidence  he  a  sin|y;ular  point  on  neither  curve,  and 
let  X  become  a-\-hy  pving  +  and  (rz-f/O  ns  the  ordiiiates,  and 
0  (fi  +  A)  —  ^  (rr  + /;)  :is  the  dt'Jlection  (QU)  of  onr  curve  (n»ni  the 
oilier,  mi'asiircd  paruilcl  to  y,  at  the  dtiKuimi'  h  (or  XH)  from  the 
coincidence,  measured  parallel  to  x.  This  deticction  we  liuvt-  expressed 
us  meant  to  be  positive  when  the  curve  0  falls  above 
as  expressed  in  both  cases  of  the  figure  drawn. 

First)  let  no  diff.  co.  be  infinite :  then  the  deflection 
may  be  written 

(0a- or  O)  +  (0'fl-Y''")* 

where  0  and  i  are  less  than  1.    If       and  yft'a  be  not  equal,  this 

deflection,  when  h  is  diminished  without  limit,  bears  to  the  departure  a 
ratio  wliich  a]iproximnte9  without  limit  to  that  ot'  f/)'a — '^jf'a  to  I  ;  that  is, 
the  ratio  of  QRto  NH  has  a  fmite  limit.  And  since  the  tir»t  significant 
term  of  the  dcdcrlion  may  be  nnide  greater  tlian  the  second,  by 
sufficienilv  diiiuio>hin^  //,  it  follow:j  that  the  bign  of  tliedetiectiuu  and  that 
of  h  change  together ;  so  that  if  ^  were  above  yff  when  h  was  positive,  </> 
will  be  below  y  when  h  is  negative.  This  coincidence,  then,  is  inter- 
section,  and  intersection  without  contact;  the  term  contact  being 
reserved  to  signify  coincidence,  whether  with  or  without  intersection,  in 
which  the  ratio  of  QR  to  NM  diminishes  without  limit. 

Now  let  0'a=:ya :  the  deflection  may  then  be  represented  by 

C0a-V<»#  or  O)  +  (0'a— V^o,  or  0)A+(^"a— y'a)  — 

whence,  if  ^''a  and  f'a  be  unequal,  it  appears  that  the  deflection  pre* 
serves  a  finite  ratio  to  the  (dc})arture)'  and  dinnnishes  without  limit  as 
compared  witli  tlie  departure  :  also  thiit  the  dcllection  does  not  change 
it»  sign,  so  that  there  is  no  intersection,  but  only  a  common  geometrical 
contact.    This  is  called  a  contact  of  the  first  order.    Similarly,  if 

4/'a=y^a^  the  first  term  of  the  deflection  is  (^'"a^yp^^a)  — ,  and  the 

deflection  preserves  a  finite  ratio  to  (departure)*,  and  dimiidshcs  without 
limit,  hsi  compared  with  (dep.)  and  (dep.)*.  And  licrc,  though  the 
coincidence  is  of  a  closer  onler  than  in  the  preceding  case,  there  is  an 
intersection :  this  is  called  a  contact  of  the  second  order.  Proceeding 
in  this  way,  we  find  that  when  two  curves  have  a  point  of  comcidence 
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for  which  n  (and  no  more)  diff.  co.  of  the  ordinate*  are  the  8tme,  the 

deflection  liHs  a  finite  ratio  to  (clepiirture)""*"',  and  diminifihps  without 
limit  as  cumparcd  with  all  lower  i)()\vcrs ;  and  this  is  called  a  contact  of 
the  tKli  unlcr.  In  contnct  of  an  even  order  only,  there  is  intersection. 
And  if  two  curves  have  contact  of  diiierent  orders  with  a  third*  then 
'  that  which  has  die  higher  order  of  contact  approaches  infinitely  nearer 
to  the  third  than  that  which  has  the  lower. 

I  leave  the  following  theorems  for  exercise,  as  they  will  be  very  easilY 
j)r(ived.  If  two  cnrves,  (A)  and  (B),  have  contact  of  the  nih  order  with 
(C),  they  have  at  least  that  contact  with  each  other.  If  (A)  and  (B) 
have  contacts  of  ihv  mth  and  /7th  order  with  (C),  they  have  with  each 
other  at  least  the  h)wpst  of  these  two  onlers  of  contact.  Next,  let  ti? 
suppose  that  two  curvrH  have  a  coincidence  at  wliich  n  ditf  co.  are 
litiite,  and  are  the  same  in  both,  hut  let  f^*'^^^a  be  infmiie.  Then 
(page  182  and  327)  for  a  large  chisa  of  cases 

where  p  lies  between  n  and  n+ 1.   Hence,  if  Taylor's  theorem  can  be 
applied  to  x  the  deflection  is 

in  which  is  the  lowest  power  of//,  and  die  coutiu^t  might,  by  analog, 
be  said  to  be  of  the  order  1,  a  nvction  between  n  and  n— 1.  It  ia  not 
necessary  here  todo  more  than  hint  at  the  peculiarities  of  the  oootacts 
which  t£kt  place  at  the  singular  points  of  curves. 

Retuniing  to  the  case  of  points  which  present  no  singularity,  we  see  at 
once  that  no  curve  can  puss  between  two  others,  nil  three  having  a 
common  coincidence,  nnU  ss  the  internu-'liate  cnrve  make  with  each  of 
the  others  a  contact  of  at  least  the  same  oi  dcr  tJiey  have  with  one 
another.  We  are  thus  enabled  to  find  the  clo&t&i  line  of  a  given  species 
which  can  be  drawn  ilirough  a  given  point  of  a  given  curve.  Whatever 
arbitrary  constants  exist  in  the  equaticHi  of  the  given  species,  take  their 
values  so  as  to  make  as  many  cu£  oo.  aa  possible  the  same  in  the  two 
curves,  taking  care  first  to  satisfy  the  condition  that  the  two  curvea 
coincide  in  one  point. 

What  is  the  closest  straight  line  which  can  be  drawn  coincidinc^  with  a 
curve  whose  equation  is  at  the  point  whose  coordinates  are  a 

and  0«  ? 

The  general  cc^uation  of  the  straight  line  is  y^pjs+q,  ami  the 

dv 

coincidence  requires  ifta^pa+q  or  y— ^=p(jp— a).   Now  P» 

which  must  be  the  same  iKjfh  in  the  line  and  curve:  whence  y — 
<p'a  (*r— a)  is  the  equation  of  the  line.    This  line  makes  with  the  axis  of 

X  an  angle  whose  tangent  ia      or  the  value  of  ^  at  the  given  point : 

whence  we  see  that  the  Imc  diiiuteii  m  page  137  as  being  best  calcu- 
lated to  mark  the  direction  of  the  curve  at  any  point,  is  also  the  closest 
Straight  line  which  can  be  drawn.  We  also  see  that  the  contact  Ga& 
only  be  of  the  first  Older,  genenllyqieaking.  This  line  ia  the  iMi^mit  of 
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cly 

the  curve.    If,  however^  it  biiould  happen  that  —  is  infinite  at  the  given 

dx 

fioint,  the  preceding  proof  is  not  complete.  In  such  a  case,  change  the 
investigation  so  that  the  axis  of  y  (that  was)  shall  be  the  new  axis  of  t, 
and  vice  rrr^a.  It  will  then  appear  that  tlic  closest  line  is  parallel  to 
the  new  axis  of  r  ;  that  is,  perpendicular  to  the  old  vm\ 

Relatively  to  this  chance  of  axes,  the  investigation  o(  the  following 
generalization  will  be  a  useful  exercise. 

Let  the  axes  be  changed  bo  that  the  new  axis  of  9  makes  an  angle  oi 
wi<h  the  old  one,  and  let  ^  and  he  the  'new  coordinates  of  the  point 
whose  old  coordinates  were  x  and  y.  Then 

xrrj/ cos  w  — jy'  sin  w        ^^y  sin  w  + j  c  )s  (.j 

y=y  sinw-f'y' C08u>       y=j/co8      .r  sin  bi 

djf  dx     ^       f  ffy  .     \/  dy'  .     \  ^ 

SJ--  5P=  1 .  «^  (^C0»  « j  ^cos  « sm  (u  j=  1 

It  being  proved  that,  generally  ?]»c:iking,  the  tangent  has  no  more 
than  a  contact  of  the  first  order  with  the  curve,  retpiired  the  insulated 
points,  if  any,  at  which  a  higher  order  of  contact  is  possible.  The  suc- 
oessive  diff.  co.  in  the  straight  line  after  the  first  are  =0;  consequently, 
at  a  point  in  the  curve  at  which  <ft''x=0  there  is  a  contact  of  at  least  the 
seoood  order  with  the  tangent ;  when  ^'jrsO  of  at  least  the  third  order, 
and  80  on. 

For  example,  it  is  rfquirrfl  to  tlmv,-  the  tangent  at  a  given  point  of  r\n 
ellipse,  and  to  ascertain  ilni.^e  [)oinis  at  which  the  contact  is  of  u  hiLiu  r 
order  than  the  first.  Taking  the  centre  as  the  origin  and  the  principal 
diameter  as  the  axes  of  x  (a  and  b  being  the  semiaxes)  we  have 

a'  '   a*     6«  dx     '    a'^     dj.^  ^     '  dx'  ' 

dy^    b*x_^h       X         d^y^^  ah 

where  —  or  +  is  nsed  accordincr  as  4-  or  —  is  tj«cd  in  fonnins:  the 
value  of  y.  The  first  shows  the  tangent  of  the  angle  at  which  the  tan- 
gent is  to  be  inclined  to  the  axis  uf  and  the  second,  which  never 
▼anidies,  shows  that  there  is  no  point  in  an  ellipse  at  which  the  tangent 
has  a  oontact  of  a  higher  order  than  the  first  If  £  and  i|  be  the  co- 
otdinates  of  any  point  in  the  tangent,  the  equation  of  the  tangent  is 

mm 

n-yss^ ~  or  ^,  +^=1.   (A.  G.  111.) 

We  banre  here  changed  our  notation.  In  what  precedes,  a  and  ^ 
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were  the  coordiuates  of  a  given  point  in  the  cnrve,  and  x  and  y  the  co- 
ordinates of  au  arbitrary  point  ni  the  tangent.  In  future,  x  aud  y  are 
the  coordinates  of  a  given  point  of  contact  m  the  ettr?e,  and  0  tad  9 
those  of  an  arbitrary  point  in  the  tangent. 

To  exhibit  the  equatiuu  of  the  tangent,  that  of  the  eurre  being 
Yr  (f ,  y}=c.   We  know  that 

d^U     <hlf  dy  dy 

-7-  +-p  :r=0,  whence  i|— y=-7^  (J— *)  becomes 

dx    dy  dx  ^    dx  ^ 

dx^-^dy'-di'-^di^' 

If  ^  be  a  homogeneous  function  of  x  and  y  of  the  nth  degree,  we  have 
(pages  194, 205)  nyff  or  ne  for  the  second  side  of  the  equation :  but  if  f  k 
made  up  of  several  homogeneous  functions,  M  of  the  mth  degree,  N  of 
the  mh  di  iirec,  &c-  write  wM-f /<N-f  ..  ..  for  the  second  ^ide.  Thus 
for  llie  cibbuid  of  Diodes  (A.  G.  304.)  2«y*— (iy'  +  .i')  =  0,  in  which  is  a 
function  of  tlie  second  aud  of  the  tlurd  degree;  tlie  equaiion  of  the 
taugent  is 

-(/  +  3a0  H  i-^ay-2xy)  i;=4fly»-S  (r/.fx»; 

If  there  be  only  two  functions;  that  is,  if  M+N=c,  we  bite 
mM  4-  aiN  ~  (m— n)  M  4-  »c.   The  foUowiug  are  instances : 

Curve.        '   A/+Bjy+Cj?'+Uv  0. 

Tangent.  (B.y  +  2Cx-fE)£+(2Ay+Bx+D)  ij  +  Dy+Jir+F^O. 

Curve.  (A.  G.  319.)  5aj:»y«=0. 

Tangent.  C5x''10ajy)£+(5y^— 10aj^y)i|:=:SiiJr*y*. 

The  normal  is  a  line  perpendicular  to  the  tangeut,  passing  through 
the  point  of  contact   Its  equation,  therefore,  is 

^^y^'^dy^^-'^^'  or|-x-f^(i,-y)=:Oj 
which  in  the  manner  already  shown  may  be  made 

(,-y)     -ft -a)  ^=0, or  ^ -^^  =  ^y-  ^x, 

the  equation  of  the  curve  beiner  trivcn  in  the  form  \J/  (x,y)=0. 

The  aiigk"  PTN  liaviuLr  for  it?  tantrent, »/- 
being  the  eqn;  tiou  of  tlic  curve,  the  value,  as  to 
magnitude*  ot  ilic  subtangent  TN  and  the  pub- 
iiurmal  NG  are  PN  :  tan  PTN  and  FN  X  tan  FfNf 
or  0x :  0'x  and  X  <t)'x.  As  to  sign,  if  we  call  ten 
positive  when  they  occupy  such  positions  as  in  tfce 
corresponding  diagram,  we  have  this  m1e:«^c 
^  Eubtangcnt  and  subnormal  have  always  the  same 

sign :  positive,  when  4>j:  and  (t^x  are  of  the  same  sign  ;  negative,  when  of 
different  signs.  The  pai  t:^  of  the  axis  intercepted  by  the  tangent  are,  a? 
to  magnitude,  OT=a:  -  :  0'j)  and  OU  =  O'i'  X  tim  PTN  =  a.^'x— ^• 
But  the  latter  being  here  negative,  should  be  represented  by  ^'-x<p's, 
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aad  this  expression  will  almyp  leprcsent  OU,  both  in  sign  and 
magnitude.    And  if  in  the  equation  of  the  tangent  %ve  make  i|=0,  and 

r  — (),  we  find  the  same,  after  writing:  0x  and         for  y  and  di/:flr, 
Sinnhu  ly,  OH-^^j+i :  4>'x,  00= j:+9:)x0'r,  if  UO  and  GP  meetin  U. 
Tbe  loUowuig  expressions  will  often  save  trouble : 

1  1 
Subtaugent  ^  jj^^J^^J^*      Subnormal  =- diff.  co.  y\ 

Heuce,  m  the  e^poueiUial  curve  ^=6",  there  is  a  constant  subtaugent ; 
in  the  parabola,  yz^cx^  a  eonatant  aubnonnal. 

What  ia  the  cam  in  which  the  suhnonnaL  Tsries  as  a  given  power  of 
tbe  snbtangent*  Suppose 

/n+ 1\' 

or 


A  straight  line  mores  in  such  a  way  that  OU  is  a  given  function  of 

OT  ;  to  what  curve  is  that  straight  line  constantly  a  tangent  ?  IfUO 
lie  'Hie  function  of  OT,  110  :  OT  or  tan  PTN  is  another;  let  this  be 
called  jj^  then,  p  being  a  function  of  OT,  OT  is  a  fiviu  uon  of/?,  and  so 
is  UO.  Let  UO,  with  its  proper  sign,  be  /p;  then  y=/>x  +  /j>  is  the 
equation  of  the  straight  line :  or,  if  we  let  ^  and  i|  he  the  coonUnates  of 
any  pomt  in  it,  ?7=r.^{+/p.  Compate  this  with  the  equation  of  the 
tangent  to  the  curre*  whidi  it  ia  always  supposed  to  touch,  and  we  have 

dy    dp     d'y  dy 
Difleientiale  the  last,  and  we  have 

•'^  dx     dx     dx  dx*^^^^ 

And  the  third  then  gives,  substituting  —  f'p  for  jr. 

Eliminate  p  between  these  two,  and  we  have  an  equation  between  «  and 

y,  the  coordinates  of  a  point  in  the  required  curve,  which  equation  is 
therefore  that  of  the  curve.  Or  thus :  the  first  and  third  equations  give 

a  difiierentisl  equation,  already  discussed  in  page  196.  Its  common 
solution,  y—rjc-\-fc.  Would  only  give  the  straight  line  with  which  we 
began,  which  certainly  falls  within  the  conditions  of  the  problem,  for 
we  have  hut  to  a^^siorn  a  vnliie  to  p,  and  let  it  retain  that  value,  and  the 
straight  line  so  obtained  is  a  ungent  to  itself  at  every  point.  ^  The 
aing^ular  solution  derived  from  ar+/'c=0  is  precisely  the  equation  to 
the  curve  in  qoestion,  which  is  always  touched  by  the  moving  straight 
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A  com,  whose  equation  is  17=0  (£,c),  takes  all  the  imaginable 

rarictips  which  can  he  given  to  it  by  rhnnges  in  the  value  of  c.  What 
is  tiie  curve  to  which  it  must  ahvays  be  a  taugciit?  Let  x  and  y  be  the 
coordinates  oi  the  point  of  contact,  when  a  is  the  value  of  r  ;  then,  since 
the  point  uf  contact  is  on  both  curves,  y=:z<p  {jcyu).  But  this  last 
equation  is  not  true  of  every  point  of  the  curve  of  contact,  Irat  only  of  iti 
point  of  contact  with  the  variety  of  the  original  curve  in  wbich  esta^ 
and  which  has  the  equation  ii=0  a).  But  if  we  w^  to  allow  the 
value  of  a  to  change  with  dp,  so  that  a  should  always  Tfpresent  the  value 
of  c  in  the  individual  curve  which  touches  the  curve  of  contact  at  the 
point  (r.  T/),  the  equation  y~4i{i\a')  would  remain  true  throughout  the 
curve  of  contact,  and  would  be  its  equation :  hut  a  would  be  then  a 
function  of  r.  What  function  of  x  is  it?  To  determine  this,  observe 
that  since  every  variety  of  1^=0  (f,  c)  is  somewhere  in  contact  with  the 
curve  of  contact,  the  value  of  d] :  di  from  this  equation  must  he,  at  the 
point  of  contact  the  same  as  the  value  of  dy  .dx  from  y=0(<r,a). 
Let0'(|,€)^dif  then,  giving  I  the  value  j.  which  it  is  to  have  at 
the  point  of  contacts  and  c  the  value  a,  which  it  has  in  the  particular 
case  in  li  the  I'oint  of  cfintact  1ms  K  and  %f  for  its  coordinates,  we 
have,  ior  that  case  and  at  that  point,  dt] :  dlz=(l,'  (.r,  «)•  fi"d  dy  :  dx 
wc  must,  in  the  equation  y=z<i>  {x^  a),  suppose  a  a  function  ot  x  m  the 
manner  above  described,  which  gives 

dy     d(p  ,  r/0  dri  d(f>  da 

d<i>  dif 
for  ^  formed  from  0  (jt,  d)  gives  precisely  the  same  function  as  ^ 

from  i|s0  since  a  in  the  first  case,  and  c  in  the  latter,  are  con- 
stants. Equate  diiid^  (or  rather  the  particular  case  described)  and 
djf :  dt,  which  givea 

dS  da      ddt  da 

t'««)+;S5i' 

Either,  then,  :  da,  or  da :  dx=0  ;  it  cannot  be  the  latter,  since  then  a 
would  Vo  a  constant :  cnnf;equentlv,  rf/> :  (frt=:0,  which  will  give  an 
equation  between  r  and  a,  or  will  determiue  the  function  which  a  is  of 
jr.    Hence  the  following 

Theorem.  The  curve  which  touches  every  curve  that  c^in  be 
represented  by  y:=0  (x,  c).  whatever  may  be  the  value  of  c,  is  found  by 
■uWituting  instead  of  the  constant  e  a  function  of  or,  obtuned  by 
equating  to  nothing  the  difF.  co.  of  0  (x,  c)  with  respect  to  r,  and  thence 
determining  e  in  terms  of  x.  But  this  is  (page  189)  precisely  the  mode 
of  obtaining  a  singular  solution  to  a  diffcrcDtial  equation  who?c  ordinary 
solution  i«y=4>(x,  c).  Hence,  the  liijitridar  solution  to  a  difl".  equ. 
connecting  r  and  y  is  the  equation  to  a  curve  which  touches  every  curve 
whose  equstioii  is  a  case  of  the  general  solutiou  made  by  giving  one  or 
another  value  to  the  constant  of  integration. 

The  preceding  demonstrslioii  will,  I  apprehend,  be  ftund  difll- 
cult;  but  ss  the  principles  which  it  involves  are  of  the  wrtniost 
consequence  in  application,  it  is  worth  while  to  vary  the  form  of  the 
problem. 
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Requited  the  cum  yafx  whicli  cuts  all  the 
curves  cuntaiued  in        ({,  c),  made  by  giving 

difi'erent  values  to  in  such  a  manner  that,  at 
each  point  of  intersection,  there  exists  between 

~,  and    the  relation 

Let  AB,  CD,  &c.  be  varieties''  of  17=^  (I,  c),  and  let  VW  be  the 
curve  which  makes  the  intersection  in  the  manner  required.  Choose  a 
case  of  t;  =  0(£,  c),  say  GH,  and  for  that  case  let  rrra;  that  is,  the 
equation  of  GH  is  T;=r0(^,  o).  J^ct  P  l)c  the  point  in  which  VW  ruts 
GH,  and  let  x  and  y  he  its  cooiclin;Ues.  Tlien  because  1^  is  on  GH, 
y=4>  (jf,o),  but  tliib  equation  is  not  true  of  any  other  point  of  VW,  lor, 
a  remaining  tba  tame,  if  the  point  P  should  move,  its  coordinatea  still 
aatisfying  ^s0(«,a),  it  would  move  dong  PG  or  PH.  But,  if  essa' 
give  the  curve  £F,  intersecting  VW  in  Q,  and  if  when  P  moves  to 
Q,  a  wore  to  change  into  a',  the  equation  ^=0  (d;»a')  would  be  true  of 
the  coordinates  of  Q,  which  is  on  VW.  If,  then,  a  were  to  be  such  a 
function  of  j,  that  as  y  and  x  chanijc  on  VW,  a  should  ahvays  repre- 
sent the  value  of  r  which  belongs  to  that  ai^a  of  0  (i,  c)  throuirh 
which  VW  b  passing  at  the  moment,  it  follows  that  »/=0(r, a)  would 
be  true  at  every  point  of  VW ;  that  is,  would  be  the  equation  of  V  W. 
Wbat  fbnction  ot  ^r,  then,  must  a  be  ?  The  value  of  dij :  dl  is  0'  r ), 
and  in  the  curve  GH,  and  at  the  point  P  of  it,  this  is  0^  (jr,  a),  exactly 
what  would  lie  obtained  by  diflferentiadng  0(jr,a),  ee  varying  and  a 
being  constant.  But  to  make  an  equation  to  V  W,  we  must  write  for  a 
ft  certain  function  of    and  we  then  have 

s^a  -^d^T^  ^'5i=^  ^''"^^-isa;- 

The  required  relation  demands  that 

where  0(jr,a),  ^'(jr,a),  and  d-^ida  are  knon'n  functions  of  x  and  a, 
and  therefore  this  is  an  equation  between  o,  t,  and  cfa :  dr,  or  a  com- 
■Km  di£Bnential  equation.  If  it  can  be  integrated,  the  problem  can  be 
•olved. 

For  eiample,  reouired  a  curve  which  cats  the  species  of  curves  whose 

equation  is  Tjir0      c)  ahvavs  at  the  same  anirlc,  so  tliut,  i  t  any  point 
P,  the  aniilo  of  PL  and  i^M,  the  tangents  of  the  cutting  curve  and  the 
curve  of  tlic  t-iiccics  wliich  pasi^es  through  P,  is  a  givtn  angle  u.    If,  then, 
and  /3'  be  the  angles  of  these  two  tangents  with  the  axis  of  i\  we  have 

-     ^,        tan/3  — tan dti    du  f     dt)  dy\ 

This  gives,  by  the  preceding  process, 

*  The  Cfiuatioa  of  a  curve  is  onfounrlec!  with  the  curve  itself  in  die  language 
used  ;  thus  thu  curve  y^x*  means  the  curve  whose  c(^uatioa  ia  jf=z\  Similarly^ 
the  point  ar,  jp  meani  the  point  whose  coordiBSiss  art  :r  and  y 

2A2 
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or      taii»{l  +  (0^tea)y}+^  ^{«'(*,a)tana+l}=0,l 

Tliis  equation  cannot  be  integrated  generally,  bnt  we  may  try  our 
mi  tlio  l  on  any  particular  case.  Let  the  species  be  that  conlaiiiing  all 
the  straight  lines  drawn  through  the  origin,  having  the  equaiiuis  y=ajr. 
Here  i>  (jt,  a)=aj,  ^'  (x,a)=a,  d<i> :  da=:x,  and  the  preceding  equatkm 
becomes 

,  ,    da  ,                        dj             fltana+1  . 
tanail+a«i+x^{atan«+l}=0,  —tanaiss  d<h 

logx  tan  a= — log;,/(l         .  tun  a  — tan~'a  +  C. 

We  cannot  find  a  in  finite  terms  from  this  expression,  which  ^^  e  should 
do,  in  order  to  substitute  a  in  y=aT.  But  the  same  end  will  be  gained 
by  substituting  a  (=y  :  x)  from  the  second  in  the  first,  which  will  give 

log -r. tan fta= —lug ''^^^'^^ Stance —  tan  ' 

Writing  C  for  C :  tan  a,  and  using  polar  coordinates,  we  have 

rse**"*'^,  which  may  be  writlcn  rrrCifc*,  ; 

for  is  merely  an  arbitrary  constant.  This  is  the  equation  of  the 
logariiivmic  spiral  (A.  G.  371,),  which  is  now  iVuiid  ta  cut  all  the 
radii  at  the  same  angle,  and  to  be  the  only  cun'c  which  does  so. 

The  ^)ruce(iiug  luvestigutiuu  would  not  have  been  altered  in  any 
Tespect  if  we  had  used  polar  ooordmates.  For  it  rests  upon  the  suppo* 
sition  that  «  and  y  determine  a  point,  and  that  an  equation  between 
them  determines  a  curve;  nor  is  there  any  reference  made  to  the  par^ 
tictUar  manner  in  which  a  and  y  determine  the  point:  so  that  the 
investigation  applies  to  any  kind  of  coordinates.  If,  however,  we  had 
proceeded  to  the  solution  of  this  problem  with  polar  coordinates, 
writing  b  for  .r,  and  r  for  y,  in  (/),  we  should  have  met  with  a  dilhculty 
which  it  will  be  worth  while  to  dwell  upon. 

The  equation  of  a  species  of  curves  is  1^=0  (d',  a),  and  a  curve 
rss^^  is  to  cut  all  the  individuals  at  an  an^le  a.  Calling  u  and  ^'  the 
angles  made  by  the  tangents  with  the  radius  vector,  we  have,  (page 
345).  jS^^+O.  i3-/3'=/*-|*',  and 

•  1-i-uin /i.tua/i'         '   dr      dr'  \       dr  dr'/ 

dr'     ,dr  f  dr  dr* 


dr'  \ 


In  this  problem  the  angle  a  is  taken  with'  a  sign  contrary  to  that 
which  it  had  in  the  last.  Substituting  for  a  the  requisite  function  of  0\ 
we  obtain  from  (  f)  the  condition  (remembering  that  r  and  are  the 
same  at  the  pomt  of  mtersection) 
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^  ,{dr'     dr'da\    ^       fdr'/dr'  ,  d/ da\  ,) 

If  wc  apply  this  to  the  particular  case  where  r's^Ce'ja)  is  the 
equatum  of  a  Btraight  line  passing  through  the  origin,  we  find  O'sra  for 

thwi  equation,  since  the  permanence  of  the  angle  is  the  condition  of  the 
line  in  question,  independently  of  the  radius  vector.  By  this  we  can- 
not express  r.  Let  us  then  generalize  the  equation  into  r=  it 
which  is  equivalent  to  supposing  the  species  of  curves  to  be  all  the 
varieties  of  a  spiral  of  Arclumedes  w  hich  revolves  round  the  origin,  the 
angle  of  revolution  being  a.  We  hcivc  then  0  (0',a)=fr  (e'— a)=r', 
and  salittitution  in  the  preceding  gives  (dr' :  de'=k\  d/  :da=z-k) 


a  is  a  function  of  tf',  which  is  to  satisfy  a=:^— Z:)^,  the 
dinunation  may  be  made  at  once  by  writing  instead  of 

1  dr^ 

2p  its  vabe  I  --^  — „  which  gives 

rfg  _  tan  7  J:  +  r'  __tan  a       l  +  tan«a 

4/  ^Ar'-tan^.y*  '*'*-taaa.r' 

C+«'=tsa  a.log  f'-li^— 1<^  (*-tan  «.fO- 

tana  ' 

This  is  the  equation  of  a  spiral,  .'such  that  the  spiral  of  Archimedes^ 
whose  equation  is  r=k  (9— a)  is  always  cut  by  it  at  a  j^ven  angle. 
Take  ^(1  + tan*  a)  log  A::  tan  a  from  both  sides,  remembenng  that  an 
arbitrary  constant  altered  by  a  given  quantity,  however  greai^  is  still 
aa  arbitrary  constant,  and  we  have 

C+O'sstana.log  r'-i^^  log  ^1— tana 

Now  if  ifr  increase  without  limit  the  equation  r:=:k  (0— «),  or  r :  A=rd— a 
approaches  without  limit  to  6  —  a=0,  the  equntifm  of  a  straiglit  line 
inclined  at  an  anijle  a.  In  this  case  1  — tan  at  r:  A-  approarlips  without 
limit  to  1,  and  its  logarithm  diminishes  without  limit.  The  luuits  ot  tlie 
f>pirals  arc  straight  hnci^,  and  the  curve  which  cuts  these  limits  at  the 
angle  a  has  for  its  equation  C+d=tan  a.logr,  the  equatiou  of  the 
logarithmic  spirsl,  as  before. 

If,  however, «  be  a  rieht  angle,  or  tan  asoe « we  must  retrace  our 
ateps  aa  &r  back  as  the  cUfferentisl  equation,  which  then  becomes 

^ = -  4> «  Os5— +C,  or  r  (6  -C)sil. 

This  is  the  equation  of  a  reciprocal  spiral,  (A.  G.  366.)  This  does 
not  become  a  ardewhen  k  is  infinite,  at  least  so  it  appears  at  first. 
But  we  may  show  that  a  reciprocal  spiral,  in  which  k  is  infinite,  is  to  be 

considered  as  an  assemblage  of  all  the  po^pibk  rlrclea  which  can  be 
described  about  ^e  pole  as  a  centre.   This  proposition,  WkQ  all  others 
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in  wliicii  the  word  infinite  is  used  in  an  absuliitc  sense,  must  be  restored 
to  it«  ronipletc  form  before  any  reasoning  can  take  place  upon  it.  We 
mean  tiiiti  in  a  reciprocal  spiral,  the  greater  k  becomes,  the  closer  do  ite 
foldi  approach,  and  the  more  nearly  is  each  fold  a  circle:  and  dui 
ivithout  limit,  if  k  increase  without  limit.  This  may  ba  easily  shown. 

Required  the  pohir  equations  of  the  tangent  and  nonnal  of  a  gina 
curve,  at  a  given  point,  (r,  d). 

Any  line  passing  through  the  point  (r,  0),  and  making  an  angle  « 
witli  /■,  has  for  its  polar  equation  (R  and  O  being  the  coordinates  of  any 
pniut  in  it)  R  :  r  =  8in  w ;  bin  (w— C^  — f)).    li  K=l :  U  and  rs=i 
this  may  be  reduced  to 

U=sii  COS  (e  '    — u  cot  4tf  sin  (9-6). 

Let  this  line  be  the  tangent  of  the  curve,  then  ut^fi,  u  cot  w=u :  tan /i= 
de      dii  ^ 

U=:»00B'(e— sin  (9-6) 

is  the  equation  of  the  tangent.  In  the  normal  j^+^iry  and  the 
equation  will  be  found  to  be 

do 

XJsiu  cos  (e-e)— M*  -p  sin  (8-6). 
,  du 

Given  a  curve  y=z<p.v,  required  another,  such  that  the  normal  of  the 
first  may  be  always  tangent  to  the  second.  The  equation  to  the  normal 
of  the  first  is 

This  belongs  to  a  species  of  curves  (all  the  normals  of  ^=:^r)  in  whidi 

we  ])a     fi  nm  nnc  to  another  by  making  a  change  in  the  value  of  J, 

whii'li  then  tiikes  the  ]ilnce  of  c  in  the  inve>tiuati()n  of  page  35:>  I-ct 
X  and  Y  he  the  coonianitca  of  tlie  ])oinl  in  wliich  the  reqnired  curve 
nir(  ts  the  normal ;  this  normal  is  to  be  the  tangent  of  the  new  curve, 
tlicrciore 

f'Y     1     ,  rfY . ,  „ 

where  Y  and  X  have  taken  the  place  of  y  and  x  in  the  invesUgatioo>  ss 
r  lia^  taken  that  of  a.  For  the  equation  (/)  we  have  then^  since  at  the 
point  of  contact  Y  =^<px —  (X  —  jt)  :  ^'a;. 


{l+Wjr)'+(X-J!)^}=0. 
,  If  the  fiiBt  factor  weic  made  =0,  x  would  be  ft  coDstant,  and  we 


or 

or  Sky---' 
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thoidd  btif  e*  only  ooe  of  the  nonnals  as  the  leiolt.  The  leoimd  &ctor 
being  made  sO,  we  have  an  equation  to  determine  x  in  tenns  of  X, 
which  must  be  substituted  in  tin  equation  to  the  normal.  Consequently 
our  theorem  Is  as  follows.  If  we  would  find  the  curve  which  is  such, 
that  the  normals  of  y=0.r  arc  its  tangents,  wc  find  the  equation  of  the 
desir^  curve  by  eliminating  jb  between  the  two  equations 

*'x  (Y-«r)+X-«=0  and  4/x  (1  +(^j?)«)+(X-jf)^«:=0. . .  (A). 

The  curve  y^4>x  is  called  the  involule,-\  and  the  required  curve  the 
evolute. 

Before  giving  any  examples  we  shall  take  the  same  problem,  on  the 

supposition  that  we  arc  to  use  the  polar  equation  of  the  normal,  and  the 
theorem  in  page  354.   The  polar  equation  of  the  nonnal  is 

U=tt  cos  (8— 0)-«*  ^s'm  (8-e), 

au 

where  n  is  a  funetioji  f»f  (K  implied  in  tiie  cquution  of  the  given  involute. 
To  find  the  particular  soiulioii  of  the  ditV.  eq.  \vliich  w(juld  be  obtained 
by  elimiiiiiuag  d,  proceed  as  in  page  189;  diilurLiitiate  the  value  of  U 
with  respect  to  0,  and  make  the  result  =:  0,  remembering  that  dd  iduin 
the  redproeal  of  dv :  d0.  This  gives  (let  6— teO',  dO' :  dtfs  - 1) 


T^.cose'+vsuie'— 2«  ,    .  ^ine'+uM— :  i^smO' 


(B). 


and  between  these  two  eqnations  (with  u=:'^Oy  the  equation  of  the  in- 
▼olute)  u  and  9  are  to  be  eliminated,  giving  an  equation  between  U  and 
which  la  that  of  the  evolnte  required.   A  simplification  of  form  may, 

however,  be  made  as  follows.  Multiply  the  second  equation  by 
(du :  dfl)*,  and  then  divide  hy  ;  let  the  (lifT.  co.  of  logM,  or  that  of  u 
divided  by  ti  be  called  L ;  tbeu  the  two  equations  become 

U=u  cos  (8—0)——  sin  (8-0) 

Li 

(l+L«>Lcos(8-e)+~8in(e-'e)=0| 

do  J 

In  either  of  the  two  sets  of  equations  ( A)  or  (  B),  hoth  equations  together 
determine  one  point  of  the  evolute  4  in  the  first,  given  x  (and  y  from 

*  Though  I  have  preferred  to  make  this  east  aa  SKunpIs  of  the  genent  nsetbod, 
jet  it  is  evident  from  the  theorem  in  page  354,  that  we  sie  now  doinf^wbatte 
equivalent  to  tin(Un<;  tht>  singulK  loiutioo  of  Uw  general  equation  of  the  oomialj 
jp  being  the  arbitrary  conaUnt. 

t  8ee  Imttiut*  mni  Bvolui*  in  the  Penny  Cyclopedia. 

t  Whfn  any  two  curvei,yr=f(T,  c),y='\^  (x.  c),  are  pivpn,  both  equations  together 
determine  their  points  of  intersection  ;  but  if  a  third  equatiuu  be  formed  by  eiimio 
nating  e,  this  third  equation  is  also  true  at  the  points  of  intetaeetioa.  Bat  being 
ladepeDdeat  of  any  particular  v^ue  of  it  belongs  equally  to  all  thepointa  of 
■ter^ertion  made  by  ail  the  jutSHible  pairs  rf  the  tw(»  s|tfrif«.  flerived  from  giving  c 
diliierent  values.  Thus,  it  u^as,  y=rjr-f  we  have  two  btrai^ht  Ui^es,  the  first  of 
whach*  se  m  iscwaeee,  revofres,  and  the  eeeoad  of  whkbttn  laesarae  cast,  moves 
•Ivsya  a4  an  aagle  off  45«,  coalinttslly  iijpeaatiig  the  diatanes  at  which  it  ente  the 
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3f=0T)  the  two  equations  determine  Y  and  X,  the  cord i nates  of  the 
point  of  the  evolute  which  hes  on  the  normal  drawn  thrmicrli  (r,  ;/).  In 
the  second,  6  being  given  (and  ?£  from  u='^0)^  the  equauons  tidt  rinmr 
U  and  6,  the  reciprocal  of  the  radius  vector  and  tlie  ancle,  at  that  point 
of  the  evolute  which  is  on  the  normal  passmg  ilirough  (u,  Thus, 
in  the  following  figure^  P  and  F  are  oonn|KnidiDg  points  of  the  inTohite 
and  evolute;  and  ire  hate 

ON=fjr,  ON'=X 

0Ps=i,  op's! 

"iTjf  KOPs^t  NOP'=:e. 

Before  applying  the  preceding  results,  it  will  be  deBbaMe  to  explain 
their  connexion  with  the  radiut  cf  eurvtUure.  This  term  meant,  lor 
any  point  of  a  curvOt  the  radius  of  the  circle  which,  being  drawn  thnwgh 
that  point»  has  a  contact  with  the  curve  of  a  higher  order  dian  any  otlMr 

tftich  circle;  so  that,  as  shown  in  pn ere  5(1,  no  other  circle*  ran  pass 
between  thr  circle  of  curvature  and  tin;  curve.  If  x  and  y  l)e  the  co- 
ordinates ui  the  puiiit  of  contact,  p  the  radius  of  the  circle,  and  4  end  q 
coordinates  of  the  centre,  we  have 

(X-{)'+(Y-,)«=p'  (1); 

X  and  Y  being  the  coordinates  of  any  point  in  the  circle.  We  moat 
then  make  this  circle  pass  through  the  point  (<r,y),  and  also  make  as 
many  diff.  co  n?  possible  of  Y  in  the  circle,  equal  to  those  of  y  in  the 
curve*   DLOO^rentiate  (1)  with  respect  to  X  successively,  and  we  have 

^  .  dY    ^         dY*  .  rf*Y    „  - 

X-«+(Y-,)^=o,   i+_+(y-,)  — =0,  &o. 

Now  since  there  are  only  three  arbitrary  quantities,  4«  v,  and  p,  we 
can  only  employ  three  eq[uationa  to  determine  then.  TUce  the  three 
oonditiona  that  one  point  of  the  circle  must  he  (',y),  that  at  that  pomt 
dY:dX=<fy:d!r,  uid  that  also  tPY tdX*=^:i!fi^  and  we  have  the 
first  set  of  equationa,  finm  which  tine  second  readily  folkiwa. 


( 


lit  of  y.  Eliminate  a,  sod  we  have  ^y^ji^-^by,  the  eqoatioa  of  an  hyperbola. 
How  is  this  hypt  rbnla  rnnnectcfl  'trith  the  straight  lines  ?  Its  equation  is  obviously 
always  true  at  tha  intvrseciion  of  aav  simultaueous  pair;  axtd  it  it  the  curve  which 
ptawt  tbroui^h  ^e  inltneetiflnt  of  aU  fha  tiiBullaatoot  pain:  oliaem>  not  Hmmn^ 
the  intersection  of  y—ax  for  one  value  of  a  with  yssx-^ab  for  another  valnoof  aj 
but  throu;:h  all  the  intersections  of  lines  in  which  a  is  the  same  for  both. 

This  j)riaciple  is  uoe  of  the  must  impurtaut  in  the  apjplication  of  aiJgebra  to 

 '"^z  but  I  do  not  mnember  to  have  seen  it  formally  laid  down  and  illwlialsd 

la  aaj  eiamcattiy  work  oa  the  siib|scly  thon^  cootimially  taed  iaalU 
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From  the  first  two  in  the  second  s(  l,  i  and  77,  tho  coordinates  of  the 
emfreoj  curvaluret  arc  determined  ;  -iiulp,  the  radiuBof  curvature, from 
Uie  third.  And  p  is  the  same  quanliL)  us  was  siguiiied  by  that  letter  in 
the  eqiNitioiis  of  i)age  345 ;  ftqr  if  in  eqvadovi  18  we  make  t=zx,  or  x 
the  indepeDdent  wtable,  we  shall  have  for  p,  as  there  described,  the 
ezpTessioii  for  p  ae  above  obtained.  Caiiseqiinitly  we  have  for  the 
radius  of  curvature  the  following  expressions,  making  w  and  0  the  in- 
dependent variables  of  the  lectai^kur  and  polar  aystema  of  coordinates. 

The  centre  of  curvature  is  on  the  normal;  for  the  second  of  the 
cqiintions  which  I  and  t)  satisfy  is  the  equation  of  the  normal.  And  the 
centre  of  curvature  is  also  on  the  evolutc ;  for  in  equations  (A)  it 
will  be  fuuud  that  X  and  Y,  the  coordinates  t  f  a  jioint  in  the  evolute, 
have  precisely  the  same  expressions  as  I  and  r;  above.  Consequently, 
the  evolute  of  a  curve  is  the  locus  of  all  its  centres  of  curvature ;  and  iu 
the  preoeding  diagram  P'  ia  the  centre  of  curvature  of  the  point  P  and 
PP*  the  radius  of  curvature.  Also  (neglecting  the  sign) 

-'iliV(»'£-')l='il'V(--^^)l* 

The  radius  of  curvature  of  the  ellipse,  found  from  the  expresaiou  in 
page  351,  is 

It  is  more  easily  found  by  the  well  known  polar  equation  ua  (1 
cos  6. 

What  is  the  curve  in  which  the  radius  of  curvature  is  a  given  function 
of  '9  or  y>  Of  11  ?  Suppose  it  a  function  of  jt,  fx ;  we  have  then 

wfacDce  y  must  be  finrnd  bv  integration.  The  second  or  the  third  of  the 
laat  equationB  may  be  used  when  the  ridiua  is  given  as  a  function  of  y 

Required  the  evolntc  of  an  ellipse.  The  equations  for  determining  ^ 
and  1}  above  (which  axe  virtually  the  same  as  (A)  in  page  359)  become 

^       .     .        /^/'-^'.r'N  /         ab  \ 
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or  ,s=^ ~ 

whence,  evidently.  ^       +  ("^^  =  U  «=sc*<». 

"We  Tnii«t  not,  in  this  subjectj  propose  examples  as  if  w  t  had  only  to 
choobC  fruia  tiii  unlimited  number  capable  of  butficiently  easy  solution ; 
for  llie  fact  is,  that  the  elinuiiuiioii  is  generally  of  eo  difficult  a  character, 
that  the  few  cases  which  are  presented  in  elementary  works  contain  all 
which  the  student  should  be  incited  to  try.  He  may,  perhaps,  succeed 
with  ^=ax\  the  erohite  of  which  is  a  compticated  cum  of  tlie  fourth 
degree. 

One  or  two  remarkable  instances  will  merit  notice.   The  first  is  that 

of  the  logarithmic  spiral,  with  regard  to  which  e(]URtions  (B)  ea^^ily  give 
aresult.  Hererrrc.a", 7/:=  c~'.a~^, log —  1  \-  c  —  6\(><r  a,  L=:— logrr, 
&nd  dh  :  dd=0.  The  second  equation  bcconics  —  (i +  iug*a)  logaco« 
(e-0)=O,  or  0=0+ Jir;  that  ib,  iu  tlie  diagram  in  page  360  POP' 
is  always  a  right  angle.  The  first  eauation  becomes  lJ=:u :  log  a,  and 
the  «roiute  ia  therefore  another  logarithmic  spiral,  since 

log  aU=:c~*a"®'*^,  which  ia  of  the  aamc  form  aa  ii=c~* 


1  du 

or  (<^=c)  L=-  5i  = 


logtt=:C+  —  coB-»  (cr^*'). 

cot  a 

The  equation  of  the  erolnte  la  then  immediately  found  from  the  fiitt 
equation  (B). 

It  is  necessary,  in  treating  of  complicated  and  transcendental  curves, 
to  consider  a  curve  as  given,  not  only  when  one  coordinate  is  explicitly  a 
fonction  of  the  other,  but  also  when  both  are  iuuctions  of  a  third 
variable,  even  though  the  elimination  ol  liie  latter  should  be  prfictically 
iiiipossible.  Such  an  assumptiun  will  require  only  the  ahciuiioii  of  diff. 
00,  with  respect  to  one  of  the  eoordinatea  into  others  taken  with  respect 
to  the  ihird  variable  (page  153).  Thus,  if  x  and  y  be  ftineHona  of  i,  the 
equationa  which  determine  ^  and  i|«  the  eoordinatea  of  ti^  oentte  of 
curvaturo  or  of  a  point  in  the  evolnta^  are  (let  dxidix^^^sx  dfat^^ 

There  is  a  very  extensive  class  of  curves  which  wc  may  call  trochoidiily 
because  its  most  prominent  initanccs  are  the  rvcloid,  trochoid,  epicy- 
doid,  &c.,  (A.  G.  357— 3W.)i  defined  by  the  equutiona 
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If  we  aHow  0, 6,  and  m  to  be  anything  whatever^  we  find  m  this  class 
of  curves  aU  of  the  (iret  and  second  order,  besides  the  cycloid,  &C«f 
the  involute  of  the  circle,  and  others*  From  the  pieceding  equatipna 

we  easily  find 

4i/aB— a  sin     6f»  sin  nU         i^sscf + 6^  m*+ aa6m  cos  («— 1 )  t 
^=1   a  cos  <+ 6m  cosmi  yy"— yV'sa*+  6W+a6(ifi'+m)cos(m- 1)< 

Lli  (a^+y'*)  :  (x' y"— / vt")  =  K  ;  we  have  then  to  liad  the  cvolute 

l)=a(l  —  K)Bint+6(l— mK)sinm/y  |=:fl(l-.K)cosi+6(l— mK)co8m<, 

whence,  if  K  be  a  coustant,  the  evolute  of  the  trochoidal  curve  is  also 
tiDchoidaL  To  make  K  a  constant,  (say  stk^)  we  must  have 

ab  (m*4-m)  *=2aftfn,    {a*+b*m^)  i!r=aF+6W. 

Eliminate     ami  we  obtniti  an  equation  of  the  third  degree,  the  fucturs 
of  which  are fw,  7n — 1  and//m*  — (/^    If  m  =  Oor  1,  we  have  for  the  curve 
■A  Circle,  and  for  its  evolute  a  point :  if  m=za :  6,  or  — a :  b,  we  have  the 
i  pi  cycloid  or  hypocycloid,  according  aa  a  ia  greater  tiian  or  less  than 
In  both  cases  ir=s2 :  (l+tn),  and  the  eqtiations  of  the  evolute  are 

.       ,  fW— 1        ^    ^      fw — 1      ^    .  tn — 1 
nssa  — —  8m<— o  — — :  sin  mi,  |=rfl         cost— 6   cosmt, 

m  +  l  m+l  m-t- 1  wi-fl 

which  are  also  the  equations  of  an  epicycloid  or  hypocycloid,  according 
as  a  is  >  or  <6.  Consequently,  each  of  these  curves  has  an  evolute  of 
the  same  kind,  having  cusps,  the  radii  of  which  make  a  greater  anffle 
with  the  axis  of  x  than  the  corresponding  cusps  of  the  involutes,  bv  &e 
mth  part  of  four  right  angles.  A  similar  property,  therefore,  ftflowa 
of  the  cycloid,  which  is  an  epicycloid  or  hypocycloid,  made  by  a  circle 
revolving  on  another  circle  of  infinite  radius. 

When  the  evolute  is  given,  and  the  involute  is  to  be  found,  we  have, 
i^=Y/f  being  the  equation  of  the  involute,  to  substitute  for  r/,  and 
eliminate  5  from  the  two  equations  which  have  hitherto  served  to  find  f 
and  7}.  i  lie  result  is  a  did',  equ.  of  the  second  order,  which  being 
integrated,  gives  the  equation  of  Uie  involute.  Thia  laat  will  (or  may) 
contain  two  arbitrary  constants.  To  explain  the  meaning  of  these  con- 
Itants,  ob^ienre,  that  by  the  tangent  of  the  evolute  making  a  right  angle 
noitt  (or  lesa)  with  the  axis  of  x  than  that  of  the  involute,  we  have 

and  if  wc  differentiate  (x— 4)*+  (y— »i)*=p'»  wc  have 

(«-|)  (<**-«)+ (y-,)(dy-iri,)=:<»di>. 

But  (a:— 0  dx+  (y— )?)  rfy =0,  whence  —  (y  -  rj)  dr) =pdp, 

and  Jf— l+(y-»?)^=0,  ory-i|=— ™  («-05=^(j?— 0. 

Consequently,  (*-4)' {1+5^}=?%  and 

Divide  the  square  of  the  last  by  the  preceding,  and 
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^=1+^'.  or  dp«=d4*+rf,,', 

which  should  be  Tcrified  hy  actual  differentiatioo  of  4,  9,  and  p  in  the 
MCODd  set  of  equations  (page  360).  Hence,  if  ^  be  the  length  of  the 
arc  of  the  evolute  (page  140),  measured  from  any  given  point  in  it,  up 
to  the  point  (^,77),  we  have  dp=d<Tt  or,  integrating  betweai  the 

points*  at  wliich  the  radii  of  curvature  are  p<  and  pi,  we  have  p*  — f»i 
r-  rr,  —  <r,=  the  arc  intercepted  between  the  radii  of  curvature.  That  is 
(puge  360),  the  excess  of  QQ'  over  PP'  is  the  arc  P'Q'.  If,  then,  a 
thread  were  placed  ni  the  position  P  i',  and  extended  backwiudb  in  tiic 
direction  P  Q'  to  an  indefinitely  distant  point,  remaining  on  the  eiolutn 
from  P'y  and  if  this  thread  were  unrolled,  being  always  kept  atretdhed*  ft 
pencil  at  P  would  trace  out  the  involute.  Here«  then,  are,  to  all 
appearance,  the  two  arbitrary  constants  of  the  involnte  to  a  givm 
evolute:  we  may  take  any  point  we  please  of  the  evolute ;  that  is,  one  of 
its  coordinates  may  be  anything  we  please,  tlic  other  being  determined 
bv  the  equation  j  and  at  this  ])oint  we  may  assign  ni\\  length  wc  plensc 
(HI  the  tant^cnt,  to  he  the  radius  of  curvature  of  the  involute  at  ihu  ]>i)int 
correspondinj^  Lu  the  one  we  have  chosen  on  the  evolute.    'ihxx&f  li  wc 
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have  an  oval  curve,  and  if  we  clioose  the  point  P  as  that  at  which  the 
radius  of  curvature  is  PK,  we  have  KAM  for  the  involute  (iii  part). 
But  if  the  radius  of  curvature  were  PL,  then  LBN  would  be  the  i»- 
Tolote. 

But  we  shall  soon  show  that  these  two  arbitrary  constants  are 

equivalent  to  one  only,  for  we  do  not  get  more  involutes  by  varying  both, 
than  we  should  do  by  varying  one  only.  Thus  the  same  involute  which 
we  get  off  the  point  P  by  assuming  PK,  we  also  ohtnni  off  tlie  point  Q  by 
aasumincT  QR.  And  we  may  evidently  soe  that  if  the  point  A  be  ^vea 
(which  recpnres  only  one  constant)  the  whole  involute  follows. 

The  explanation  of  this  difficulty  can  only  be,  that  the  equation  of  the 
involute  is  a  smgular  solution  of  the  diff.  equ.,  and  we  shall  proceed  to 
ahow  that  it  is  so.  Let  v^f^  be  the  equation  of  the  eiven  evolute,  then* 
calling  p,  9,  r,  &c.  the  successive  diff.  co.  of  y,  we  find  for  the  differential 
equation  whidi  is  to  he  solved 

,+.i±£:=/(,-£iLiv>)  (/).  . 

But  this  equation  is  nothing  more  than  we  may  obtain  (and  in  hci  did 
obtain)  by  eliminating  the  two  aibitraij  constants  I  and  p  ixom 
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(»-0*+(y-/l)'=(^  Of); 

SO  that  Uie  second  is  the  gtneral  integral  of  the  first;  or  the  first  is  a 
diffienntial  eqaation  to  any  drele  which  can  be  deBcribfld  upon  a  poiDt 
of  i|r=/|  as  a  centre.  And  by  what  we.  have  teea  of  the  nature  of 
a  lingular  solntkm,  and  of  the  connexion  of  different  Yalnei  of  p  in  the 
nme  involnle,  we  may  lee  that  the  involute  can  be  nothing  moio  than 
the  aingnlar  lolution  of 

in  which,  calling  the  eciuauou  0  (r, y. ^, ^/)— 0,  we  are  to  ehiniiuitp  I 
between  ^=0,  and  cUji  :di,=^0.  But  there  ii$  an  eu^jier  mode  ot  obtuiu- 
ing  a  diff.  equ.,  as  follows.    DiflRerentiate  (/),  which  gives 

If  we  make  the  first  factor  =0  we  merely  recover  the  equation  (ir),  or 
rather  the  equation  (x  — ^) -f  i?)'=p%  s,  a"d  p  being  uncon- 
nected constanti.  In  the  other  factor,  made  sO,  is  also  to  be  found 
an  equation  which  is  true  when  (/)  is  truoi  or  we  ha^e 

where mean*  the  inverse  function  of      Therefore  (/)  gives 

and  if  from  the  last  two  we  ehminate  qt  we  have 

fl/+^=p/y"(-i)+/-(-i)  (/); 

a  diff.  equ.  of  the  first  order,  and  couUuuiiig  only  uiw  arbitrary  con- 
stant in  its  solution.  This  equation  cannot  often  be  integral^  by  a 
separate  method;  but  the  preceding  process  gives  a  hint  as  to  the 
method  of  dedudng  its  general  solntion  from  the  parUeuiar  solu- 
tion of  y — px=¥pf  as  found  in  page  196.  The  student  who  under- 
stands the  preceding  considerations  will  see  that  the  following  is  merely 
an  analytical  translation  of  the  process  of  finding  the  involute  from  the 
cvolute. 

Required  the  general  integral  of  py-^xr^Fp,  p  being  dy  :dx» 
Assume 

dy     drj —  [  dij  -\-  I'd  (ilrj  :  dp)  ]      do  (Pi}  —  di)  (Pp 

_  (ciT+dii')  d^n—jdi  <^^+di|  d^n) 
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and  the  original  equatiua  becomes 

which  are  of  the  same  form  as  y~pT—Fp,  and  can  he  integrated  in  the 
game  wnv  (page  196).  If  take  the  general  solution  we  find  drjidl— 
Const.,  whence  </y ;  cix=  const.,  which  does  not  satisfy  py  +  x=Fp:  it 
must  then  be  the  particular  solution  of  tlie  preceding  from  which  the 
lelation  between  17  and  ^  it  to  be  found  ;*  and  this  batig  done,  p,  or 
f*J(,dC-\-drf)  coDtaina  an  arbitrary  constant*  which  remaina  in  the 
relation  between  s  and  found  by  elimiofttiong  {  between  the  second 
and  third  of  the  equations  {p). 

Required  the  involute  of  the  parabola  2i\:^V.  Here  /E=44*» 
f'l^lt  consequently /'~'4=^t  and  the  equation  to  be  integrated  ia 

As  there  is  no  direct  mode  of  integrating  this,  we  must  hate  reooune  to 
the  equatioos  (p) ;  this  gives 

d^»^=l(^'^'lC)d^  f>:::riW(i+D  +  Jiog(i  +  vo+s^))  +  c 

2^  2   vo+T) 

UtogU+V(i+y)}     eg  [  ^=2^+1 

The  la.'^t  erination  is  merely  that  of  the  tangent  of  the  parabola,  and 
from  it  ^  can  be  found  iti  terms  of  x  and  ?/,  and  the  elimination  may  be 
completed  by  cither  of  the  iir&t  two;  but  ilic  result  is  so  compijcuted 
that  the  expression  of  both  coordinates  by  means  of  g  is  more  con- 
tenient.  The  constant  C  is  the  value  given  to  the  radius  of  curvature 
at  the  point  of  the  involute  answering  to  |s=0.  or  the  vertex  of  the  pan* 
bola.   The  result  also  gives  the  general  integral  of  (p). 

In  the  case  of  the  involute  of  the  circle,  we  have  i"+77*=rfl*,  the 
rnd!n«^  being  a,  whe  nce,  O  being  the  angle  of  the  radius  vector  'K  =  a, 
\vc  ]iav(  (ip^sa't^O",  and  p=C±a8.  The  equations  of  the  involute 
arc  therefore 

«ssacoe6+a88in0,  y^aainO-^aecosO, 

assuming  C=0.  Show  from  (2i^=dj;*+(^y*  that  the  length  of  the  arc 
of  this  involute  measured  from  9=0  (A  in  the  page  of  enata  A.  G.)  is 
one  half  of  the  arc  of  the  eircle  which  would  be  described  by  a  radius 
equal  to  the  are  of  the  evolute,  moving  through  the  angle  O.  The  in- 

*  Thisnwihod  must  not  he  applied  «oflBplet«  to  fiadiag  the  involutoof  a  given 
eTolute,ns  it  wnuM  merely  give  between  n  and  \  the  equation  of  tflft  •fslate:  tfat 
e^uaiions  (^)  uia^  tii«a  be  i^ed  at  oooe  for  eliauaatiofl* 

a  .1 
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Tolute  of  the  cirde  being  obmuily  an  epicycloid  in  which  the  moving 
circle  becomes  a  straight  line,  or  has  an  infinite  radius,  the  preceding 
equations  should  be  deducible  from  thoie  of  epicycloid.  The  eqnationa 
of  the  latter  curve  are  (A.  G.  360) 

x:s(ja-\'b)  cos  O— 6  coa— r—Of   y=C«+6)  sin  8— 6  sin— ^-6; 

o  o 

v,'here  a  and  h  arc  the  radii  of  the  fiited  and  revolving  circles.  The  firat 
of  these  may  be  thus  transposed : 

«saeoa6+^  |cose— cos(^^+l^  e| 

=  acoa6  +  26 sin ^6. sin  I  Jft"^^/^* 

If  6  increase  without  limit,  the  limit  of  2h  sin  (a  :  26)  9  is  aG,  and  the 
precedinu:  becomes  t  =  a  coh  u -f  «i)  siu  O,  as  above.  The  second 
equaiiuu  may  be  treated  in  the  same  way. 

The  equation  (/)  leads  immediately  to  a  conclusion  respecting 
singular  lolutiona  which  ia  worthy  of  notice.  If  we  mtkef"^  ( — I  :p) 
=:P,  or|y=:~l  if  P>  that  equation  beoomeB 

y-/P.x=/P-f  P.P. . .  ,(P). 

Let  us  inquire  whether  this  equation  has  any  singular  solution*  From 
it  p  might  be  expressed  in  terms  of  x  and  y ;  which  being  done,  the 
singular  sohiti  vn,  if  any,  is  found  by  making  the  partial  diff.  oo. 
ifp :  4y  or  d/; :  dx  mtinite.   But  since 

whence  dp:dy  and  dP;dy  become  infinite  together,  unless  f'V^zO  or 
y"P=ar  when  dp:dy  ia  infitiite.  Now,  differentiating  the  above 
equation  with  respect  to     x  being  constant,  we  have 

ftro^^   _    ft'Xi^^  D      "'^    1         dp  ^  1  

"  d'y  -f>v(7.^y  Ty  -{fP)\x-Py 

whence  x—P  is  tlie  equation  which  gives  the  singular  sohition,  if  any. 
Substitution  in  (P)  gives  y=/P  or  y  =  fr,  the  etimilion  to  the  evolute 
again.  But  it  will  be  obvious  that  the  evolute  is  not  the  curve  which 
touches  all  its  iuvolules,  but  the  one  which  passes  through  all  their  cusps. 
Hencei  an  equation  pieienting  the,  analytical  cfaaractera*  of  the  aingular 


•  1  du  nut  say  a//  tl»e  analytical  characters;  for  if  ^=f(x,c)  were  the  primi* 
tive  of  P,  we  Rhould  not  derive  this  ■ini^ulsr  solution  from  dp :  dc=zO,  The  fact  it, 
that  in  pagf  I  AO.  we  come  on'v  to  those  cases  in  which  f  (x,  c  +  Ac)  can  be  rtevp- 
]op«d  by  Taylor's  theorem.  But  if  the  intersection  OHf  the  two  contiguous  curve* 
•pproneh  without  Itmil  to  a  point  at  which  this  theorem  fails,  the  method  would  not 
•pplf,  asd^e  curve  which  patics  through  ih»  limiU  of  ail  the  intersections  is  not 
necessarily  atan^^nt  to  all  the  genus  of  curves  denot»  f1  hy  v  —  (p(x,c).  In  order 
that  this  theorem  may  af»ply»  in  page  190,  it  b  nere<isary  that  :  dc  and  ti^p'.tU^ 
should  remain  finite  or  nothing  (not  infinMt)  Ihnughoiit  the  fwcmL  Vf  thiB,  the 
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solution  of  a  diff.  cqii.  may  belong  to  a  curve,  whicli  instead  of  being  a 
common  tangent  t<j  all  the  curves  denoted  by  the  diff.  equ.,  may  be  the 
locus  of  all  their  cus"))s,  or  other  singular  |)oiuu>. 

Li  uur  difl.  CO.  of  y  arc  to  be  obtained  tVom  ^(j:,|/)=0,  instead  o£ 
y=.(pxy  we  have  (uaing  the  notation  already  explained) 

if-y   l-jp  0^'+0;   

0,  "  «^  -  0;0"-20'0,0',+0'«0,; 

This  fonn  avoids  all  irrauunal  (quantities,  if  the  original  equation  can  be 
made  firee  from  them.  Thus  for  the  parabola  in  which  4evs0 
s=0  (X,  y)  we  have 

^'—ic,  f,=2y,  ^"=0,   ^',=:0,   ^,,=2,  I6c>.a 

2y      — 4c~      8c*    *"  2c 

Hence,  by  elimination  from  the  last,  the  equation  of  the  e?olute  of  the 
parabola  is  27cf)"=:4  ({*2c)%  which  i»  the  equation  of  what  ia  called  a 

umicubical  parabola. 

In  all  that  has  preceded,  we  have  tacitly  supposed,  according;  to  our 
custom,  that  the  dilf.  co.  employed  have  finite  vahies.  It  now  remains  , 
to  consider  the  cases  in  which  they  ce*ise  to  be  timtc;  which  will  be 
nothing'  more  than  *  set  of  investications  connected  with  the  singular 
pomta  of  curves.  Previously,  however,  to  entering  upon  them,  it  will  be 
aeceaeaty  to  consider  the  general  meaning  of  the  diif.  co. ;  the  Ibltow* 
ing  account  of  them  ia  pmlly  recapitulation,  partly  matter  newly  tntnh 
duced. 

or  t/  1         function  ia  the  tangent  of  the  angle  /3,  which  the 
dac     ^  (  curve's  tangent  makes  with  the  axis  of  «,  the  point  of  con- 
tact being     y).   When  poaitivey  y  and     are  increasing  or  diminish- 
ing together ;  when  negativd  y  diminishea  as  x  increaaea*  or  lace  eerid. 

same  substitution  with  r«spect  to  c  which  TT>akes  «{p dr  r^i},  sbonUl  also  make  | 
€pf :  dc*  iuiitute,  the  whole  procvti!^  will  he  vitiated.    Now  this  may  take  piac«  whuu 
ttui  limit  of  flui  intensctkiBS  of  tin  contignoiii  entvss  it  at «  cnsp,  as  Is  tiio  pwseat 

instance.  > 

If  we  examiue  the  equations  of  page        we  shsli  find  that  if  jr»^C'«^}>^  I 

diff.  CO.  of  dy  tdx  ox  X  arc  I 

dy     dx    ^  de*    dx^dc  dx'\dx' dc) 

Thflss  are  made  infinite*  not  only  hf  ^=0,  but  alto  by  ^"^     latittiit  \ 

first)  by  nothing  else ;  hence  the  two  torta  of  iiBgaiav  foliitioB%or  lather  Ihstva 
diiti&ct  cawa  woiah  the  test  aaay  pieasat 
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Wben  ^=0  the  tangent  is  parallel  to  the  axis  of  4?,  when  y'=cc ,  per- 
pendicular. When  there  is  a  change  of  aign,  y  »  a  maximum  (M),or  a 

minimum  (m),  acci>rdiii[^  as  the  chancre  is  from  -j-  to  —  or  from  —  to 
+  (x  increasing),  if  the  change  nf  ^\<:^]  he  made  hy  ij  pa^sini!;  tlirougli 
0,  there  is  an  ordinary  luaxmium  or  minimum  of  hut  if  hy  pa&sing 
through  00  there  is  a  maxim um  or  minimum  made  at  a  n/vy^  (C).  But 
if  y  pass  through  0  or  x  without  a  change  of  sign,  tliere  is  a  point  of 
contrary  jivxure  (F).  These  two  last  terms  are  better  defined  by 
looking  at  the  figure  than  by  words.  In  the  figures  the  ares  slong 
which  jf  is  positive  are  continued  lines,  those  along  ^vhlch  it  is  nega- 
tive are  dotted.  Wheny=0  or  oc,  being  impossible  immediately 
heforc  or  after,  there  is  one  or  other  f)f  the  cases  marked  on  the  right, 
between  the  characters  of  which  it  is  kit  to  the  student  to  distinguish. 


r 

dr        ,  \  The  fundamental  properties  of  these  (lifTt  rential  cocflicients 
— ,  or  r,l  areas  I'oHows.  Thcv  must  ditfcr  in  siLrn.  for  r  +M"*t/'=:0, 
I  a!ul  thcv  are  connected  with  y'  by  tiiC  following  equations 
^,or?/.J  (page         c(piations  10,  17). 

r'sind-t-rcosd       sind— ttcos© 
^     r'cosO— rsinfl  ""^u'cosd+tisind* 

Aa  long  as  r'  is  positive,  r  increases  with  0,  &c.  When  r'=0,  y'^ 
— cot0,  or  tan /3  tan  0  +  1=0,  whence  ^  and  Q  difl'er  by  a  right  angle,  or 
the  tangent  is  at  right  angles  to  the  radius  vector.  There  is  then  either 
a  maximum  or  minimum  value  of  r,  or  a  point  of  contrary  flexure;  but 

if  become  impossible  after  passing  through  0,  there  is  a  cusp.  Again, 
if  r^ss«  y  ^c=  tan  A,  or  the  radius  vector  is  itself  the  tangent.  If  r'  con- 
tinue possible  after  passing  through  a: ,  tliere  is  a  cusp  if  there  \w.  a 
maximum  or  minimnrn,  and  a  point  of  contrary  flexure  if  there  he  none« 
but  if  a'  he  iifterw.irds  mipussible,  there  may  or  may  not  be  a  cusp. 

u'  is  nothing  or  intinite  with  r',  but  when  u'  is  positive  r  is  diminish' 
ing  as  Q  increases,  &c. 

^5?  OT  w'' I  geometrical  meaning  of  y",  re- 

dr*'  *  )  member  (Chapter  IV.)  that  if  i"  increase  successively  by 
A,  giving  y  the  successive  values  3/1, 3/,,  &c.,  is  the  limit  of  ^t'-2yi+y 
divided  bv  h\  and  as  A  diminishes,  -  2yi+y  must  finally  assume  the 
sign  of  sr.  This  sign,  therefore,  is  positive^  when  for  any  arcs,  however 
small,  2/«+y  is  aigehraieaily  ereaier  than  2yi,  or  the  mean  of  y,  and  y 
greater  than  y, ;  and  negative,  when  the  same  mean  is  the  less.  That 
is,  y'  has  the  sign  of  VS  — VQ,  where  NP,  VQ,  WR  are  the  successive 
oidinales  y,  yi^yxi  it  is  easily  shown  that  NV  being  =:VW,  VS  is  the 
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Tnf'HTi  between  NP  and  WK.  In  the  convex 
ciiivr  VS  — VQ  is  positive  or  negative  with  7; 
but  111  llic  concave  curve  VS  — VQ  ih  of  a  dit- 
ferent  sign  Ironi  y.  This  will  readily  follow 
from  givmg  VS  and  VQ  their  algebraical  signs 
in  the  four  figures  adjoiiiiug,  and  finding  that  of 
VS^VQ.  Hence,  when  a  curve  Ib  convex  to 
the  axis  of  t,  \(*  and  y  have  the  aame  aigne,  or 
yy"  is  positive :  when  the  curve  is  concave  f(* 
and  y  have  different  signs,  or  yy''  is  np'/nrive. 
It  mav  often  l>e  convenient  to  observe  thai  tins 
criterion  may  l)e  altered  as  follows.  It  loix  y=«,  the  curve  is  convex 
when  ai'-\-z'^  is  positive,  and  ct>ncavewhcn  the  same  is  negative  :  when 
3/'=z,  the  curve  is  convex  or  concave,  according  as  2  (222''—*")  ib  positive 
or  negative.   Thus  is  always  convex;  for,  in  the  first  case, 

«''+ir'*=  1 ;  again,  y=*J  is  always  concave ;  for,  in  the  secoiid 

case,  z  (22*''— «  *)=s  —  ( 1  — x^C-* Again,  if  1 :  ysa:,  the  curve  is 
convex  or  concave  accordinc  as  2;'* — is  positive  or  negative.  Thus, 
in  y  =  \  :  (l  +  r),  we  have  2;'*—  zz"=2,  and  the  curve  is  convex  or  con- 
cave a?  y  is  positive  or  negative.  The  demonstrations  of  the!>e  theorems 
will  he  easv  exercises  for  the  student,  and  oue  or  other  of  llu  m  ^\lll 
generally  be  found  of  more  simple  application  than  the  fundamental 
theorem  from  which  they  are  derived. 

We  also  learn  from  the  preceding  that  A*y:  (Ax)»=2(VS— VQ): 
(NV)*;  so  that,  without  attending  to  the  sign,  y*'  b  the  limit  of 
2QS:(NV)«. 

In  the  case  of  a  ]wint  of  contrary  fiexure,  if  y  be  finite,  y"  must 

change  sign  ;  for  it  Is  the  obvious  character  of  such  a  point  tliat  the 
curvature  is  convex  on  ouv  side  tif  it  and  concave  on  ihe  other.  But 
when  y  ehanffPf  sicrn  at  a  poHit  of  citnlrarv  flexure,  the  characteristic  of 
the  curvature  is  to  be  the  hame  on  both  ^>ides5.  Consequently  y  must 
also  change  sign  ;  or,  the  criterion  of  a  point  of  contrary  flexure^ts  uni- 
versally a  change  of  sign  in  y". 

We  may  give  an  easy  geometrical  fffoof  of  an  important  propoaition, 
as  follows.  Pake  an  arc  PR  from  a  curve,  let 
PA  and  PD  be  parallel  to  the  axes  of  y  and  *; 
"bisect  thee  ho  ril  \-U  ir,  >,  and  coni|dcte  the  fipure 
R8  shown.  Tlien  '2i^>  is  A*y,  on  the  supposition 
that  Ar  remains  unitonn  :  and  'J/S  is  A*x,  on 
the  supposition  thai  2iij  is  unitonn ;  but  the 
two  have  ditfcrent  signs  in  the  figure  drawn, 
and  if  it  were  not  so,  it  would  be  found  that 
and  Ay  would  have  different  signs.  Bat  as  the 
arc  PR  diminishes,  the  tangent  at  Z  a]>proaches  without  limit  in 
direction  to  the  tangent  at  P;  so  that  the  limit  of  QS  :  SZ  is  the  same 
as  that  of  QA  :  Al* ;  or,  allowing  for  the  d  (Tore  nee  of  si^ris,  the  equation 
A'y  :  A*j-=  —  Ay :  Ar  becomes  nearer  and  nearer  to  the  truth  as  Ax 
diminishes  without  Iinnt.    Put  this  in  the  form 


+ 


(Ar)*  •  (Ay) 
k  true ;  the  same  as  was  ahowo  in  page  158. 


auu  Liie  hmit  ^  +^ 
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Let  0  be  twice  successively  increased  by  Ad,  and  let  [he  radii  belonging 
lo  the  angles  G,  0-f  2A«  be  r,  r„  and  r<.    CoiiMiquentlv,  r"  is 

the  lin.it  of  (r^  —  2rj  +  r)  :(Ae)".  Lei  OP, 
OQ,  and  OR  be  the  Takes  of  r;  then  the 
angle  PGR  (or  2A0)  is  bisected  by  OS.  But 
if  a  and  b  be  the  sides,  and  C  the  contained 
angle,  of  a  triangle,  the  length  of  the  line 
bisecting  the  angle  is  2a6  cos  :  (a  +  6), 
whence  r,  being  r+2Ar+AV,  we  have 

0S=-^  cos  M=z—  (l-2  8in«iA0) 

OQ-^OSscrt—OSs  ;  1  Kin*ifa0, 

The  numerator  of  the  firat  fraction  will  be  found  to  be  2  (Ar)*+ 
Ar.AV— rA*r,  and  if  the  whole  be  divided  by  (Ad)',  and  A0  be  then 
diminidied  without  limit,  we  shall  have  (remembering  that  in  the 
second  term  the  limit  will  be  most  evident  when  we  write  AO  aa 

.    ^OQ-OS      1   /\(/r«       (Pr      \      1  d'u\ 

.^^^^^-(Ae7-=2rV'^"^d^+^V=^'^"+rf^^^  LI 

If  r,  and  consequently  u,  be  reckoned  as  positive,  OQ  — OS  is  positive 
wbea  the  curve  tiimt  concavity  towards  the  pole  0«  and  negative  when 
it  tarns  convexity,  and  vice  vers^  when  r  is  negative.  Consequently, 
there  is  concavity  when  u  +  ^r'  has  the  same  sign  as  ti,  and  convexity 
when  the  two  signs  are  different*  And  there  ia  a  point  of  contrary 
flexure  when  v-\-u"  changes  sign. 

For  insUmcc,  let  us  take  the  spinil  called  the  I'liuvs  (A.  G.  36V.),  the 
equation  of  whicli  is  ti«a*=G.    If  instead  of  d^uid^  yit  usq  dH) :  du 
we  must  (page  153)  for 

As  long,  then,  as  4a^  7/^  is  greater  than  1  or  40"<1,  the  curve  is  convex 
towards  the  ixilc,  and  the  contrary.  There  i?,  then,  a  point  of  contrary 
fle.xnre  0=:-5,  whic  h  reduced  tu  practical  measurement  is  28°  39', 

nearly.  Ia  a  btraiulit  line,  u-\-u''—0  ;  in  eitlur  of  the  conic  sections  it 
is  a  constant,  if  the  pole  0  be  at  a  focus :  liu  latter  is  one  of  the  most 
important  propositions  of  the  Newtonian  theory  of  gravitation. 

If  y=Oy  the  radius  of  curvature  is  1:^';  and  if  tt'=:0,  it  ia 
the  reciprocal  of  «+«"  (page  347).  If  y"=0,  the  radius  of  curva- 
ture is  infinite,  or  the  circle  of  curvature  becomes  a  straight  line; 
this  agrees  with  page  351.    If  u''sO,  the  radius  of  curvature  is 

(ii*+u'«)i:u*. 

2B  3 
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The  preceding  cases  are  simple,  but  l)ccame  more  complicated  when 
y'  or  u\  or  y"  or  u"  are  infinite.  Let  y'  be  not  infinite,  and  t^"  infinite, 
or  let  u'  be  act  infinite,  and  u"  iuHuite :  iu  such  cases  p  is  certainly  =0. 
This  means  that  no  circle  is  small  enough  to  be  the  circle  of  curvature; 
but  that  every  circle,  however  email,  approaches  nearer  to  tiie  curve 
than  all  larger  circles.  This  readt  may  be  iUuatrated  aa  follows.  Take 
ODe  of  the  circles  which  has  a  contact  of  the  first  order  only  with  the 
curve;  that  is,  in  page  360,  use  for  the  determination  of  the  coordinates 
of  its  ceiitrt^  only  the  equation  4 — •^-^y'in  —  y)—^i  which  merely 
implies  that  the  centre  of  the  circle  must  be  on  the  normal  of  the  curre. 
Let  us  now  consider,  as  in  page  349,  the  dcllectiou  of  the  curves  from 
one  another  when  x  is  changed  into  j-^h.  Since  the  contact  is  ouW  of 
the  first  order,  these  deflections  have  the  same  sign  on  both  sides  or  tbe 
point  of  contact ;  that  b,  when  the  radius  is  greater  than  that  of  curva- 
ture,  the  circle  liea  between  the  curve  and  its  tangent  on  both  sides,  but 
when  the  radius  is  less  than  that  of  curvature,  the  curve  lies  between 
its  tangent  and  the  circle  on  both  sides.  But  when  the  radius  of  curva- 
ture is  nothing,  every  radius  is  greater  than  that  of  curvature,  or  all 
circlo^t  whose  centres  are  on  the  normal  lie  (at  least  immediately  on 
UiL\  iui;  the  point  of  contact)  between  the  curve  and  its  tangent ;  but 
"wiieu  tlie  radms  of  curvature  is  lutiuite,  every  circle  is  less  than  that  of 
curvature,  or  the  curve  lies  between  its  tangent  and  any  circle  what* 
soever  whose  centre  is  on  the  normal. 

Next,  let  be  infinite,  in  which  case  is  infinite,  and  the  radius  of 
curvature  is  the  limit  of  :  y".  Returnmg  to  the  theory  of  pages  321, 
Ac,  find  the  critical  value  of  n  in  y":/*,  or  take  the  limit  of 
y''',y' :  y".y\  or  of  y'y'" :  y'".  If  this  be  f\  we  know  (page  322)  that 
y":i/*  has  the  same  limit  as  or  the  radms  of  curvature  is  0  or  cc, 
according  us  y^~'  isOoroo,  But  if  e=3,  it  may*  happen  that  the 
radius  of  curvature  is  finite. 

The  consideration  of  all  singular  points  will  require  the  examinatioa 
of  the  critical  value  of  n  in  y :  y%  a  suhgect  on  wmch  some  litde  detail 
will  be  required.  If  p,  9,  r,  and  s  be  four  auocessive  difiiBrential  oo~ 
efitcients  of  y,  it  is  obvious  tiiat  the  critical  value  of  n  in  q:f^  n 
pr :  q*,  and  that  of  n  in  r :  9"  is  as :  r*.  But  if  the  first  be  cf  the  iom 
0 :0  or  00 : 00 ,  we  find  for  the  value  oipr:^^  ; 


2qr  '  ■  »  l"  •  ^ 

If,  then,  e«,  be  the  criti«d  value  of  n  in        ;  {y^-^  j",  we  have 

2e  1 

From  the  preceding,  knowing  all  the  rest  are  found  by  substitution 
to  be  contained  in 

(fn<f  1)  e^-m 

Ca,=:  . 

meo— (w—  1) 

Hemember  that  if  can  ever  be  finite  when  Y'X  is  0 

*  The  stutleat  must  here  avoid  the  mistalo  which.  fi<?  nlrradr  nnticoil,  I  haTe 
twies  faUai  into  ia  the  course  of  this  work.  Wheu  n  has  the  critical  value,  th«  valuo 
•r    •  (^)«  nay  he  Bothiag*  fiaits»  or  infinite. 
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or  oc  ,  it  is  when  n  has  the  critksal  rtlnt,  and  no  uKhtr,  (and  fierliapt 

not  for  that  one.)  The  followins^  scales  of  cnm]>Rrative  flimf»nsion 
among  diC  co.  are  uuiverial ;  we  shall  presently  explain  their  meaning. 


27t-l 

4/1-3 

5/1  —  4 

n 

n 

0 

2 

2 

4 
3 

1 

1 

1 

:  1 

1 

&c 

That  is,  by  means  of  the  critical  value  of  n  in  :  y",  if  y  he  0  or  « ,  or 
il*  3^-(y~«)*»  y  he  finite  and  =:a  at  the  point  in  quci^tion,  wo  can 
immediHtcly  iiscertHm  the  critirnl  vnltirs  in  y";]^,  y^'iy"*,  &C.,  when- 
ever y',  y",  &c.  are  all  nothinu  or  iiiiinite. 

For  example,  let  y=l : I02: t,  which  =a,-\\hen  t=1.  Us  dili-  cu. 
is  — 1  :(loga:)'jr,  and  the  critical  value*  of  n  in  y':y"  is  2.  Con- 
sequently, that  of  y" :  y'*  is  I  J,  which  will  be  found  to  be  troc  by  writing 
— I :  (logx)*.»  or  for  ifrjp,  and  (2-f  log  j)  :  (logx)"**,  or  jr*'  tor 
^jrin  ^xfxi4>x'^Xy  and  finding  the  value  of  this  when  x=l. 

If  ;  (y  —  a)"  be  finite  wlien  tj  is  =a  or  cr  ,  and  if  n  have  the  critical 
value  ro»then  y*'  ijf^t  y'"  '•  }/'*^  &c.  are  all  finite  when  the  several  critical 
value**  nrf  put  for  »,  prw'ided  tho?e  critical  values  he  finite.  Let  these 
be  called  Pq*  Pi,  then  at  the  point  in  question  is  0; 0  or  x  :  x , 
and  therefore  its  value  is  that  of 

1 

have  the  sanu  Imrt  .  llencenPo*  and  Pj  have  the  same  hmits,  or 
denoting  the  Umiib  by  /^o,      &c.  we  have 

p,=se,j»;  %  similarly  &c. 


to  the  pfeeeding  problem,  we  find  that  et>  theeritieal  valtte 
d  fi  in  y'' :  is  (Se*--!)  whence,  3^ei  being  1) :  we  find 
that,  when  y^  and  y"  are  infinite, 

p  is  0  or  X ,  according  as  (y — a)  •«  is  0  or  x  ; 

and  p  ia  finite  when  e|S3  or  e^r:  —  1,  if  y' :  (y  — 'fl)"^  or  (y*— >a)  y'  be 

finite. 

F  r  iiiPtancc,  let  y  =a-f-%/(j'— ^) -/j^*  ^here  fr  and  its  diff.  co.  are 
tiuiU:  \Uicn  ^=6,  in  which  case  y=w,  and  its  dill',  co.  are  infinite.  If 
we  then  seek  the  critical  value  of  n  in  y':  (y-a)",  we  find  it  in  the 
▼alue  (t=6)  of 

and  the  radius  of  curvature  is  therefore  finite ;  it  is  in  fact  the  second 

*  The  valine  or  n  in  :  (-^  rV.  caaoft^n  be  most  Mtily  calculated  by  finding  the 
value  of  log  fx :  lug  \lx  (jiagc  J  J  2;. 
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(lu  idrd  by  tlic  first,  or  — JC/^)**  This  may  easily  be  verified  by 
common  mediudb. 

No  complete  and  general  metliud  has  ever  been  given  of  treating  ihuec 
points  of  a  curve  at  which  %f  and  the  succeeding  diff.  co.  arc  infiDite.  I 
think  %  reason  for  this  may  be  seen  in  the  infinity  of  caees  which  mmt 
be  considered,  when  all  the  possible  dimensions  of  a  function  (page  384) 
are  taken  into  account.  W<>  c  aunot  c  vade  investigating,  in  one  manner 
or  another,  the  order  of  infinitely  small  or  great  qurtniities  to  which  the 
several  differential  coefficients  belong;  an<l  this  must  he  done  by  the 
condflerntion  of  their  dimensions,  the  ]K>«sihlc  casejj  of  which  are  not  only 
infinite  in  niimlKT,  but  of  an  infiniic  nuniber  of  dilVerent  forms.  No 
metiiods  yet  eaijiloyed  tire  competent  to  distinguish,  for  lUeiaace.  between 
the  singular  points  existing  at  x=6  in  the  two  curves  y  =  (a— 6) 
{lug(x~ft)}'  and  y=(j-/0  log(j-6)  {loglog (j— 6)}%  The  dene- 
lopment  of  a  function^  when  Taylor's  theorem  does  not  apply,  and  the 
assignment  of  the  ( liaracter  of  the  singular  points  of  a  curve,  are  the 
same  problems;  and  if  a  method  should  be  found  which  should  be 
equivah  nt  to  trying  how  the  diff.  co.  increase  or  decrcHsc  in  compari«aa 

with  every  jjussihle  case  of  x"'*'*^'"',  mcanini:     (l*'gJ")^  (log  lo^i  .r)''  

it  would  oidy  serve  to  bhow  how  to  mtcrpolate  as  mhuitc  a  variety  ol 
new  cases  between  each. 

Defining  singularity  at  the  point  whose  abscissa  is  a  to  consist  in 
Taylor's  theorem  not  applying  to  develope  0(a+A)f  which  Is  un- 
doubtedly the  proper  algebraical  definition,  we  must  divide  siugulsr 
points  intotho^r  which  exhibit  perceptible  differences  from  other  points, 
and  those  which  do  not.  The  former  are  only  those  in  which  the 
Binnularity  alferts  the  first  or  second  differential  coefficient.  A  volume 
niiulit  be  written  on  t!ie  infinite  varieties  of  the  forms  of  curves;  it  will 
here  be  f^uliieient  to  dwell  tm  the  peeuliarilies  and  ut^es  of  dillercntial  co- 
etiicienJs  witli  retipect  to  them,  remeinberiug  that  tiie  utility  of  the 
investigation  depends  more  on  the  illustration  which  the  curves  give  to 
the  equations  than  on  that  which  the  equations  give  to  the  curves.  Were 
it  nut  for  this  nothing  could  be  more  serious  trifling  than  the  leD|^  at 
which,  in  many  works,  the  courses  of  difGerent  lines  are  traced  out, 
those  lines  being  not  of  any  use  in  application.  But,  when  it  is  con- 
sidered that  the  curve  whose  equation  is  i/=</>.t.  is  a  lucid  tabulation 
of  all  the  chances  of  magnitude  which  undergoes  when  r  changes,  it 
becomes  evident,  that  under  the  semblance  of  investiijatinL'  the  course  of 
the  curve,  we  are  not  only  making  an  uiquny  of  the  uiosi  uibUuctivc 
algebraical  kind,  but  also  presenting  the  result  of  that  iuijuiry  in  the 
most  perspicuous  form. 

The  inquiry  before  us*  will  embrace  tlie  determination  with  respect 
to  a  cun-c  of,  1.  The  most  useful  transformation,  if  any,  of  its  equa- 
tion. 2.  The  ])oints  in  which  it  cuts  the  axes,  and  the  general  character 
of  the  ordiiiatcs  as  to  positive  and  negative.  3.  The  greatest  and  lca«t 
ordhiates,  and  the  general  character  of  the  ordinate  as  to  increase  ur 
decrease.  4.  Its  final  tendency  as  x  increa.ses  without  limit  })ositively 
or  negatively,  and  the  position  of  its  asymptotes,  if  any.  a.  The 
charaecer  of  its  curvature  with  respect  to  its  axis,  and  its  points  of  con* 

•  The  ttudent  will  remember  that  he  is  buppoiied  to  have  a  good  acc^uamtoBce 
with  the  purely  algebxaioil  branch  of  tlia  iaquixy,  ss  wt  forth  is  tbs  traatiM  «a 
Algebraic  Ueometiy. 
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trary  flexure.  6.  Ito  abrupt  termiuatioDB,  or  poinU  d^amU^  as  lome 
late  French  writers  have  called  them.  1.  Its  cusps,  or  pomU  de 
rebromsemenL  8.  Its  multiple  points,  whether  of  contact  or  inter- 
section. 9.  Its  conjugate  points,  or  evaoesoent  ovals.  10.  Its  pointed 
branches,  or  branches  potntUlSes^  &c.  We  diall  take  these  questions 
in  order. 

1.  As  to  tho  transtunnatiun  of  the  equntion.  In  eoine  casi's  polar 
coorditiaies  may  be  more  conveuient  than  rcciuugular.  Tluis,  as  kj  the 
spiral  of  Archimedes,  T=ad  is  more  easily  used  tiiau  — 
atan~'(y:x),  and  the  curve  (jr* (j'—y")  is  more  easily 
traced  by  its  polar  equation  f*sa^  cos  20.  Bui  here  it  roust  be  observed 
that  unless  the  proper  signification  be  given  to  negative  values  of  r 
(page  342),  the  polar  equation  will  frequently  not  yield  all  the  branches 
which  would  be  given  by  the  usual  consideration  of  the  rectangular 
equation. 

Again,  it  may  sometimes  be  convenient  to  cuiisidcr  the  points  of  the 
curve  as  formed  hv  the  interi?cclions  of  two  others;  thus  i/=Xj  +  4>X, 
where  Xb  a  function  ot'x  and  may  he  considered  as  made  out  of  the  iu^ 
teisectbns  of  ysiu-{-4>tf,  and  assX.  If  then  the  curve  be  drawn  to 
which  the  first  line  is  always  a  tangent,  the  interseciions  of  the  tangent 
of  such  a  curve  at  any  point  with  the  curve  osX  are  points  of  the 
required  curve. 

Next,  when  the  curve  has  the  furm  y—cpx^fz^  the  most  simple 
plan  may  he  to  describe  separatelv  the  curves  i/'=i>.r  and  yr=.^fXy  and 
form  the  required  curve  by  the  addition  or  subtraction  of  the  ordinates. 
Thus  y~zt»J{(i^i)  +  <J(^(J*—3^*)  is  much  more  ea:<ily  described  by 
adding  and  subtracting  tlie  ordinates  of  the  circle  y=^tj  (a* — •i-O  to 
and  from  those  of  the  parabok  y=»J  {ax)  than  by  attempting  the  Oom« 
plete  equation. 

The  same  method  may  be  sometimes  advantageously  applied  to  the 
form  y=0r  X  V^j:,  and  often  to  that  of  y^V  i^^)-   Thus,  by  tracing 

y=(r— 1  )(jr— 2)(* — 3),  we  may  easily  trace  Y=V Cv)- 

But  one  of  the  most  useful  transformations  is  that  t»f  wriline;  1  .  y  for 
y,  giving  a  curve  whose  ordinates  are  liie  reciprocals  of  the  ortlinates  of 
the  criven  curve.  Nothing  is  more  easy,  with  a  little  practice,  than  to 
trace  out  the  general  form  of  a  curve,  when  the  curve  is  given  whose 
ordinates  are  its  reciprocals. 

2.  The  points  in  which  the  curve  cuts  the  axis  of «  or  y  are  deter- 
mined by  common  algebra.  The  following  observatbn  may  occasionally 
be  useful.  If  y—^x,  =0  when  xsia  and  when  and  6>a,  Uien 
the  intervening  branch  of  the  curve,  immediately  following  x-=a^  has  a 
positive  or  negative  orduiate,  according  as  ^'a  is  jiositivc  or  nrirutive; 
and  that  immediately  precediii;^  r  =  ^,  has  a  positive  or  negative  ordinate, 
aocordinu:  as  ip'h  is  negative  or  ])oi^itivc. 

3.  On  the  method  of  ascertaining  increase  and  decrease  nothing  more 
need  be  said,  nor  on  that  of  detenmntng;  the  maiima  and  minima. 

There  is  no  mode  of  discussing  the  property  of  the  tangent  in  all 
eases  (those  for  instance  in  which  <p  a)  contains  an  infinite  number 
of  positive  and  negative  powers)  unless  we  have  recourse  to  a  universal 
theory  of  dimensions.  We  shall  now  only  consider  the  primary  dimen- 
Fion  of  each  of  thedi£  co.  with  respect  to     or  the  critical  values  of  n  in 

Let  y =011:  be  the  equation  of  the  curve,  the  origin  being  removed  to 
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the  poiat  under  con8ideration»  to  that  ^=0.   Heoce  the  criticil  nlum 
of  n  in  y ;  a;*,  y' :     &c.  are  the  limita  (^rhen  «&sO)  of 

Let  the  limitB  of  Q,  Q„  &e.'he  9,,  &c.  Then  91?=^—  1 .  9t^7i —  1,  Ac 
This  may  first  be  shuwn  when  x<t>'x  diminishes  without  limtt,  and  Q 
therefore  approaches  the  form  0:0:  for  then  we  know  (page  320) 
that 

— : — ,  and  -j-,  «  or  l  +  —r. — »  have  the  same  limits. 

^  q/x  f^'x 

But  if  x0'jr  should  approach  a  finite  limit,  or  be  iniinitc,  then  (jJx 
must  increase  without  limit,  and  also  Q,  whence  x :  ^  (0'*)  * 
approaches  the  form  0  : 0,  and 

<'-^)«'0-l> 

%vliencc  Q  hiis  the  some  limit  ns  Q :  (Q — Qi).  But  as  Q  increases 
without  limit,  so  must  Qi,  fur  iu  any  other  case  the  limit  of  the  second 
would  be  unity.   Hence  the  above  equatiooa  axe  univeisally  true. 

Let  q  be  found,  and  let  yssj*  yrx,  then  the  limit  of  «y>%r:^jrrsR  is 
readily  found  =0,  and  yss^a?'~*ya:+j:*  Y^jfss5j?«"*Y'x  I9+R}.  But 
the  critical  value  of  n  in  Y'^iaf  bring  =0,  fxtx**^  takes  the  limit  of 
or  of  x*"' ;  consequently  the  tangent  is  the  axis  of  r  or  the  nxts 
of  y,  acconling  as  7  is  >!  or  <1.  But  if  qr=:0  or  —  a,  jr"  is  not  an 
adequate  dinwlienl  of  ^x,  and  (lot^  .t)"  or  f"*  must  be  tried,  if  0x  be 
Butiiciently  complicated  to  require  it :  the  number  of  cases  being  infinite. 
If  9=1,  y'  depends  on  Y^x,  wlicn  x=0. 

Again,  y"z=.  .t^-*  fx  {qq—\-\-2qR  +  RR, } ,  R,  being  r^/ '  x :  V^x, 
which  = — 1  when  jc=zO.  lleuce  the  sign  of  y",  near  the  origin, 
depends  on  that  of  q  (q^l^^'^fXy  and  ita  magnitude  at  the  origin 
upon  4^'*,  except  only  when  q^O,  I,  or  oc,  in  the  first  and  third  cases 
of  which  other  dimetienta  must  be  tried,  and  in  the  second  of  which 
ar»^VJ^R(2+R,)  =  y",  the  limit  of  which  is  that  of  *^y«.R,  or 
yx,  or  y'jf.   When  gss2,  y"  depends  an  Y^x. 

The  radma  ot  curvature  la  AJ^,  ^  . 

If  q  be  greater  than  2,  this  is  infinite  when  x=0  ;  a  q  =  2,  it  is  0, 
finite,  or  oc,  with  (V*)'* ;  if  9  lie  between  1  and  2  it  is  =0.   If  g=  i , 

the  radius  of  curvature  depends  upon  theUmitof  {l  +  CV^xyCI+R)'}'  j  : 
fx  R  (2+ R,).  This,  if  )lfX  have  a  finite  limit,  is  0,  finite,  or  a,  with 
«:R  or  ijfxiif/x;  if  fx  diioiniah  without  limit,  it  dependa  on  the 
limit  of  X :  fx .  R,  or  1 :  ^x :  but  if  fx  increase  widwut  limit,  it  dependa 
on  if  xY:  yx.  When  9<1,  but  not  =0,  the  expreaaion  is  0,  finite*  or 
oc,  with  J*'-'  (xj^xy ;  tluit  is,  with  jt*'"*,  in  every  caae  an  which  29— 1  as 
finite,  and  with  i^x,  when  29— 1=0. 

4.  If,  when  X  increases  without  hmit,  0.r  have  the  limit  a,  there  is  an 
asymptotic  straight  hue  pai  III  1(1  to  the  axis  of  x,  and  at  the  distance  a. 
But  if  y=s  OC  when  x=a,  tiiuu  Liie  line  parallel  to  the  axis  of  ^  at  tlie 
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(li?liuicc  a  is  itself  an  asymptotp.  Tlie  oblique  asymptotes  arc  readily 
lound  :  fur  with  regaid  to  uiiy  one  of  these  it  is  obvious  tliui  il  x  increase 
without  limit,  the  tangent  perpetually  approadies  to  the  aaymptote  both 
in  direction  and  poeitkm,  so  that  the  asymptote  may  be  regarded  a»  a 
tangent  whose  point  of  contact  is  at  an  infinite  distance.  Find  then  the 
values  of  OT  and  OU  (page  352),  or  of  s^yirf  and  y— jV,  when 
jr=:  oc,  and  the  position  of  the  asymptote  or  asymptotes  will  be  thus 
determined.  And  if  G  and  H  be  the  points  in  which  the  normal  cuts 
tlie  axes,  then  OGrrr+yy',  OH=y-i-ur  i^,  from  which  it  may  be 
found  whether  the  normal  drawn  from  a  point  at  infinite  distance  cuts 
the  axes  at  Unite  distances ;  and  this  may  be  j)roved  to  l)e  impossible, 
which  I  leave  to  the  student  with  these  two  hints,  1.  The  preceding 
expressions  are  halves  of  the  diff.  co.  of  r'or  x'  -{-ir  with  respect  to  x 
and  y.  2.  Any  function  in  which  the  diff.  co.  has  the  limit  a  must  be 
of  the  form  ox+^f ,  w  liere  Y^jr  diminishes  without  limit,  or  V^assO. 

All  the  curves  which  are  asymptotic  to  y=0x  are  contained  in  the 
equation  y^4>T-\-yi/j[^  where  may  be  any  function  such  that  t//  cc=rO 
(linut).  A  curve  having  the  polar  equation  r=:<pO^  has  an  asymptotic 
circle  if  (f>cc=:a,  the  radius  of  the  circle  being  a. 

Geucrally  speaking,  the  curve  has  two  branches  which  approat^ii  ilie 
asymptote,  but  it  may  have  more  even  on  the  same  side.   Thus  the  axis 

of  y  is  an  asymptote  to  two  distinct  branches  of  the  curve  y  (jr^+ rO=«, 

and  to  fimr  distinct  branches  of  y  (jE>+d:^)=a.  A  positive  method  of 
ascertaining  how  many  branches  of  a  curve  belong  to  one  risymptote  is 
as  follows.  Change  the  coordinates  m  such  a  way  that  the  asvmptotc 
mav  be  the  new  axis  of  y :  for  y  write  I  :  y,  then  for  every  branch  of  the 
cm  ve  which  has  the  equation  so  altered,  and  which  passes  through  the 
origin,  there  is  a  pair  of  branches  to  the  asymptote;  the  two  branches 
which  meet  at  a  cusp  (if  two  they  are  to  be  called)  counting  aa  one.  It 
will  presently  be  shown  how  to  determine  the  number  of  branchea 
passing  through  the  origin. 

5.  The  general  character  of  the  curvature  with  respect  to  the  axis,  and 
the  points  of  contrary  flexure  are  discussed,  for  elementary  ]nirposes,  in 
])aLj('s  370,  371.  Generally  speaking,  the  radius  nf  curvature  is  infinite 
at  a  i)oint  of  contrary  llcxure,  and  this  is  true  when  the  tangent  has  a 
contact  of  the  second  order  with  the  curve.  But  all  our  notions  as  to 
contact  have  as  yet  been  founded  upon  the  supposition  that  we  are  at  a 
point  of  the  curve  at  which  0  (dr+A)  admits  of  development  in  whole 
powers  of  k  (page  349).  The  following  considerations  are  supple- 
mentary. When  two  curves  have  a  contact  of  the  nth  order,  the 
deflection  is  always  finite  when  compared  with /»""•■'.  But  at  a  point  for 
which  (j-^h)  ran  be  expanded  into  tlie  series  ^r  +  A^t'  +  B//  -}- .  . . ., 
let  us  remove  the  oiiLnn  of  coordinates  to  that  point;  then  r  takes  place 
f^A,  andwe  have  ?/— A j:'4-Bx* •+-... .  If,  then,  we  take  a  straight 
line  y— jpJfj  i^f  P,  &c.  being  increasing,)  the  deflection  A.c"-f  .... 
— win  bear  a  finite  ratio  to  «  if  a  >  1,  to  jcf  if  «<  1,  and  if  «=  1,  to 

by  making  A^o.  In  the*second  case^  no  line  can  be  drawn  between 
the  axis  of  y  and  tne  curve,  nor  in  the  third  case  between  that  of  x  and 
the  curve.  If  «  be  a  fraction  which  in  its  lowest  terms  lias  an  odd 
denominator,  there  is  certainly  a  point  of  contrary  flexure  if  y  be  possible 
on  both  sides  of  the  origin. 

Tlie  radius  of  curvature  may  be  cither  0  or  oc  at  a  poiut  of  contrary 
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flexure,  but  can  never  be  finite.  For  (1 4-^'')^  •  y"i  tl^c  numerator  being 
positive  in  all  cases,  must  change  sign  witli  t/*» 

6.  The  abrupt  termination,  or  point  darrSt^  is  in  part  a  consequence 

of  the  imperfection  of  the  theory  of  logaritlmis,  as  we  shall  see  when  we 
come  to  the  tenili  point.  If  v=  cMogj?,  it  is  certain  that  y  diminishes 
without  limit  with  hikI  aUo  liiat,  according  to  the  common  theory  of 
logarithinjj,  »/  has  only  one  value  for  one  value  of  r,  ;ind  no  viihu'  wlicn  r 
is  nca^ative.  There  is  ihen  mi  abrupt  teiinina  ion  (or  comim  ncnnt'iu) 
to  the  curve  at  the  origm  ;  just  as  there  is  to  the  spiral  of  Atchiuiedes, 
if  the  negative  values  of  the  radius  vector  be  not  admitted.  But,  as  we 
shall  see,  the  almipt  termination  is  only  the  commencement  of  a  pointed 
branch. 

7.  The  cusp  is  a  singular  point  which  cannot  be  detected  by  any 
simple  rule  depending  upon  the  differential  calculus  only.  The  follow- 
ing consifk  ratiuns  are  necessary  for  the  elucidation  of  this  case. 

Let  T/^  r  be  a  function  which  vanishes  when  t=<t,  arid  is  impossible  on 
one  bide  of  that  value,  Iiavino:  on  the  other  side  two  ecpial  values  of 
contrary  signs.  Then  <^'a  is  either  0  or  oc.  For  it  is  evident  iliat  the 
two  values  of  Y^i*  answering  to  the  two  values  of  je  differ  in  sign,  and 
when  the  two  values  of  coincide  in  one  (=:0),  either  the  two  vtuues  of 
iff'x  must  have  the  same  limit,  or  yf^'a  must  have  two  values.  But  the  last 
cannot  be,  if  the  function  be  continuous,  and  (piantities  of  different 
signs  o]>proaching  the  same  limit  can  only  have  the  limits  0  or  cc. 

Let  the  ])reeedinL5  remain,  and  let  y=:0r-l-'»/' r  he  the  equation  of  a 
curve;  this  curve  lu^s,  then,  unless  f/)r  sl^onld  destroy  "^.r,  no  ordiiiates 
when  .r<a,  and  two  aiierwaids  ior  every  value  which  any  given  value  of 
X  gives  to  0r.  Take  one  value  of  (px ;  then  so.  far  as  the  branch  of 
4>i^  +  depending  on  that  value  of  0jr  is  concerned,  there  is  a  double 
branch  of  the  former  depending  upon  the  branch  of  the  latter  chosen. 
The  curve  ^  is  what  is  called  a  diameter  of  since  it  always 

bisects  the  portion  of  the  ordinate  contained  between  two  branches  of 
the  other.  If,  then,  i/a  be  finite,  and  yya=  a,y  is  infinite  when  jr=o, 
and  the  curve  cuts  its  diameter  as  sliown  in  the  fust  diagram:  but  if 
■y/'a=:(),  then  y'=0'a  when  .rrr/?.,  nnd  the  eurve  and  its  diameter  have 
the  same  tangent;  or  there  is  a  cusp  as  in  the  second  and  ihnd  tlgiua». 


The  simple  definition  of  a  cusp  then  is,  tlie  jmint  at  which  a  curve 
touches  its  diametral  curve.  It  is  obvious  that  there  is  or  may  be  a  cusp 
for  every  point  of  the  diametral  curve  having  the  abscissa  ON,  and  also 
that  when  the  diameter  has  two  or  more  branches  passing  through  P, 
there  may  be  a  quadruple,  sextuple,  ftc.  cusp,  as  in  the  diagram  follow* 

ing.  But  if  the  tangent  of  the  diameter  at  P  be 
perpendicular  to  tlie  nxis,  it  mny  hay»prn  that  the 
two  cusps  (or  semblances  of  cusp«)  wineli  unite  in 
that  point  mny  really  form  two  continuous  branches, 
as  in  the  first  diagram  of  ihc  next  page. 
For  instance,  ysRaaf±J{b^x)  has  the  dtame- 
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tral  curve  y=.ajc^,  and  iU  ordinate  is  impossible 
afterdr=6;  but  theie  k  not  a  cutp  when  orssi, 

becaiibe  is  then  infinite.  But  ^  =  02-^4- (6  —  *)^ 
haa  a  cusp  when  x=6. 

Cusps  are  of  a  twofold  kind,  accoiding  as  the 
branches  which  proceed  from  them  are  on  the 

same  or  different  sides  of  the  tangent  line:  these  may  be  called 

cusps  of  similar  or^  difiereut  curvatures,  though  it  is  usual  to  say  that 
the  cusp  is  of  the  first  kind  Avhrn  the  curvatures  are  different,  and 
of  ihc  ^econd  when  they  arc  similar,  if,  near  tlic  cu««p,  fho  two 
val'H's  of  y  are  of  the  same  sisrn  (pHee  370),  the  curviiturcs  are  snndar, 
ana  diilerent  if  of  ditlerent  bigus.  Tlie  luUowing  theoremb  wdi  serve  for 
exercise. 

When  is  finite^  and  yr^a=0«  the  cusp  must  be  of  similar  curvor 
tures,  and  the  radius  of  curvature  at  the  cusp  will  be  finite;  as  in 

y = aj'+  (x— 6)^.  But  when  ^"a  is  finite  or  0,  and  ^"asr  a,  the  cusp 
most  be  of  different  curvatures,  and  the  radius  of  curvature  is  0  or  <c. 
And  when  ^'a=0,  Y^'a=0,  the  cusp  may  be  of  either  kiod,  in  one  case 
CT  another,  but  the  rsdius  of  curvature  will  always  be  infinite.  The 
involute  has  a  verteK,  when  there  is  a  cusp  of  different  curvatures,  and  a 
cusp  of  similar  curvatures  when  there  is  a  cusp  of  similar  curvatures. 
But  the  evohiie,  at  a  cusp  of  different  curvature?,  has  an  asymptote  or  a 
vertex,  accurdinu;  as  the  radius  of  curvature  is  a  or  0  ;  while  at  n  cusp 
of  similar  curvatures,  the  evolute  has  the  same,  or  an  aa\  mptote  with  two 
approaching  branches  on  the  same  side.  And  a  curve  which  has  an 
asymptote  has  either  an  ordinary  point,  or  a  point  of  contrary  flexure,  or 
a  cusp,  at  an  infinite  distance. 

Let  v=:x  log  a' ±al.  Here  is  a  cusp  when  jrssO,  And  it  will  be 
found  that  the  cusp  is  of  similar  curvatures. 

Let  y^a^-^-j^.   There  is  no  cusp  in  this  curve,  the  diametral  curve 

of  which  is  the  parabola  ^=Je^>    But  since  ^  is  greater  than     w  hen 

is  less  than  unity,  the  two  branchet  belonging  to 
^  the  same  branch  of  the  parabola  are  on  different 
sides  of  the  axis  until  x~  1,  after  which  the  con- 
trary tal<es  place.  The  figure  of  the  curve  is  as 
follows,  BOAC  beinc;  marie  from  one  branch  of  the 
parabola,  and  DOAG  from  tlic  oilier.  The  appa- 
rent cusps  made  by  BOAG  and  DOAC  are  nut 
really  cusps. 

Let  y-r^xh-^  A.    There  is  now  really  a  cusp  at 
the  origin,  and  the  wliole  curve  has  the  form  of 

BOAG.    If  :?^-=(.r' ±  r^)  loea-,  there  is  a  cusp  at 
the  origin,  and  the  curve  lias  the  form  made  by 
putting  together  OAC  and  the  dotted  branch. 

8.  Multiple  points  are  those  in  which  two  or  more  branches  of  the 
curve  pBSB  through  the  same  point ;  according  to  the  number  of  branches 
they  are  denominated  double,  triple,  &c.  In  the  case  of  a  simple 
double  point,  it  is  obvious  that  the  diametral  curve  will  pass  through  it, 
either  touching  or  cutting  both  brnnclies  of  the  curve  according  as  they 
touch  or  cut  one  another.  When  tlie  two  branches  touch,  the  only 
ditteieoce  between  the  case  and  that  of  a  cusp  lies  in  the  ordinate  not 
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becoming  impossible  before  or  after  the  cusp.    Thus,  in  the  curve 

yr=(jc3  4:x^)  log  t,  the  diametral  curve  has  for  its  equation  y=aJ  log  r, 

ami  the  curve  coincides  with  its  diameter  when  j^logj:=0;  that  is, 
when  j:=0  and  when  jr=l.  In  the  first  case,  the  ordiimte  being 
impossible  when  x  is  negative,  we  have  a  cusp :  in  the  secouil,  a  double 

point,  the  values  of  y'  being  1±1.  Similarly,  in  y=x^+J^,  one 
diameter  of  which  is  y=0,  we  have  coincidence  with  this  diameter 

when  ±    ±    =  0,  or  when  x=: 0  or  1 .   In  the  sccuud case,  y'=:  +  i  +  i, 

giving  for  the  branches  belongin:^   to  the  ordinates  +.r^  — and 

— T^+xS  the  values  i  and        whidi  deteimiue  the  tangents  at  the 

double  point. 

The  general  test  of  a  multiple  point  is  a  muUipHcity  of  values  in  i/ 
for  a  single  value  of  J?  and  y.  But  if  some  of  these  values  should  be 
equal,  that  is,  if  some  of  the  branches  have  a  common  tangent,  it  is  not 
every  test  which  wiU  demonstrate  the  existence  of  these  equal  multiple 
values  of  y'.  Theoretically  speaking,  the  branches  having  then  a  con- 
tact of  the  first  order,  recourse  should  be  had  to  the  second  diflf.  co.  y 
■vvbir]),  '^omc  two  or  more  branches  have  a  contact  of  the  second 

order,  will  have  as  many  different  values  as  tliere  i\rc  branches.  Pro- 
ceeding in  this  way,  we  see  that  if  twu  branches  li  ivtj  a  contaf  i  «  t  ihe 
nth  order  al  most,  the  (/i  +  i;Lh  ditf.  co.  of  y  is  the  first  wincii  will 
e:diibit  as  many  values  as  there  m  branches.  Hence  no  absolute  test 
of  multiple  points  can  be  derived  from  the  differential  calculus,  since  the 
examination  of  all  successive  d  i  ff.  co .  is  impossible.  Generally  speaking, 
however,  the  equation  itself  will  point  out  how  many  values  of  y  may 
belong  to  one  value  of  r;  and  it  is  obvious  that  no  more  branches  of  a 
curve  can  pass  through  a  point  than  there  are  values  of  ?/  to  a  value  of  x 
closelv  preceding  or  following  the  multiple  point  :  so  that  practically 
speaking  the  multiple  point  is  detected  with  nearly  as  much  ease  as  tlie 
point  of  contrary  flexure. 

The  most  c^tain  theoretical  method  of  determining  a  multiple  point, 
though  not  perfect  and  though  rarely  the  best  in  practice,  has  been  obtained 
in  page  183.  Let  </»  (x,y)=:a  be  the  equation  of  the  curve,  and  let  it 
be  reduced  to  a  £nrm  in  which  there  is  no  ambiguity,  by  the  destruction 

of  all  terms  which  have  double  values.  Thus  y  :s  jr  +'  ^  must  be 
reduced  as  follows : 

(y-jr)«-a:=0. 

Differentiate,  eay  three  times  with  respect  to  x,  using  Lagrange's  symbols 
throughout ; 

Now  since  is  unambiguous,*  so  are  f//  and  0^  when  finite; 

consequently  there  can  be  no  double  value  of     unless  when  it  takes 

0  oc 

the  form  -  or  — ;  that  is,  when  citlicr0'=O,  0^=0, or  0'=  cc,^  rr  a. 
0  OC 

The  second  esse  can  generally  be  avoided  by  a  modification  of  the 
Tbia  means,  having  but  one  veins  for  one  vatiM  of  m  comUood  vilh  on«  valos 

oi  jr. 
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equfttioa,  and  when  ^'=0,  ^^sO,  then  if  and     be  finite,  we 

have 

far  the  determination  of  the  two  values  of  3^.  This  answers  well  enougli 
when  (P^f  is  finite,  but  when  4*u^0,  the  common  theory  of  algebra  would 
instruct  us  to  suppose  one  value  of  infinite ;  if,  however,  this  be  the 
case,  the  corresponding  value  of  1/"  v?  iiifmite,  and  wc  hiive  no  longer 
any  ri'^ht  to  conclude  that  the  tcnn  0,  // "  vanishes.  We  are  only  there- 
fore made  perfectlv  certain,  by  the  use  of  this  method,  that  a  double 
point  exists  when  y'  is  found  to  have  two  finite  or  zero  values.  Similarly, 
0">  0/>  and  i>,i  all  Tantah,  we  have  the  equation 

^'"+  30/'  t/ + 3.p,/  y« + y"=0 

iar  the  determination  of  the  three  values  of    which  may  in  this  case 

exi^t,  with  the  same  reservation  ns  before ;  and  fo  on.  And  in  any  case 
one  or  more  pairs  of  the  values  of  y'  may  be  impossible. 

Let  us  take  the  curve  7/=x^  +  t^,  already  considered.  An  equation 
of  this  form  can  only*  be  reduced  to  anotlur  which  perfectly  includes 
all  its  cases,  and  is  rational,  by  muUiplynig  together  all  its  forms. 
Thus  the  preceding  must  be  rationalized  by  multiplying  together 

3f-V-t— y+V^-V"**  y—'Jx^\lx^ 

and  equatiDg  the  reault  to  nothing.  But  if  the  possible  fiictors  only  be 
multiplied  together,  and  equated  to  0,  giving  (y'+df— V'>* — 4«y*ssO, 
every  possible  branch  of  the  curve  is  included  by  making  this  ssO,  and 
the  resulting  equation  may,  consistently  with  representing  the  whole 
ctirve,  he  made  unambiguous  by  the  understanding  that  tjx  shall  have 
the  positive  vabie  only. 

Pursuing  this,  we  tiud  for  the  first  equation,         ;  i: 

^  .2(y«+^-V«^)^l--2^)-4y«+{4y  (y'+x-V-^)^8a^^  . 

In  this  y'  takes  the  form  ~  when  ofssl,  y=0,  which  is  also  found  to 

ntisfy  the  equation :  here  then  there  may  be  a  double  point  To  settle 
thi8>  form  the  next  equation,  or 

2(y«  <^-o:7j+  W  {'-ij^'^yV^ 

+{ 123^+4ar-Va:-8*}  y"+ {4y  (y*+*  W)-a*y}  y' 

when  «=1,  y=:0,  J— 8/*asO,  and  y'=+^  or  —J.  There  is  then  a 
double  pomt  at  (1,0).  This  method  also  indicates  the  double  point 
which  exists  at  (0»0),  and  for  which  both  values  of  y^  are  infinite. 

I  give  the  folbwing  as  an  exercise : — The  curve  y  s  (x— >a)  (6— jp)^ 

♦  Or  by  some  process  as  ^neral.    The  stii(!Lnt  mi^ht  easily  ih-duce  (y'+x)'— 
x''l-f--v)*  from  tln'  »-quation  ;  hut  ho  wouM  find,  on  cndfavuuring  to  return  to 
V-^  — V*^'  tkiat  the  precediug  is  ooly  »»ti»fled  by  y=:^x+*^x,  aa<l  aut  by 
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+  1(6— «)'  haiJ  a  double  point  when  r~r',  if  ft>ff.  If  a  be  made  to 
vary,  the  curve  to  which  every  curve  of , the  species  is  a  taogent  passes 
through  ali  the  double  points. 

9.  I  call  the  conjugate  point  an  evanescent  oiit/,  l)ecau8e  it  never 
exists  except  where  the  equation  is  a  degenerate  variety  of  a  wider  dasa, 
eacli  curve  of  which  has  an  oval.  The  most  aimple  case  is  that  of 
(j; — a)*+(y«fr)*=0,  which  belongs  to  no  point  except  This 
conjugate  point  ia  the  circle  described  with  a  radius  =0,  or  an  evanea* 
cent  circle.  Again,  y=  i V  {^i^  —  o.) (x — b) },  a  and  b  being  positive, 
and  6>flf,  consists  oi  an  oval  from  x=0  to  x=«,  an  unoccupied  interval 
from  X— a  to  arrrft,  and  infinite  branches  above  and  below  the  axis  t*r<mi 
2'=6  upwards.  As  «  diminishes,  tlie  oval  becomes  smaller,  and  fiually 
when  a=0  the  form  of  the  equation  becomes  y^jctj  (x — 6),  which 
gives  y=0  when  x^O,  or  the  origin  ia  a  point  of  the  curve :  hut  there  ia 
no  further  point  until  It  ia  useless  to  attempt  a  test  of  a  conj  ugate 
point  by  the  difierential  ealcuhu. 

10.  I  now  come  to  the  consideratlofk  of  the  pointed  branches,  or 
branches  pointiUt  h.  This  is  a  curious  question  of  analysis,  in  which 
some  detail  will  become  necessary,  and  strict  recourse  to  dctinitions. 

If  we  define  a  curve  to  be  the  line  mndc  by  the  motion  of  a  point 
according  to  a  certain  law,  il  is  cvideuL  that  if  (a,  6)  and  (a',  6')  be  two 
points  at  a  little  distance  on  the  same  branch  of  the  curve,  there  is  a 
point  of  the  curve  for  every  abscina  lying  between  a  and  o^.  And  such 
a  branch  of  the  curve,  described  by  a  continuous  motion*  is  the  only 
branch  which  falls  within  the  definition.  But  if  we  define  a  carve  to  be 
the  assemblage  of  all  points  whose  coordinates  satisfy  a  given  equation, 
we  no  longer  restrict  ourselves  to  the  consideration  of  branches  described 
by  the  continuous  motion  of  a  point:  for  there  may  be  points,  the 
coordinates  of  each  of  which  satisfy  the  equaiion,  without  any  such 
points  intervcmiig.  The  simple  conjugate  point  is  an  instance.  Con- 
aider  the  curve  whose  equation  is  y  =:  ox"  +  ^  jt  .  sin  Ar.  The 
diametral  curve  ia  a  parabola,  from  which,  when  «e  is  positive  the  carve 
alternately  recedes  and  approachea,  meeting  it  whenever  sin  6«sO,  or 


^j;  is  a  multiple  of  t.  But  when  x  is  negative,  y  is  impossible, 
except  when  sin  frxsO,  in  which  case  y  is  Ovt* :  so  that  on  the  negative 
side  there  is  an  infinite  number  of  conjugate  points,  each  one  situated 

on  the  ])arabo1a  over  against  a  double  point  of  the  curve,  the  successive 
absciss®  being  r :  2t  :  5,  Sir :  6,  &c.  The  greater  the  value  of  6,  the 
more  nearlv  d(i  t!ic'>c  points  approach  ;  and  if  A  were  exceedingly  great, 
they  miirlii  Ik  nr.i'ie,  as  nearly  as  we  please,  to  resemble  a  conduuoua 

branch  i>t'  the  curve. 

Which  ol  these  two  definitions  we  employ  is  purely  a  question  of 
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analoir\'  and  convenience.  If  we  were  makincr  a  theory  of  curvcB,  for 
the  sake  of  the  properties  of  space  we  should  thereby  gain,  it  might 
perhaps  be  thought  that  the  first  definition  would  best  embody  the 
objects  under  consideratimi.  liut  if  our  theory  of  curves  be  carried  to  a 
^eater  extent  than  is  practically  necessary,  solely  for  the  clearness  of 
lUustration  which  it  giyea  to  the  properties  of  algebraical  fbnctitniay  it 
then  teems  to  me  that  the  second  defioitioii  is  imperatiYely  required. 
All  who  hiive  sanctioned  the  introduction  of  the  simple  conjugate  point 
have  tacitly  admifti'd  this;  though  those  among  them  who  have  rejected 
the  pr)inted  hranrh  have  refused  to  admit  the  Intimate  coDseqaeoces  of 

their  own  defniition. 

In  the  ])rt'ccdinLr  example  we  have  only  a  series  of  ciinjugiite  points, 
separated  by  finite  iutcrvuls.  If  we  admitted  the  symbol  sin  (  oc  x) 
among  the  objects  of  analysis,  we  might  appear  to  have  a  pointed  branch 
which  is  not  distioguishwle  irom  a  eontinuous  hranch.  If  we  never 
met  with  such  a  branch  except  upon  the  introduction  of  a  new  use  of  oc, 
we  might  well  dispense  with  it  altogether.  But,  as  we  shall  now  show, 
a  pointed  branch  of  a  still  more  curious  character  meets  us  in  the  con- 
sideration of  ordinary  symbols  of  quantity.   The  expression  a',  where 

;r=:m  :fi,  means  that  any  one  of  the  n  values  of  a*  is  raited  to  the  mth 
power.  When  we  speak  of  arithmetical  values  only,  we  have  the 
equation 

and  in  all  cases  tl\is  equation  is  so  far  true,  that  each  of  the  values  of 

{jfj  is  one  of  the  values  of  (a"*)";  but  the  second  may  have  values 
which  the  first  has  not,  or  miiy  appear  to  have  ihem.  Thus  if  1*=1, 
ao  indisputable  arithmetical  truth,  we  shall  hud     1  among  the  values 

of  1*^,  or  (T)  ;  but  it  is  not  among  the  values  of  ClO.   And  since 

.*.  « 

1"  and  l^  urc  i'lnnticnl,  nnd  the  ?econd  has  only  three  vahie;^,  the  first 
mn«<t  not  have  more  ;  ulienct,  if  we  allow  ourselves  to  call  1*  and  1  iden- 
tical, we  may  full  into  error  unless  we  remember  that  a'  must  stand  for 

any  value  of  (a*)  ,  but  only  for  (it  may  be)  some  of  the  vslues  of 

(tt")  " .    Ti»e  safe  method  is,  ulwuya  to  reduce  the  fraction  m  :  n  to  its 

lowest  terms,  and  then  the  n  distmct  values  of        are  severally  equal 

to  the  n  distinct  values  of  (ary,  A  wider  and  better  theory  might  be 
drawn  from  the  general  considerations  of  Chapter  VII. ;  but  the  above 
will  be  sufficient  for  our  present  purpose. 

Between  any  two  fractions,  however  near,  may  be  interposed  an 
in6mte  number  of  other  fractions,  (in  their  lowest  terms,)  either  with 
even  denominators  or  with  odd  denominators. 

J^et  vrr ^/';  then  when  ,r  is  a  fraction  with  an  even  denominator  (heini^ 
■n  its  lowe-t  terms)  there  are  two  posfjible  value s  ol  y/.  numerically  e(|ual, 
but  of  dillerent  bi^ns.  Bui  when  i  hits  au  odd  denominator,  tliere  is 
only  one  such  value.  Consequently,  since  fractions  with  even  denominators 
may  be  made  as  nearly  ecpial  as  we  please,  we  have  on  the  negative  side 
of  the  ordinates  a  branch  in  all  respects  similar  to  that  on  the  positive 
side»  with  this  restriction,  that  we  are  not  to  be  allowed  to  go  upon  it  for 
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an  ordinate,  except  when  jr  is  a  commensurable  traction  (in  its  lowest 
terms)  with  uii  even  denominiilor.  Between  any  two  ])oints  on  it  an  in- 
finite number  of  ailowatjle  points  can  be  tound;  and  yet  the  brancli  ia 
not  traced  out  by  the  motion  of  a  point,  since  between  any  two  points  an 
infimte  number  of  unallowable  points  can  be  found. 

Similarly,  a  negative  quantity  must  be  allowed  a  possible  logarithm^ 
whenever  the  number,  independent  of  its  sign,  is  of  the  form  £*»  where  x 
is  a  fraction  with  an  even  denominator.  Thus  i/=l()Lrr  represents  a 
curve  wliieh  has  n  |x>iTited  branch,  one  point  of  which  is  found  as 
follows.    Let  0"=: — aJb,  tiien  .y=  J. 

Tlie  abrupt  termination,  observable  in  the  curve  y  =  J*log  r,  and  in 
many  others,  but  all  containing  exponential  or  logarithmic  functions, 
now  appears*  merely  as  the  point  in  which  a  continuous  branch  meets  a 
pointed  branch.  The  general  rale  is;  trace  the  curve  on  the  suppo- 
sition that  log  ( — ss  —  log  jr,  using  the  branch  which  arises  firom  loga* 
rithms  of  negative  quantities  only  when  the  negative  quantity  is  of  the 
form  -•V*^*- 

If  we  return  to  page  127,  we  find  in  the  equation  log(— jr)=logjr 

+  (2m+l)irV — 1  no  indication  whatever  of  a  possible  logarithm  of 
—  r  in  any  case.  A  further  extension  of  the  thet)ry  of  logarithms 
must  be  now  madef  as  follows.  To  find  all  ibe  values  of  f',  pn«?tble 
and  impossible,  we  must  put  s  in  the  form  s  x  in  tiie  same 

manner  as,  in  page  127,  the  roots  of  unity  were  eiitracted  by  writing  i  iu 
the  form  £"'^vf-«y 

If,  then,  we  want  to  solve  the  first  of  the  foUoning  equations  in  die  moat 
general  manner,  we  roust  have  recourse  to  the  second  (in  which  n  is 
even  or  odd,  according  as  2  is  positive  or  negative,  «*  being  the  numerical 
value  of  z), 

ff+fiirVC—I) 

or  4P~  ;  7,  ,  \  . 

l+2mr-/(-l) 

Now  X  is  "by  definition  the  lo<rarithm  of  and  the  preccdinf:  is 
the  most  general  form  of  that  logarithm,  a  being  the  ordinarv  alce- 
biuiual  logarithm.  If,  then,  a  z^piq^p  and  q  being  whole  numbers,  w  c 
have 

jr={p+7nT^(— 1)}  :  {g+2^mirV(-l)}  ; 

which  is  possible  and  equal  to  p  :  7,  when  p  :q=^n  :2m.  Now-  when  n 
is  an  odd  number,  or  z  is  negative,  this  equation  can  be  always  satisfied 
if  q  {p'-q  being  in  its  lowest  terms)  be  an  even  number.  That  is,  one 
of  the  logarithms  of 

— ♦ys'  is  possible  and  =p'qt 
the  game  as  appears  from  the  common  algebraical  consideration  of 

*  Those  who  object  to  the  pointed  branch  as  introducing;  «UscoDtinuitymiul  choose 
botvevn  its  disconf iinnty  and  that  of  nn  abrupt  terminatliui.  It  Is  :x!so  worthy  of 
note  that  au  asymptote  which  has  on  odd  number  of  branches  only  aftproachiug  to  it. 
It  an  abfupt  termination*  8ach  an  asymptote  caa  ne? er  occur,  if  pointed  braacboe 
be  ailmitted,  and  if,  when  poUr  coordiiiatet  sfs  eoiployedf  the  asgative  valuH  of  the 
radius  vector  be  didy  considered. 

t  Sec  for  the  history  of  thi»  question  the  article  •*  ^iegative  and  Impossible  Quan« 
titles'*  in  the  Penny  Cydopcdia. 
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A  great  many  curious  modificationa  of  the  aingoiar  voiata  of  currea 

might  be  noticed,  but  thpy  Monk!  reqiiire  more  space  than  I  have  here 
to  give.  I  now  proceed  tu  some  further  uses  of  the  equations  in 
page  345. 

The  area  of  a  curve  contained  between  the  ordinatcs  fa  and  4*^^  the 
interval  of  abscisaaB  6 — a,  and  the  arc  intercepted  between  the  ordinatet , 
is  f  fxdx^fnm  x^a  toxszb.  (page  142).  Let  na  now  suppose  it  ia 
required  to  find  the  area  intercepted  betiveen  two  radii  and  the  arc  of  the 
carve  which  these  radii  intercept ;  as  BOA.  Dmriog  a  figure,  in  which 
the  ordinate  and  abaciiaa  ahall  increaie  together,  anch  aa  the  one 


•mieiradf  it  wtj  be  easily  shown  that  AOB  ia  hilf  the  ezecie  of 
BWVA  over  BAMN.  For  we  have 

BWVA=BWO+BOA-OVA 

BAMN  =BON  -BOA  -  AOM. 

Suhtitet,  lemembermg  that  BWO=BON,  OVA=  AOM,  and  the  pro- 
poailioD  aaaeited  is  evident.    Now«  if  OM=a,  ON =6,  AM=^a, 

NB  — f/^^,  we  have  BWVA=  f-^df/t  ^t^^^  yr-rpaio  yz=i(^h^  or  J'xtft'xdx 
from  a  to  xss6:  and  MABN=/^  (iir  from  x^a  to  Con- 
sequently 

BOAs^/ ixdif^yds}ssifr»dB^  (page  345,  equation  11) ; 

in  which  the  limits  of  6  in  the  last  integral  are  from  Z  AOM  to  ZBOM. 
The  student  should  now  prove  that  the  equation  BOA=  \f{xdy  -ydx) 
nlwaya  holda*  if  iStiit  signs  of  the  intcgrala  be  attended  to,  whatever  may 
be  the  diaposition  of  the  parte  of  the  figure.  This  propusition-may  aleo 
be  proved  independently,  as  follows.  If  0  vary  by  the  area  con- 
tained between  r  nnd  r-l-zir  lies  between  two  sectors  of  circlpH  whose 
areas  are  J  r*A(':>  aiul  ^  (r  +  ^r)*  Consequently,  proceeding  iis  in 
page  100,  the  uhulc  area  between  anv  two  limiting  values  of  0  lies 
between  i  i^r^^W  and  JSr'Afl  +  l/  Ar  A0+42:(A;)'M.  But  as  L0 
diminishes  without  limit,  each  of  the  elements  of  the  second  and  third 
mentioned  auma  dinnniahea  without  limit  aa  compared  with  die  eor» 
responding  dement  of  the  first  The  two  preceding  expressions  have, 
tberefare*  the  same  limit,  and  the  area  of  the  curve,  which  always  lies 
between  them,  has  the  same  limit :  this  limit  is,  by  definition,  }if  r-do. 

We  have,  then,  the  following  four  integrals,  expressive  of  the  rectan- 
gular area,  the  polar  area,  the  arc  derived  from  rectangular  coordinates, 
and  the  same  derived  from  poliir  coordinates.  Jvct  x,,  y,,  r,,  and  <9,  be 
the  coordinales  of  tiie  poiat  from  which  the  area  and  arc  begin,  Ui  being 
rr*,  and  u  being  r^K 

SO 
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I  F«ge  143,  rectangular  area  A=^fydx  begummg  firom  Jp=jr, 

poltrtrea*     iH^i/r'tid   tea. 

Ptg^  140,  arc  (recttng.  oocnd.)  s=i f  Jid^^-^df)  jrssx, 

Page  345,  tic  (poltr  ooud.)   •szfj{di^^f^^  a=6i 

We  have  also  the  following  equations : 

H=/(«ly-y*r),  A=t(jy-jriy,)-iH. 

If  other  of  the  cooidiiiatea  he  expretted  in  terma  of  Aor  H,  the  other 
may  he  tometiiiies  eiprened  hy  umple  difeentittioQ. .  Thua 

dA  1 
xsY'A  gives  l=Y^A.^=yA.y,  or  y=r^. 

If,  then,  A  be  elimintted  hetween        A  and  y=(yA)~'*,  ve  have  tn 

equation  between  x  and  y,  which  is  that  of  the  curve. 

But  it  is  important  to  remember  that  though  A  or  fydx  can  certainly 
be  found  from  x=^  f  (  / ydx)y  it  will  generally  li;tppen  that  it  is  only 
one  constant  which  can  be  appended  to  that  intcural ;  lor  it  is  manifestly 
not  to  be  sunposed  that  the  equation  x=yf(yydx+C)  canhemadb 
true  for  tU  valaeB  of  C.  It  may  easily  he  shown  thtt  this  it  a  quettion 
of  a  dttto  we  htve  not  hitherto  met  with«  involving  tn  arhitrtry  constant 
which  enters  in  a  function  in  a  manner  depending  on  the  form  of  the 
function  itself.  To  make  the  problem  specific,  we  must  suppose  that  the 
area  measured  from  a  triven  initial  aTipn"s?ft  shall  be  a  given  function  of  the 
terminal  abscissa.  But  (page  142)  the  C(piation  y^.^r/T^y/.r  is  incon- 
gruouB,  and J'mJjfdx^zfx^fXi  is  rational.    If,  then,  we  propose 

we  have  an  equation  in  which  the  arbitrary  constant  enters  in  the 
manner  above  descril}ed. 

It  it  required  to  find  the  curve  in  which  4r=log  A.  Here  yAs=log  A 
and  y,  or  (y/A)'"'^A;  whence  ■Jc:i:logy  or  y=:<*.  The  area  fydi  it 
ttcnf-fC,  C  depending  on  the  point  from  which  it  begina;  and  in 
•  Older  to  tttisfy  the  conditions  we  matt  have  C=0,  or  the  area  beginct 
from  a  point  at  an  infinite  distance  on  the  negative  side.  In  fact,  thf 
primitive  equation  A=£'  is  only  intelligible  as  representing  the  area  oft 
curve  when  written  in  the  form  Arsf*  — 

Ditiii'ulties  of  this  sort  will  occur  whenever  jp  or  y  is  given  in  terms  of 
a  function  which  is  necessarily  dependent  on  an  integral  containing  s  or 
yilielf. 

There  it  a  large  dttt  of  pohlemt  relating  to  curvet  in  which  tuch  a 
property  of  the  curve  is  given  as  implies  a  determinahU  differential 
equation.  The  tolntion  of  this  difi^Biential  equation,  ordinary  or  tingular, 

is  therefore  an  equation  i>f  the  curve :  whence  we  see  that  two  very 
different  curves  may  have  the  prujierty  in  common,  one  being  a  case  of 
the  general  solution,  and  the  other  being  the  singular  solution. 

For  example,  it  is  required  to  hud  the  curve  in  which  the  length  oi' 
the  normal  intercepted  between  the  curve  and  the  axis  of  x  is  a  given 

•  Certain  uMa^s  of  writers  on  meelianics  make  it  more  coafetitat  to  adopt  a 
symbol  U  for  twice  the  polar  srs^  than  fot  the  polar  atea  atsolf. 
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function  of  the  part  cut  husuk  the  ttdi  of  «  by  the  nffry^l :  or  wtoh 
•tttffiea  the  eqiuitioii 

-y/(»:+y'g)=«(«+y|)  («). 

This  equttioii  cux  be  integrated  generally ;  difierentiate  bulk  sides,  and 

or  {y'-V(i+y'O.0'(jr+yy)}{i+y^+yy"}=o. 

One  of  the  factors  of  the  last  must  then  vanish.  If  l+y'*4-yy"=0, 
we  have,  by  simple  integration,  (r— c)*4-y"=:cj,  which  will  be  found  to 
satisfy  the  equation  (0),  provided  cj=(<^)";  whence  the  general 
integTiil  of  (<^)  is  the  equation  of  a  circle,  namely,  (x  — c)»+y"=(0c)*j 
ao  ml  there  now  remains  only  the  vanishing  of  the  factor  y'— V(i  + 
^'  C'+yy')  to  be  explained.  Thie  it  may  be  ehown  is  satisfied  bj  the 
singular  solution  of  (»-c)*H-y*=(0c)*,  Per,  by  page  19%  that 
singular  solution  must  make  dffidx  and  infinite,  these  being 

partial  diff.  co.  derived  from  ^  as  expressed  by  the  equation  itsdf. 
then,  we  differentiate  yV(l+y*)  =s<^(«-hy3r)t  OOnaiteing      ai  a 
function  of  x  only,  we  have 

<^     y  iy'-'J  (l+y'")  ^'  Cr  +  i/y'))* 
Consequently  y^—^  {l-k-}/*)  ^i^'  {x-k-^)  vanishes*  when  for  y  iaput 

that  value  of  t  w]iirh  is  the  ^irmnlRr  pohition  of  (0). 

The  following  theorems  may  be  investigated  by  the  advanced  student 
as  exercises. 

1.  The  equation  which  expresses  that  the  radius  of  curvature  is  a 
ffiven  function  of  may  be  integrated  (assuming  the  integration  of  all 
iiiiietione  of  one  variable)  so  as  to  give  both  x  and  y  in  terms  of  y^ : 
whence  the  equation  of  the  eurve  may  be  firand  by  elimination, 

3.  A  pohff  equation  to  the  locus  of  the  intenecti(Ri  of  the  tangent  of 
a  given  curve  with  the  perpendicular  on  the  tangent  may  be  found  from 
ef]Tiation  27,  page  946,  by  substituting  for  r  its  value  in  terms  of  p,  and 
integrating. 

3.  The  mi  tliod  in  pacre  .355  may  be  applied  to  the  Uetenninaticm  of 
opucai  caustics,  both  by  redectiou  and  refraction. 

*  TIm  msthod  of  dafaaal  ia  ths  integration  of  y-y^mff  might,  tboafore,  be 

generalized,  subject  to  close  examinatiuti  of  tbs  dtfnmit  cnSB,  IS  follovrs.  Lst 
f  i^f  9* y»  J^'»*  •  •  •  )^  ^1  whence  it  follows  that 

U  esah  af  lha  eoattdfliits  ^>  fte.  hsva  a  ammioB  fador  M>iha  tqaalkiBfsaaKing  fkam 

its  estefmiaation  (of  one  order  higher  than  tiie  gtren  sqaation)  nay  koroetimea 

be  more  canH)-  inti  ij;ratLcl  than  thi:  orijrinal.  If  no,  an  c<iuation  between  its  con- 
stants may  he  obtain<'f!  which  tihull  niakt'  it  satisfy  the  original  e(LUation» and  tbs 
siagqiar  •olution  of  thia  guuerui  aolutioa  a&iutiiefl  MsO« 
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4.  Tnec  the  cnms  who«  equations  are  y^logsin  jr,  y=»inlogT, 
dsitinguishing  both  continnouH  and  pointed  branches.  Show  that  the 
logarithmic  spiral  has  a  pointed  branch,  and  trace  completely  the  curve 
whose  polar  equation  is  r=a  ±7(cos  0),  a <  I,  abowiug  that  negattre 
values  of  r  muafc  be  admitted,  or  else  a  cusp  with  two  dtlBoet  tw 
gents. 


Cbaptir  XV. ' 

APPUCATION  TO  QBOUSTEY  OF  THREE  DIlfSNSION& 

This  part  of  the  subject  requires  the  particular  consideration  of  functions 
of  two  independent  variables,  and  occasionally  of  tkTCe.  If  if  be  t 
fuuctionof  ;candy,  we  fhall,  inoft  conTenientt  iiie  one  or  inotfier  of 
tiie  fbUowmg  notitione : 

If  there  be  three  independent  Tariables,  x,  y,  and      it  is  very 

desirable  to  have  a  Tiotntion  for  n«e  in  the  actual  details  of  operation,  to 
be  taken  up  ^vlle^l  they  bcL^in  and  laid  dnwn  when  they  cease.  The  follow- 
ing will  be  [)erfectly  distinct,  and  soou  ac(^uired.  1^  «  be  a  function 
of  jr,  y,  and  g. 

du        du        du         <^**^  rf*M_ 

S"*^  55"""  5i~''''  i?"""-^  iV''*'' 

c2*u^        dVi  ^        cPu  ^        d*u  ^ 

dS^"""***  dyite'^^  ^JcS""""" 

In  making  any  integration  with  rcsjiect  if>  one  variable  only,  it  must 
be  remembered  that  the  constant  tu  be  added  may  be  a  function  of  the 
oth&,  wbtch  diough  called  vaH/Ah  with  leference  to  what  might  hwe 
ttkeii  plm,  was  by  supposition  a  cbnttaat  in  the  diffBrentiation  which 
the  lequited  mtq;ratioii  ia  to  compensate*  Thua 

where  ^  and  fjf  aic  any  fiinetioDa  of  y  whatBoe?er.  Again 

where  f(t>idLT  may  be  any  function  of  jr,  and  "^y  any  ftinction  of  y. 
Such  capes,  in  which  no  peculiar  specification  of  hmits  i?  nuule,  require 
no  additional  consideration;  but  if  it  should  happen  that  the  liraita  of 
the  first  integration  contain  functions  ol  the  letter  which  will  be  a 
variable  m  the  aecood  integration,  the  quettion  takea'a  very  difibeot 
character.  For  example,  tc/siuy  ia  t9  be  integrated  frtt  with  nmet 
to  y,  and  from  y=x  to  ya:j^^  and  then  with  retpeet  to  9  from  #ssO  to 
dra=6.  The  fim  integration  now  givea 
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Thia  integrated  with  respect  tox  from  jr=:0  toa:=6,give8  J«(|6*— 
The  questiuii  now  becomes,  what  is  the  ase  and  meaning  of  the  opera* 
tion  we  have  porfonned?  It  has  iuflSciently  appeared  in  Chapteia  VI. 
and  VIII.,  that  though  *we  may  look  to  the  determination  of  a  primitive 
lonction  for  the  shortest  mode  of  operation,  we  must  find  in  the  limit  of 
a  summation  the  readiest  mode  of  conception  of  the  re«\ilt  attained. 
Now  the  first  process  is  really  the  limit  of  the  foliowiug  summation : 

{as.s+ax  (ap+«)+ .  • .  •  +«r  (*+m^}  0, 

where  m9=x*—x.  If  we  now  assume  7ii:=:&-~0,  and  add  together  the 
several  values  of  the  preceding  answering  to  xsO,  up  to 

«=fic,  tnukiplying  each  by  we  shall  have  a  suocession  of  turns,  the 
first,  second,  and  last  of  which  are  as  follows,  if  the  value  of  0  When 
x=zcK  he  called  9^ 

{oo.o+ao(o+eo)  +  ««.*+«o(o+we.)}^.c 


+  {ani;. nic+am  +  - . .  •  +anK  («»:+wi8,)}  0..if ; 

the  limit  of  which,  when  m  and  n  increase  without  limit,  ia  the  result 

obtained.  And  since  every  term  is  of  the  form  ary  Aj  Ay,  we  mav,  m 
in  page  99.  call  the  preceding  ^ArfSaryAy)  or  2an/ArAy,  and  its 
limit  fdi  fax>j  fly,  f (Ln/ d.t  ilt/,  or  Jfajydxdyy  if  the  two  operations 
are  to  be"  reprcsciu'ed.  And  Kince  y  is  iirat  made  variable,  we  may 
denote  this  by  writincr  dy  last  of  tlie  two,  aud  the  symbol  of  the  in- 
t^ral  with  the  limiLa  represented  will  stand  thus : 

We  may  now  give  a  geometrical  illustration  of  the  preceding,  gene* 
taliaeing  Oe  opeiaiioD  into  /S/^iT'cUdy,  where    is  e  given  functiflii 


of  «  and  y.  *  Draw  the  curves  yr=<^T  and  y^V'J,  and  set  off  the 
^|}t^.««>  a  and  fc,  OA  and  OB.  Divide  the  interval  AB  into  any 
numher  of  equal  parts  w,  and  huvinir  drawn  ordinates,  divide  the  part 
of  each  or(]inate  intercepted  between  the  curves  into  n  equal  parts. 
There  nmU  then  be  win  rectangles,  which,  aa  m  and  n  lure  mcr«ised 
iwithout  limit,  imvc  for  th^  limit  of  their  fum  the  •»  FQRS,  TUa 
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limit,  coin|>iwdinth  the  pwcedi  pyocew  ef  iinnnitlif»»  will  be  found 
|»  be  lepreMDted  by  /lf%'djgdf>  And  agrees  with  pimMi 
lenilu :  for  writing  the  preceding  in  the  meniier  first  ]K}intcd  out,  we 
have  P.drf^'dy^  or  fi{y^x—4>x)dx,  or  fiyi^xdx—J'iifKrd^,  or 
AQRli  — Al'SB.  But  if  we  want  to  form  an  idea  of  the  metning  of 
'Jjzdidy,  V.  L'  nmy  proceed  in  either  of  tlu^  ioliowing  ways. 

1.  Suppose  the  nrtin  VQllS  to  be  evc^y^\ht■re  of  different  and  variable 
value  per  square  unit,  m  such  mannct  ihai  ai  tke  point  tlie  value 
of  a  square  unit,  if  it  were  imiform,  would  be  «.  Then  at  the  point 
{x,y)f  the  ndee  of  fhe  adjacent  leetangle  being  da  and  Ay,  the  ndue  of 
that  rectangle  is,  not  «AvAy,  bat  (<+a)  A«A|f,whereaiiafiaetiQn 
depcndmg  on  the  variation  of  the  rate  of  valuation  from  one  part  of  the 
lectan^  to  another.  But  as  Ax  and  Ay  diminish  without  limit,  z+a 
approaches  without  limit  to  and  aAr  Ay  diminishes  without  limit,  as 
compared  with  «Aj/A//.  llciice  3  (xAr  Ay)  and  2(z+a)AjAy  have 
the  same  limit:  or  ffzdxdy  rcprcbcnta  the  whole  value  of  PQRS. 

2.  At  every  point  of  PQRS  erect  a  perpendicular  to  the  plane  oi  xy^ 
(that  is,  of  the  paper,)  and  equal  to  the  vahie  of  r,  or/(j,y),  at  that 
pomt  We  shall  uien  have  these  perpeudicohifa  bounded  by  ttie  aoi&ee 
whoae  equation  ia  as/Cdp,  and  the  aolid  content  bounded  by  PQRS 
below,  the  superposed  surface  above,  and  laterally  by  the  perpendicular! 
drawn  on  the  boundary  PQRS  (or  rather  by  the  surfaces  which  contain 
them  all,)  rontainp,  in  cnbit  nnits,  ffzdxdy .  For  over  the  base 
Ax  Ay  is  su])cr})(>s(  d  ;l  j-oIhI  content  which  would  be  sAxAy  if  r  were  a 
constani,  but  which  is  (jr4-o)AxAy,  where  a  may  be  deiicribed  as 
before,  and  rejected  for  a  tsmulai  rcasun. 

I  do  not  consider  it  necessary  to  develope  the  preceding  reasoning 
after  that  in  pagea  140, 14S,  Ac  Two  cautiooa  are  neocaaaiy  in  intw- 
preting  the  results  of  any  such  double  integration.  First,  aa  in  page 
98,  no  reliance  can  be  pbced  on  any  result  in  which  t  becomei 
infinite  anyw  here  in  the  boundary  of  integration ;  secondly,  a  portion  of 
the  summation  may  consist  of  negative  elements  not  only  when  r 
beroraea  negative  (which  case  may  be  explained  similarly  to  that  in 
page  149)  but  also  wIku  >lfjf~(t>x  chang:es  sign  between  a  and  6.  This 
we  may  explain  a»  lullov.6;  J  '„(pj.djj  and  J  t(p.idi  differ  only  ni  sign, 
being  of  the  forms  ^t6— and  ^^a— 0i6;  and  this  also  foUoni 
from  the  nature  of  the  aununation.  For  if  we  paaa  fnm  x^a  to  xstb 
by  a  succeaaion  of  positive  incrementa  given  to  x,  we  must  paaa  from  h 
to  a  by  a  anooeasion  of  negative  increments.  If,  then,  the  first  integra- 
tion give  xC^'V)*  or  X  V'')~X  ^^^^  "K*^  of  this 
should  depend  upon  that  of  "^x — (/a*,  we  arcj  if  V^r — 0r  cnnnec  sign 
between  x=a  and  j:— 6,  about  to  perform  an  n  tt  graiuni  o(  the  form 
Jtatdr^  in  which  wr  is  not  always  of  the  same  sign  (page  HU).  This 
must  be  particularly  attended  tu,  as  wc  might  other^i^  perform  au 
integration  imder  the  idea  that  all  elements  of  ^e  summation  are 

positive,  when  auch  ia  not  the  caae.  In  the 
first  example  given,  or flf'^OMydxdy^iS'mt 
draw  the  straight  line  and  the  parabola  y=jr 
and  y=J*,  and  if  OB=fr  and  x^ajty  he  the 
ordinate  of  a  surface  perpendicular  to  the  paper, 
we  might  suppose  that  we  have  ascerinim  d  the 
solid  content  which  stands  on  OMNK  and 
KRQ  together,    iiui  truui  U  tu  K,  x  »  greater 
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than  «*,  z  being  potitive,  whence  f'^zdy  is  n^atiYe,  and  the  whole  of 
the  integral  fCf^  ^  '^-^  negative,  while  the  remftiiider  f\fT  ory 
dMdy  it  positive.  That  something  of  the  aort  takes  pUee  is  ohfioua 
from  the  result,  which  =0  when  S*sf-,  the  poi!itive  ]>art  over  KQR 
then  counterbalancing  the  negative  part  over  OMKN.  if  we  want 
sirnplv  tho  co1j<l  rontent  described,  we  nnint  ro^nitcrhfilancje  the  ncjiitive  '  * 
I)Hrt  iix  addition  (here  an  algebraical  subtraction)  of  twice  as  much, 
which  giveei 

«y  ^ii;  (ii^  -  2/; /r  aay  rfx    ==  J  fl  a  6- -  i  6  0 «  (i  -  i) . 

If  b  had  been  leaa  than  or  «1,  we  ahouM  abnply  havechanged  the 

sign  of  the  result. 

A  right  circular  cylinder,  described  by  the  revolution  of  a  line  at  the 
distance  A,  about  the  of  r,  is  cut  by  a  plane  w  hof^e  equation  is  jr  — fir 
-f-^.V  +  f :  recjuired  t  iic  r  uUent  intercepted  between  the  given  plane,  the 
])lane  of  Ty,  and  liie  c\ liiuirical  surface,  on  the  sui»position  that  any  part 
which  falls  below  the  plane  of  xtf  is  to  be  reckuncd  as  negative. 

The  expresaiflo  to  be  found  ia  fj\(ix'\-f>y-k-c)dxdy  from  ym 
— V<**— f*)  to  y*=+V(A'— «^)»  •nd  then  from  jtss-A  to 
The  first  integration  gives  iaxy-\-  i       cy)  dx^  which,  tdun  between 
tlttliiiiitB»giTea2(as+eV(A^^<i^)<ir.  And 

which,  taken  from  1*=: — h  to  x=+h^  give  0  and  J/j'.t-;  whence 
2  (^i .  I'  +  r.  J  AV)  or  t//*c  is  the  content  rccpiired.  The  plane  cuts  the 
cyliniiiT  iu  an  ellipse,  and  this  rcBult  merely  implies,  as  is  obviously 
true,  that  if  a  cuclc  be  drawn  parallel  to  the  base  through  the  centre  of 
the  ellipse,  the  content  intercepted  by  the  ellipse  and  the  base  is  the  same 
aa  that  between  the  two  didea ;  the  depression  of  the  ellipse  on  one  side 
of  the  second  circle  being  compensated  by  its  elevation  on  the  other. 

It  must  be  obviovu  that  the  preceding  mode  of  integration  can  only  be 
successful  when  either  the  extreme  limiLs  of  ij  or  of  r  arc  constants  : 
those  of  the  other  variable  mav  be  tunctions  of  the  one  \v}^fisu  limits  are 
constant.  Thus  the  general  description  of  the  oj)cratioiis  niny  he  made 
as  follows.  To  find  Jjzdxdy  from  y=^<fijc  to  //=:^.r,  and  irom  x  =  a 
to  x=:A,  let  J'zdy^y  only  being  variable,  be  /(r,y),  then  /(^,  V'Jr) 
'—f     i>^)  is  the  result  of  the  first  integration.   Lei  the  integral  of  the 

e receding  with  respect  to  «  he  Fj^  tl^n  F6*-Fa  ia  the  final  result, 
ut  to  find  JTzdydx  from  xs:0iy  to  .r=Y.,y,  and  from  ysot  to 
y=6i,  let/rrfj  ,  a  only  being  variable,  be  /  (r,  y),  then /,  (f  ,y,  y) 
— fi  (0iy»  y)  is  the  fir.st  result.  If  tlie  y- integral*  of  the  preceding  be 
Fij/,  then  F./;,  —  F,r/,  ia  the  final  result.  We  must  take  first  that 
iijtegraiion  in  which  the  limits  are  variable,  thongli  if  both  sots  of  limits 
be  coustaut  we  may  begin  with  either.  Thus  to  find  J  dx  dy  irom 
y=ai  to  y=6j,  we  have  fx  dtj=zf{j,y)  and  between  the  limits 
— /(x.Oi);  if  7/(T,fei)iir=w(jr,6|),  we  have  w<6,  6.) 
^cr  (a,  fa  (6»ai)+fa  (a»4ii)  for  the  final  result  Again,  if  y  j  dx 
^         /i(6.3r)-/i(«.y)  tbr  the  firat  resnlt*  and  if 

*  'ihii  abbieviauuu  would  be  conveDient  ia  many  c&hes. 
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J5i(ftfy><%r  =  «i(*.y)»  we  bave  «i)-W|(a,M 

+«r,(a,ai)  for  the  iinal  iciult.   Now  o  (jf,y)  md  «t         are  the 

functions  derived  from  two  successive  int^rations,  each  independent 
of  the  other,  in  different  orders,  the  first  by  j-integratiou,  the  second 
by  X,  y-integratioa.  If  lliey  dift'er  from  one  another  it  is  then  only  by 
such  terms  as  disappear  in  two  diflferentiations ;  or  the  first  may  be  of 
the  form  ^  (x,y)+yjr+xyt  secoud  of  the  form  0(x,y) 

+  fiX + X ly >  ^  witot.  But  the  entrance  of  the  arbitrary  funduma  wai 
avoided  by  the  method  of  taking  limita  after  each  integiatioii;  if  lor  in- 
atanee  J^zdy  had  given /(x,y)+Y'i'i'i  the  term  Y'l^  ^ould  have  dia- 
apposed  in  (/(x,6i)-l-Y'i*i)-;'(/(«»<ii>+V'i«)-'  and  ao  en.  Hcaoe 
4'  C-^)  y)y  *  function  not  containing  terms  dependent  on  x  only  or  y 
only,  is  the  result  of  both  modes  of  integration ;  or  rather  0  (6,  6,) 
—4*  ^i)  —  4>  (^»  ^i) +0  (a»  fli)  is  the  result  of  both.  The  same  thing 
is  also  apparent  from  the  method  of  summation. 

But  it  might  happen  that  we  requite  to  extend  the  summation  over  a 
part  of  the  plane  of  xy,  (to  keep  to  our  illuatiatioii,)  no  boundariea  of 
which  are  linea  parallel  to  an  axia.  Thia  anbject*  pieaenli  a  moat 
instructive  view  of  the  nature  of  integration,  uid  wul  require  some 
detail.  The  following  diagram  of  the  methods  of  summation  which  we  have 
juat  left,  aa  compared  with  that  to  which  we  are  coming,  will  be  the  beat 


introduction.  It  is  required  to  find  fx  dxdy^  over  all  values  of  «  andy 
included  in  the  fijjure  PQRS,  the  equations  of  the  boundaries  being;  of 
SP,y=aj";  ofRQ,y=/3a:;  ofRS,y=/ij;  oi  Q¥,y—yx:  a, /3,  ^,  and 
V  being  functional  symbols.  Assume  y—^'  (r,  r),  where  t;  is  a  cooatattt 
auch  that  i//  (j,  m)^ftj[  and  f  (x,  7t)= vx.    For  example, 

■n 


n—m 


m  V- 


m—n 


fix; 


or  let  V«  signify  a  function  of  v  which  is  0  or  1 ,  when  vsm  or  vsw, 
and  v.  a  function  which  is  0  or  1  when  v=:7t  or  V'—Titm  Then  fipom 

y=V,^+V«i««+V.V^(*,f) 

can  be  obtained  an  inEnite  number  of  the  caaea  teqnired  tat  every  haa 
of  V.  and  Aaaume  {Xy  u),  where  u  is  another  constant  such 
that  u  =  a  gives  y=cer,  and  ussb  givea  y=fix.  If,  then,  a  be  changed 
into  h  at  k  steps,  being  successively       a+^i   a-^kx^ 

{kK  =  b  — «),  iind  if  also  m  pass  to  »  by  I  steps,  becoming  successivelv 
m-f  X,  7/1  -f  2X . . .  .m+/X  (/A=n— m),  and  if  we  describe  the  curves 

whose  equations  are 

•  The  demonstration  here  {?iven  i«  not  altogether  that  of  Le^ndre,  (M^m.  Acad. 
Sci.,  178B,)  which  ii  so  ob»cure  to  iU  logic  ai  to  b<:  nearly  unintelligible,  if  not 
dubioua.  See  tb«  oMfhod  of  Lsgtodit^  as  UBSd  by  Laptac«,  in  my  Theory  <^  Pko- 
ba)iilitisa.(EB^e,llitr,«66.) 
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ys^ («,a)  or  as, » («» a+O.  up  to  ^=0  (jp,  a+fec)=<3* 

we  shall  have  the  figure  inclosed  by  PQRS  iutersected  by  cuinres  wludi 
divide  it  into  Ax/  curvilinear  quadrilatewli,  cach  of  wjuch 
made  as  small  aa  we  please  by  suffickntly  increasiiig  k  and  L  If,  then* 
at  a  given  point,  (a;^),  say  the  lower  comer  of  the  figure  left  dark,  we 
caD  ttpiesa  the  area  of  the  contiguoui  element  by  PAu  Ac,  we  have  for 
the  whole  integral  requited  f'Jl'^  where  for  x  and  y  in  z 

must  be  substituted  their  values  in  terms  of  u  and  v  obiHined  from 
v=0(x,  1/),  y=V' (^,0  rcniHiiis  liien  only  to  express  this  area. 
Let  ABCD  be  one  of  the  ciuadniatcraU,  the  point  A  having  j  aiid  y  for 

Y 


iti COtndiDatea  io  the  preceding  figure:  let  A\  and  AY  be  parallek  to 
thea«aof«aildy.  If  x  +  ^x  mid  y+h  reinescnt  coordinates  ul  any 
poiBt  near  A,  we  have  for  the  equations  of  the  four  curves  as  tollow  a  ; 

.  For  AB  y + ^ya*  (*+     ») ;  for  CD  y+  J|r=*  «+ Ati). 

VorADy-hdy=t(^+Jj,t?);  for  BC  y+>y=y 

Also  0(r,7O-  ^(r,t)),  both  expressing  the  ^^^^^^'^  ^^^^^^ 
To  find  the  coordinates  of  B,  equate  ^(x+^J.  «*)  zndfix-^-SJ^v-^^h 

-which  gives 


In  which,  if  we  neglect  terms  of  higher  order  than  the  first,  which  it  is 
clear  will  not  affect  the  result,  we  have 


The  coordinates  (measured  from  A)  of  the  intersections  of  AD  and  DC 
and  of  DC  and  CB  found  in  a  similar  manner  are 

The  area  ABCD  is  the  sum  of  ABM  and  MBCP  diminished  by  that 
of  ADN  and  NDCP.  Kach  is  to  be  found  by  an  integration  of  the  form 
Jjniqt  where  the  limits  of  p  and  ^  are  all  small  quantitiea. 
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and  (p'  not  being  necessarily  comminTiPut  with  q)  if  the  values  of  p  and 
q  at  both  limits  be  »xnall,  the  first  two  tenns  will  each  be  of  the  second 
order,  and  the  rest  of  the  third  and  higher  orders.  And  since  p'  will 
vary  during  the  integration  by  a  quantity  of  the  first  order  only,  it  will 
introduce  no  error  of  so  low  an  order  as  the  second,  if  we  suppose  it 
ooDitent  Mid  Pi)  :  (qt—qi),  where  g«  and     are  the  limitB  of  9, 

ftc.  Thii  gives  tor  the  integral  between  the  limitBi  as  fkr  ss  terns  of 
Ihe  second  Met  induave* 

^  "* — 7»  ^ 

which  is  precisely  the  area  that  would  be  obtained  by  taking  the  arc  of 
the  ctirvc  to  be  a  atrai^^lit  line.  The  errors  of  this  supposition,  therefore, 
are  all  of  the  third  order,  and  for  our  jjresent  purpose  ABCD  may  be 
considered  as  a  quadrilateral  rectilinear  figure,  and  even  as  a  parallelo- 
gram :  for,  as  fiuf  'as  terms  of  the  second  order,  by  the  values  found, 
APsAM+AN,  or  NP:^AM;  similariiy,  PC=rMB+ND,  whence 
BM=QC,  and  AB  is  equal  and  parallel  to  CD.  If  NR  be  joined, 
ABNR  is  also  a  parallelogram,  and  ABCD  and  CDNR  t  )(;cther  make 
up  ABNR=:MBKP.  But  DCNR=DQPNi  whence  ABCD  is  the 
excess  of  BMPK  over  DNPQ,  or 

BM.AN-UN.AM.orW^  ' 

dv  du 

The  sign  of  the  result  only  indicates  that  the  preceding  cxprc??- 
sion  without  its  sign  is  negative  in  every  disposition  of  tlie  figure 
similar  to  that  here  adopted.    If  we  now  take  the  equation?  y=»/' (or, 

(j.,  u),  and  from  them  deduce  y  and  x  in  terms  uf  r  and  «,  giving 
j;=X,  y=Y,  X  and  Y  being  each  a  function  of  v  and  of  u,  we  may 
deduce  the  preceding  factor  by  implicit  differentiation,  as  follows. 
Substituting  in  the  first  pan*  the  values  derived  from  the  second,  we  have 
identical  equations,  and  this  being  implicitly  supposed,  we  have 

dY_d^lrdX  ^  dyjr. 

du      dx  'du'  do*^  dx  dv  dv 

d)[    d4>  dX  d(i»  dY  d4>  dX 

du     dx'  du  du*  d»  dx  do 

'    du'^'Wdu     *  dif     W  dv     *         dv  du'^du  ^ 

'      Wcr        -^T  =  —  —  f—^  ^V* 
\dx     dx  J       dv  du   \dv   du     du    dv ) 

do  du  ^dv  du     du  dv' 

Vft  have,  then,  for  the  integral  required  either  of  the  lbUowiiig«  Let 

9s/(x,y),  and  neglect  the  sign  which  depends  on  the  diagram,  and 

nnist  he  determined  l)y  each  particular  case;  or  rather,  kll&OSI 
that  sign  must  be  taken  which  makes  the  resuU  poutive. 
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itt  the  fint  of  which  there  must  be,  suhtequently  to  thediflerentiations,  that 
substitution  of  X  for  j:  and  Y  for  which  is  made  previously  to  differen- 
tiation in  the  second.  This  integral  in  srefjmetry  belongs  to  any  function 
connected  with  the  area  contained,  in  the  plane  of  ry,  between  the  curves 
^'.hosc  ordinates  are  ai\  ji  r,  ilr,  » j  :  w)  is  a  function  which  changes 

ixuiii  ax  to  /ii,  when  u  changes  from  a  to  f  {jc,  i)  a  luuctiou  which 
changes  from  fix  to  vx,  when  v  changes  ftom  iii  to  n ;  and  X  and  Y 
•re  the  valuea  of  x  and  y  in  terma  of  v  and  «  from  y=<p(jr,u). 

It  is  obTious  that  no  part  of  the  preceding  investigation  involves  the 
limits  of  integration,  except  the  manner  in  which  0  ( u)  and  "tj/  (jr,  v) 
are  to  be  formed.  But  whatever  these  functions  may  be,  if  we  call  the 
ditlercntiul  last  obtained  ZdvdUy  we  know  that  Z  Aij  Au  +•  terms  of 
higlier  order  than  the  second,  is  the  element  of  the  summation  cur- 
responding  to  the  element  ABCD  of  the  area ;  and  though  one  particular 
■appoaition  'aa  to  ^  and  f  may  require  this  aummatton  to  be  made  (aa 
ahiove)  between  limiting  yaluea  of  ti-  and  «  which  do  not  depend  on  one 
anothcTt  A  aecond  auppoaition  may  require  that  the  limits  of  u  shall  be 
functions  of  r,  or  vice  vend.  Thus,  if  we  integrate  the  preceding  from 
v—Mi/  to  tJ=Nu,  (M  and  N  being  functional  symbols,)  and  subie- 
quently  from  u—a  to  we  require  that  y=0(x,  u)  and  y=z 

^  (  r,  Mw)  should  give  y=f/x  by  ehminution  of  w,  and  that  ?/=0  (x,  ii) 
and  (x,  Nm)  should  give  y=vJF.    Subsequently,  wc  retpiire  that 

yr=0  (x,  a)  should  be  equivalent  to  v^uXt  and        (x,  6)  to  y^fii. 

For  example,  it  ia  required  to  mid  the  area  of  a  curve  contained 
between  two  nuiii  r,  and  Tg/  inclined  to  the  axis  of  «  at  anglea  9,  and  0,,, 
In  thia  case  our  bounding  curves  are  y = tan  6^ .  x,  y = tan  6^^ .  x,  for  ax  and 
and  y=0  and  y  =  rj,  the  latter  being  the  equation  of  the  curve. 
If  we  wish  to  express  this  area  by  means  of  polar  coordinatei>  r  and  0,  we 
have  y=xtan  and  y=V  (j^—Jn^h  for  ^  and  )fr.  (e  and  r  taking  the 
place  of  u  and  v.)   These  give 

dY  dX,    dY  dX 


srcoBO=X,  andysrainOsY,  —  — 


dr    f^r  49  '^^ 

itfMl  ffrdrdB  ia  the  tnmafinmaitioii  required.  Let  r  be  first  taken  as 
variaUe,  and  lei  M9  and  N9  be  the  limtta.  The  first  limit  is  the 
second  is  thus  found:  y=:xtan6  and  {(N0)'- x*}  must  give 

y=:»,rwhen  0  is  eliminated,  which  is  satisfied  if  X0  be  the  polar 
equation  of  the  curve,  derived  from  r  sni  0  =  v  (rcos  0).  Again, 
y—Ttnnf)  satisfies  the  equations  at  the  limits  ;  hence  fV/fV^^^-f^^y 
or  CsdydO  is  the  result,  which  agrees  with  page  385.  But  it  is 
impossible,  under  these  suppositioiia,  to  allow  ^  to  be  the  first  variable. 

l{y=.uyx  and  y=:  tor,  and  the  area  between  the  two  radii  be  requiied, 
we  have  for  its  e«prcaaionyy(iii^*— rfiidtj,  from  v= tan  9,  to 
v=stan#,/»  and  from  usO  to  usl.  In  the  preceding,  the  yaloe  of « 
must  be  substitated  from  uvx^vx. 

Let  there  be  a  cope,  th^  vertex  of  which  is  at  the  origin,  and  the  baae 
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of  which  is  parallel  to  tlie  plane  of  xy,  at  the  distance  a.  The  equation 
of  the  conical  surface  has  the  form  rrr  r  f(y:x),  where ife  such  a 
function  that  a=x  f(ij  :  x)  in  the  equation  of  tlie  base  projecteil  upon 
the  plane  of  xy.  Between  this  base  and  its  projection  lies  the  coui«ut 
of  a  cjlinder,  made  up  of  the  conical  lolid,  and  a  ring,  wedge-Uke 
towHida  the 'interior  part,  the  wedge  tenninating  everywhere  at  the 
origin.  Thia  wedge  nae  for  its  content  ffzdxdy^  which  integrd* 
according  to  the  manner  in  which  the  limite  m  tiken,  may  represent 
any  part  of  the  wedge.  If  r  and  B  be  the  polar  coordinates  of  a  point 
on  the  plane  of  dty»  a  transformatum  already  given  wiU  reduce  thia 
integral  to 

ffxf^.rdrdd^  OS  f ft* dr.meftMSkB.de. 

This  may  be  iirst  integrated  with  respect  to  r,  from  r=:0  to  as 
rGoae./tane,orrKa<ooB(^./tan9}**.  TbisgiYea-^  fn^  {eoatf/tanfi}-^ 
<I0»  or  i  a .  ^  y*R'  dO,  wnere  R  ia  die  Tilue  of  r  at  the  limit  Thia  givea 
} ax  (area  of  the  base)  for  ^e  content  of  the  ring;  whence  the 
rematnder  of  the  cylinder,  or  4-  ax  (area  of  the  baee),  ia  the  content  of 
the  conical  solid. 

Let  there  be  any  integral  of  the  form  fj^(p  {r  .  y).dr  dy.    The  pre- 
ceding transformation  is  frequently  applicuble,  and  sinjplifies  the  pro- 
cess.   The  integral  then  becumes  JJ<pihn6.d9.rdr.     For  iIl^tance,  a 
straight  line  setting  out  from  the  axis  of  x  revolves  round  the  axis  uf 
in  aueh  a  manner  aa  to  describe  the  engle  ^int  leeonda,  while  it  alao 
moves  up  the  axia  of  ^  ao  aa  to  describe  IH  in  t  seconda  on  that  aiia. 
Here  at  And  fit  are  functional  symbols:  but  if  at:=zaty  /3<=fr^,  the  sur* 
iiloe  ia  that  of  a  winding  ataircase  (neglecting  the  inegularitiea  of  the 
steps).    Its  equation  is  derived  from  eliminating  I  between  2=(it  and 
yssx.tan  at :  whence  ;r  is  a  function  of  y :       In  the  simple  surface  just 
mentioned,  we  have  -  =  (6 :  o)  .tan~*  {y  :  x).   The  fcoHd  content  bound«i 
by  the  »urface,  and  standing  upon  any  part  of  the  plane  of  xy  is 
Tfxdx  dy^  taken  between  limits  depending  on  the  form  of  the  ba^. 
Making  the  tranafonnation,  we  have  tn  ff^rde  dr^  where  m=6 :  a.  If 
we  want  to  find  the  portion  atanding  upon  a  ciieular  sector  wbooe  radiua 
iacand  angle  y,  we  mutt  integrate  from  rsO  to  fS5c,and  fram  0sOto 
6c=y,  which  gives  \mc*     for  the  content. 

It  will  hereafter  be  ?bown  that  if  i:=0(jr,y)  be  the  equation  of  a 
surface,  that  part  of  the  8U])erri(  lal  area  which  stands  over  a  portion  of 
the  plane  of  ly  is  fJ»J  {l-^z'^-^z^)  dx  dy,  between  limits  de;  ending 
on  the  form  of  tlie  base.  If  we  substitute  r  cosd  and  r%\uO  for  and  y, 
thus  reducing  0(j^>y)  to  VC'**^)*  may  determine  2'  and  as 
IbUowa: 

dx  ^df  dr  df  de  dz  ^df  dr  df 
dx^^'  dx'^dld  dx        djf'^de  d0 

Mliicli  equations  are  to  be  considered  as  derived  by  siippo4>jijg  ^  to 
cuutaiu  X  and  y  through  r  and  6,  on  the  supposition  that  f=V(>^*+y')« 
9stm**(yx-')-  TheMgive 

dr  X  A  y  •  a 
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T(i  apply  this,  take  the  heUcoidal  surface  {kelir,  a  screw)  before 
descTil>ed,  in  which  r=m9.  The  integral  which  determines  the  surface 
is  then  ffJ{\-^m*r'^)rdrdQ.  This  int^rated  with  respect  to  r  from 
r=0  to  r=c,  and  with  respect  to  B  from  BznO  to  d=y  gives  the  surface 
1;  namelyt  beknging  to  the  dieuUr  lecldr  abm-mentioned. 


Let  the  raifaee  be  one  nade  hy  the  revolntion  of  %  eum  about  the 
exit  of Let  the  equation  of  this  curve,  when  iu  the  plane  of  t  and  jr, 

be  z:=i^x:  whence  2=0  {»Jix*+y^)  is  that  of  the  surface ;  or  sr^^. 
We  have  then  for  the  integrals  determining  the  solidity  and  surface 
ff<pr,rd9dr  nn(]  ffj{l-^{(f)'ry}  rdrdd.  If  we  integrate  through  a 
■whole  revoluLion  v.itli  respect  to  G,  we  shall  have  ^rj^r.rdr  nnrl 
27ry]^{l  4- (  I  V)*}  rafr,  expressions  which  wc  shnll  iiftcrwards  compare 
with  others,  which  will  be  obtained  for  this  particular  case. 

If  the  RneratiDg  curve  be  an  ellipse,  of  which  the  centre  is  at  the 
origin,  and  one  of  the  principal  diamelera  in  the  azta  of  we  ha?e,  when 
the  generating  carve  ia  in  the  plane  of  m  {a  and  b  being  the  aemi* 
diaoMten)« 

=  1,  whence  «=  —  J  (a* — 
*r     a*  a 

is  the  equation  of  the  surface:  and  the  integrals  which  determine 
^  content  and  surface  are  —  «*)) 

^ffJ  {a^-^.TdrdB  and  JJ^^lJl\rd^d». 

Integrate  first  from  6=0  to  6=2«,  and  both  integrab  arc  then  obtain- 
able from  r=&  to  r^c.  Thb  givea  the  content  and  aurfaoe  atanding 
om  a  ciide  described  on  the  plane  of  Jiy  with  the  origin  aa  a  centie; 
tiint  10,  intercepted  by  a  cylinder  on  the  aame  axia  aa  the  aolid.  The 
fiiat  iateg^  obnooaly  beeomea 

^  —  {o^— (a*— c*)H»  or  -^*6o*,  when  csa. 
3    a    I  I  J 

The  latter  is  the  whole  content  of  the  semisolid.  In  the  second 
inte^l,  after  integration  with  respect  to  0,  for  4ia*'~r*)  write  (a :  6)  Xf 
which  givea 

The  integral  of  the  latter  beginning  when  r=0  or  4=6  is 
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Stopping  at  z^Qua)  J  (ja*  —  c*)  or  r=:c,  %vc  hate  the  surface 
required.  If  we  go  on  to  r=a  or  ;s=:0,  we  have  for  the  surface  boumi- 
ing  the  semisolid 

—  log  --^x"^'  ^^^^  becomei  SiraP  whca  c=sO. 

The  last  result  will  immediately  appear  on  expanding  the  kwarithm 
ill  powers  of  tf»  uid  making  e«  0»  ds=  <z,  after  reiliiction.  Donbftnff  the 
■emisolidt,  and  icmemberiDg  (hat  la  the  sarfaoe  of  a  sphere  wbose 
radius  is  a,  the  revolving  semidiaineter,  it  appears  that  the  sur&oe  of  i 
oblate*  spheroid  is  less  than  that  of  a  sphere  described  on  the  levol  ' 
diameter^by 

2, (^a«-  -  kg  -4-  )  or  2t[a^-  ^  log 

or  2x(^    nearly,  when  e  is  small. 

Let  a  isurface  of  revolution  be  described  \ff 
the  revolution  of  a  curve  about  the  axis  OB, 
and  let  OAsor*  APsy,  arc  ending  at  P». 
Then  AB,  QR,  and  PQ  are  Ayt  end  At. 
.The  portion  added  to  the  solid  by  changing  x 
into  x+ Ax,  made  by  the  revolution  of  APQB, 
lies  in  magnitude  between  the  cylinder?  c^ene- 
rated  by  ASQB  and  APRB,  or  between 
ir  (y+  Ay)*  At  and  ry*  At,  hu  h  differ  by  tt  (2y+  At/)  Ay  Ar,  or  aAr, 
where  a  and  At  diminish  wiiixout  limit  together.  Hence,  proceeding  as 
in  page  142.  the  whole  solid  aWrayi  lies  between  Xiry*  A«  and  X^ry*  Ax 
+2a  Ar,  of  which  the  aecond  term  diminishes  without  limit  as  compered 
with  the  6rst.  The  eontent  of  the  solid,  then,  is  the  limit  towards  whieli 
bodi  of  the  preceding  approach,  namely,  jVt^  U^asa.  between  the 
proper  limits.  To  find  the  surface,  it  is  necessary,  ns  in  paj^e  140,  to 
assume  an  ajtiom  ;  namely, i  that  tlic  surfaces  generated  by  the  revolu- 
tion of  the  orr  PQ  and  the  rliord  PQ  raay  be  made  as  nearly  equal 
as  we  please  by  dniiiiuitiuu  ol  AB.  The  surface  geueraud  by  the 
chord  PQ  it  the  difference  of  two  cones,  the  radii  of  whose  bases  are 
AP  and  HQ,  and  the  difference  of  then  alant  tides,  PQ.  If «  be  the 
slant  side  of  the  former,  we  have  is.as-y  or  irsy  ^r  its  sorfaoe^  and 
*(2  +  PQ)  (y  +  Ay)  for  that  of  the  other;  whence  x  (zAy+y.PQ 
+  PQ.Ay)  is  the  surface  generated  by  PQ.  But  2:PQ::y:Ay; 
whence  the  ]>rored!iii^  becomes  x (2y . PQ+Ay .PQ),  of  which  the 
second  term  diiiiunshes  without  limit  as  compared  with  the  first.  If  the 
preceding,  multipi ltd  by  trive  the  surface  generated  by  the  arc 

PQ,  by  the  axium  a  and  A-i  diiiuiiibh  wiiiiout  Umit  together,  and  the 
whole  surface  is  2  2iry .  A«  (1  +  a)  +  iSv  Ay  Af  (1  +  a).     From  tlua  liic 

*  Oblate,  because  5^s«* (1-^)  has  been  sappoted .  The  integisl  ilbr  tlie  pfolata 

s\ihc  >)'k1  takt's  a  differuut  form  in  intejrratioii. 

t  Thig  axiom  might  be  deduced  Trora  others  which  w  nilrl  W-xr  pprhar^  the 
appearance  of  a  less  amount  of  assumption ;  but  that  they  rciiiiy  have  iesd  might  be 
dtsputsd :  sss  the  sad  of  tUs  cihsftsr* 
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surface  cannot  be  fotmd,  since  a  is  an  uukiiuwii  function:  allow  Aar  to 
diminish  without  hmii,  und  the  preceding  becomes  fiityds  or  2t Jy  ds^ 
wMeh  must  alio  be  tekeD  between  tbe  proper  Hmits.  To  compare  these 
formule  with  those  m  pege  397»  observe  that  x  must  be  chaii|^  into  * 
and  y  into  r,  and  also  that  the  aolid  found  in  the  page  cited  is  not  that 
oontained  within  the  curve,  but  that  contained  between  the  eurrOi  and 
the  cylinder  generated  by  KP,  or  -xy^x  —  f^icy^dxy  if  we  begin  from  jr=0; 
or,  making  the  changes  of  notation,  'Kr*2—-J^offr^dz.  But  since  ^  — 0r, 
in  page  397,  we  have  27r J(pr  .rdr^^'nr'z'-  f^rr^dz,  beginning  from  the 
same  value  of  z.  The  integral  lur  thu  surface,  or  2^ ^-^(1  +  dz* :  rfr")  rdr 
is  2v fr»J{di*-\-d3^i  or  passing  to  the  notation  last  u|jed,  2ir  fyds^  pre- 
cisely as  just  obtained. 

If  one  equation  be  given  between  jr,  y,  and  7,  the  coordinates  of  a 
point,  that  equation  is  the  equation  of  a  surface ;  if  two  equations  be  given, 
they  belong  jointly  to  the  intersection  of  two  surfaces,  or  to  a  curve, 
plane  or  not,  as  the  case  may  be.  The  equation  of  a  plane  is  of  the  first 
degree,  or  of  the  form  Ajr-t-B]/  +  Cr4-n=0,  Tin  c(|uations  of  a  line 
are  those  of  two  planes.  These,  ami  menyoiiicr  results  of  the  applica- 
tion ui  pure  algebra  to  geunielry  of  taree  dinicuiiious,  i  shall  presume  to 
be  known  to  the  student. 

If  two  syrfiMes  have  the  equations  0  (jt,  y,  2,  a) = 0,  (jr,  y,  z,  a) =0^ 
a  being  a  constant,  each  equation  defines  a  family  of  surfaces,  not  difo- 
Ing  from  one  another  in  L^riu  r  il  properties,  but  only  in  the  value  of  a 
constant.  Thus  (t— a)* -fy' a*  defines  a  family  of  spheres,  having 
their  centres  on  the  axis  of  jr,  and  every  surface  passing  through  the  origin. 
If  we  take  the  two  equations  ^=0,^=0,  to  exist  simultaneously,  we 
have  the  equations  of  a  fanuiy  of  intersecting  curves,  m  one  ut  \»iuch  each 
surface  of  the  first  family  cuts  tliat  oue  of  the  second  which  has  the  same 
value  of  a.  And  if  between  ^ssO  and  ^0  we  eliminate  a,  we  have  an  ' 
equation  which,  though  true  of  the  pobts  of  every  curve  out  of  this 
family  of  intenections,  is  not  restricted  to  any  one  value  of  a :  that  is, 
we  have  the  equation  of  the  surface  which  includes  the  whole  family  of 
intfrfrction?  (page  359,  note). 

For  example,  suppose  we  wish  to  urt  ilie  most  general  notion  of  a 
suri'ace  formed  by  tlie  niuuon  of  a  sirai^iit  line.  The  equations  of  a 
line  are  y=ajc-\-uy  z  —  bx-\-^.  Let  a,  />,  a,  ^  be  functions  of  some 
variable  o;  there  will  then  be  an  infinite  number  of  atraight  lines,  one 
for  every  value  of  v  which  makes  a,  6,  «,  all  possible,  and  arranged 
aoecndii^  to  some  law  depending  on  the  manner  in  which  0,  h,  a,  and  ^ 
depend  on  v.  Eliminate  v  firom  between  the  two  equations,  and  there 
results  the  equation  of  a  surface  passing  through  all  the  lines.  It  is  also 
allowable  to  suppose  one  letter  in  each  equation  constant. 

A  cylindrical  surface,  in  the  most  general  sense,  is  made  by  the  motion 
of  a  line  parallel  to  a  given  line,  according  to  any  law.  Now  y=«i'+^P, 
z^bx-V^Vy  are  equations  of  an  inhuite  number  of  lines  parallel  to  the 
lines  ys4i2,  2s=6j,  disposed  according  to  a  law  depending  on  0o  and 
fv.  From  these  two  equations,  y--a»  and  z—hsm  both  functions  of 
V :  consequently,  z^hx  is  a  function  ofy—ax\  or  the  general  equation 
of  a  cylindrical  surface  is  2 — hxzzf  {y^ax).  A  similar  proceaa, 
choosing  different  forms  for  the  equations,  would  give  aT-\-by-\-cz-\-h 
=if  {a'x'\-lty'-\-c'z'\-h^)y  but  the  sccoitc]  form  is  not  really  more  general 
than  the  first.  This  is  most  easily  shown  by  comparing  the  partial  diff* 
cqu.  arising  ixom  the  two  iorms,  made  as  ia  page  04.   l  iic^  aic 
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which  do  not  differ  in  form. 

A  CQoial  flUfftoe  m  mide  bf  the  motion  of  a  line  which  alwtys  passes 

throncrh  one  point.  If  nt,  n,  p  he  the  coordinates  of  tbit  point,  te 
equatump  of  two  planes  which  pass  through  it  are 

a  («-^)  +5  (y— n)4c  («-^)3:0.  a*      igO+^(y-n)W  (t — p)asO  { 

tiiid  if  flf,  a',  &c.  be  all  fimctions  of  r,  every  value  of  r  will  give  one  line 
passing  tliruugh  the  point  m,  ihpf  and  all  these  hues  put  together  will 
constitute  a  cone  of  •  species  depending  on  thtt  manner  in  vlileh  a,  a', 
ftc  depend  on  v.  These  may  ne  conndered  as  two  eqnaCioni  betmn 
c^nt,  y**3i,  s— p,  and    from  which  msj  be  deduced 

— ^-=^t;,i  or  -^f[-   ]: 

dz  dz 
Uie  piitial  diff.  equ.  is      «)  «)  ^=r— p. 

A  mrlhee  of  revolution  is  one*  all  whose  seetions  perpendienUr  to  a 
gifcn  line  are  circles.    If  we  imagine  a  sphere  to  move  with  its  centre 

on  the  given  line  and  a  variable  radius,  together  with  a  plane  which 
alwavs  passes  throusrh  the  centre  of  the  sphere,  and  i?  perpendicular  to 
the  given  hne,  all  the  intersections  of  the  sphere  aud  piatie  will  make  up 
a  surface  of  revolution,  of  which  the  given  line  is  the  axis.  Let  its 
equations  be  ^sAr-j-a,  zs=bM-^fi^  and  let  nz,  am+o,  bm+fi  he.  the  cu- 
orainates  of  the  centre  of  the  sphere  in  any  one  position,  and  ^  the 
aq[iHBe«ifitifadws.  The  eqnation  of  the  sphere  Is^hen 

Now  the  equation  of  a  plane  passing  through  the  origin  perpendicular 
ta  the  given  line  is  jp+ay+fossO ;  and  that  of  .and  a  plane  passmg 
through  tlie  centre  of  the  sphere  is 

«— m+a  (y — a»i--«)+6  («— i8):sO- 

Eliminate  m  from  these  two  equations/and  we  have  the  equadoa  of  the 
anrfiioe.  If  the  axis  of  the  smriaoe  be  that  of  Xp  w«  h«?e  for  the 
cqnatbns  of  the  sphere  and  plane 

«^+y"+(«-p)*=^,  and  «=p. 

giving;  J:*+y*=:^2,  or  +y')  for  the  surface   The  partial  <U& 

equ,  IS 


.  The  nrecedtng  methods  are  the  shortest  by  which  the  general  definition 
of  the  class  of  Mirfacea  can  be  made  to  lead  to  an  equation  which  isneces^ 

sary,  and  not  mtire  than  sufficient,  to  express  them.  Tt  leaves  out  of  view 
the  particular  directrix  of  the  cone,  cylinder,  or  surface  uf  revolution: 
whatever  this  may  be,  the  equation  uf  ihe  surface  must  m  each  case  take 
one  or  other  of  the  forms  above  written,  and  some  parlicukr  case  of  timt 
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form,  depending  on  the  nature  of  tiie  directrix.  For  instance,  let  it  be 
mquired  to  find  the  e^iutioa  of  a  cone  whose  vertex  U  the  point  (m,n, 
p),  ami  whoie  genennqg  itnight  linea  always  pass  through  the  curve 
whcBe  equatkna  aie  y=^»  i^^jr.  The  eqiiatioiie  of  tM  genemtiiiK 
line  being  jf—R=:a  (#^ni),  2 m)»  we  muit  have»in  older 
that  the  generating  line  and  directrix  may  have  a  oemnuNi  point» 

n-t-a  («— Ni)=r^jr,   p+b  (x— m)  =  yf/x. 

If  we  eliminate  x  from  these  two  ei^uations,  we  liave  a  r^uUof  the  form 

»w,n,p),  or  — ^=/(^^— ^.>n,»,i> \ 

For  any  speeiiie  forms  4^  0  end  f,  the  specific  form  of/ can  be  found. 
The  ruled  surface  (or  the  tiii^iictf  regUe  of  the  F^cb  writen)  it 

made  by  a  straight  line,  which  moves  in  any  manner  whatever,  accord- 
ii^  to  a  regular  law ;  that  is,  a  ruled  surface  (so  called)  is  that  which 
has  the  equation  obtained  hy  eliminating  v  from  |f=^.af-^^, 
sszyffO.x-^fMiV.    The  following  arc  remarkable  cases. 

Let  the-  8 tr. tight  line  be  always  panillel  to  the  plane  of  .ry.  We  have 
then  2=11/1,  ^:=^v.x+x^*  andelimiuatiou  ^ives  the  form  i/^fz.x-\-J\z. 
The  inrtial  di£  eqn.  of  this  eurfiuse^  which  it  of  die  second  degree, 
■nee  theitt  are  two  lunctiona  to  eUminatCt  it  ibnnd  by  the  fidlowing 

I 

0s=/2.yx+//z.«'+/r,   l=zfz.z^-^f,'z.z^  or fz=:^^ 


m 

a^r^,— 2**  J,  2/+2,V  =rO,  or         2pgj  +  7«r=sO.   (See  pai^  388). 

Let  the  straiglit  line  be  always  parallel  tu  Uie  plane  of  ly,  and  pass 
through  the  axis  of  z.  Then  2=&)P, 'y  =  0o.x,  which  gives  the  form 
izsf  (x :  y).    The  partial  diflf.  equ.  is  oj+^y  =0. 

Let  us  now  suppose  a  family  of  surfaces  having  the  equation 
y  (T,y,z,a)=0,  the  different  indtvidnab  being  distinguished  by  the 
vahwa  of  n.  If  we  name  the  suHaoes  after  their  values  of  a»  the  two 
svrftces  a  and  a  if  they  intersect  at  all,  have  an  intenectiiig  carve 
defied  by  the  joint  existence  of  the  equations 

f  ("Tiy* =  0|  V  (x,y,i,a+Aa)=0,  or  t  + Aa+  =0; 

(H     (!*\h  111 

If  ^  diaiiuj»h  without  limit,  it  is  clear  that  the  cquatiois  Y'^O, 
d  f :  da=-0  de&nc  a  curve  which  can  never  be  the  mtersectiuu  uf  ilie 
surfaces  a  and  a+Aa  as  long  as  Aa  has  any  value,  but  to  wUt^  the 
inteiaection  approaches  without  limit*  at  Aa  diminishes  without  limit 
IlUa  ewe  it  ctUed  the  cAoroclmf  fie  of  the  ibllowing  turftee.  If  we 
rtiminnti?  a  between  ^^=0  and  :  da=0,  we  have  an  equatioa  which  is 
trae  of  ell  chancteristics,  and  therefore  belongs  to  the  surfiu^e  in  which 

•  The  similar  coa»iU«catioas  ap|>lyiiig  tofiimiUM  of  cunrefypags  364,  ^c,  wiU  r«a- 
d«i  it  unsecesssry  to  trsat  Ihte  psurt  ia  dstail* 

8  D 


Digitized  by  Google 


m  HmSBXNTUJL  AND  INllGIBAL  0ALCUL1T& 


all  the  characteristicR  lie.  Using  the  language  of  infinitely  small  quan- 
dtiei,  (which  we  shall  often  do  in  thia  chapter,)  if  iU  uie  raifiieei  of 
tliu  taiily  be  deteribedt  c>ch  being  iofiniteiy  anr  its  predccciior  and 
wmotmat,  the  put  of  tiie  aurfoce  a+d«  cut  off  by  a  ond  a+2da  is 
botuded  by  the  characteristics  of  (a,  a+da)  and  (a+da,  a+2(ia),  and 
is  a  strip  of  infinitely  small  breadth,  forming  part  of  the  surface  which 
contains  all  the  characteristics.  Perhaps  the  following  diagrams  may 
give  Bome  idea  of  this.  The  surface  of  which  Aa  is  a  part  has  ihe  value 
a  in  its  equation,  and  becomes  Bb  when  a  is  changed  into  a+du,  Cc 


B 

C, 

/Ac 

when  a  is  changed  into  a  +  2da,  &c.  The  characteristics  aretheciures 
ending  at  a,  f>,  c,  &c.,  and  the  strips  which  they  inclose,  parts  of  which 
mtke  up  a/PQ,  are  portions  of  the  mrfaoe  which  cdntains  all  tbe 
cberectenitics* 

ExAMFLis.  A  apbete  of  a  giren  Tadiua  h  moves  with  its  centre  upon 
the  curve  whose  equations  are  y:=zax^  z—fix.  Required  the  character- 
istic of  each  position  of  the  sphere,  and  the  conpfrting  surface*  of  all 

the  s])here8.  This  prohlem  is  chosen  hcciuise  the  coimectit  g  snrface  is 
obviously  a  tube  of  the  same  diameter  as  the  sphere,  and  having  the 
given  curve  for  its  axiss ;  the  characteristic  of  two  consecutive  spheres  is  a 
circle  of  the  tube. 

The  equation  of  the  sphere,  when  its  centre  |bas  the  abscissa  a,  is 
(«»«)*+(y'~tta)*-|.(«^/3a)*=A*,  and  we  have  for  the 


equations  of  the  J  (j— +       aay+(j/— yBa)*=A* 


l  (ir-a)+(y- 


These  equations  denote  the  intersection  of  the  sphere  with  a  plane^ 
o\  n  circle.  We  cannot  eliminnte  n  without  giving  specific  forms  to  a 
and  /3,  aiul  even  then  tiie  elimination  will  be  L'eiieriilly  tedious,  and  moat 
trcqiu  ntly  impossible  in  finite  terms.  If  tlu  a\is  be  a  straight  line, 
cUiamation  will  leadiiy  ^ive  the  equation  ui  u  ciicular  tube  with  a  straight 
axis,  or  of  a  ciicolsr  cylinder. 

If  4>  (x,  y,  z,€i)  sO  and  f  (j,  a)sO  be  the  equations  of  a  family 
of  cunres,  and  if  we  take  the  curves  belonging  to  a  and  a+  da^  there  wiO 
be  an  inteusection  if  the  four  equations 

0  (x,y,  z  a)=0,   y  (a  y^    «)=0 ;    ^  (jr,y,  r,  a+ A<i)=0, 

Yr(j,y.r,  o+Aa)  =  0 

*  French  writers  (following  Hoage,  to  whom  I  need  hatdly  say  I  am  here  indebted 

for  every  thing)  call  this  conmeting  iiiiface  tbe  tnteitf>pef  (whicliitis  very  often,)  and 

the  fim\\y  of  con nfcfed  hurfacen  rt.rrfupprft.  These  teims  causi«  <Y>nfu«ion  T^  hrn,  ns 
odea  hftf^ot,  the  enfelope  is  itveli  enveloped  by  the  surfacek  to  which  it  i§  oomi- 
anUy  flM  oatsbpe. 


Digitized  by  Google 


APPUCATION  TO  QIOMBTRY  OP  THREE  DIMENSIONS.  403 

can  satisfied  by  the  saiue  values  of  .r,  y,  and  r.  With  fouf  equntions 
this  cannot  be  jjenerally  true:  but  iti(  re  maybf  n  simultaneous  existence 
of  the  four,  independently  of  any  particular  v;ilue  given  to  a,  if  three 
only  ef  dieee  equatione  be  independent,  and  li  ihe  fourth  be  deducible 
from  thenh  Simikrl  j,  if  ^  be  infinitely  nnall,  and  the  four  equationt 
become  ndocible  to  ^s?0,  VrsO,  :  daziO,  df :  daszOf  as  before,  the 
two  contiguous  curves  may  liai«  an  interseetion  in  a  similar  case.  This 
is  precisely  what  happens  when  the  family  of  curves  is  that  of  all  the 
characteristics  of  a  given  surface,  for  if  ^s:0  and  d^lda^O  be  the  tWO 
equatioitf,  the  four  just  noted  axe 

of  whidi  tile  Moond  and  third  are  tibe  same.  Consequently  the  three 
equations  ^=0, 4^ :  dasO,  :  dthsO^  determine  the  Yalues  of  y» 
and  z  at  an  interMetton  of  two  consecutive  and  infinitely  near  character- 
istics.  Form  two  equations  by  eliminating    and  we  have  theequations 

of  ft  curve  which  passes  through  all  the  intersections  of  consecutive 
characteristics,  and  \vh;ch  nmy  be  called  the  connecting  curve  of  the 
characteristic?  (the  l^rench  rail  it  the  arete  dr  rebroussement) .  Let 
the  connected  surfaces  be  a  family  of  planes,  having  for  their  equation 

s=2ax4-^y'-a%  or  «-*2flx— a^+a*=0. 

Bliminste  a  from  the  preoedingy  and  —x—wf+a^^O,  which  gives 
ssj* :  (1— y)  for  the  connecting  surftce.   The  c<ninectiDg  curve  of  the 

characteriatics  has  also  the  equation  — y-f  1— f>,  or  is  cut  from  the 
COnncctinu;  stirfare  by  n  ])1nne  pnrnllel  to  that     xz  at  a  unit*?  dislancc. 

A  devtiopdhii'  siirliicc  is  one  which  can  be  developed  on  a  plane  with- 
out any  such  aUeratiou  ui  parts  as  would  l>e  called  rumpling,  if  it  were  a 
thin  sheet  of  matter.  In  order  that  a  surface  may  be  dleveIopable>  it 
m«at  be  the  eonnecdng  sorfoce  of  a  family  uf  planes,  so  as  to  admitof 
that  mode  of  ffeneiation  which  we  eipress  by  oslling  it  an  infinite 
number  of  infimtely  thin  plane  strips.  Each  of  these  strips  may  then 
be  supposed  to  tmrn  round  the  line  in  which  it  joins  the  contiguous  strip, 
Tmtil  all  are  in  the  same  plane.  The  equation  of  a  family  of  planes 
beiiiLT  z~a.v-^(pa  .1/  -\-fa^  that  of  the  counectirm  surface  (wlurh  is 
develupubie)  is  obtaiued  by  eliminating  «  lium  ilic  preceding,  and  from 
.»  +  <^'ay  +  ^'a=0.  This  gives  (page  246)  q-<Pp  and  rt — j*=0,  as 
partial  di£  equ.  belonging  to  this  dass  of  lutfacis.  Cylinders  and 
eenee  are  the  most  obviouB  of  developable  surfaces. 

Gif  eu  0  (j:,  y,  s)c:0,  the  equation  of  a  surfiwe*  required  a  method  of 
finding  whether  a  straight  line  can  be  drawn  upon  Uiat  surface.  Let 
y=rajr+a,  «=6x+y8  the  equations  of  a  straight  line :  its  intersections 
with  the  surface,  if  any,  are  found  by  finding  x  from  the  equdiirm 
0(x,  or+a.  bx-\-ft)i=0.  So  many  real  values  of  x  as  this  equation 
give?,  80  many  distinct  intersections  are  there  of  the  straight  line  and 
surface.  But  ii  a, «,  6,  can  be  su  a&sigued  that  the  preceding  shall  be 
tne  per  se,  or  fiir  all  values  of  the  stmight  line  everywhere  coincides 
with  the  surface. 

EzAMPLB.  A  surface  is  generated  by  the  revolution  of  an  hyperbola 
about  ita  minor  axis  (which  place  in  the  a»8  of  -  )  ;  can  a  straight  line 
be  drawn  upon  it?  (The  common  fitrnrc  of  a  dice-box  will  Buthciently 
well  lepcesent  a  part  of  this  surface.)   Let  A  aud  B  be  the  semi-axes : 

2D2 
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■when  the  revolvin;^  hypcrliola  is  in  the  plane  of  xr,  ita  equation  is 
B*  j"—  a'  k''  b%  and  the  equation  of  the  surface  is  b'  (jc'+y*) — 2" 
=:a*b*.  Let  jr=ra2  +  0{,yss6c+i8  be  the  eqtutknn  of  attndf(ht  line: 
whence  Ihe  inleneetions  of  this  tine  end  the  turftce  tre  fbniid  from 

B«  { ( +  « ) '  +  (  &2 + /3  )• }  -  A*    = A«  B«, 

which  is  made  identical  by  B*  (a*  +  6«)=:AV<lflf+6^=!0,  end  B'C« 
sA'^B*.  These  are  equivalent  to  2 

/3=±Ba,    «=+B6.   (a«+6*)=^*  J 

Ae  here  ate  only  three  eqnationa  with  four  quantities  to  detennlne*  an 
infinite  number  of  etrai{^t  lines  can  be  drawn  on  this  surface.  Take 
any  point  whose  coordinates  are  jTi*  ^i.  and  z„  on  the  surface,  then  if  the 
straight  line  he  required  to  pass  through  this  point,  we  have  x— 
=a(2— 1|)  and  y—yi  =  h(z^Xi)  for  its  equations,  or  a^Xi  — lUt, 
fis=:yi — bzi.   Hence  we  ^d 

and  the  two  first  equatiuus  satisfy  a'+i»*=:A* :  B*.  Hence  two  straight 
lines  can  be  drawn  tfaroogh  each  point  of  the  auiftee.  Show  that  any 
straight  line  drawn  on  this  snrface  is  parallel  to  a  line  drawn  through 
the  origin,  making  an  angle  with  that  axis  which  is  the  same  for  all  the 
lines ;  imd  then(»  that  this  surface  of  revolution  is  the  surface  of  revolo- 
tion  formed  by  the  revolution  of  a  stiaigbt  line  which  ia  not  in  the.aaine 

plaTie  with  the  ftxis  of  z. 

Required  the  equation  of  "a  surface  which  passes  through  any  number 
of  curves  whose  equations  are  P,r=0,  Q,=U  of  the  first;  Pt=:0,  Qi=0 
of  the  second,  ^^c.  Take  P  a  function  of  P|,  Ft,  &c.,  which  vanishes 
with  any  one  of  them,  and  Q  a  similar  function  of  Qi,  Q.,  &c.  Let 
/(?,  Q)  bea  function  whieh  vanishes  when  P  and  Q  boih  vanish:  tltfn 
/(P,  Q)=:0  is  the  equation  of  e  surface  which  aatiafiea  the  reqoiied 
conditions;  thus,  if  there  be  two  straight  lines^  x=:az+ a,  y=6a-f^» 
and  x=a'z+a'  and  ysd^xH-^,  the  simplest  equatioii  of  asuriBwe  pass- 
ing through  both,  is 

1  Ikivc  entered  into  the  preceding  detail  on  the  trcncmtion  of  surfaces 
tliat  the  student  mnv,  previously  to  studying  the  cununttn  theorems  of 
the  differential  calculus  on  this  part  of  the  subject,  have  a  wider  idea  of 
the  extent  to  which  the  generation  of  surfaces  can  be  carried,  than 
can  he  gained  from  consideration  of  the  few  which  occur  in  cle> 
mentary  geometry  * 


*  At  the  same  lime  it  must  be  remembarsd  that  I  am  not  now  teaching  aoUd 
f^eometry  by  the  differential  chIcuIu**,  but  ill'i'strHtiTu;  ih{^  differentiiil  tMlculus  by 
gsometrv.  The  student  who  finds  that  his  notiuns  of  solid  space  are  not  Kuiiicieatly 
prsctissd,  should  mak%  hiauMlf  master  of  tho  Q^^mUri*  DneripUiH  of  Mooge,  one 
ur  the  most  clear  and  ele{;^nt  of  elementary  works.  The  synthetical  part  of  tte 
MUmenta  de  Geometric  a  troit  dimemiom,  Paris.  1817,  by  Ilachcttt',  mij^ht  aho  be 
Studied  with  advantage.  Lest  the  student  should  imagine  thatuuy  other  work  on 
doseriptiTe  geometry  would  answer  the  pnrpose,  he  should  understand  that  it  it  tko 
pocobsviiBpiiotyof  tbestyieof  MDog<t,aad  the  gcatial  ideas  which  sit  ghnn  ob 
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'  The  coordinate  planes*  divide  all  space  into  eight  compartments,  which 

may  ha  distinguishcf!  by  the  signs  of  the  coordinates  of  points  in  them. 
Namuiu;  the  coordinates  in  the  order  .r,  y,  2,  and  choosing  one  com- 
pariment  in  which  the  coordinates  are  to  be  positive,  and  proceeding;  lu 
the  direction  of  positive  revolution  round  the  axis  of    we  .have  what  we 

may  call  the  first,  second,  third,  and  fourth  com* 
partments  above,  and  the  same  below,  the  plane  of 
Tlie  student  should  remember  to  attach  the 
idea  of  first,  seoond,  third,  and  fourth,  to  the  order 

of  signs  -f +  ,  — +»  »  find  H —  in  the  two 

first  places,  and  tho«e  of  above  and  helow  to  the 

signs  +  and  —  in  the  third  place.  Thus  

should  imnicdiatelv  suggest  the  third  compartment 
below,  and  — h  +  the  second  above ;  and  so  on. 

Let  a  straight  line  (r)  passing  through  the 
origin  mske  with  the  positive  sidM  of  the  ^three 
axes  in  the  positive  directions  of  revolution,  the 

angles  rxso,  rjfstfi,  and  rsrsy.  Then  the  equations  of  the  straight 
line  may  be  represented  by  any  two  out  of  the  three 

"*.r    _    y         2  X   y      2  , 

^coa  a    cos  /i  ~co8  y       a  ^  b      c  ' 

where  <7,  6,  c  are  any  quantities  proportional  to  the  three  cosines.  The 
signs  of  cr,  h,  r  ft«<  thev  Ptfind,  and  when  all  are  changed,  show  the  com- 
partments through  ^sliu  li  the  ^tralli;ht  line  runs.  Thus  or: 3=^/ :--4 
=     — G  are  the  equations  of  a  straight  line  passing  through  the  origin 

into  the  comparinieuts  H  and  — t-  -f,  or  the  fourth  below  and  the 

second  above.  The  equation  of  a  plane  being  Ax+By-hCs+HsO, 
the  signs  of  A :  H,  B :  H,  and  C :  H,  changed,  show  the  compartment 
out  of  which  the  plane  cuts  a  pyramid:  thus  3x— 2y— 1^— 1  cuts  a 
pyramid  out  of  *  -|-  +  or  the  second  above.  And  this  plane  has  a  poar* 
tion  in  every  compartment  except  H — — ,  or  the  fourth  below.  But  if 
a  plane  pass  tlirm  g!i  tlie  oji^in,  it  then  appears  m  six  compartments 
only,  those  out  of  which  parallels  to  it  might  cut  pyramids  being  vacant. 

Thus  3jr — 2y — 7r=0  appears  in  every  coinparunent  except  +  

and  — h  +•  The  angles  of  a  plane  with  the  coordinate  planes  are  those 
made  by  a  perpendiailsr  through  the  origin  with  the  remaining  axes: 
Thus  the  angle  of  the  planes  P  anid  ly  is  that  which  the  line  p,  perpen- 
dicular to  P  through  the  origin,  makes  with  the  axis  of  z.  And 
Ax  +  By4-C2  +  H=0  being  the  equation  of  a  plane,  those  of  the 
pcrpendicttlar  through  the  origin  are  r  :  A=y  :  B— r  :  C. 

An  ei{uat]on  in  which  one  coordinate,  say  z,  docs  not  appear,  or 
^  i^*y)=^\  i'^  the  etiii  iii  n  of  a  cylinder  described  on  the  curve 
0  (x,y)=:0  in  the  plane  of  sy^  by  a  iiue  moving  parallel  to  the  axis  of  z. 
It  is  only  when  we  tacitly  sufmose  zisO  that  this  equation  belongs 
to  the  curve  just  mentioned.  In  this  last  case  0(x,y):=O  may  be 
called  rttiricUd^ 

Rsqimred  the  equation  of  the  tangent  plane  of  the  surface  ♦  (jr,y,  a) 

tVe  principal  properties  or  solid  space  which  are  recomTnended  to  his  attention  ;  and 
not  merely  tlM  processes  of  deicriptive  geometry,  though  these  aro  very  u««ful. 
*  The  student  b  hew  snppossd  to  have  letd  pp.  197— S60  of  the  ttoatiM  on 
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=0,  which  jjives  -:=0  (r,  y).  By  iimtion,  the  tangent  plane  is  that 
between  which  and  the  buri  ice  no  other  plane  can  be  drawii.  Let 
(j,  z)  be  the  point  of  contact,  and  let  I,  ij,  ^  be  the  coordinates  uf  iiu 
arbitrary  point  in  the  plane.  Let  a  new  point  be  teken,  of  which  the 
horiaontal*  coordmatei  are  6x,  y+ Ay,  and  let  the  equation  of  the 
tangent  plane  be  «=A  x)+B  (if— y).  Hence  the  Tertkal 
coordinate  on  the  tangent  plane  is  found  from  ^— r = AAr  -f  BAy,  when 
the  horizontal  coordinates  are  j  +  Ar  and  y+Ay;  while  the  vertical 
coordinate  of  the  surface  for  the  same  point  is  z-J-pAr-f  f^Ay  +  J  {r(Ar)« 
>f  2.«  At  Ay-f-^ (At/)-} -f&c.  (pages  163  and  388).  If,  then,  wc  assume 
the  deflection  as  pu&itivc  when  the  coordinate  of  the  surface  is  greater 
than  that  of  the  tangent  plane,  we  have  iut  tlic  deflection 

(p-A)  Aj?+(g-B)  Ay+i  {r  (Ax)«+2j  Ajf  ^y+l  (Ay)«}+ .  .  .  . 

Let  'the  line  which  joins  the  puint y  and  jr+^,  y  +^tff  nuhe  an 
angle  t  with  the  axis  of  j:,  and  let  Ax  and  Ay  diminish  so  as  not  to  alter 
thia  diiectum.  Then  Ay=:Ai»tan    and  the  preceding  becomes 

f  ArV 

{(p— A)+(9-B)tang}Ajr+{r-l-2itan6+<taa"C}^-^+  

If  p  differ  from  A,  and  q  from  B,  f>nc  or  both,  this  deflection  has 
always  a  finite  ratio  to  A.r,  wliich  has  fur  a  limit  the  ratio  of  p — A 
4-(<7 — B)  tan  €  to  1,  except  only  in  the  case  in  which  Ay  and  Ar  are  so 
taken  that  tan  —  (/J— A)  :  (g— B),  in  which  case  the  deflection 
diminishes  wi^ut  limit  as  compared  with  Consequently,  there  is 
one  direction  in  which  tlie  plane  deflects  less  from  the  surnce  than  in  any 
other.  But  if  p= A  and  9=B»{or  if  the  plane  have  the  equation 

C  -  2  =p  a  -    4-  7  (fi-y)  (  T), 

the  deflection  has  to  Ar  the  ratio  of  ^  (r4-2.?  tan  +  /  tan'  O  Ar4-  . , 
to  1,  which  ratio  alwavs  diminishes  without  limit.  jl(  nee  tlie  dctlection 
of  this  plane  (T)  always  becomes  less  than  tliai  ot  any  uiiicr  platie  (P) 
in  whatever  direction  we  proceed,  except  only  for  one  direction  in  each 
plane  (P).  But  we  shall  now  show  that  all  these  isolated  directioDs, 
one  in  each  plane  (P),  are  no  other  than  those  indicated  by  the  lines  in 
which  the  planes  (P)  cut  the  plane  (T) . 

The  two  equations  ^— zs:A  {^~x)-\-B  (if— y)  and  ly  — y=tan  €  (^-x) 
jointly  belong  to  a  straight  line,  "svhich,  lyint^  entirely  in  the  plane  which 
has  the  first  equation,  is  projcctcil  upon  the  plane  of  into  a  line  pas^s- 
ing  through  the  point  (r, y),  and  making  an  an«^1e  C  with  the  a\is  of  r. 
If  we  assume  tan       — (p~      ■  (<]  and  if  wc  eliminate  one  of  ihe 

two  A  and  B  from  the  equations,  say  A,  we  obtain  an  equation  belonging 
to  a  aur&ce  which  contains  all  the  lines  in  question  tiiat  can  be  drawn 
upon  all  planes  whose  equations  only  differ  in  their  values  of  A.  But 
it  so  happens  that  in  eliminating  A  we  eliminate  B  also,  and  obtain  the 
equation  T.  For  the  second  equation  becomes  — A)({— j> 
+  (7-B)(./ -./)  =  0,  or  A(£-x)  +  B(n-y)=p(^-j:)+o(i|-y), 
which,  with  the  first  equation,  L^ivr^!  ^—-2=ff  {^  —  x)-\-q(rf—y).  Con- 
sequently, the  plane  (T)  has  a  dctiection  from  the  surface  less  than  that 
of  any  other  plane  dxawn  through  (x,  y,  2),  in  every  durection  but  one, 

•  From  the  uKual  manner  in  which  diansms  are  dimwn,  it  will  be*eQiifSiii«Bt  ts 
caU  4r  aady  tbs  hoiisontal  coordiaaAss^  and  s  ths  vertical  oiMfdiiiatei.* 
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luuDdy,  that  of  the  line  in  wluch  the  two  planet  ooineide.  Henoe 
no  plane  can  be  drawn  between  this  tangent  plane  and  the  surface. 

If  <^(T,y,2)s=c  be  the  equation  of  the  lurface,  we  find,  aa  in 
pa0e352, 

which  will  transfimn  the  equation  of  the  tangent  plane  into 

<f*       </4»       rf*  ^f*  rf* 

dx      dy       dz        dx      dy  dz 

which  (aa  m  page  352)  if  «  be  a  homogeneouB  (unction  of  dP,  and  «^ 
haa  TIC  for  its  second  side,  n  being  the  degree  of  the  function.  All  the 

considerations  used  in  the  page  just  cited  apply  here. 

The  equations  of  the  normal,  or  perpendicular  to  the  tangent  plane 
through  the  point  of  contact,  arc  either 

or  any  two  of  the  three 

(!<l'  rftt) 

The  line  of  greatest  declivity  (lii^nc  dc  la  trrandc  pente)  with 
respect  to  ixy)  is  that  drawn  in  the  taugeut  plane  from  the  point  of 
contact  perpendicular  to  the  intersection  of  the  tangent  plane  and  (xy). 
Its  projection  on  the  plane  of  sty  ia  therefore  perpendicular  to  that 
intersection.  Now,  making  4^ssO,  we  have  for  the  equation  of  the 
interaection 

— «  ssp  «~#) + q  (9— IP), 

and  the  equaUuu  of  a  perpendicular  to  this^  drawn  through  the  point 

p(ii-y)-9«-*)=0,  or  ^  «-«)=;0. 

This,  and  the  equation  of  the  tangent  plane,  are  the  equations  of  the 
line  of  greatest  declivity  to  the  plane  of  xy.  The  projection  of  this  line 
on  (fJ/)  is  also  that  of  the  normal. 

Let  the  surface  be  an  cUipsoici,  and  let  A,  B,  C  be  the  reciprocals  of 
the  s(^uare6  of  its  principal  scmidiamclers,  the  lines  of  these  semi- 
diameters  being  the  axes  of  coordinates.  Then  the  equation  of  the 
surface  ia  Aj^+B/+C2'ssI,  that  of  the  tangent  plane  and  those  of 
the.nonnal  are 

A  curve  is  the  intersection  of  two  surfaces;  and  its  tanjjeut  line  at 
any  one  point  is  the  intersection  of  the  two  tangent  planes  of  the  two 
surfaces.  If,  as  ia  most  common,  the  curve  be  assigned  by  its  projections 
on  two  of  the  coordinate  planes  {zx  and  yx)  j  that  is,  if  y = and 
be  the  equations  of  the  cylinders  of  projection,  we  find  for  the  eqoationa 
of  ^e  tangent  planes,  derived  from  y — ««5=0,  x^fixszO, 
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which  equations  are  jointly  those  of  the  tangent  required  ;  severally,  nod 
restricted  to  the  ])Uines  of  the  coordinate*  they  include,  they  are  the 
equations  of  the  tanqenis  of  tite  prqj€ctioni»  whieh  are  theretore  Uie 
projecliotm  of  the  tangent. 

A  curve  has  an  infinite  number  of  normals,  or  lines  perpendicular  to 
tbe  tangent,  wbich  aU  lie  in  a  plane  called  tlie  namuU  ffam*  Again,  of 
all  the  phnea  whicb  can  be  dnnm  diroucli  a  point  o£a  conre,  there  nay 
be  (generally  is)  one  which  is  closer  to  ^e  curve  than  any  of  the  others : 
Ibie  IS  called  the  osculating  plane.  Pievioualy  to  comideiing  theae,  it 
"will  lie  (lesimble  to  treat  the  subject  of  curve  lines  gcnerfllly  in  n  manner 
wliich  does  not  refer  to  projections  on  two  coordinate  planes  to  the 
exclusion  of  the  third. 

Let  »  be  a  variable,  of  which  jt,  y,  and  z  are  severally  funciious,  so 
that  jrs  y=y.»  2=z^  where  jr,  is  an  abbreviation  of  ^*  the  function 
of  «  whifih  X  la.**  Hence,  by  cBmhiathMi  of  9»  two  eqnaliona  between  jr, 

and  s  may  be  obtained  in  an  infinite  number  of  ways,  and  each  pair 
contains  the  equations  of  a  pair  of  surfaces,  intersecting  each  other  in 
the  same  curve.  And  j/,  r\  &c,  mean  diflf.  co.,  taken  with  refierence  to 
r;  and  dy:dx,  as  obtained  fifter  elimination  of  r  from  the  first  and 
second  equation  above  written,  is  the  same  as  dy  :  dv-^dx  :  dr,  &c.  The 
cquationB  of  the  tani^eut  of  the  curve  above  mentioned  may  then  be 
reduced  to  auy  two  of  ihe  tliree 

whence  the  equation  of  a  plane  perpendicular  to  tins  line  pesttng 
thiough  the  point  of  contact,  or  of  the  normal  plane,  ia 

S+(«-)£=o  (Nv 

From  this  supposition  we  can  easily  pass  to  either  of  tlie  more  limited 
ones.  Thus,  if  y  and  :  be  ejtpressed  in  terms  of  j-,  we  have  vss:f  and 
dx:dv=^lf  whence  the  equation  of  the  normal  plane  is 

'  Let  a  plane  be  drawn  through  the  point  (x,  y, «)  of  a  cunre,  bKffng 
the  equation  P (£-ar)+Q  (i,-y)+R(4:-2)s=0,  and  let  us  consider 

the  deflection  from  this  plane,  in  a  direction  parallel  to  the  line  ]|=a{, 
and  at  the  point  of  the  airve  whose  coordinates  are  jt+Ajt, 
y  +  ^y,  z4-Az.   The  equations  of  the  line  on  which  the  deflection  ia 

measured  are  then 

(y+Ay)=a  {4-(«+iXr)},    ^-{»+ A*)«4  A«)}  ; 

and  the  intenection  of  the  line  and  plane,  (PAf + QAy+RAf)  • 
(P+Qn+R^)  being  V,  is  made  at  the  pointa  whoae  coordinatca  tie 

Now  the  coordinates  of  the  two  extremities  of  the  deflection  nre  f,,  i;,, 
on  the  plane,  and  «+Ax,  &c.  on  the  curve:  whence  the  length  o| 
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Uie  dftiectioii  kiht  wqpmt  root  of  the  imii  of  the  sqinm  of  d — («-|>  Ajk), 
ke*^  or 

VVd  er  V(l  .  (PA«+QAy +RAt) :  (P+Q^+B6). 

To  make  the  plane  osculate,  as  the  phrase  is,  with  the  curve,  we  must 
mtke  PAjr+Qi^y4-RA2  depend  upon  the  highest  pomible  powers  of 
tmell  qoijititiee.   Let  the  increments  ariee  mm  v  reeeiring  the  incre- 

nientA;  whence  .  • .     Ac.    Make  the  coeflSciente 

of  A  and  A«  wnuUh,  or  let  Pj'+Qy'  +  R2'=0.  P«"+Qy"+R2"=0. 
which  Tcqnircs  that  P,  Q,  and  R  should  be  in  the  proportion  of  y**"— e'y''^ 
sU^^ifs!^  and  af%f*'-%/jf\   Consequently  tho  plane 

(,^*^-r'y'')(|-jr)+(<^^-4r'0(n-y)+ . . .  (O) 

is  80  placed  that  all  deflections  from  the  curve,  in  \sh;itcver  direction 
measured,  depend  upon  the  third  power  of  A,  while  \\\  every  (jthcr  plane 
the  same  dctlcction  dependR  upon  the  second  or  the  first  power  of  h. 
This  plane,  then,  cluscc  thau  uu)'  oilier  tu  the  curve,  and  is  the  oscu- 
la^og  plane. 

Those  planet  in  which  the  deflection  depends  on  the  eeeond  power  of 
h  liave  pj^'+QZ+Rt'sO:  show  that  thie  condition  is  aatiaHed  hy  all 

planes  which  pass  through  the  tangent  of  the  eurve  at  the  point 

(•r»y. These  might  be  supposed  (as  passing  through  the  closest 
line)  to  be  closer  than  other  planes ;  and  the  preceding  shows  that  such 
is  the  case. 

If  the  line  on  which  deflection  in  measured  be  taken  perpeiidicukr  to 
the  osculating  plane,  we  have  for  the  paralltl  to  it  drawn  through  the 
origin,  i  .x^f=Ti  :y„=^:  Zf^f  where  P=*^, ^y,  &c.  Hence 
a=  j/^^ ;  j:^^  6=2/1 :      M»d  suhatitution  in  V^(l+tf+6*)  gives 

♦ , 

for  the  first  term  of  the  deflection. 

A  plsas  passing  through  a  given  point  and  having  the 

equation  P  j)  +  Q  (/?-y)-f  R  (s  — •^)  =  <>,  maybe  called  the  plane 
(P,  Q,  R).    Hence  the  normal  plane  is  find  tlie  <  fci! fating 

plane  h  (x^^ytj^^z,,) :  and  thcfce  two  planes  arc  j)cipcndicular,  since 
x'x.^+y'y/.+s' *<,=0.  A  line  perpendicular  to  the  osculating  plane, 
drawn  through  the  point  of  contact,  is  in  the  normal  plane,  and  has  for 
its  equations         :  J^,  =  (n — y)  •  i/^=  C^—*) :  V  The  accompanying 
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diagram  represenis  the  axes  of  ^r,  y,  and  r,  P  a  point  in  the  curve,  PQ 
an  arc  of  the  same,  PT  the  tangent  at  P,  VK  the  osculating  plane,  VL 
the  nonnal  plane^  PV  and  PW  nomals  in  and  perpendicular  to  the 
oaeulating  plane :  there  ia  alio  aeen  a  imaU  portion  of  the  piojectioa  of 
die  earve  on  ita  oaeulating  plane  by  linea  perpeodioular  to  that  plaiWb 

I  now  ptooead  to  aoma  rmlta  of  the  preceding  formula. 

Every  curve  has  two  remarkable  developable  surfaces  connected 
with  it:  the  first,  or  o<^nifnfin!^  surface^  is  the  connecting  surface  of 
all  its  oscuktiui;  ])hiiu:s  (page  402)  i  the  second,  or  poUar  surface^ 
is  the  connecting  burlace  of  all  its  normal  planes.  If  we  differentiate 
(O)  with  respect  to  v  only,  we  obtain,  remembering  timt  j^'x^-^&c 
=0,  the  equation 

and  (0)  and  0')  aie  jointly  the  equationa  of  the  characterbtic  of  the 

connecting  surface  required :  and  the  equation  of  this  connecting  aurface 
is  found  by  eliminating  v  between  O  and  0'.  But  it  can  be  more  simply 
found;  for  if  (^— j:)  :  jf'=4C,  (9— y)  (C— 'C) i^'ssZ,  we  may 

reduce  (O)  and  ((y)  to 

(II - Z)  y'^ V" + (Z-S)  2'jfy"'  +  (5? - 11)  j/y 'z'^rrO ; 

which  can  be  satisfied  by  /£p=:H=Z,  the  equations  of  the  tangent^  ami 
of  course  by  nothing  else,*  as  two  planes  cannot  meet  in  more  than  a 
straight  line,  Cnnsequeutly  the  tangent  ot  the  curve  is  the  Tnter?eetinn 
of  two  inhaitely  near  osculating  planes  :  and  the  connecting  pufIhcc  of 
the  osculating  plaueo  is  ihui  which  contains  all  the  tantrents  of  the  curve. 
Eliminate  t7,  tnen,  from  (4— •.Jf'=(>?— •y'^U— ^)  iz*,  and  ita 
equation  ia  found. 

Take  (N)t  the  equation  of  i3bt  nonnal,  and  differentiate  with  napeet 
to  V.  We  have,  then,  - 

a-^Hf  (»/-y)+«"    -2)  -a^-y'^^-z'^rriO  (N'). 

Then  (N)  and  (N')  aie  jointly  the  equations  of  the  straight  line  in 
which  two  infinitely  near  normal  planes  intersect    This  line,  which  is 
called  the  polar  line  of  the  point  (t,  y,  2),  is  a  characteristic  of  the 
surface  connecting  all  the  normal  planes.    And  this  polar  line  is  per- 
pendicular to  the  osculating  plane  :  for  (N)  has  been  shown  to  he  so, 
and  (N')  is  so,  because  2"xy^+y  V.^+ i"z,^=0 :  whence  the  intersectioa 
of  (N)  and  (N')  ia  also  perpendicular  to  the  nonnal  plane.    And  the 
noint  of  interaection  of  the  oaeulating  plane  and  the  polar  line  ia  found 
by  assuming  the  joint  existence  of  (O),  (N)»  and  (N')*  which  givea 
(making  «'«+y*+ar''=:«^,  for  £— j,  4^— and  t?— y.  three  tractions, 
whose  numerators  are  s'*  i^^yjt^t/'nh     iif^  >  —  ^y,i)y  ^ 
and  whwe  common  denominator  is  x*-\-y,,'^  +  Zf,*.    The  square  root  of 
the  sum  of  the  squares  of  tlicse  fractions,  or  the  distance  from  the  puiut 
(jp,y,  z)  to  the  nitersectinn  of  its  polar  line  and  ubculaiing  plane,  is 
'    V  A '"*^»      we  shall  now  show,  is  the  radius  ot 

curvature  of  the  curve.  Let  the  closest  circle  which  can  be  drawn  to 
the  curve  at  the  point  {x^y^z)  have  ita  centre  in  the  plane  A  (I— jr) 

*  Let  the  tttulent  find  a  mvst  algebraiefel  demonetiatioB  of  this. 

.  J  .  d  by  Google 


AFPVUMmGH  TD  «OMXntT  OF  TBHKX  DIUBNaONS.  411 

+B(ii— y)+C(^— a)— 0,  and  let  the  coordinates  of  that  centre  be  a, 
by  c,  and  the  nMliiu  of  the  drcle  be  n  Consequenily  thai  circle  ia  the 
iDteraeetkm  of  the  plane  (A|B^C),  and  the  sphere  (if -y)* 

•^(^  -zyssf*.  Differentiate  each  equatbn  twice  wiUi  xeapect  to^a 
vaiiable  in  terms  of  which  17,  and  (  are  aopposed  to  be  expressed,  and 
then  express  the  conditions  that  (A,  B,  C)  is  to  pass  through  the  ywint 
(<7,  6,  r),and  the  sphere  through  the  point  (r,  y,  r).  And  so  to  plnce 
the  plane  and  sphere,  these  conditions  subsisting,  that  there  may  be  a 
complete  contact  of  the  second  order  between  the  circle  and  curve,  make 
^rsy,  &c.        r",  &c.,  (page  349).    We  have,  then,  six  equations  : 


M'+Bn'-i-CC'^O,   AT'+Btf^+Cr'sO,  true  when  {'noK, 


«  -a)  r  +  (if      11''+ K-c)      e'+fT+i'^-Of  &c. 
A(5-»)+B  (fr-y)+C  (^— 2)=0,  true  when  larcr,  Ac. 
(i— c)*=r,  true  when  ^=x,  &c. 

Now  the  first  two  equationa»  as  altered,  are  precisely  those  which  fix 

the  plane  of  the  circle  in  the  osculating  plane ;  the  next  three  determine 
«,  fc,  and  n  to  bc  nothing  but  the  cooridinates  of  the  ] joint  in  which  the 
polar  line  <tf  (x,  1/,  z)  cuts  its  osculatiuf/  ])lane  ;  and  the  sixth  gives  for  r 
the  valup  itliove  n])tained  for  the  dibtance  ot  that  point  from  (jyy,z). 

Now  let  X,  V,  uud  Z  be  the  coordinates  uf  that  point  m  ihe  oscu- 
lating plane  which  is  the  oentre  of  curvature  (just  denoted  by  a,  6,  and  c) : 
we  have,  then,  X,Y,  and  Z  ezpreaacd  in  terms  of  j;,  y,  and  or  of  v.  If  p 
he  eliminated,  we  have  the  equations  of  a  cunre  passing  through  all  the 
centres  of  curvature,  which  we  might  suppose  to  be  a  connecting  curve 
of  all  the  normals  drawn  perpendicular  to  tangents  in  osculating  planes, 
these  lines  being  the  directions  of  t)ip  radii  of  curvature.  Such  is  not 
the  case:  for  since  two  infinitely  near  osculating  planes  do  not  meet 
except  in  the  tangent  of  the  curve,  the  two  centres  of  curvature  laid  down 
on  normals  drawn  in  these  osculating  planes,  do  not  necessarily  approxi- 
mate to  intersection  at  the  centres  of  curvature.  This  point,  however 
irill  require  the  following  elucidations. 

The  plane  A:r4-By+Cz=sH  has  for  its  perpendicular  from  the  origin 
the  line  A^y :  B~  3  :  meeting  it  in  the  jwints  whose  coordinairs 
have  numerators  AH,  BH,  CH,  and  common  denominator  A*+B*-l-C*. 
Hence  the  length  of  the  perpendicular  let  fall  from  the  origin  is 
II  :  y  (A*-f  B*  +  C*),  and  if  II  be  changed  into  Hi,  givinff  a  plane 
parallel  to  the  former,  the  perpendicular  distance  of  the  two  planes  is 
(H— H»)  :  V  (A'+B*+C').  Again,  if  jc :  V=y  :  q=z  :  R  bc  the  equa- 
tions of  a  line  parallel  to  the  first  plane,  it  follows  that  AP-f  BQ+CR=0. 
If,  ihen,  there  be  two  straight  lines, 

a  plane  (A,  B,  C)  parellel  to  both  is  found  by  taking'the  pronortiona 
of  A,B,  Cfromthe  equations  AP+BQ+CR=0,  APi+BQ,+CRi=0. 
But  if  diia  plane  be  to  pass  through  the  first  of  the  lines,  it  must  take 
the  form  A(«r— p)  +  B(y — 9)  +  C(z  — r)=0;  and  if  it  pass  through 
the  second,  it  takes  the  form  A  (r— pi)-f-B  (y — 9,)  +  G  (-r  —  r,)=:0. 
Hence  the  perpendicular  distance  between  the  two  parallel  planes  drawn 


d  by  Google 


4ta  OimBBMtlAL  AND  INTEGRAL  CALCULtm. 

through  the  uiven  Btraight  lines,  that  is,  the  shorteat  distance  between 

the  two  \ints>,  ie> 

snd  the  eqoatiflfns  for  determining  the  firoponionB  of  A*  B,  and  C  tie 
Mlitfifid  by 

A^QRi-Rft,  BrsRP,-PR„  G=FQ.-QPu 

which  mttst  be  substituted  in  the  preceding. 

Two  Hnes  are  said  ultimately  to  intersect  when  the  shortest  dislanoe 
between  them  diminishes  without  limit  as  oompsred  with  the  line  to  the 
diminution  of  which  the  appropinquation  of  the  straight  tinea  ti 

owing.  Thus  if  we  take  two  tangents  to  a  curve»  at  the  points  (x,  y,  r), 
(jH-<^«  y+dj/y  z+dz)t  the  equations  of  these  tangents  are  made  by 

cr[Matintr  (J—  v):x\  &c.  with  ench  other,  and  t  — dr)  :  (jZ-f  ffj'), 
&c.  with  eacti  other.  For  rfr,  dj/,  &c.  write  yrfc,  j/^dOf  and  wc 
have,  for  companson  with  the  preceding  equations, 

and  substitution  will  show  that  the  s^hortcst  distance  between  the  t^ti 
infinitely  near  tangents  is  •-ix,,x'-\-}j  y'-{'Z  z')dv  :J{jc^*'{-y^'^z,r), 
which  is  r=0.  This  means  that  if  wc  iiad  written  Ajr  for  dr^  and  used 
the  expansion  of  Ax,  t^c,  we  bhould  have  found  for  tiie  |)recediug  shortest 
distance  a  quantity  depending  only  on  squares  and  higher  powera  of  Ap. 

The  loeoaof  all  the  centres  of  draUar  eurvatoreia  not  made  hf  Ae 
ferpetnal  intertecUon  of  normals  infinitdynear,  drawn  in  the  oacnlating 
planes ;  so  that  thia  locus  is  not  an  evolute  to  the  curve.  Let  us  now 
further  consider  the  polar  surface,  made  by  eliminating  v  from  the 
two  equations  of  the  polar  line,  the  intersection  of  two  noimal  planes. 
These  equations  are 

^a-x)+&c.-=0  (N);  jp^«-ir)+&c.8sr«»+y»+«««j*  (N*). 

If  we  now  ditiereniinte  each  of  these  with  respect  to  v,  rcasoniHg  as 
in  page  403,  wc  hud  onl^-  one  more  new  equation,  aiid  the  three  jointly 
belong  to  the  intersection  of  two  infinitely  near  polar  Unes,  or  a 
point  of  Ihe  connecting  cunre  of  the  polar  lines.   Thaa  new  equation  is  j 

Sohring  these  three  equations^  we  find  for  and  ^ — three 

fractions  having  the  numerators  3x^^^'^  af^,^^  ^yu^^—y'n^t 
Stff/i^'^;^fft^,  and  the  common  denominator  ^/iar'+y^iy^+«//S"'» 
where 

*'«=Sr'af"^«'/',  y'^n^'^'-y*"',  gf^j'f'^f'jf". 

*  If  we  take  or  the  are  of  the  curve,  for  r,  we  find  fiar  iJUl—x}* 
+  considered  independently  of  ^&ign,  the  udlowing 

expression,  (/  being  ssl,  and  s^sO),  I 

\^lSll±yy^J'fL      J  ^  -4-     -  (i^^^  •¥  f 
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The  preceding  equations  (N),  (N'),  aud  (N")  are  such  as  would  be 
derived  from  the  equatiou  of  a  sphere,  — fl)*+  (»?— 
by  time  difeentiations  witli  ret|Met  to  the  comniaii  variable  ocmtaiiied 
in  H,  if  after  diflfofeiitiatioa  we  made  dras^*  x^asp,  &e.  Tha 
Qolj  difeenoe  then  would  be,  that  where  we  had  ^,  and  ^  we  ahoald 
now  have  a,  6,  and  e.  That  is  to  aay*  17,  and  C>  as  last  found,  are  the 
coordinates  of  the  centre  of  a  sphere  which  passes  through  the  poiut 
(.r,y,  r),  and  lias  with  the  curve  at  that  point  a  contactof  the  third  nrder. 
Or  if  sucli  a  sphere  be  drawn,  the  curve  nins  so  near  its  surUcc  heforu 
aiid  lifter  contact  that  the  diitlccdon  of  the  curve  from  the  surtjicc  has 
always  a  hnite  ratio  to  the  fourth  power  of  tiie  departure  from  tiie  point 

of  contact* 

Hie  oonneetinjgpciurTe  of  all  the  i>dbr  linei  ia  then  the  locoa  of  all  the 
eentiea  of  ipheriaU  cwnattn :  it  ia  not  an  evolute  of  the  given  corvey 
because  all  its  tangenta  are  on  the  polar  lorfaoe*  I  ahall  now  proceed 
to  the  consideration  of  the  two  flesuiea  fiom  which  a  curve  of  doable 

curvature  derives  its  name. 

If  we  hetrin  with  a  straight  line,  we  have  a  line  whose  o^cuhitia:^ 
surface  is  ludetcniiinate,  since  an  infinite  nurnl)t:r  of  phiucs  can  jiasn 
through  it:  and  ail  its  cuuscculive  uoriual  piaue<i  are  parallel  and  make 
no  angle.  Turn  the  atraight  line  into  a  plane  curve,  and  iti  oacnlating 
planea  are  all  in  one  phme,  which  ia  the  oieulating  auriace.  But  the 
nonnal  planes  make  angles  depending  on  the  flexure  of  the  different 
points ;  theee  infinitely  amall  angles  it  has  been  custooaary  to  call  angles 
of  coniingence.  The  nonnal  planes  being  all  perpendicular  to  the 
single  oscidating  plane,  the  polar  lines  arc  the  same,  and  the  polar 
surface  is  cylindrical,  having  the  evolutc  for  a  base.  Now  let  the  curve 
become  one  which  is  not  all  in  one  plane,  and  the  successive  ejaculating 
plauea  make  mfinitely  small  augki^  which  may  l>e  called  angles  of 
JUiwre,  The  two  pknea  (A,  B,  C)  and  (A.,  Bj,  C|)  make  an  angle, 
the  eoaine  of  which  ia  (AA|+BB|4-CCi)  divided  by  the  product  of 
V(A'+B*+(?)  and  V(Af+B?+C[),  or  the  (sine)'  of  which  is 
(ABi— BA,y+(BC|— CB|)*+  (CA,  -  AC|)«  divided  by  the  square  of  the 
preceding  denominator.  Hence,  if  0  be  the  infinitely  amall  angle  made 
by  (A,B,C)  and  (A+dA,B+<ffi»C+i^C},  we  have 

e«=  {(A(m-B<IA)*+(BdC-.CdA)«+(CdA-AdC)*} :  (A«+B*+C»)». 

If  we  apply  this  to  two  consecutive  normal  planes,  in  which  A= 
dK:=j^'dVf  &C.,  Mc  lind  for  the  angle  of  contin^encc  J J '\' y  * 
-^-zj)  and  if  tlie  arc  ds  or  s'dv  be  taken  to  subtend  this  angle,  we 
have  ^^C^{xJ^&,c,)  for  the  requisite  radius,  which  is  precisely  the 
radius  of  circular  curvature  above  determined.  But  if  we  consider  two 
mooeiaive  osculating  planes,  in  which  Asx^  d\:=x'f,  dv,  &c.,  we  have 
for  the  ang^e  of  flexure 

the  first  two  lacton  of  which  being  ^ds,  we  have  (•r^*+yi/+ V)  • 
tx,gaB'*''\'y,,tj"'+z^^z'^')  for  what  we  ma^  call  the  ladina  of  flexure. 

We  have  not  yet  &und  an  evolute  of  the  curve,  or  a  second  curve 
whose  tangenta  are  normals  of  the  first.  The  two  loci  of  circular  and 
•Clerical  curvature  afB  not  of  thia  chacacter.   If  any  evolutea  exist  they 
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» 

mtitt  lie  on  the  polir  eurfece,  and  not  ebenheie,  Ibr  aU  MHilt  lie  in 
normal  planet,  whence  the  intenectkm  of  two  consecutife  normals  mnwt 
lie  in  the  intenection  of  two  consecutive  normal  planes,  or  on  a  polar 
line ;  that  is,  ou  the  polar  snrface.    And  we  can  .obviously  make  an 

infinite  number  of  cvolntes  nn  the  pokr  surface:  thus,  let  P,  Q,  R,  S 
be  conseeutive  pointa  Qi  the  curves  iDiimtely  near,  through  which  draw 


P 


normal  planes  giTin^^  14V  part  of  the  polar  anrfaoe :  join  P  with  any 
point  1  of  ita  polar  lme»  draw  Ql  and  produce  it  to  meet  the  succeeding 

])olar  line  in  2,  and  so  on.  We  have  then  many  small  arcs  of  an 
evolute,  1,  2,  3,4,  we  can  take  points  in  the  tirst  polar  line  to  join 
•with  P.  Or,  through  every  point  of  the  polar  surface  one  evolute  passest 
aiiil  only  one.  The  questiun  uf  finding  an  evolute  is,  therefore,  reduced 
to  that  of  drawing  a  curve  on  the  polar  surface,  whose  tangent  shall  always 
paiB  through  the  given  eurre.  But  ainee  every  tan^t  plane  of  the 
polar  anrface  cota  the  curve  lomewheie,  one  condition  la  satisfied  by  the 
mere  drcumstance  of  the  curve  lying  on  the  polar  surface,  which  makti 
its  tangent  lie  in  a  plane  cutting  the  curve.  If  one  only  of  the  equatione 
of  this  tangent  be  then  that  of  a  line  passing  througli  the  curre  another 
condition  is  satisfied  ;  nnd  but  two  arc  necessary.  A?,  however,  this 
reasoning  (which  is  that  af  Monge)  may  be  rather  tno  refined,  we  will 
suppose  the  evolute  drawn,  and  the  coordinates  of  a  point  in  it  eipres&wi 
in  terms  of  t',  the  same  variable  as  that  in  which  the  coordinates  of  the 
corresponding  point  of  the  curve  are  eipreased.  Let  X,  Y,  Z  be 
the  coordinates  of  an  arbitrary  point  in  the  tangent  of  the  evolute*  whence 
(X-0  :  ^'=s(Y— 1|)  ii/=(Z-^)  :  ^'  are  the  equations  of  the  tangent < 
which  being  to  pass  through  the  point  {x,y,z)  of  the  curve,  wc  have 
(x— 0  :  ^=  (y  — '/)  ■  O  '■        Rut  since  the  point  {I, »/,  C)  is  on 

thejpt)]iir  line  of  (  r,  ;:^),  we  have  {h, — j)j/-f&C.  =  0,  (^  — x)  x"-|- . ,  .  . 
=  ^  *,  so  that  ^vc  have  four  conations  between  ^,  t/,  i.',  and  r,  which  we 
can  ininiediatcly  show  to  be  reducible  to  three.  For  if  we  differentiate 
the  equation  of  the  normal  plane  generally,  or  pass  to  a  point  uf  a  coo- 
tiguoua  normal  plane  without  oonaidering  whether  17,  K)  ia  on  the 
polar  line  or  not,  we  have 

r  x' + V  y ' + 4 V + a  -  jf)       (, -2/)  y"+  /^=0  ; 

or,  if  the  point  be  on  the  polar  aurface  during  the  differentiation, 

i*  true  whether  the  line  drawn  on  the  polar 
surface  pass  through  the  curve  or  not,  so  is      —     i'+(i7— y)  y* 

4-(if— s)  ^—0.  But  these  last  two  equations  with  the  equations  to  the 
tangent  of  tlie  evolute  at  (jr, //,  r)  are  not  four  distinct  equations,  but 
only  three,  for  the  latter  equations  with.({— «)d/'f&c.=0  give 
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If.  then, we  take  the  emiatioiit  (N)  and  (N').  andoneof  tbeequatioiia 
of  the  tangenty  say  the  first,  and  ;eliininate  v,  we  have  two  equationa 
which  we  may  so  obtain  that  one  of  them,  from  (N)  and  (N'),  belonging 
to  the  polar  surface,  shall  be  of  the  form  ^(^,7/,^=:0,  and  the  other 
"i^  (l^VtO '^^X^^>^^0  Substitute  in  the  second  the  value  of  4' 
fnm\  the  first,  and  we  have,  remenibering  that  r/  :  l'=idr) :  rf^,  a  common 
diii.  equ.,  the  integral  of  which,  and  ^(^,  ?/,  <^)  =  0  are  the  equations 
ef  the  earn  feqtiired,  the  arbitrary  cooatant  ik  the  differential  equation 
gifing  the  mnltiplidty  of  evolittea  whieh  have  been  ahown  to  eiiat. 

Let  R  be  the  diatence  between  (r ,  z)  and  its  oonespondiog  point 
(t,v.O  on  an  evolute.  Then  R«=(^— j)*+&c.  and  RR'=Q--x) 
(r-y)  +  &c.,  of  which  (£— j;)y+&c.=0,so  that(^-^)4'+&c.=:RR\ 
Substitute  in  the  lust  values  of  i^—y  and  (—z  from  the  equationa 
(4— 4f)  : I'sniti-y)  : i/5=(^— «) :     which  givea 

the  Bum  of  the  squares  of  ^— t,  &a  equated  to  R*  gives  R"as^'*+ii^ 
+  ^''r=CT'*,  ^vh^rp  rr  is  the  length  of  the  arc  of  the  evohitc.  Consequently 
R'r:</,  or  rJlx^drr,  and  reasoning  as  in  pnee  364,  we  fnid  that  the 
differpnce  between  any  two  values  of  K  is  the  arc  of  the  evolute  inter- 
cepted between  them. 

ExAUPLE.  Amon^  curves  of  double  curvature,  the  screw  has  that 
iniority  ivhich  the  cirde  baa  among  plane  currea.  The  atraight  line  may 
be  deaeribed  by  nudring  any  length  of  it  take  a  notion  of  tianalation  in 
the  direction  of  tbe  line :  no  point  of  tfae  length  mentioned  will  ever  be 
off  the  straight  line.  The  circle  may  be  equally  described  by  giving  any 
are  of  it  a  motion  of  rotation  about  its  centre,  and  in  its  plane.  The 
«<  ]  t'w  mav  also  be  described  bv  giving  anv  arc  r  motion  both  of  fraTislation 
and  rotation,  provided  the  two  velocities  remain  unihjrm,  or  elti;  ai^shys 
vary  in  the  same  ratio.  Let  the  axis  of  x  meet  the  fecrew,  and  let  that 
of  a  be  the  axia  of  ita  cylinder.  Tfae  acrew  ia  then  the  interaction  of 
the  cylinder,  whoie  equation  ia  4c*+^:sa*,  with  an  hdicoidal  aor- 
face  (page  396),  whose  equation  ia  ss6t8n*'(y:dr).  We  may 
reduce  theae  two  equationa  to  three,  expreaaiTO  of  Xf  and  a,  in 
terms  of  9«  aa  tbllowa^ 

where  v  is  the  angle  of  revolution  of  the  deacribing  point  about  the  axia 
of  s.    We  have  then 
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The  equations  of  the  tangent  are  (l—a  cos  v) a  sin  v=z  (i|  ~a  sinv) : 
aC0i»=(^— ^>r)  :  6,  from  which  it  would  be  prunticable  to  eliminate  », 
and  to  get  the  equation  of  the  oaouiiting  luriace.  TbiM  surface*  theo, 
is  found  by  elumuatiDg  v  from 

But  if  ^=0,  or  we  ask  for  the  curve  in  which  the  osculating  surface 
cuts  the  plaue  of  xy,  we  find  for  this  curve  the  involute  of  the  circular 
b«ie»demMNl  by  {^zacoso+oviint;,  ifsatin  0—119  eotv  (page  366). 

And  it  it  iMooM  that  the  cylinder  u  the  pder 
•urfitte  of  the  involute  of  the  circle.  In  fact, 
the  other  evolutes  (besides  the  drcle)  of  the  in- 
volute of  a  circle  are  all  the  screws  which  can  be 
described  upon  a  right  cylinder  having  that 
circle  for  its  base,  and  which  meet  the  involute. 

The  equation  of  the  normal  plane,  and  the 
gftme  differentiated  with  respect  to  v,  are 

— {a  Binv^na  cos  t; + (ibc:sb'Df 

— {aco8t7— Tjfl  sin  t;=6*. 

These  equations  jointly  belong  to  the  polar  line : 
to  find  a  point  in  the  connecting  curve  of  the 
polar  lines  we  must  annex  the  equation  fasin  r  — »7aco8t7=0,  or 
i|  :|= tan  w,  whence  the  preceding  equations  become  — a^(r  +  t?*)  = 
tisbv,  or  ^-{-Ti*^b*:a\  tan"' (r/ : 0-  So  that  the  locus  of  the 
centres  of  spherical  curvature  is  another  screw,  geuerated  by  the  same 
hdieoidal  unftoe,  bat  having  a  cylinder  whose  ndins  is  6r:a.  The 
tivo  serewa,  however,  are  in  oppoaite  potitions ;  for  if  in  the  fiiat  two 
equations  we  make  (^Of  tiiereby  obtaining  the  equations  d[  the  carve 
in  which  the  polar  surface  cuts  the  plane  of  ('y)f  we  find  that  4  and  f 
are  the  values  of  the  coordinates  of  the  involute  of  the  circle  whose 
radius  is  6* : «,  with  (heir  signs  changed.  The  polar  surface  is  then  the 
osculating  surface  of  this  new  screw :  and  if  6r=a,  the  osculating  and 
polar  surfaces  of  the  given  screw  are  the  same,  the  latter  having  only 
made  a  half  revolution  about  the  aius  of  z. 
For  the  coordinates  of  the  centre  of  circular  curvature,  we 'find 

— a6^8in«,  wbenoe  if  X,  Y,  Z  be  the  coordinatea  of  thia  oentie,  we 
hafe 

X— acost?=— acosi?— — cos  r,  Y— asmv=: — asinv  smr, 

a  a 

giving  the  equations  of  the  same  screw  which  is  tlie  locus  of  the  centres  of 
spherical  curvature.  Looking  now  to  the  coordinates  of  the  latter,  we 
find  /'=0,  and  -  j'^j^as— «4  (4]?+6«)coa«,  -yV*'*=-fl6(i^+W 
ainv,  »y^^/'s=0,  giving  for  the  values  of  Xi,  Y|,  Z|  the  coordinatea  of 
the  centre  of  spherical  curvatarCy  precisely  the  same  as  for  the  coordinatea 
of  the  centre  of  circular  curvatnre.  And  the  radius  of  spherical  curva- 
ture ia  found  to  be  a-|-6*:a»  and  the  radiua  of  circular  curvature  the 


A?PLICAtIOK  TO  OSOMXniY  OF  THRBE  BIBIBNSIONa  4)f 

•ame.  Tlie  radius  of  flexure  h  +  a':b.  To  find  the  evolutes  of 
a  screw,  we  must  climinaLe  v  between  three  of  the  four  equation* 

(a  COB  »  -I)  2  i'sz{a  sin        :  Vs:  (6iJ— Q : 

— aain«»<4-acosv.i|4*64r=6^v»  -acosD.^-^asmv.iyssft'. 

Tiie  Liluwiiij^  may  be  a  useful  exercise  for  the  student,  though  it  does 
not  give  a  result  simple  enough  to  be  of  much  use.  Eliminate  v  between 
the  first  and  fourth  equations  by  finding  mu  v  and  cos  and  expressing 
sin*9+coflP«=l :  the  result  is 

Let  r  and  d  be  the  polar  coordinates  of  ({,9)  on  the  plane  of  jy,  the 
preceding  then  becomes»  by  the  equations  In  page  345» 

dr  r+b^r 

Let  r=  1 ; and  the  last  result  becomes 

Let  6'«=acuaA,  aud  we  ha?e 

dX"""6«+ii*cos«X^  '  "''■""26^+a*4-4^cos2X"^^^- 
Int^ate  by  the  formula  in  page  289,  and  we  have ' 

A       ^      COS    ^  26*+a*+a»cos2X  J 

=2 cos  *  —  —  ^. — '  COS"*  1—    . .  ^   } ; 

which  is  the  polar  equation  of  the  projection  of  the  evolute  of  a  screw 
upon  tlic  plane  of  ly.  If  we  take  the  cosine  of  both  sides  we  can 
give  the  equation  the  form  cos  + C)  =  f/jr,  where  <f>r  is  ti  finite  mul 
raiional  algehrnical  fuiictioji  only  when  ^^Ca'+t*} :  26  is  a  whole  number 
or  when  ^z'=(4m* — 1)      ni  bcuii;  mtcger. 

I  now  proceed  to  exieiisjona  of  the  theory  of  curved  suriuces.  That  of 
curved  lines  has  been  made  to  precede,  as  containing  functions  of  one 
iraiiabte  only.  If  we  take  the  various  ways  in  which  the  equation  of  a 
aurfiu:e  may  be  conveniently  expressed,  we  have 

1 .  x=^(dr,y).  The  diff.  co.  of  z  may  be  expressed  by  p,  9,  r, 
and  L  as  explained  in  page  388.   Higher  diff.  co.  than  the  second  are 
useless  in  this  inquiry. 

2.  <p  {Xyy,z)=zO.  If  we  look  at  pRpe  26s,  No.  73,  where  the  diff. 
CO.  of  z  are  expressed  in  terms  of  9,  'a  l-  shall  s^ce  that  h  is  useless  to 
investigate  formulae  deduced  from  this  iurui,  unless  we  contrive  a  more 
simple  notation  for  the  difF.  co.  of  ^.  Let  U^O  be  the  equation 
^  *)^0,  and  let  partial  diff.  co*  of  U  be  denoted  by  simply  writing 
Uie  laiaracteristic  letters  of  the  differentiations  as  subscript  indices; 
iSttuB  dV  :Hx=\],y  &c.,  and  the  diff.  co.  which  we  shall  have  occasion  to 
vae  a»  U«,  Um»  U^p,  U»»      U^,,        Let  powers  be  denoted 

2£ 
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as  usual ;  thus  IJ^  signifies  the  square  of  dU  :  dr,  &c.    We  haTe»  tbeo^ 

hj  the  article  cited, 

dz  dz 


U.^,  or  U,p=  U,^,  or  U,9=— U, 

U;  ^„  or  U»  f « -(UJ  U«-2U.  U.  U„+ Ui  U«) 


U,"^,  orUN=-(U:U^-2U,U.U^+U;U^); 

vhence  it  follows  (page  268,  No.  74)  that  if  we  make 

x=u^u„-u;.,     Y=u„u„-UL,  z=u„u„-ui, 

X'=U«U^-U^U^  Y'=U^U^-U„U„,  Z'=U^U„-U,,IJa, 

Ui  (rf-^) =xu;+ Yu;+zu;+  2X'   u.+av  u.  u,+2Z'  u,  u,; 

expressions,  the  symmetry*  of  whicli  mtkes  their  nie  both  leu  difficult 
and  more  safe. 

3.  Let  X,  and  z  be  severally  expressed  as  functioiis  of  v  and  «: 
our  method  will  then  be  analo&:ous  to  that  pursued  in  treatiiig  of  curves. 

The  expression  of  the  second  diff.  co.  of  2  in  this  system  is  so  extremely 
complic.ited,  that  I  shu1l  ronnnc  myseU  to  using  it  in  dioae  cases  only  iu 
which  first  diflf.  co.  are  piitiicitnt. 

4.  Let  2=^  (j*,  I/,  rt),  1// ( J",  0,  where  is  the  cliff,  co.uf^ 
with  respect  to  or  We  have  tiien,  the  notation  being  as  before, 
and     meaning  da :  dx  derived  from  the  second  equation. 

Now  <^.  =  0  gives  0«+c^«  a,—0,  0^+0«a,=O;  subfttttute  the  values 
of  a,  and  Oy,  thence  obtained,  and  we  have 

(ri-«^)= 0«  (0«0i^-0i)  -  (0-  0:,-2*«0«0^+0i» 

Much  depends  in  the  theory  of  surfaces  on  a  knowledge  of  the  pio- 
pcrties  of  the  expression  ^2^+<^^4' 2aiS^«+ 9frk»  +  9eiJr3rt 

which  may  be  always  positive  or  always  negative,  or  sometimes  one  and 
sometimes  the  other.   We  know  that  an  expienion  of  tlie  fbnn 

Ar'*+2Brir+CM;"  is  of  one  sign,  whatever  r  and  w  maybe,  when 
AC —  B*  is  positive,  anrl  then  only.  Writing  tlic  preceding  ex pres?TOTi 
in  the  form  f/j*  +  2(6,s  +  c,y)a-4-fci/*+2fl,yz-|-c2j,  we  infer  that  it 
alwiiys  retain?  one  si^n  (that  of  a)  when  a(6y'+&c.) — (^i^-f  c^y)*  i* 
always  pobitivc,  or  when 

*  In  all  general  problems,  then,  exprestions  sanst  be  cafcfally  wriHsB  in  m.  tfm- 

iTJHricrtl  form.  Tlu-  ri-k  of  error  in  complex  operations,  whcthrr  of  .ilter.ition. 
ouat>.<,ioo,  or  reduudance,  i»  mat«rialiy  lessened,  lunce  each  error  must  either  be 
nadtt  tluM  times  in  exactly  the  sanke  way,  or  the  operator  is  warned  of  the  exi^ 
•ttce  of  en  erior  by  the  want  of  tymmctry  in  the  results. 
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(06 — cj)  2^-)-  2  (oai— 6,ci)  y« + (a?— 6|)*  i*  ii  always  poflidve. 

Hence  ab~ci  imml  be  poeitive,  and  (06 — cf)(a€ — bl) — {aa^—b^c^y 
mtiit  lie  porith  e ;  that  is 

a(flbc-k'2<iibiCi—aal^bbl'^c<i)  must  be  podtive. 

Hence,  since  the  expression  can  lie  arransed  in  powen  of  y  or  2,  and 
similar  results  obtained,  we  6nd  tbat  <ur+&c.  Is  always  of  one  sign 
(that  of  a,  b,  andc),  when  c',  6c— aj,  and  Cfl— ft*  arc  all  positive, 
and  abc-\-2aibiCi—aa*—bb\ — cc]  has  the  common  sign  of  a,  6,  and  c. 

The  equfition  of  the  tangent  plane  of  a  surface,  the  paint  of  contact 
being  (x,y,2)j  has  been  exhibited  in  the  forms 

U=0  being  the  equation  of  the  suriace.  The  sign  of  the  deflection 
from  the  tangent  plane,  called  poi>ilive  when  the  ordiuuic  z  ui  the  surface 
increases  (algebraically)  faster  than  that  of  the  plane,  has  been  shown 
to  be  the  sign  of  r(ilz)'+2f  Ajt  There  are,  then,  three 

distinct  modes  of  contact  between  a  curve  and  its  tangent  plane,  w  hich 
we  shall  call  (fur  reasons  afterwards  to  appear)  the  elUptic»  by|}cr- 
holic,  and  parabolic  contacts.  The  following  diagrams  will  give  an  idea 
of  them. 


1.  Let  rf — be  positive.  Then  the  deflection  always  has  the  same 
sign :  or  in  the  immediate  neighbourhood  of  the  point  of  contact  the 
surface  is  entirely  on  one  side  of  the  tangent  plane.  This  is  the  elliptic 
contact,  and  is  s^hown  in  the  manner  in  which  a  sphere  or  an  ellipsoid 
meets  its  tun  gent  plane. 

2.  Let  rt  —  s*^0;  then  r  (At)*-^&c.  is  a  perfect  square,  or  one 
taken  negatively,  and  the  deflection  is  ahvays  of  one  sign,  except  when 
Ay:Ajr= — sit,  in  which  case  the  terms  oV  the  second  order  are  col- 
lectively :sO.  In  this  case,  then,  there  appears  no  obvious  difference 
between  the  contact  and  that  last  described,  except  that  in  one  particular 
line  the  contact  is  of  a  closer  order  than  elsewhere.  But,  as  we  shall 
presently  see,  if  the  tangent  plane  meet  the  surface  in  a  curve,  (as,  for 
instance,  a  table  meets  a  rinc:  laid  npon  it  in  a  cirrlp,)  all  the  points  of 
that  curve  have  a  contact  of  this  species  with  the  tani^ent  plane. 

.3.  liCt  rt — ^  be  negative.  If  Ay :  AT=tan  that  is,  if  the  direction 
in  the  plane  of  a-y  in  which  we  pass  under  a  new  point  of  the  surface 
make  an  sngle  €  witii  the  axis  of  f  ,  the  sign  of  the  deflection  at  the  new 
point  depends  on  that  of  r+2f  tan€+2tan*€,  which  is  of  the  ssme 
sign  as  r,  except  when  ftanC  lies  between  —s+J(s'—rt)  and 
— #4-V(**^'^0-  There  are,  then,  two  opposite  angles  in  which  the 
deflection  has  one  sign,  having  the  other  in  the  two  adjacent  angle?. 
But  when  <.tan6  is  equal  to  either  of  the  above«mentioned  quantities, 
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the  approach  to  the  tangent  plane  is  of  a  closer  order.    Thi5  contact  is 
such  as  takes  place  at  every  point  of  a  single  hyperboloid. 

When  ft  sariace  is  deacribed  as  the  loeas  of  all  the  points  of  a  fianiii 
of  curves,  made  by  giving  different  values  to  a  constant,  the  two  equ*- 

tions  of  the  curve,  which  jointly,  and  for  one  value  of  a,  represent  one 
single  curve,  belong  to  all  the  curves,  or  to  the  surface,  if  a  be  considered 
as  having;  any  value :  and  the  elimination  of  a  actually  gives  the  equa- 
tion of  the  surface.  Conversely,  we  can  at  pleasure  subject  any  given 
eurfuce  to  an  iufaiite  number  of  modes  of  generation,  by  iniruUucing  a 
new  variable.  Thus  2/*-4-2*=:c*,  the  equaliou  of  a  s})here,  is  obtained 
by  eliminating  a  between  x"+y*=:a%  and  Z2=±V(^^<^»  whioh 
answers  to  generating  tlie  sphere  by  circles  parallel  to  a  given  plane,  or 
considering  it  as  the  locos  of  all  the  circled  which  are  perpendicular  to  s 
given  line.  Again  j:*— 2j^*+  2*=rc*— a*  shows  that  the  sphere  is 
the  locus  of  a  family  of  curves  formed  by  the  intersection  of  hyperbolic 
cylinders,  tzerieratcd  by  lines  parallel  to  the  axis  of  z,  "with  elliptic  cylin- 
ders L^eiKTLited  by  lines  parallel  lo  the  axis  of  t.  We  shall  now  con- 
sider a,  wide  class  of  surfaces,  namely,  of  those  generated  by  the  muhou 
of  a  straight  line,  as  well  for  the  exercise  of  the  student  in  general  cuu- 
siderations  as  to  show  the  connexion  of  the  theory  of  snr&oes  with  that 
of  partial  diff.  equ. 

Let  a  straight  line  move  so  as  always  to  he  upon  three  given  curves* 
That  we  have  here  conditions  no  more  than  sufficient  to  make  the  line 
describe  one  implicitly  given  surface  may  be  thus  shown.  If  a  cone  be 
taken  which  has  its  vertex  in  the  first  curve,  and  the  second  curve  fnr  its 
base,  this  indefinitely  extended  surface  can  meet  the  third  curve  unly  m 
determined  points  :  unless  n  >lK)uld  hapj)en  that  the  third  curve  lies 
entirely  in  the  cone.  If,  taking  every  poiul  of  the  first  curve  in  succes- 
sion, we  describe  cones  on  the  second  carve  as  directrix,  we  shall  have 
an  infinite  number  of  cones,  with  an  inGnite  number*  of  points,  in  which 
they  cut  the  third  curve.  Our  results  contain.  1.  An  infinite  number  of 
consecutive  positions  of  a  straight  line  upon  the  three  curves,  made  firom 
consecutive  cones,  and  forming  the  surface  required.  2.  All  the  cones, 
if  any,  in  which  either  of  the  curves  is  entirely  upon  a  cone  which  has  a 
point  upon  another  for  its  vertex,  and  the  third  for  the  directrix.  It"  our 
resulting  equation  contain  distinct  factors,  (p^igc  347),  should  it  be,  fur 
instance,  of  the  form  PQR=0,  we  may  be  sure  beforehand  that  of  the 
three  equations  P=0,  Q=0,  R=0,  which  satisfy  it,  two  belong  to 
cones. 

Let  the  coordinates  of  the  several  curves  be  expressed  as  functions  of 
P<t  and  V3.  Let  the  joining  line,  being  a  line  of  the  required  surface^ 
have  in  one  of  its  positions  the  equations  x=:o2-|-cr,  y=:i2  +  ^.  Then 
since  some  one  point  of  this  line  is  on  each  curve,  if  x=:0,  r,,  yz=^^t\^ 
s=X»^i  ^^^^  equations  of  the  first  curve,  we  have,  by  substitution,  two 
equations  between  «,  6,  p,  and  the  value  of  ri  belongmg  to  the  point 
in  which  the  line  meets  the  hrsl  curve.  These  two  equations,  by  elimi- 
nating i\,  give  a  relation  between  o,  a,  6,  fi,  and  the  same  thmg  being 
true  of  the  other  two  curves,  we  have  three  equations  between  these  four 
quantities,  and  can  therefore  expiess  any  three  of  them  as  functions  of 

*  It  might  tfo  happen  that  the  third  curve  was  placed  ia  such  a  manaer  as  never 
to  «oa»  nnar  uny  cone  described  with  a  point  in  the  first  «•  n  vertex,  sad  Iht  momd 
ai  a  directrix.  Jf  su.  we  shall  be  reaaoiiing  on  a  problem,  the  final  squatioas  sf 
which  wtU  btt  iacangtuQUM^  or  «lse  wiU  contsia  inpossibte  quaatitisi.  , 
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ibe  fourth :  or  we  cid  ezpreM  all  four  as  functiona  of  some  one  quantity, 
■ay  9.  We  have,  thetit  for  every  value  of  v  which  gives  possible  values 
to  a,  Ac,  the  equations  of  one  position  of  the  straight  line,  in  the  form 

jfs0o.z4.^,  ys=^.;+^  (S); 

and  the  elimination  of  r  will  irive  the  equation  of  the  required  surface. 

If  such  a  surface  were  approximately  described,  by  constructing  the 
positions  of  its  straight  lines  answering  to  2A.  t;=— ^ 

«sO,  &c.t  A  being  so  small  that  an^  two  consecutive  lines 

should  be  verjf  near  each  other  at  their  shortest  distance,  we  should  form 
as  good  a  notion  of  a  surface  from  the  ouUection  as  we  do  of  a  curve  line 
from  n  polvgon  of  a  large  number  of  smnll  sides.  And  on  this  surface 
we  «*liou!(l  he  ahle  to  ('raw  a  line,  at  and  near  which  the  generanng  hues 
seem  to  come  closer  together,  each  to  its  neighbours,  tliau  in  other  parts, 
and  from  which  they  appear  to  diverge.  If  wc  nuw  suppose  A  to 
diminish  without  limit,  this  line,  which  is  the  limit  of  all  the  lines  pass- 
ing through  the  points  of  nearest  approach,  may  he  called  the  curve  of 
greatest  density.  When  the  surface  is  developable,  that  is,  when  the 
riiortest  distance  of  consecutive  lines  diminishes  without  limit  compared 
with  ^  this  curve  of  greatest  density  is  the  connecting  curve  of  con- 
secutive lines. 

If  fi)]  r  wp  write  r  +  Ai',  we  linvc  the  equation  of  a  consecutive  line  :  it 
remains  now  to  fmd  the  coordinates  of  the  point  of  the  tirsi  which  is 
nearest  to  the  second. 

Resuming  the  problem  in  page  411,  let  there  be  two  straight  lines 
whose  equations  are  (j*— />)  :  P=(y— 9)  •  Q=  C^— r) :  R  and  (t-/),)  :  P| 
ss&c.  Introduce  two  new  variables  10  and  10^,  and  write  these  equa- 
tions in  the  form 

j=:p+irP,  y=<74-i<?Q.  *=r+wR;  x=r/j,+M?j  P|,  y=&c. 

Every  value  of  w  belongs  to  one  point  of  the  first  line,  and  of  n\  to 
one  point  of  the  second  line.  Let  w  and  Uh  belong  io  ihc  extreniiiies  of 
the  shortest  distance  between  tlie  two  hues,  so  thai  llie  ec|uaiiou  of  lite 
line  joining  these  two  points  is 

jjt-t-ir,P,-(^+ipP)   g,+«;,Qi^(9+ttii)  n+«»R|-(r+i£;Rr"'W- 

If  the^e  denominators  be  A,  B,and  C,  wc  know  that  AP+BQ+CR 
sO,  and  AP|  +  BQi  +  CRi= 0 ;  form  and  reduce  these  equations,  which 
gives  for  the  determination  of  to  and  Wu 

P  ip^ -V) + Q  (gi- 9) + R        + (PPi+ QQi+RRO  v^t 

— (P*+Q'+R*)m'=0, 

PiCf'i  -p) +Qi(?.-7) + R.(' .  -  0  +  (P?+Q;+R!)  «?. 

-(PPi+QQ,+RR,)iO=0. 

Let  P„;r  QR.-RQi,  Q,,=RP -l  ii.,  R,,=  rQ.-QP„  and  we  have 

iPi=l(QRv.-HQi.)  P  - P R,.)  (7i-9)+CPQ;i-QP*) 

(r,-.r)}:(P^*+Q,/+R,;>, 

m  =  {(Q,R,,  -RiQ  J(  Vi-P^ + (R.P//-PA/)(9t~'9)+ (P1Q//-Q1P/1) 

C-i-OliCP^'+qZ+R^'). 
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If  these  belong  to  coiisecutivc  liues,  so  that  Pi^p-^dp,  Pj=P+{iP,  &c., 
we  fiiid 

P^sTQiR-RdQ,  Q„=R(iP-PdR.  R^=P<iQ-QdP; 

and  Q,R//->RiQ/|  diffen  only  by  a  quantity  of  the  second  order  from 
QKy,^RQiy,  &c.  If  we  now  take  the  case  before  us,  in  which  the 
equations  have  the  form  (omitting  y)  (jt  — 4»)  :  </)=(y— ^)  ;Y'=(2-0):  I, 
we  have  p—^,  q=^',  r=0,  P=^  Q=V'»  R=li  P|,=— f'ite, 
0^=0  (it;,  K«=(^*y'- V'^)  dVf  and 

_\p(p(\{j'^4-4/^')—(l+yp')  <^V-  (1  +  0*)^ ^ 

and  |s^4*«^»  <f=i^^  are  the  coordinates  of  a  point  in  the 

curve  of  greatest  density.  And  the  equations  (A),  when  the  proper 
valuos  of  10  and  il\  are  substituted  (not  neglectinir  tlunr  diflerence)  will, 
Tuultii  111  'I  by  give  two  equations,  from  which,  by  ehmiuatiiii;  r,  may 
be  obtaineii  a  new  surfacCt  described  by  the  motion  of  the  straight  line 
in  which  the  infinitely  small  perpendicular  distance  of  two  consecutive 
Itnea  on  the  first  surface  is  always  found. 

Th»  shortest  distance  of  the  consecutive  lines*  found  in  page  411  by 
an  easier  process,  is  (neglecting  the  sign)  P^^(^ — +&c.  divided  by 

V(P,/'+  );  or>  making  the  substitulionSj        -  V^'^'H- 0'^') ; 

*J(H'''-\-9''+(^f'—S^^py)'  Consequently  it  is  the  condition  of  a  deve- 
lopable aur£sce  that  0')!^'=^'^;  a  result  which  we  shall  presently 
verify. 

If  the  reader  ask  for  the  jwrticular  use  of  ilic  theory  we  are  now  upon, 
I  should  reply  that  the  notions  of  space  which  the  student  can  and  must 
previously  acquire  will  give  a  conception  of  the  meaning  of  diff.  equ. 
which  could  not  otherwise  be  attained,  and  will  also  enable  him  to  single 
out  from  the  infinite  mass  of  equations  which  might  be  proposed,  thoM 
which  admit  of  being  most  easily  comprehentkHl.  These  notions  of 
space  are  difficult  in  themselves,  and  so  are  the  ditl.  equ.,  but  the 
ditliculties  of  each  being  first  considered  by  themselves,  the  former  bv 
geometry  and  the  latter  by  analysis,  the  juxta- position  of  the  rtsulis 
throws  light  upon  both.  I  shall  now  deduce  some  results  connected 
with  this  class  of  ruled  surfaces  (page  401)  from  geometry,  and  shall 
then  proceed  to  the  consideration  of  the  equations. 

If  through  a  point  (x^y^z)  of  a  surface  (S),  two  planes  (A)  and  (B) 
be  drawn,  these  planes  will  make  two  sections,  (AS)  and  (BS).  If  at 
(r,  t/,  z)  two  tantrcnt  lines  be  drawn  to  (AS)  and  (BS),  the  plane  of  these 
tunuents  will  be  the  taiiLrent  ))lan^  of  (S)  at  (x,  r).  For  wo  liave 
s-hown,  page  40G,  tliat  the  tanm  nt  plane  i;^  in  every  direction  tlie  plane 
of  nearest  approach  to  the  sui  Ihcc,  and  uiust,  therelare,  pass  through  the 
tangents  of  all  sections;  while  two  straight  lines  determine  a  plane. 
If,  then,  we  can  show  that  a  plane  passes  through  the  tangents  of  two 
sections  which  meet  in  a  given  point,  we  show  it  to  be  the  tangent  plane 
to  the  surface  at  that  point. 

Let  all  the  gcncratin?;  lines  (L)  of  a  nded  surface  (S)  be  pro- 
jected on  a  given  plane  (P).  Then  there  is  a  curve  (C)  on  (P) 
to  Nvhich  all  thct-c  projections  are  tangents.  On  (C)  as  a  base,  with 
generating  lines  perpendicular  to  (P),  draw  a  cylinder  (K),  which  will, 
theroforo»  meet  tlie  sur^e  in  a  curve  (KS).   And  any  tangent  plane  of 
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this  cylinder  will  contain,  passin;;  thrnni^^h  the  point  at  which  it  meets 
the  surface  (S)  ;  1.  one  of  llic  lines  (1^) ;  2.  one  tanc^ont  of  the  curve 
(KS).  Any  tangent  plane  of  the  cylinder,  therefore,  is  t  ui'^ent  to  two 
sections  of  the  surface  passing  through  the  same  point;  namely,  throuijh 
that  point  of  (S)  which  ia  projecied  on  (C)  by  a  gcucratiuij  line  of  the 
qrlinder ;  It  is,  therefore,  a  tangent  plane  of  the  surface. 

Kezk,  any  plane  whatever  (A)  wbieh  passes  through  one  of  the  lines 
CL)  is  the  tangent  plane  of  (S)  at  a  point  Bomewhere  or  other  in  that 
tine  (L).  For,  if  a  plsne  (P)  be  drawn  perpendicular  to  (A),  and  the 
process  of  the  last  paragraph  be  performed,  the  plane  (A),  Ijeing  the 
projecti?^?  pifine  of  (1^)  on  (P),  will  he  a  tangent  to  (S)  at  the  p  nnt 
when'  (KS)  meets  (A).  Otherwise  thns :  every  snch  plane  (A)  meets 
the  surtacj  nut  only  in  the  gencraling  line  (L),  but  also  in  anuiher  line 
(M)  :  for  the  plane  (A)  must  somewhere  or  other  meet  the  other  gene- 
rating lines,  except  in  these  isolated  eases  in  which  a  generating  line 
happens  to  he  parallel  to  (A).  And  at  the  point  where  (A)  and  (M) 
meet,  the  plane  (A)  contains  tangents  to  two  sections,  and  is  therefore 
a  tangent  plane  at  that  point. 

We  shall  now  consiaer  some  of  the  precedinc^  points  analytically. 
Take  the  eqnalions  (S),  implicitly  considering  r  us  a  function  of  x 
and  y  obtained  bv  eliminating  «:  let  ^  and  v  be  functions^  of  the  two 
independent  vanables  i*  and  y.  For  convenience*,  let  2,  denote  dz  :  dr, 
&c.    Then  we  have 

EUminate    and  tu  and  wehave»  (dropping  v),  and  making  sf'+^'cQ. 

becomes 

or  Ha-*.f--*)=G(,-Yr-^-^); 

which  is  the  equation  of  the  tsngent  plane  at  the  point  (x,  y  z\  and  it  is 
obviously  satisfied  as  long  as  (^,  77, 0  ^^'^  i;enerating  line  which 
passes  through  (j,  y,  i).   And  if  Ai+^y + C«  +  E    0  be  the  equation 

of  a  plane,  this  plane  is  a  tangent  plane  to  the  eurface,  if  X  and  v  can 
be  so  found  that  A=XII,  R--XG,  C=X  (Gf -H,i),  E=:\(G^-H*), 
Let  a  plane  be  drawn  through  the  generating  line  (L,),  whose 

value  of  v  is  ;  whence  is  a  fixed  constant  throughont  thi;?  process. 
The  equations  of  (LJ  are,  therefore,  h=^0i  +  4'4,  }j=^^y^j4-^„  where 
^1  means  ^Vi^  &c.  Then,  because  the  plane  passes  through  the  line 
just  described,  its  equation  must  have  the  form  A((— ^1) 
+  B  (i?-4:V.-^i)«0,  or  A^+B»,-(A^,+Bf,)^-(A«I»,4-B%)=0. 
This,  with  the  equation  of  the  surface,  obtained  by  eliminating  v  (the 
arbitrary  quantity)  from  the  equations  (S),  gives  the  two  e(piations  to  the 
intersection  of  the  surface  and  the  plane,  one  branch  of  which  is  of  course 
the  sLnught  line  (LJ.   If  we  were  to  make  v^v^  the  two  equations 

*  This  will  often  be  useful  ia  mere  opeiatiouM :  but  the  student  should  read  as 
"  4t»,  bjTi       IB  the  ssusl  way. 
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(S)  would  jointly  mtisfy  the  equation  of  tlie  plane ;  but  if,  inatead  of 
that,  we  make  v  approach  without  limit  to  t„  we  shall  make  the  point  for 

which  the  three  equations  are  true  approach  nearer  and  nearer  to  the 
line  (L,)t  and  shall  finally  obtain  that  point  in  ^vhich  the  otlicr  ])rtmdi  of 
the  intersection  meeta  (L|).  Obtain  the  value  of  ^  from  the  three 
equations 

A|+Bi|-(A0i+Bf ,)  C-{A»»+B*,)s=0. 
which  gim  ^=s-{A(*-*,)  +  B(^-^,)} :  {A(0-0i>+B(^-Vi)}- 

If  r=7  ,,  this  takes  the  form  0:0.  indicating  that  ^  may  haTe  any 
value,  as  is  the  case,  since  all  the  line  (L|)  is  part  oi  tlie  lutcrsection 
required.  But  if  v  approach  without  limit  to  v^,  we  find,  dividing  the 
numerator  and  denominator  of  the  preceding  by  v—Vi,  and  taking  the 
limits,  that  the  limit  of  ^ib  -{A^i+B'»'i}  :{A0'i+By^\),  where 
means  ¥vi,&c.  Let  this  value  of  ^  he  called  Zi;  then  A(^'i2i  +  *',) 
-l-B  (Y^'|2',+^i)~0,  and  if  from  this  we  substitute  the  value  of  A :  B 
in  the  iirat  form  of  the  equation  to  the  plane,  we  find 

Compare  thia  with  the  general  equation  of  the  tangent  plane,  and  it  ia 
evident  that  we  have  before  ua  the  equation  of  the  tangent  plane  at  a 
I»oint  of  contact  on  the  generating  line  which  haa  v=Vi,  and  whose  ver- 
tical ordinate  ia  S|.  That  ia  to  say,  if  any  plane  he  drawn  intersecting 
the  surface  in  a  generating  line  (L,),  and  in  another  hrnnch  (M),  that 
plane  is  a  tangent  plane  to  the  stirface,  and  the  point  of  contact  is  the 
intersectior!  of  (L,)  and  (M).  This  is  one  of  the  theorems  which  haa 
been  proved  by  peomctrical  ronsidi  ration?. 

The  preceding  iilublratiuna  have  been  drawn  from  geometry,  and 
applied  to  a  partial  diff  equ.  of  the  first  order.  I  shall  now  show  (in 
the  manner  of  Monge)  how  aimilar  oonaiderationa  not  only  explain  the 
meaning  of  equationa  of  higher  orders,  but  fomiah  the  readiest  mode  of 
obtaining  them.  If  we  look  at  the  equations  (S),  we  see,  to  all  appear- 
ance, four  arbitrary  functions,  4*,  i/',  and  and  might  therefore  con- 
clufle  that  the  first  partial  diff.  cqii.  which  is  free  from  these  functions 
will  be  of  the  fourth  order.  This,  however,  would  not  be  correct;  for  if 
ifA!  be  called  V,  we  can  thence  find  v  in  tenns  of  V,  and  shall  have  in 
the  equations  the  quantity  V,  (which  will  he  eliminated  between  the 
equationa  in  forming  the  equation  of  the  surface,)  and  thrwe  arbitrary 
functiona  of  it  There  are  then  only  three  arbitrary  functiona  In  the 
general  equations,  and  thf  })artial  din.  equ.  is  of  the  third  order. 

To  find  the  partial  diff.  equ.  in  the  case  before  ua,  take  any  point 
(t,  V,  *)  in  the  ?urfnce,  and  a  set  of  contiguous  points  made  by  increasing 
.r,  and  ^,  respectively  by  J,  ^y,  and  ^r,  at  every  step.  It  is  then  the 
property  of  the  surface  that  for  one  set  of  values  of  At,  Ay,  and  Ar, 
or  rather  for  one  set  of  relaiive  values,  the  points  (x-f-Aj^,  &c.) 
(i4-2At,  &c.)  all  continue  on  the  surface.  If,  then,  z  be  the  vertical 
ordinate,  we  have  for  values  in  a  certain ,  proportion  (say  i&4r=mA, 
4ysm*,  Ax^vU)  the  equation 

r +m/=  r  +     .  mh  +    mk)  +  J  {z„  m»  h* + 2z^m*kk  +  r^m***)  +  •  • .  • 

fnr  all  i-aliics  ofm.  Take  z  from  both  sides,  divide  by  and  make 
both  sides  identical,  (which  they  must  be  since  they  are  true  for  aU 
values  of       and  we  have 


J  .  d  by  Google 


APPLICATION  TO  GEOMETRY  OF  THREE  DIMENSIONS.  4i6 

Eliminate  A,  ^,  and  I  in  the  simplest  manuer  from  these,  and  we  bave 
the  ptrtiil  diff.  cqu.  of  the  dait  of  BUTfeces.  This  can  be  done  from  the 
second  and  third,  for  the  second  gives 

•jj-=5  — — "  ^  ■  ■  ;  suppose  this  —  j"* 

The  third  then  gives 

which  is  the  ])iirtial  diff.  eqn.  required,  and  is  of  the  /hiyd  ortlcr. 

Agiiiii,  i-ince  I :  h  =  s, z^fct  h,  and  s'nce  th^re  is  a  relation  (it 
matters  not  what)  between  / :  /*  and  k :  A,  because  there  is  only  one  set 
of  pt  o^  iirtions  of  increments  at  a  given  point  for  which  the  preceding 
equations  are  true,  hh  must  he,  on  anyone  surface,  a  function  of 
k :  A«  This  givea 


a  partial  diff.  eqn.  of  the  srrnnd  order,  which  also  helongs  to  the  surface. 
It  contains  one  arhitrary  function.   Beturning  to  the  equations  x=:vz 

H-^r,  y=Yrr .  c-f  M'r,  (in  uliich  we  T^-ritc  v  fur  (f^v,  since  we  have  shown 
that  one  arbitrary  fuiiciion  is  superfkious,)  v,t  see  thut  /? :  /t  is  di/ :  dx  on 
the  supposition  tliat  we  pass  from  point  to  point  on  the  generating  line, 
17  being  constant.  We  have  then  k  :hz=:\i/v:  r,  which  therefore  =A :  s^. 
Consequently  v,  4>v,  fv^  and  arc  all  functions  of  A :  or  we  ha?e 
two  more  partial  diff.  eqn.  of  the  aeoond  order, 

But  these,  though  they  belong  to  the  dasa  of  surfaoei,  do  not  helong  to 
that  data  only,  since,  when  integrated,  they  would  each  hwefour  arbi- 
trary functions.  To  transform  them  into  others  containing  one  only  a 
piece,  diminate  s  between  the  first  equations,  which  givea 

V»T>     «^t?— V^4>v  A        /A\  ... 

y-v*—  T — *  ^  v--—       —  }  

Also  dz :  (ir=2,+;,    :  <ir,  or  1 :  v^z^-^-s^fv  i  v  whence 

1         *t>  .         /  j_    A\      _/A\  ... 

Theequationa  (2)»  (4),  and  (5)  are  the  first  integrals  of  the  eqimtion 
(1)  ;  to  make  one  mon*  ^tep,  pliminnto  A  :r  ,^  I  rtween  each  two  ot  the 
three,  and  three  equations  are  obtained,  each  contain  in  n  and  only, 
but  with  two  arbitrary  functions.  Finally,  the  pair  (3)  of  diff.  equ. 
of  the  second  decree,  and  the  elimination  of  A: 2,,  between  them, 
givea  tlie  primitive  integral  of  (I)  containing  three  didinei  arbitrary 
nmctions* 

To  verify  all  these  results  by  actual  dimination  would  be  •  tedim 
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process;  I  shall  here  confine  myself  to  one  of  the  same  sort,  whieh 
will  veiifjr  the  condition  above  obtained  as  that  under  which  the  ruled 
surface  la  derelopable.  The  condition  •  of  these  surfacea  being 
zig^ZsmZgg^O,  we  must  obtain  this  function.  We  have  (page  423) 

i^.^-V'Z.  ^^V'-^  z='-^+!?: 

Differentiate  each  with  respect  to  X  and  y,  and  divide  — X^i^hj 
— •     ^*   This  givcfi 

But  when  tlie  surface  is  develi)pable  these  are  equal,  or 

(0^'Z)v^Vl?5  _(^-V^Z)t?.--0Z-'Z, 

(^/-yz)     z,  ""(0'-^  z)  i»,-0z-'  z; 

which  gives     (rp'-Vr'Z)(f  -  c/;Z-')  (Z,  u,-Z,  r J=0, 

Now  if  we  equate  the  second  factor  to  nothing,  and  r,,  will  both 
be  infinite.  Ir  \vc  ni;ike  the  third  fac;or  vanish,  lliis  isliows  (i)aiie  18") 
that  r  and  y  only  enter  Z  throuirh  »»,  whence  5  is  a  fiiiiction  wf  r,  and  j 
aud  arc  funcrions  oft'.  In  the  first  case  (page  193)  x  and  y  mufet  be 
constants,  or  it  is  not  a  surface,  hut  a  right  line  perpendicular  to  {xy) 
which  satisfies  the  condition :  in  the  second  case,  it  is  not  a  surface  but  a 
curve»  which  satisfies  the  condition.  Consequcntlj,  y'Z=0  is  the 
only  condition  of  a  developable  surface:  this  gives 

|^|'=|.«*'*'=*^.-'-««- 

If  upon  any  surfiioe  we  draw  a  curve  line,  and  through  every  point  of 
that  line  draw  a  normal  to  the  surface,  all  these  normals  will  constitute  a 
ruled  surface :  and  since  every  tangent  plane  of  the  ruled  surface  passes 

through  a  normal  of  the  surface,  it  is  perpendicular  to  a  tangent  plane  of 
the  surface.  The  ruled  surface  may,  therefore,  be  called  a  normal 
surface  to  the  given  surface;  aud  it  is  obvious  that  the  number  of 
normal  surfaces  which  a  given  surface  admits  of  is  infinite,  since  the 
number  of  curves  which  can  be  drawn  upon  the  surface  is  iuhaue. 
Everr  normal  surface  of  n  sphere  is  a  cone  (or  plane) ;  in  a  li^jht 
circular  eylioder,  the  normal  surfoce  has  the  axis  of  the  cylinder  for  its 
line  of  greatest  density.  And  since  a  normal  surface  may  or  may  ool 
he  developable,  it  will  be  a  matter  of  interest  to  inquire  whether  any  and 
what  surface  has  developable  normal  surftccs,  and  how  their  directing 

curves  are  to  lie  drawn. 

I^ct  ;  =  0  (x,y)  Ije  the  equation  of  a  surface,  and  let  y^rY^x  be  the 
equation  of  the  right  cylinder  whtch  cuts  off  a  curve  from  it.  We  have, 
then,  at  the  point  of  contact  (x,y, x),  — in—y)  for  the 

tangent  plane,  — «)  :p=  (9— y)  :  v  =  —  (;— z)  for  the  normal.  These 
last  may  be  written 

in  which  ^=:^(x,  y),  y-=^f^r,  imply  that  y  uml  r,  and  therefore  p  and  7. 
may  be  made  fuuctious  ul  j;.  Let  dy :  cus^y'^sjid  the  condition  of  the 
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ruled  surface  whose  equations     taking  the  place  of    and  |,  &C,  of  or, 

&C<}  have  ju.at  hceii  exhibiled  being  developable,  is 

d.p  d       '  ^-V  ^  ,     t  \ 

(T+7*-p70  - y  (1 +P' <-  !  +  7^  r)  +  (p^r-l  +p«*)=0. 

It  the  roots  of  tins  equation  be  always  possible,  a  (levelopn))le  normal 
surface,  or  rather  two,  can  be  drawn  through  eacii  point  oi  any  surface: 
for  if  y'  —  xi+jJB  l)e  the  solution  of  the  last,  we  find  for  t/  two  functions 
of  jr>  which  heiog  integrated  give  two  forms  of  y^^ffx,  which,  by  the 
arbitrary  constant,  may  be  made  to  belong  to  curves  passing  through  the 
projection  of  any  point  of  the  surfoce.  Representing  the  preceding 
aquation  by  Rt/'*- Sy+T^O,  the  possibility  of  the  roots  depends  on 
the  sijs^  of  S^— 4RT.  An  artifice  of  an  easy  character  will  save  us  the 
investigation  of  this  quantity  in  its  present  complicated  form.  Whatever 
may  be  the  point  of  the  surface  under  consideration,  the  possil)ility  or 
impossibihiy  of  a  developable  normal  surface  passing  through  ii  does  not 
depend  on  the  coordinate  planes  chosen  :  if  one  or  the  other  case  can  be 
shown  for  any  one  set  of  axes,  the  question  is  solved.  ]>et  us,  then,  take 
a  plane  of  jy  parallel  to  the  tangent  plane  at  the  point  in  question ;  this 
gives  psO,  9=0,  and  the  values  of  r,  s,  and  on  the  supposition  made, 
li^g  ''i*  ^if  ^d  <|,  we  have 

of  whicil  the  roots  are  botii  possible,  since  the  first  and  third  tcnus  have 
difTetent  signs.  Again,  tlie  values  of  y  are  tangents  of  the  angles  made 
by  the  tangent  lines  of  the  projections  with  the  axis  of  let  these  be  t 
and  €t,  then  it  follows  from  the  preceding  that  tan  €. tan  C,=  —  I,  or  C 
and  6|  differ  by  a  right  angle.  But  in  the  simplified  case,  the  normal  is 
the  continuation  of  tne  ordinate  2;  and  the  normal  planes  drawn  through 
the  tangents  of  the  curves  make  angles  €  and  with  the  plaiif^  of  rr : 
that  is,  since  €  and  ditler  by  a  right  angle,  tliese  normal  plnnes  are  at 
right  angles  to  one  another.  If,  then,  tluough  any  point  of  a  surface 
the  two  curves  be  drawn,  the  normal  surfaces  of  which  arc  develop- 
able, the  tangents  of  these  curves  are  at  right  angles  to  one  another,  and 
also  the  normal  planes  drawn  through  those  tangents. 

I  defer  further  consideration  of  these  normal  developable  surfaces 
until  after  the  establishment  of  their  most  important  use,  which  arises 
out  of  their  connection  with  the  curvature  of  surfaces. 

We  have  alrcndy  considered  the  contact  of  a  tangent  plane  with  the 
surface;  we  shall  now  pursue  this  subject  a  little  further.  It  has  been 
shown  thai  when  rt  —  is  negative,  the  tangent  plane  cuts  the  surface. 
Consequently,  at  any  point  so  circumslunced,  the  tangent  plane  nnist 
meet  the  surface  in  a  line :  we  now  ask  under  what  conditions  does  the 
tangent  plane  not  only  meet  the  surface  in  a  line,  but  continue  to  be  the 
tangent  plane*  at  every  point  of  that  line  (a  table,  for  instance,  is  a  tan- 
gent plane  to  a  ring  placed  upon  it  at  every  point  of  the  circle  of  coin- 
cidence.)  This  obviously  requires  that  we  can,  by  going  from  point  to 

*  A  soIutioQ  oi  this  problem,  iu  au  «legaut  and  general  form,  may  be  found  ia 
vol.  it.  patfe  22,  of  tbm  CMn4^  Matktmatic^  Juumtil,  (VVhittalwff  sod  Cq.,>  a 
work  wnidi  I  •tcongly  Mcommsnd  to  ths  ititiUuii  of  analysis 
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point  of  the  surface  in  a  particular  way,  keep  the  equation  4  — (^-•t) 
+  ?  iu—y)  representing  the  same  plane ;  or  p,  9,  and  «— pjc— must 
remain  the  aame.  Taking  a  point  (x,  ^,  z  )  on  die  curve  of  inteneetioii, 
let  (x+dr,  &C.)  be  tbe  contiguous  point,  and  ht  y—fxhe  the  equation 
of  the  projection  of  the  curve  on  (xy).  Then  it  is  the  condition  of  the 
curve  that  j>  and  9  remain  unaltered  as  long  as  dy^.'^x.dx.  But. 

dp=rdx  +  sdy,    dq=z  jdr-f  -  idy ; 

whence  0=r(Zr+5Y<'xrfjr,  Osrjdj+^Y^'xt/j,  or  <*=0.  whicli,  r,  t, 
and  t  being  functions  ofx  and  drives  a  relation  of  the  form  y  =  ^/x^ 
which  is  the  ecjuatian  of  the  projection  of  the  curve,  if  such  a  curve 
there  be.  Ayain,  dz^^pdx-^qfhj,  and  i{  p  and  q  can  be  made  consiant, 
we  have  z—px-i-qy-i-C,  wheuever  y  is  taken  such  a  function  of  x  as 
makes  p  and  q  constant.  The  only  question  remaining  is,  does  it  follow 
conversely  that  p  and  q  are  constant  when  y  is  so  taken  in  terms  of  jr  that 
W-»i*ssO  ?  Assume  this  last,  and  add  together  the  squares  of  dp  and 
dq  as  above  obtained,  putting  rt  for  1*  wherever  it  occurs.  This  givea 

dp^+dq^=z{r+t)  {rdj^+2sdxdyi-tdif'}. 

Now  this  must  be  sO,  for  going  in  the  direction  required,  there  is  no 
deflection  from  the  tangent  plane,  and  the  terms  of  the  deflection  which 
are  of  any  given  order,  most  collcctivclv  be  =0,  Rud  rdr*-^  2ft  dr  dij 
•i-idy^  among  the  rest.  Hence  dp^-^  dq'T=0^  which  requires  dp  =  Of 
d^=0,  or  else  shows  that  the  cnrvc  is  ini|H)tsil)ic.  Consequently,  when 
r/— /sO  gives  ^z=^x  in  such  a  way  that  there  is  a  real  intersection, 
that  intersection  is  a  plane  curve,  and  its  plane  is  the  tangent  plane  to 
the  surface  at  every  point  of  the  curve.  Accordini^ly,  we  see  that  in 
developable  surfaces,  the  tangent  plane  is  everywhere  tangent  at  all  the 
points  in  which  it  meets  the  surface. 

We  might  next  ask,  by  analogy,  what  is  the  closest  sphere  which  can 
be  drawn  to  the  surface  at  a  given  point :  but  here  we  shall  immediately 
see  that  though  we  can  hnd  an  infinite  number  of  spheres  having  a  con- 
tact of  the  first  order,  it  can  only  be  at  certain  points,  if  ever,  that  a 
sphere  can  be  made  to  have  a  complete  contact  of  the  s^ond  order. 
For  there  are  but  four  constants  in  the  equation  of  the  sphere,  while  up 
to  the  second  order  inclusive  there  are  five  diif.  eo.  If,  therefore,  we 
dispose  our  constants  so  as  to  make  the  sphere  pass  through  a  given 
point,  and  to  mnke  />,  7,  and  r  the  same  in  both  surface  and  sphere,  we 
shall  have  no  arbitrary  quantities  left  to  which  to  assign  values  which 
shall  make  j  and  i  the  same  in  both.  There  mu^t  then  at  least  be  six 
constants  in  the  equation  of  any  surlace  wliich  can  certainly  be  made  to 
have  a  contact  of  the  second  order  with  any  point  of  a  given  surface. 

Abandoning,  therefoie,  the  idea  of  estimating  the^  curvature  of  a 
surface  at  any  one  point  entirely  by  that  of  another  surface,  let  a  nonnal 
be  drawn  through  the  point  in  question*  and  let  a  plane  revolve  about 
this  normal  as  an  axis.  This  plane  will  make  with  Uie  surface  an 
infinite  number  of  sections,  one  in  each  of  its  positions.  Let  these  be 
called  normal  srrfion^.  "We  shall  cbtiniate  the  ciirvatnre  of  the  surlarc 
by  finding  relations  between  the  cnrvatures  of  the  noimal  sections.  And 
as  our  present  object  is  to  find  absolute  properties,  independently  of  ujiy 
]>OBitioo  with  respect  to  coordinates,  let  us  take  the  point  under  eamina- 
tion  for  the  origini  and  the  tangent  plane  for  the  plane  of  gy.  Let  P» 
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&c.  be  the  values  of  p,  &c.  at  the  origin  ;  then,  l)ecause  the  tangent 
plane  at  the  origin  is  that  of  jry,  its  equation  (or  i^r^  +  Ql)  4  =  0, 
or  P=U,  QrrO,  wheuce  the  equation  of  the  surface  is 

z=}^  (Iva'+2Sjy+T/)+^ (terms  wiih  x\  x'ijy  &c.)+  . . . . 

Let  R,  S.  and  T,  &c.  finite,  whence  the  terms  of  the  third  order 
diminiih  without  limit  compared  with  those  of  the  teoond,  as  x  and  y 
diminiah.  Let  0  be  the  ongin,  0X>  O  Y,  and  OZ  the  axes,  OAPB  a 
portioa  of  the  aurfivce,  0PM  a  plane  passing  through  the  nonnal  0Z» 


and  maleuig'an  angle  MOKs€  with  the  plane  of  xz.  Let  OP  be  apart  of 

the  nonnal  section  of  this  plane,  0G»  GM,  and  MP  the  coordinatesof  P» 
a  point  in  the  section.    If,  then,  OM  be  called  Xi,  we  have,  for  the  eur?e 

OP,  jrsjiros^,  y=:j,  sinf,  and  suhstitution  gives  for  an  equatixHi 
between     and  z  the  coordinates  of  P  in  the  plane  ZOM, 

«s  i  (R  coiP  C-f2S  COS  S  sin  €+T  sin*  t)  x*+  A      Bx\ + Ac, 

where  A,  B,  &c.  need  not  be  calculated.  Now  if  the  equation  of  a  curve 
be  z  =  J«r*  + AjJ+ . . . we  have  at  the  origin  r'=0,  y=flf,  whence 
the  radius  of  curvature  at  tlic  origin  is  1 :  a.  This  theorem  is  often 
proved  by  suppMine  OP  to  be  au  infinitely  small  arc  uf  a  circle,  so  that 
the  rectangle  of  Pli  and  the  rest  of  the  diameter  is  the  square  on  OM, 
or  the  diameter  is  when  «i  is  infinitely  small,  which  is  2:  a. 
Whichever  way  we  prove  it,  the  radius  of  curvature  of  the  section  OP 
is  1     or,  calling  it    we  have 

 1  

^~Rcos«6+2S  cos  CsinC+Tsin*  6^ 

or  the  curvature,  which  is  inversely  as  the  radius  of  curvature,  varies 
with  R cos' ^  +  &c.  We  shall  use  tliis  latter  phraseology,  the  student 
remembering  that  the  greatest  curvature  has  the  least  radius  of  curva^ 
tnie^  and  so  on.  And  though  we  have  drawn  a  figure  corresponding  to 
curvature  in  which  all  deflections  from  the  tangent  phme  are  made  on 
one  aide,  yet  it  must  be  borne  in  mind  that  if  the  tangent  plane  cut  the 
surface,  z,  and  with  it  the  radius  of  curvature  will  be  negative  when  the 
deflections  are  nef^Rtive. 

The  expression  on  which  the  curvature  depends  may  be  easily 
changed  into  the  form  Acos' (6— a)+Bsia^  (C— :  for  li  we  expand 
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cos  — a)  and  sin  (^?  — a),  and  dcvt;lo])c  their  squares,  we  find  that  the 
result  is  made  identical  with  Rcus*^  +  &c.,  by  assuming 

Aco8*a+Btin*asR»  (A-B) COBa,VD«aS,  Aiui'a-l-Bcot*^«sT. 

which  give  R— T=:(A~B)co8  2a,  and  tan  2a=  2S :  (R— T).  This 
givei  ior  2a  two  valuei  difiering  by  two  right  angles,  and  therefore  for  a 
two  values  differing  by  a  right  angle,  and  one  of  these  Is  less  than  a 
right  angle ;  let  it  be  the  one  chosen.  Therefore  sin  2ci:c2S :  ( + ^{4S* 
+  (R— T)*  |>  which  must  be  positive,  since  a<)ir,  or  the  denominalor 
must  be  tnl'on  of  the  same  sign  as  the  numerator.  AIfd  ros2a= 
(R~T)  :  ±V(4S'4-(R-T)«),  in  which  the  denominator  must  have  the 
sign  of  S.  Also  A  +  B=R-fT;  nnd  A-B= -f-y{4S«+ (R -TyK 
whence  AcosH^  -  a) +B8inH^; or  ^  (A  +  B)+ i  C^— 
cos  2  (€ — «),  is 

i(R+T)  ±W{4S'+(R-T)«}.cos2(€-«)  (Q,  , 

where  ±  is  to  betaken  of  the  same  sign  as  S.  This  is  the  cnnratnre 

(inverse  of  the  radius  of  curvature)  of  a  normal  section  which  mskes  the 
angle  €  with  the  plane  of  xz.   We  alio  have 

A=iCR+T}±47{4S«+(R-T)*},B=4(R+T)4:W{-lS*+(R-T)«}, 

where  +  means  the  sign  of  S,  and  :^  the  contrary  sign. 

In  the  expression  P+QcosO,  the  absolute  ma^ciniMm  and  minimum 
values  arc  mndc  by  (?=0  and  fl=T,  giving  P  +  Q  and  P — Q:  m  which 
if  P  and  Q  be  both  of  one  sign,  P-fQ  is  the  numerical  maximum,  and 
P— Q  the  mioimum;  if  P  and  Q  differ  in  sign,  ticc  rma.  Without 
inquiring,  then,  into  the  particular  conditions  under  which  the  maximum, 
as  distinguished  from  the  minimum,  of  the  expression  (^)  is  connected 
with  0  or  we  see  ihat  (€)  is  a  maximum  or  minimum  when 
2(C— a)sO,  or  €=:ct^  and  a  minimum  or  maximum  when  2(€— a)=:v» 
or  C=a+ifl'.  There  m  dien  always  two  normal  sections  at  right 
entries  to  one  nnotlicr,  in  which  the  ma.Tima  and  minima  mrvatnres  are 
contained,  and  the  radii  of  curvature  in  ti\PFC  Fpctiuns  arc  the  reciprocals 
of  A  and  B  above  given,  the  first  wheJ»  fe— a,  the  second  when 
lS  =  a4-^7r,  For  any  other  section  let  € — a^ti  i  then  the  reciprocal  of 
its  radius  of  curvature  is  Acos*6-f  B  sin'd.  This  result  may  be  thus 
most  easily  remembefed:  let  the  sections  of  the  principal  cufvaiure$ 
have  Pi  and  pj,  for  their  radii,  and  let  another  section  maioe  an  angle  B 
with  the  plane  of  the  6rst  principal  section,  having  A  radius  of  curvature 
p :  then  will  \ 
1     cos*d  .  sin*e    co8*d  f  p,,       ,  .1 

p     Pi      Pa     pu  ^pt 

Also  Pf~^  and  Pff~^  are  the  root^  of  the  equation 

««-(R+T)  D+(RT-SP)sO;  * 

and  if  0  be  changed  into  d+^r,  and  the  radms  ol  the  nev  section  be  a, 
we  have 

1     sin«0    cos' a       11      1  1 
—  as  +  ,  or  —  —  ;  1 

'       Pi        Pu         P      <^      Pi  Pti 
tfiat  is,  the  fom  of  the  curratures  cf  any  two  normal  sectiont 
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enlar  to  one  tnother  is  constant.  And  p"'  and  are  tbe  roots  of  the 
equation 

f^-  (R+T)  o+RT— {4S«+  (R-T)«}  oos^e  sin'teO. 

From  tins  we  find  tliij  followinc;  thcui  eiii»  :  1.  Wlicn  RT  — S*  is  positive, 
the  principal  radii,  and  ail  intermeditite  ones,  have  the  same  sign,  wlucli 
is  also  the  sign  of  R  and  T.  2.  When  RT— S»=0,  cither  A  or  B  is 
nothing,  and  either  or  p„  is  infinite.  3.  If  RT— S'be  negatiye, 
either  or  is  negative,  and  the  other  positive.  Remembering  what 
the  negative  curvature  means,  these  theorems  are  what  we  might  expect 
from  page  419.  4.  When  p,,  and  are  of  different  signs,  there  are  two 
values  of  0,  at  whirh  the  intermediate  curvature  vanishes,  corresponding 
to  tan6=  *f  —  fj^^  :  p^),  the  values  of  0  bei:i^  supplemental.  5.  Two 
opposite  iiurnial  sections  have  the  same  curvuture,  (they  arc,  in  fact, 
jNirtB  of  the  same  section).  0.  The  two  priiicipal^curvatures  are  equal, 
and  of  the  same  sign,  only  when  R=T  and  $=0,*and  in  that  case  the 
curvatore  ctf  all  sections  is  the  same,  and  a  sphere  may  have  a  complete 
contact  of  the  second  order  with  the  sturface.  7.  The  difference  between 
the  curvatures  of  perpendicular  sections  vanes  as  cus  2d,  and  is  greatest 
at  the  prir  ipnl  sections,  and  vanishes  at  the  sections  which  are  equally 
inclined  to  the  ])rinripal  sections. 

The  student  who  is  familiar  with  the  general  equation  of  the  second 
degree  will  see  that  the  preceding  trausformatiou&  are  such  as  he  has 

been  aeeostomed  to  use  with  other  meanings.  I  shall  briefly  explain 
tlie  connexion,  more  with  a  view  to  propose  the  exercise  of  filling  up 
the  different  steps  than  to  any  subsequent  use  of  it.  Let  I  (in  the  last 
figure)  be  a  very  small  value  of      so  that         is  the  equation  of  a 

plane  parallel  to  and  very  near  the  plane  of  ry.  Consequently, 
2c=:Rx*+2S  j^  +  Ty"  is  the  equation  (or  more  nearly  so  the  smaller  x 
and  y  are  talcen)  of  the  projection  KHL  of  the  section  APB  of  the 
surface  and  plane  (BL,  PM,  &c.  benig  u).  But  this  is  the  equation  of 
a  curve  of  the  second  order,  whose  centre  is  at  the  origin ;  and  if  22  be 
changed  into  1,  it  will  remain  the  equation  of  a  curve  similar  in  all 
respects,  but  larger  in  linear  dimension  in  the  proportion  of  ^(2^)  to  1. 
Now  if  the  axes  of  x  and  y  revolve  through  an  angle  a,  being  the  least  of 
those  determined  by  tan  2a=:2S :  (R— T),  the  eqtiation of  thecurve  will 
then  be  l  =  Aar*+B?/',  where  A  and  R  are  precisely  as  before.  If,  then, 
0  be  the  angle  made  by  a  railius  vcct  T  r  with  the  new  axis  of  jr,  we 
shall  have  1  :r*=Acob"(i  +  B  siu*(i.  The  lines  ot  tlie  second  degree 
which  have  a  centre  are  the  ellipse,  hyperbola,  and  (not  the  parabola, 
but)  that  extreme  variety  of  the  parabola  which  consists  of  two  parallel 
straight  lines.  Hence  the  following  theorem :  if  at  a  given  point  of  a 
surface  a'plane  be  drawn  parallel  to  and  very  near  the  tangent  plane, 
cutting  the  surface,  the  parts  of  the  section  closely  conticrnous  to  the 
point  of  contact  will  be  very  nearly  parts  of  a  small  curve  of  the  second 
degree,  nnd  the'more  nearly  the  closer  the  intc  r-crriuL'-  plane  to  the  tan- 
gent plane.  And  if  a  curve  of  the  same  kind  be  drawn  on  the  tangent 
plane  about  the  point  of  contact  as  a  centre,  similar  to  the  small  curve, 
and  similarly  placed,  but  so  much  larger  that  Ji2h)  in  the  smaller  shall 
be  1  in  the  Isrger,  the  square  of  the  radius  vector  on  this  curve 
(numerically  considered)  will  be  the  radius  of  curvature  of  the  normal 
section  which  is  touched  by  that  radius  vector.  Remember,  that  in  the 
hyperi^olai  though  the  radius  vector  is  impossible  in  one  pair  of  opposite 
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asymplutal  angles,  its  square  is  not  impossible,  but  nes^ative,  and  is  the 
square  of  ihc  radiiia  vccLnr  of  the  conjtifjate  hyperbola  taken  negatively. 
The  iuILovving  mctliod  ui  using  this  theorem  will  perhaps  explain  the 
theorem  itself.  GWen  the  magDitude  and  siga  of  the  principal  radii  of 
curvature,  and  their  diiections,  required  the  radius  of  cunrature  in  any 
other  direction.  First,  if  both  be  infinite*  all  radii  are  infiaite,  and 
the  tangent  plane  has  a  complete  contact  of  the  second  order  with  the 
aufface. 


7i 

A 

2 

} 

t5 — 

B 

1. 


Next  let  OB  and  OA  be  the  principal  directions,  and  let  the  radius  in 
the  direction  OB  be  infinite,  tluit  m  OA  being  OA.  Let  OKrr^OA, 
take  OL=OK,  and  throiigli  K  and  L  draw  lines  parallel  to  Oii.  If  the 
curvature  be  finite  in  both  directions,  take  OK  and  OlSl^iJOX  and 
^OB,  without  reference  to  sign,  and  with  OK  and  OM  as  principal 
axes  describe  an  ellipse,  if  OA  and  OB  agree  in  sign,  and  a  pair  of  con* 
jugate  hyperbolas  if  they  differ.  Put  these  figures  on  the  tangent  plane, 
O  at  the  ])i)int  of  contact,  OA  and  OB  in  the  prinrip  il  directions  of  cur* 
vature.  Tiien,  for  every  point  Z,  the  square  of  OZ  is  the  radius  of  cur- 
vature of  the  normal  section  which  cuts  the  tangent  plane  in  OZ.  In  the 
fust  figure  this  is  to  be  taken  of  the  same  sign  as  OA,  in  the  second  uf 
the  same  sign  as  OA  or  OB,  and  in  the  third  it  is  to  have  the  sign  of 
OA  or  OB.  according  as  the  hyperbola  ou  which  il  u  passes  through 
(K,L)  or  (M,N). 

As  yet  we  have  only  considered  sections  made  by  planes  passing 
through  the  normal ;  we  shall  now  suppose  a  section  which  declines  from 
the  normal  by  an  angle  v.  As  the  theorem  we  are  now  going  to  prove 
is  isolated,  I  shall  give  a  demonstration  of  it  which  assumes  the  infinitely 
small  arcs  of  the  sections  to  be  parts  of  the  circles  of  curvature,  leaving 
the  student  to  try  if  he  can  ex])res»  the  e(] nations  of  the  sections^  and 
thence  determine  the  curvaiures  in  tlie  usual  manner. 

Let  OX  be  a  line  in  the  tangent  plane,  and  take  it  as  the  axis  of  «: 
let  OM  be  the  normal  section  passing  through  that  tangent,  and  let  PO 
be  an  oblique  tectiDU  in  the  plane  PNO.\,  making  with  ZOMN  an 
angle  AOZ=ry.  Let  OQ  be  the  projection  of  the  section  OP  on  the 
plane  of  XY*   Then»  since  the  equation  of  the  surface  is 

and  since  OUsst,  we  have  2NM=Kx*+&c.  (since  y=0  for  all  points  ia 
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OM.)  Again,  since  ON  is  tangent  to  OQ.  NQ  diminishes  without 
limit  compared  with  ON  ;  so  that  SSxy  and  Ty*  are  of  the  third  nnd 
fourth  order,  or  2PQ=llj:'-f  ....  Consequently  the  limit  of  PQ:  MN 
It  ttoity,  or  PQMN  approaches  without  limit  to  the  fonn  of  a  rectangle. 
Taking  OP  and  OM  for  tmal)  arcs  of  circles^  their  diameters  are  the 
limits  of  ONVNPand  ONVNM.  and  diam.  of  OP :  diam.  of  OM  is 
limit  of  NM :  NP,  which  as  PMN  approaches  to  a  right  angle,  baa 
cosPNM,  or  cos  V  fV  r  i:s  limit.  Hence,  if  OZ  he  the  diameter  of  curva- 
ture of  the  normal  section,  .-md  ZAO  a  circle  with  OZ  for  diameter,  OA 
18  the  diameter  of  curvaiure  of  the  (ililmne  section.  Or,  all  the  sections 
made  by  planes  drawn  through  one  tnngent  have  for  their  diameters  of 
cur?ature  the  chords  of  a  circle  which  has  the  diameter  of  the  normal 
section  of  that  tangent  for  its  diameter*  And  if  the  given  tangent  be 
made  the  axis  of  .r,  and  the  circle  be  drawn  in  the  plane  of  ^r,  any 
chord,  with  the  common  tangent,  determines  the  plane  of  the  section 
which  has  that  chord  for  its  diameter  of  curvature. 

I  tshall  now  show  that  the  two  normal  sections,  perpendicnlnr  to  each 
other,  of  greatest  and  least  curvature,  are  in  those  directions  already 
obtained,  in  which  th«i  consecutive  normals  intersect  the  normal  at  0 ;  so 
that  the  principal  normal  planes  are  tangents  to  the  developable  normal 
surfaces  which  pass  through  the  point  O.  Taking  «sjl(ltr'+2Sd;jf 
+Ty*>+4^c.,  (remember  that  +«c.  throughout  ruers  to  terms  which 
diminish  without  limit  as  compared  with  those  which  precedct)  we  find 
for  the  equation  to  the  normal  at  the  point  (x^^t »)» 

lLr  +  Sy  +  &c.     SjT  +  Ty-f&C.       ^*  ^' 

whence  (Itr4-Sy)i|-(Sj+Ty)4=:S(y*—as^)+(R-T)  ly,  neglecting 
terms  which  have  no  effect  on  the  limit,  is  the  equation  of  the  projection 
of  this  normal  on  the  planp  of  xy.  iiere,  then,  are  two  straight  lines,  the 
axis  of  (s),  and  tiie  new  normal  (v)  projected  on  the  plane  of  (xy) 
into  (vi),  of  which  the  equaiion  has  just  been  found.  Hence  it  may 
easily  be  shown  that  the  perpendicidar  let  fall  from  O  upon  (vj  is  equal 
and  parallel  lo  the  ahortest  distsnoe  between  if)  and  (2).  But  if 
ay-ox^c  be  the  equation  of  a  straight  line,  the  perpendicular  let  fall 
OD  it  firom  the  origin  ia  e:^(aP-|-6*)»  giving 

{  (R- T)  jy  -  S  Co^ -y*)  }  :  V  ( (Itc + Sy )« +  (Sx + Ty )=} 

2F 
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for  the  shortest  disUnce  between  (s)  and  M.   But  if  two  consecutive 

normal?,  infinitely  near  to  one  another,  are  lo  meet,  (pnp:e  412,)  this 
shortest  distance  mn?t  diminish  without  limit  a?  compaied  with  x  cr  y 
when  the  latter  dmiimsh  without  limit.  Let  the  point  (j,y)  move 
towards  the  origin,  and  let  y=x  tan  6,  whence  the  preceding  expression 
becomes 

X  {  (R  -T) .  tan  6- S  ( 1  -  tan*  Q}  :  V{(K+ S  tan        (S +T  tan  }, 

which  cannot  diminish  without  limit  ih  comparison  with  x,  unless 
(R— T)  tane-S(l-tan*e)  +  (the  terras  of  a  higher  order  neglected) 
diminishes  without  limit:  and  this  cannot  be  unless  (R  — T)  tan  C — 
S  (1 -tim*&)=0,  or  tan2^-2S:  (R-T).  But  this  is  the  loimulaby 
which  the  angles  of  the  pnucijml  sections  of  curvuture  were  obtained; 
whence  the  theorem  above  stated. 

It  appears,  then,  tbat  every  nirfaoe  may  be  travened  by  an  inBnite 
number  of  curves,  two  of  which  paaa  tbrougb  every  point«  indicating  by 
their  tangents  the  directiona  of  least  and  greatest  curvature.  And  it  is 
the  property  of  each  of  these  lines  that  normals  to  the  surface  drawn 
through  the  several  points  of  any  one  of  them,  lie  on  a  dcvelopahle 
surface,  and  are  tangents  to  a  cunimun  Diiit  tiiig  curve.*  It  a 
moving  puiut  were  obliged  to  seek  its  co\u&e  so  as  always  to  take  the 
most  or  least  bent  track,  it  would  move  on  one  of  these  curves.  With 
ibis  general  knowledge  of  the  subject,  we  shall  now  look  for  the 
means  of  finding  the  curvatures,  ftc.  with  any  origin  and  any  axes* 

The  equations  of  the  normal  at  a  point  (x,    z)  being 

~o+/>(r-^)=o,  (»?-.v)+7C<:~^)=o; 

if  we  take  an  adjacent  point,  (x+r/x,  &c.\  nt  which  the  normal  is  in 
the  same  plane  with  tlie  one  just  given,  there  will  be  a  point  of  inter- 
sectbn  (X,  Y,  Z)  which  is  on  both  normals,  or  will  satisfy 

(X-j)+7>(Z-z)=0,  (Y~v)+9(i^-2)=0, 
(X -  x - d.t  )  +  f  p  +  (lp){Z-z-  nz):=0, 
(Y  -y-dy  ) + iq^dq){Z^Z'~dz) =0. 

Subtract  the  first  set  from  the  second,  rejecting  from  the  latter  terms  of 
the  second  order,  and  we  have 

dp  (Z— *)  -prf2— <i3?=0,    dq(^—z)  —  q(lz'^dy^(f. 

The  elimination  or  Z— 2  gives  dj)  {cjilz  -tdy)'=dq  {pdz+di),  an  equa- 
tion already  obtained,  and  which  gave  (page  427} 

^         *  -  i'y  •  0  ~  ^  ( iT^ '  -  rT7' r)  +  p  g .  r  -  H^' * = 0 . . . 

and  the  first  two  equations  may  be  written  (dy :  dx  being  ^) 

y  { ,  (Z  -     -     !  +  r  (Z-.) ( 1  +/)•) = 0 1  ^^^^^ 
y'  [l  (Z -  2)- (1  +     }  +,v  (Z - z)  -pq^Or 

*  One  sutinil  writiT  On  tUs  tahjeet  Tand  perhaps  more)  has  atteinptrd  to  tiSaslsiS 
the  words  nrt/r  ifr  t  rl  roustentent  into  Kngli>h  h\  tdgr  of  rrgrrsiwv .  wMrVi  'vt  ms  tO 
me  a  closer  imitation  of  the  woids  than  of  the  meaning.  Mauy  wurds  mtghl  b* 
•u((geat«d,  such  on  the  lif^ature  of  fke  ttormslt,  or  their  otcuktrixj  or  Chcir  oflioi« 
tan.'cntiu!  ciirvf.  Also  with  reference  to  the  developubte  gurfaccj  tho  flvAc^  Ac> 
might  b«  c«lted  the  g^neratxix,  or  the  cucre  of  greatest  deasitj*  &c. 
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{e(Z-«)-n  +  7')}  i g) - ( 1  -f p') } - { f  (2-i)~p?}«:=d,  or 

Z/(r/-^«)-Z,(l+9*.r-2p7.*  +  H-/>«.0  +  (l+F--fr)=0, 

where  Z,  —  7.—  z.  If  wo  make  1 +;>'=  R,  p7=:S,  1 +9* rrT,  the  equa- 
tions which  produce  the  above  alid  theit  restdts,  take  the  following 
tymmetrical  forms, 

(it- IS)  r  ^  (m-^fT)y + (r§ -^.ft) =» 

let  V=p:V(l+/  +  7*),  Ws^.'VCi+K  +  v  ),  then 

i»heDce  (y )  b^comei  V,y»-(W,^VJ  y'-\\^=d,  wliich  wli(!o  V  m 
W  are  turned  into  fUtictionit  of «  and  ^  hy  the  subftUttltion  §f  the  values 
6f  and  will  he  an  easy  fohn  for  cMciulAtioii.  Patting  RT-S" 
for  14'F'+9%  wcfind 

V,  V(RT-S«)»=  ( 1+  9«)      p9f=sT#— 91 

W,  V(RT  -  S0'=  -  /^gr  +  (Hp*)  »=  -  S/-  +  Ri 
W,^(RT-S')^=-/;v  +  (l+p«)  «=-Sa  +  RZ; 
whence  (RT—  S«)«(  V,  W,  -    W,) = r«  -  A 

(V,  W,-V,  W,)  Z;-(V,4-W,)  (l  +  p'+9r*.Z,+  (l+F*+90-*=0. 

If  X— .r=rX/,  Y— y= Y^,  we  have  for  the  square  of  the  rfldius  of 
curvature  X/+Y/-f  Z/,  or  (rttd.)'=:Z/(l ;  vvheiice  thevaluea 
ef  this  hidiiifl  are  determined  from 

(V,  W,-V,  W.)  (rad.)'-(V.+W,)  (raa.)  +  l=0. 

1 


nd.={W,+ V.±V(  W,-V;+4V,  W.) } 


2  (V.W,-V,W.) 


It  i*  iDiportant  to  detennine  wliidi  signs  are  to  be  used  together. 
Let  Z|  and  Z,  be  tiie  t«e  T«ine«  af  Z»      y'l  and  y't  those  of  tlien 

In  the  denominator,  snhgtituie  for  y'x-\-y'%  and  y'ly't  their  valuea 
(W,— Vj)  :  Vy  and  -  W,:V,,  and  svil;stitute  for  W,,  &c.  their  values. 
TBis  will  \.i  found  to  reduce  the  preceding  fraction  to  (y'x—y't)  V, 

rt).   Now,  dividing  the  expression  for  tad.  by 
V0  +  p*4-f*)  to  give       and  looking  at  the  difierence  of  1  values^ 
we  see  thht    \ve   ehall  get  hy  ^substitution  y'i'-y'f=  ±^^'^9  and 
Z.=±ViH)Va+jr+9*)»:(««-rt).  «>  that  (Zi-Z.) : (yi-jf'O 
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is  ±^/(l+p'+g*yV,:  (^--rOtheiipiierorlowertignbemgiiidlaceotd- 
ing  as  y*  a&d  Z,  have  ndicals  of  the  same  or  different  signs.  Gon- 
•equently,  since  ^         positively  throughout,  we  can 

onljr  make  the  latter  form  of  the  ratio  agree  with  that  directly  deduced  by 
givin;^  the  same  ?icrns  to  the  radicals  in  the  corresponding  values  of  Z^andy . 

The  most  cmbarragsing  part  of  this  subject  is  the  representation  of  the 
results  to  the  eve:  and  I  here  digress  to  describe  the  best  method  of 
dome  tliia.    Tiie  perapective  employed  should  be  the  orthographic,  m 
whidtheejre  it  at  in  infinite  diitencefrom  tlie  ^laneof  the  picture; 
OTy  to  avoid  the  phyiically  imposaihie  character  of  tlut  supposition,  say  at 
a  very  great  distance  compared  with  the  linear  dimensions  of  the  picture. 
The  properties  of  this  projection  are,  1.  All  lines  or  planes  perpendicular 
to  the  plane  of  the  ]ncture  are  projected  into  points  or  lines.    2.  All 
parallels  are  projected  into  parallels.    3.  Equal  lines,  when  in  the  same 
line  or  parallel,  arc  projected  into  equal  lines.    4.  Equal  lines,  not 
parallel,  aie  projected  into  lines  proportional  to  the  cosines  of  the  angles 
they  make  widi  the  plane  of  the  pietare,  or  the^sines  of  the  angles  they 
make  with  lines  drawn  to  the  eye.   If  the  line  drawn  through  the  eye 
make  equal  angles  with  the  three  axes*  the  projection  is  called  isometri- 
eal:*  it  is  inconvenient  when  there  are  any  lines  in  the  figure  nearly 
equally  inclined  to  the  axes,  and  generally,  the  line  drawn  to  the  eye 
should  not  make  small  andes  with  any  of  the  principal  lines  of  the 
figure.    The  foUowm^^  pr  )iv)sif  inn  will  complete  the  theory  of  this 
perspective,  so  fur  aii  us  application  to  rectangular  coordinates  is  con- 
cerned.  Ut  OA,  OB,  OC  he  the  pro- 
jectioDs  of  the  three  axes ;  from  any  pomt  D 
in  OC  produced  draw  EF  perpendicular  to 
CD,  and  draw  FG  perpendicular  lo  EO 
produced;  join  EG.    Then  will  GEF  be 
the  projection  of  a  triangle  parnllel  to  the 
plane  of  projection,  so  that  EG,  GF,  t  E 
^      are  not  altered  by  projection :  and  OE, 
OP,  and  OG  will  he  the  projectUms  of 
lengths  which  arc  severally  mean  propor- 
UonaU  between  EO  and  £H,  FO  and  FK. 
GO  and  GD.   Equal  lines,  therefore,t  can  be  readily  laid  down  on  the 
three  axes»  and  tl^ce  lines  in  any  proportion. 

♦  The  isometrical  perspective  was  fintthonpht  of  as  the  most  convenient  mode  of 
I^resentiiig  noachiuery,  &c.  by  the  late  Proiessur  Parish  :  there  *re  now,  I  beliere, 
wewmi  tnatiies  oa  it. 

d  thnse  who  wish  to  flrfiw  with  tolerable  rorrectne^i  fo  have 
leveral  cazds  or  pieces  of  wood  made  as  fuUuws.  to  as  many  diiiertiut  vpfcies  of  pro- 
w  i«  jection  »t  may  he  wanfed.    Tha  eaid  «r  block 

^»„.»„.»>.»...  COBVW  admits  of  the  three  axes  hein^^;  imnudi.it. 

3  laid  down  by  placiui;  it  on  the  paper  and  running  a 

§  peocil  aiung  tt)v  e<Iges  CO,  OB,  ajid  iato  the  slit  OA. 

lo  ScjUes  af  parts  anHwering  to  the  |»r<»j«ctiiiiis  «i  equal 

^ „^f(frf**^^^^ ^^*N>^       parts  ate  laid  down  n.lnnjr  the  three  axM,  and  repeated 
;i  tt,.,,,^^,.. ............. ??y>^  uaoccupied  sides.   The  position  of  a  point 

V  B  i|»|)OMCoordii»tvt  aTef^veniitbantninadlatalylbiiBdl 

hr  takiofp  airthe  coordinates  on  the  axes,  and  using  a  parallel  n  li  r  The  bent  way 
of^Ay^n^- down  ihe  difffrrnt  scales  of  equal  parts  i»  by  observing  that  their  units  on 
OQ,  0£,  and  OF  must  be  as  the  square  roots  at  the  sines  of  double  the  Angles  at 
G.  E.  and  F:  alio  the  anele  at  G  is  the  lapplwnant  oTBOF,  Ac  Sea  tha  ^ — 
.      .  ..  #,foLii,p.92. 
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X 


The  diagram  before  us  represents  in  three  positions  the  projection  of 
the  lines  of  cumtnre  of  an  elliptic  paraboloid,  to  which  we  shall  pre- 
sently oome.  In  tlie  nnddk  Bgure,  O  (hidden  by  the  solid)  is  the  origin, 
and  the  line  drawn  to  the  eye  is  meant  to  make  equal  angles  with  OX 
and  OY,  and  a  much  larger  angle  with  OZ.  This  figure  contains  one 
quarter  of  the  frustum  of  the  paral)oloid.  On  the  right  we  see  two 
quarters  prujected  on  the  plane  of  ZX ;  the  axis  of  ij  passes  tlirough  the 
eye  and  is  invisible,  and  tJie  point  Q  of  the  last  figure  is  now  confounded 
with  Z.  On  the  left  we  aUo  see  two  quarters  projected  un  the  plane  of 
ZY,  the  s»s  of  Jr  is  now  invisible,  and  F  and  Z  are  confonnded. 

Let  22=00^+6^  be  the  equation  of  the  snrface :  that  is,  let  it  be  an 
elliptic  or  hyperbolic  paraboloid,  according  as  a  and  6  have  the  same  or 
diflerent  sign?,  the  axis  of  r  containing  the  foci  of  the  principal  parabolic 
actions  (A.  G.  422—600).   We  have  then 

psiix,   9=6y,   rssa,   «s:0,   I=r6,  rt-^fssabi 

whence  the  equation  fur  determining  y'  is 

or  making  (6— a)  :a6*sB,  a :  6s; A, 

. y (y*- Ax"-  B)  y' -  Axy = 0  (3/). 

This  equation  (and  nianj'  others  of  a  higher  degree  than  the  first)  is 
most  easily  integrated  hy  forming  the  diff.  equ.  of  the  next  order:  if  this 
last  can  then  he  completely  integrated,  it  will  have  two  new  constants, 
between  which  an  attempt  to  verify  the  given  equation  will  give .  a 
relation  which  assigns  one  in  terms  of  the  other.  Hake  a  transrorma- 
tbn  of  the  preceding  equation,  differentiate,  and  eliminato  B  aa  follows : 

(yy+Ax)(i3,'-y)4-By'=0, 

W + y'* + A)  (ry'-y) + (yy' + Ax  )  xy" + By"=0, 

y(yy^+/'+A)(jy-y)+(yy+Ax)xyy'-(yy'+Aj:)(ay-y)y''=:0, 

or  (y^+A)  {(jy-y)y+*yy^}=0; 

the  first  factor,  j/'+A,  being  made  sO,  may  give  a  real*  singular  sola- 

•  It  will  be  found,  however,  on  examination,  that  jr=  yC^A).jr+^B  is  the 
fingui»r  iolulioii,  and  it  will  bs  nadily  wMn  that  —A  sad  B  caaaot  be  positiva 
tog«th«r. 
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tion,  if  A  be  negative :  if  we  equate  the  second  factor  to  0,  observing 
that  it  ia  the  diff,  co.  of  (jy'— y)yi  ve  find  {ly'—y)  y=C'  for  a  step  in 
the  BoliitsoD,  and  if  y:jr^o,  this  ia  t;'jr*y=C',  OTVi/j^sz(y,  Thia 
gives  0*=— C'«'*-!^C  or  y*  =  C j*  — C  for  the  complete  solution.  Hence 
fftf^Cti  substitote  these  in  the  given  equation  after  multiplying  it  by 
and  we  have 

C*j»-.(Ci»-ef-Aj!»-B)  Cj-Ar(Cx*-C')=0, 

wbici^  IS  idei|ticali)'  true  it  jwlC  i-BC-j-AG'—O, or  C'=~(BC)  :  (C+A). 
Hencp 

y=C^+-^^^  (C) 

ia,  f«">r  every  value  of  C  for  which  y  can  be  real,  the  equation  of  the 
projection  upon  xy  of  a  line  ot"  greatest  or  least  curviiture  of  tlie 
paraboiuid  :  and  it  generally  the  eqUfiiiou  of  an  ellipse  or  hypeibola, 
according  as  C  is  nfj^duve  or  posif-ive;  but  Ub  laciiuiat^  will  req^uire 
examination. 

Fifpt,  we  do  not  seem  to  hate  drawn  any  distinction  between  lines  of 

one  and  the  other  curvature^  since       has  been  completely  integrated  m 

(C).  But  if  no.v  req'iire  a  curve  (C)  which  shall  pass  through  a 
given  point  (X,  Y,  JrrX'+ J6Y*),  we  find  that  C  must  be  determined  bj 
au  equatiup  of  the  second  degree,  which,  reduced,  is 

«6«  X«  €?+  (6-a+a?  6  Xf-     Y«)  C-of  b  Y»=0  (C,  X,  Y). 

There  are  always  two  roots  to  this  equation,  one  positive  and  the 
other  n?p;ative,  when  a  and  6  have  the  same  sign,  and  both  positive  or 
hoih  ncj^alive,  when  a  and  h  have  ditferent  siL^is.  Consequently,  in  the 
elliptic  paraboloid,  the  projections  of  the  lines  of  one  sort  of  curvature  are 
ellipses,  and  of  the  other  sort  hyperbolas;  Wt  in  the  hyperbolic  pam- 
boloid  they  are  both  hyperbolas* 

First,  let  a  and  h  have  the  same  sign,  which  may  be  positive,  and  let 
6><i,  or  let  the  parabola  in  the  plane  of  zy  have  a  greater  curvature  at 
theoricrin  than  that  in  zx.  Now  one  value  of  C  is  =0  when  Y  — 0; 
that  i«,  the  section  of  the  surface  with  the  plants  of  zi  is  itself  one  hue  of 
curvature.  Auain,  C  has  one  value  infinite  uiien  X=0;  or  the  section 
in  the  plane  of  z.v  is  a  line  of  curvature.  WUeu  C  is  ncgaiive,  y^  lu  (C) 
is  iroposaible,  unlesp  at^C'^t^h  be  negative,  or  unl^s  Q  be  nuu^caUy 
grea^  than  i^ik.  \f  from  3s«3a]^4'^  and (C)  ve  form  the  ^ff^onf 
of  the  projectiony  of  these  curves  npoo  tx  and  ay  we  have  the  paraboki 

We  have,  aa  flrepdy  atated,  only  to  consider  the  values  of  C  from  0 
to  ee,  and  from  ^a  \h  to  —  oc.  \Vh<  n  C  diminishes  from  cc  to  0» 
remembering  that  C  =  oc  gives  ar=n,  Ci»=0,  we  see  that  the  projections 
on  zx  vary  in  their  equations  from  2r=(6 — a)  :  a/>  to  2r  =  <7u indi- 
cating, as  seen  in  the  right-hand  hgure,  every  sort  of  paraiiola  belwcen 
the  limit  UZ  (which  is  a  blraight  line)  to  Ol*  itself.  But  ou  the  plaue 
of  sy  we  see  that  2i=6y*  and  2f  (6->a) :  oft  are  the  limits,  and  in 
every  parabbU  z  is  negative  when  y  ia  0,  giving,  as  in  the  left-band 
figure,  all  kmda  of  parabolas*  drawn  about  vertioes  from  «s=0  to 
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ZTi — {h — a):  ah.    And  the  projections  on  ryarea  family  of  liyperbnla?, 
of  which  we  may  get  a  good  idea  bv  iniaginins;  the  a^criiiiing  parabolas 
in  the  right-hand  figure  to  be  the  bases  of  cylinders,  which  obviously 
cat  the  tnrfaoe  in  curves  which  project  on  the  plane  of  ay  into  pain  of 
curves  with  two  infinite  branches  each.   If  we  now  suppose  C  to  vary 
from  —  Gc  to  — aib^  we  find  the  equations  of  the  projections  on  z» 
■varying  from  2«=  —  oc.a*+(6— a)  :a6  to  2ss  oc,  while  the  intei^ 
mediate  fnmi  is  2r=:(!ieg.  qu.)  j:'  +  (po<.  qn.)    Wc  have,  then,  fts  in 
the  right-hand  hgure,  a  succeesion  of  parabobis  turned  the  other  wuy, 
having  for  one  limit  the  line  UO,  and  rising  ad  injinitum.    On  ihe 
plane  of  zy^  the  equation  varies  from  2z~by'^  to  2^:=  a,  and  its  inter- 
mediate Ibiinu  are  2:tr=(pos.  qu,)  y*— (neg.  qu.)>  belonging  to  parabolas 
turned  upwards.   We  have,  then,  the  other  aet  of  parabous  in  the  left- 
liand  figure,  beginning  with  QfOQ.         equations  of  the  projection  on 
the  plane  of  xy  now  belong  to  ellipacs,  and  if  we  were  to  form  parabolic 
cylinders  from  the  parabolas  jus-t  rlfserlbed  in  the  right,  they  wmdd 
obviously  cut  the  surface  in  curves  wkich  would  project  ou  the  piauc  of 
ly  into  figures  resembling  ellipscB. 

We  bhall  now  consider  tlie  case  in  which  u  and  b  have  different  signs, 
or  the  hyperbolic  parabokid.  Let  h  be  ne^tive  \  then  the  parabola  OQ 
must  be  turned  round  the  azia  of  y  until  it  is  below  the  plane  of  dcy  in  th^ 
plane  of  zy,  and  a  parabola  equal  to  OQ  moving  parallel  to  the  plane  of 
zy  with  its  vertex  on  0P>  will  describe  the  surface.  If  for  b  we  write 
— 6,  the  equatiopa  of  the  projections  become 


If  C  be  negative,  the  first  equation  is  impossible :  in  fact,  it  will  be 
seen  from  the  equation  (C,  X,  Y)  that  when  a  is  positive  and  b  negative 
the  values  of  C  are  both  positive.    As  C  varies  from  0  to  oc,  a  change 

takes  place  in  the  character  of  the  ])rojections  when  it  [passes  through 
a :  6.    When  C<a ;  6,  Uic  hypcrboiaii  of  the  fuel  projection  have  Liicir 

possible  dlvoetem  on  the  axis  of  y.  and  i|ie  impoasible  ones  on  tiiat  of 
also  the  parabolas  of  the  second  and  third  projections  hsve  their  vertices 
below  the  plane  of  jy :  all  which  is  reversed  when  C>a ;  b.  First,  let 
Q  change  from  0  to  a :  6 ;  the  equation  of  the  second  projection,  then, 
varies  from  2:=flLr*  to  2r  =  — oc,  the  intermcdiiite  form  being  2r=: 
(pus.  qu.)  /*— (pos.  ([u.)  ;  while  that  of  the  third  varies  from  22  = 
o:  i/—(b  +  a)  :af)  to  2;;=  cc,  the  intermediate  form  bemg  2«= 
(pos.  qu.)  y-  -f  (neg.  qu.). 

These  parabolas  are  seen  in  the  ne^  diagram  with  their  branches  going 
upwards,  though  in  the  projection  on  ZOY,  a  part  on  each  aide  of  the 
vertex  does  not  belong  to  the  projection.  When  C  varies  from  a :  b 
to  C3C,  the  projection  on  zx  varies  from  22=  oc  to  22=  —  oc.  j'+C^  +  a) 
:  rf'*,  the  intermediate  form  being  22==(neg.  (pi  )  r*— (neg.  qu.) ;  while 
that  on  zy  varies  from  27=x  to  2z=— 6^,  the  intermediate  form  bein^ 
22=(neg.  qu.)  y  +  (pob.  qu.) 

We  now  pass  to  the  consideration  of  the  coordinates  of  the  centres  of 
curvature  (X,  Y,  Z).   We  have,  (page  434.)  yf  being  C* :  y, 


Digitized  by  Google 


440 


DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 


2  _R4-Sy  _l+£±pqy^  ^0±££>±abCf^ 

r+si/         T'^n/  a 

rad. = «r-»  ( 1 4-  a*   + «6  C  «•)  V(  I  +  «•  x' + ; 

where  the  two  values  of  C  are  to  be  determined  from  (C,  X,  Y)  for  each 

point. 

Having  drawn  ull  the  linea  of  curvature,  we  proceed  to  distinguish  thoae 
of  greatest  and  least  canrature,  which  we  shall  do  in  the  elliptic  para- 
boloid, leaving  the  other  to  the  student  Taking  the  projection  upon  the 
plane  of  zr,  let  it  be  remembered  that  for  the  ascending  curves,  C  is 
positive-,  being  nothing  on  OP,  and  infinite  on  UZ:  while  in  the  equa- 
tions of  the  descending  curves  C  is  ncirntive,  being  infinite  on  UO,  and 
continually  diminishing  (numerically)  towards— a: 6.  And  the  co- 
ordinates of  the  point  U  are  j  =  0,  {(6— «)  :  2=  (6 — a)  :  2ab. 
When  a  and  h  are  both  positive,  the  equation  (C,  X,  Y)  shows  that  C 
has  one  positive  and  one  negative  value :  and  the  expression  above  given 
for  the  radiua  of  canratuie  is  the  greater  of  the  two  when  C  is  poaitive, 
and  the  less  of  the  two  when  C  it  nefcative.  Hence  the  pnjectiono  just 
described  as  having  positive  Tslues  of  C  belong  to  the  curves  of  ieast 
curvature,  and  the  others  to  curves  of  the  /rreatest  curvature.  Hence  the 
curve  QUOU'Q'  («een  laterally  in  the.  figure  on  the  left)  is  a  line  of 
greatest  curvature  from  U  to  TJ',  and  of  least  curvature  everywhere  ebe. 
Therefore  the  difference  of  the  radii  of  curvature  changes  sign  at  U  and 
U',  on  the  supposition  that  a  point  moves  along  the  curve  QOQ' :  that 
is,  this  diffisrenoe  becomes  nothing  at  U  and  U',  or  the  radii  of  eurratuie 
are  then  equal.  A  point  of  this  kind,  which  is  so  situated  upon  a  line 
of  curvature  that  the  arcs  on  the  two  sides  of  it  are  of  different  species  of 
curvature,  is  rnlled  an  iimbiliruxy  or  umbilical  jioint:  though  it  must  be 
noted  that  the  term  is  extended  to  every  point  at  which  the  two  curva- 
tures arc  equal. 

Since  C  ia  infinite  at  every  point  of  the  curve  QUOU'Q',  and  s  is 
nothing,  the  term  Cx*  in  the  expression  of  the  radii  is  ambiguous. 
Return  then  to  the  equation  by  which  Z— or  Z^,  is  determined,  and 
we  find 

ab  Z/-{(l+^''y^)a+(l+a*^)&}Z,+(l  +  a*x'+6V)=0. 

The  values  of  Z,  are  the  projections  of  the  radii  of  curvature  upon  the 
axis  of  z,  and  will  be  equal  when  the  radii  are  equal.  Apply  the  test  for 
equal  roots  to  tliis  equation,  and  it  will  be  found,  after  reduction,  that 
there  are  equal  roots  when 

{6  -  a  -  a6  (6j/* + flJf*)  }" + 4a6  (6  -  a)  aj»s:0 ; 
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an  equation  which  cun  only  be  satisfied  by  x=0,  y'=(6— a) :  a6*; 

that  is,  only,  at  the  points  U  and  U'. 

The  following  problems  may  be  easily  eolved  from  the  preceding 
equations. 

1.  Keitber  radius  of  curvature  la  ever  equal  to  nothiag.  unless  at 

a  point  for  which  r/— ia  infinite,  or  indnite,  unless  at  a  point  at  which 
rl—s-=:0.   And  one  of  the  radii  of  curvature  ia  infinite,  at  every  point 

of  a  developable  surface,  and  the  converse. 

2.  When  the  radii  of  curvature  are  et^uai  in  magnitude,  but  different 
in  sign, 

and  this,  when  true  at  every  point  of  a  surface,  is  the  equation  of  a 
8'irfucc  at  every  point  of  which  the  radii  are  equal  and  contrary  in  sign. 

3.  The  last  equation  is  satisfied  by  that  of  a  ])lane :  in  what  sense 
can  this  surface  be  said  to  have  the  property  which  it  impliesi? 

4.  The  points  at  which  the  radii  of  curvature  are  equal,  and  ol  the 
same  sign,  are  determined  by  the  equation 

{(1  +  9')  r-2p7v+  (l  +  r)  ty=:4  (r<-^')(l or 
{Tr-2Sf +R<}*a4  (r4-./)(RT— S«),  or 

(Tr-R0'  +  4  (SZ-T5)(Sr-RO=0; 

which  is  satisfied  by  R  :r=S:«=T:    and  by  nothing  else.* 

I  shall  now  briefly  give  the  manner  iu  which  Monge  s^hows  that 
R:  r=S ;  J^=T:/,  or  T^  — S/=:0,  R.?— Sr=0,  can  only  bclouLj  to  a 
sphere.  From  the  equations  in  i)age  435,  these  give  ^^,=0,  W,=0, 
whence  Y  can  only  be  a  function  of    and  W  of  y ;  that  is, 

or    J>==*«{1 9=Vy{l-(fp)*-(^*)*}"^- 

But  dp :  dy^dq :  dxy  which  it  is  found  will  require  <ii'x—'^'y  to  be 
tme,  independently  of  any  relation  between  y  and  x.  This  cannot  be 
unless ^'x  and  'f'y  are  both  constants,  giving  ^xscd;+Ar,  fj/z^cy-^k^. 

*  Solve  the  precethng  equation  v^ith  respect  to  S,  mad  a  ntullwin  bs  found,  the 
reality  of  whicii  <lep*fnd*  on  that  iif  (j*  —  r.'\  But  from  the  equation  preoeiling 
that  which  was  solved,  since  HT— S'  or  l-^p'^-^'j''  necessarily  positive,  it  follows 
tliat  rf— s*  is  poeittve  or  j*— r/  is  negative.  Henco  no  real  relation  can  exist  except 
the  pair  of  ei^uations  which  miike  t1u>  ^iven  cfj'iation  identical. 

Therv  is  in  Appiicaiion,  Sfc.  of  Monge  (page  171.  edition  of  lb07)  one  of  the 
most  curious  chapters  which  ever  appirared  on  the  subject:  the  nrmarkable  part 
being  the  mannrr  in  wMeh  he  hat  aUowrd  the  gradual  corrrctiou  of  a  false  impres- 
»ion  to  appear,  which  most  penuns  would  have  avoided  by  rewriting  the  wholo 
■ection.  lie  is  obviously,  up  to  the  chapter  iu  question,  under  the  in]])r«:>SHii>n  that 
there  cxisC  other  miftices  D««id«a  the  sphere  of  whieh  all  the  points  are  umbilical ; 
as  .i:  ]ii  ir  liuth  from  his  previous  allusions  to  the  coming  cnsipter.  and  from  t ho 
zuanuer  ia  which  hn  opens  it.  Setting  out  under  this  assumption,  he  proceeds  to 
integrate  the  equation,  in  which  he  succeeds,  but  in  a  manner  which  gives  two 
equations  between  jr,  y,and  z,  instead  of  onot  ttom  which  he  infers  ll»t  the  equation 
only  U  lonp*  to  a  curve,  instead  of  a  surface.  Thi«  extraordinary  rextilt,  m  he  calls 
it,  ^stiil  neter  looking  to  see  whether  the  duplicity  of  the  conditions  waa  iwt  implied 
In  the  fundamental  equatiooO  he  proceeds  to  verify,  by  attempting  to  construct  a 
surfaci'  of  the  j^iven  kind  in  the  form  oT  a  conni'din^  surfiire  i  f  a  familv  of  spheres. 
The  result  of  tliis  investigation  is  that  the  radius  of  the  movijig  sphere  is  always  ssO, 
which  reduces  the  surface  again  to  a  curve* 
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Let  these  be  mbetitiUed,  and  the  metiiod  in  page  197  IbUowed,  and  it  will 
tw  found  that 

(car  (qf  +  I, 

which  is  the  equation  of  a  sphere. 

I  now  give  ii  professedly  incomplete  clcinoiislration  of  the  method  of 
drawing  the  shortest  line  betwecii  two  puujts  of  a  given  surface  :  luat 
to  lay,  mcomplete,  inasmuch  as  the  considerations  htrt  laid  down 
must  be  nucb  developed  and  made  more  rigorous  in  form,  belare 
conviction  could  lie  brought  by  them  to  the  mind  of  a  beginner.  The 
subject  will  be  more  fully  treated  in  the  next  chapter. 

First;  if  a  tangent  be  drawn  ihnmgli  a  g-iven  poir.t  of  a  curve,  and 
also  a  very  small  chord,  tiie  plane  of  the  chord  and  tangent  may  be 
hroui?ht  as  near  as  we  jileaae  tu  the  osc  ilatin!!  plane.  For  if  the  curve 
had  not  two  curvatures  (page  413)  that  piane  would  be  the  o&culating 
plane  itself;  and  the  smaller  the  arc  taken,  the  smaller  is  the  effect  of  the 
second  curvature,  or  the  more  nearly  does  the  .plane  of  the  tangent  and 
chord  coincide  with  the  osculating  plane. 

Secondly;  if  a  very  small  chord  Ic  drawn  to  a  curve  which  lies  on  a 
priven  ptirfacc,  the  shortest  line  which  can  join  the  end?  of  that  chord  on 
the  i»iirface  must  be  that  which  is  nearest  to  the  chord  il&elf,  the  latter 
Jbeing  the  ttl)^ohue  least  distance  between  the  two  point?.  Tliesrn-ilicr 
the  chord,  the  mure  liearly  ib*  this  line  situated  in  a  plane  winch  passes 
through  the  normal  of  the  surface. 

Thirdly ;  if  the  shortest  line  be  drawn  from  A  to  B  on  a  surface,  and 
if  C  and  D  be  any  intermediate  points,  however  near,  then  CD  must  be 
the  shortest  hue  on  the  surface  between  C  and  D :  for  if  a  shorter  line 
could  be  drawn  between  G  and  D,  it  is  obvious  tKat  a  shorter  path  could 
be  made  from  A  to  B. 

Hence,  if  the  arc  CD  be  made  infinitely  smell,  the  plane  of  its  chord 
and  tangent,  which  by  the  second  cotisideraiion  is  itormal  to  the  surface, 
is  by  the  first  the  osculating  plane  of  the  curve :  or  the  osculating  planes 
of  the  shortest  line  between  two  points  are  sit  all  pointa  perpendicular 
to  the  tangent  planes  of  the  surfaces  drawn  through  those  points. 

Thus  much  being  admitted,  the  equations  of  the  shortest  line  readily 
follow.  Let  Sy  the  arc  of  the  curve,  be  the  variable  in  terms  of  which 
X,  ?/,  and  r  are  expressed,  so  that  x'—d.v.ds,  &c.  Let  «1>  (x,  y,  z)=0 
be  the  ccpiatiou  of  tiic  gurfoce,  tl^,  iVc  being  the  partial  ditf.  Co.  of  ^. 
Then,  since  the  curve  is  ou  the  fcurlacc,  we  mubi  have  <!>,.  j'-f-^y]/ 
+  0,.2'=0,  while  the  expression  of  the  tangent  plane  of  the  surface  at 
the  point  (t,  z)  being  perpendicular  to  the  osculating  plane  of  the 
curve  ia  <^viously  ^«*x,/+4^y.y,;+<fr,*ai,s:0,  (page  407  and  40d,  and 
A.  6.  p.  819),  or 

(♦y  2''  - y")  x'  +  (*.  x" - z")  y  -f-  ^a>.  ^  ' i")  z'^O. 

But  since  *,.x'+&c.  =  0  and  j"..r'  +  &c.=0,  it  follows  thnt  i-',  y\  and 
z'  are  in  the  proportion  of  ^^z"  — y,  &c.  If,  then,  ^^z'  -  tj^ 
=  we  must  have  ^^x" — z"=£jrt/'  niul  ^\y" — ^,,T"z=:a^^  whence 
the  last  etiuation  gives  a  (j'*4-'2/'*+~  ')  =  ^»  ur  u  X  1=U,  or  oc  =  0.  Tliat 
is,  the  diff.  equ.  of  the  shoricbt  line  drawn  from  one  point  to  another 

*  I  haffoiatvoducsd  this  berethst  iho  iCndent  mvf  liy  to  m  it:  it  is  not  di^oih 
•tratsd. 
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on  thesurfftce  ^  (r,yp0szQ,  e^^ibjted  in  an  uuabbrcviate4  ^nOi  axe 

au)'  two  of  the  tiiice 

I  say  any  two  of  the  three,  because  either  of  the  preceding  is  a  necessary 
oonsequeiice  of  the  other'  two.  These  nay  be  leduced  (if  give 
(x,y))  to  the  ftrm 

ii?+Pd^=»'  5l+«<irf=^°'  rs?-''.i?""'- 

Whie9  the  tiiffiiee  it  one  of  revolutifon  al^ou^  the  axis  of  z,  we  \»Yt 
;r=0  C]?+^)»  pr'^if— gfssO:  and  Kubsttttttion  in  the  third  equation 

«^  ^y^—OfOT  xdy  -ydsjscdt,  or  r'clOsc^ij ; 

rand  B  being  the  polar  coordinates,  in  the  plane  ofx^,  of  the  point 
(x,y).  Hence,  if  the  shortest  Hue  between  two  points  on  a  surface  of 
revolution  about  the  axis  of  z  be  projected  on  the  plane  of  xi/y  and  if  a 
point  moving  along  it  described  equal  arcs  in  equal  times,  the  radius  of 
the  prijjecH'»n  of"  that  point  would  describe  eqiial  ureas  in  equal  times. 
Let  the  suriace  i)e  a  sphere,  so  that  the  shortest  line  hciwrrij  i  ad  p  )iiit3 
is  an  arc  of  a  circle,  and  its  projection  is  ua  arc  of  un  ellipse  couccuiric 
with  the  circle,  i  leave  to  the  student  to  show  from  what  well  known 
properties  of  the  ellipse  the  preceding  assertion  maybe  verified.*  He 
may  also  show  that,  in  every  surface  of  revolution,  the  angle  made  by 
the  shortest  patli  between  two  points  with  the  generating  curve  has  a 
aine  which  is  always  inversely  as  the  radius  of  the  projected  point. 

I  j?luill  coucliiile  this  chapter  witli  the  consideration  of  the  ex- 
pressions for  tlic  arc  of  a  curve,  the  volume  inclosed  by  a  surface,  aiid  the 
area  of  a  surface,  fior  which  we  have  employed  the  expressions  (say  V, 
and  S) 

sszfjidjf^d^^dz*h   y^ffzdxdy,  S=ffJil-^^fq^dxdy. 

fhu  some  cpnnecting  a^m  must  intervene  between  our  con* 
aideration  of  purely  algebraical  furmuls,  and  their  application  to  space- 
magnitude,  is  sufficiently  dear  from  the  total  difference  of  the  subject* 

matters  of  arithmetic  anil  ^ometry :  but  whether  any  new  axioms 
are  necessary  to  the  application  of  the  differential  calculus,  or  whether 
those  which  arc  em])loyed  in  the  previous  appUcaiion  of  arithmetic  and 
algebra  will  be  sutlicieut,  is  now  the  real  object  of  inquiry.  Looking  at 
Chapter  VI IL,  we  might  be  led  to  suppose  that  one  or  the  other  suppo- 
sition might  prove  correct,  according  to  the  nature  of  the  question :  thus 

■ 

*  Very  timple  mechanical  eoostdnatioiui  would  girs  a  general  verification. 

Granting  thut  a  rajitiTial  point,  acted  on  by  no  forces  but  those  which  constrain  i(  to 
move  un  a  given  surfacei  must  move  uniformiy,  and  must  describe  the  shortest  line 
iMtweea  any  two  potats  ia  its  course:  then,  the  whole  eonstrotnini^  pre^ure 

bring  nunncil,  anil  tlic  normal  always  passinjj  throuLjh  the  axis  of^r,  it  tulluws  that 
the  component  of  the  constraiiiiag  iorce  m  ttus  pUue  of  xtf  alwayst  passes  through 
the  uriKin ;  or  the  projection  of  on  the  |ilime  of  xif  deiiciibes  ei^uai  uxeas  la 

equal  ttmdu* 
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the  consideration  of  nren  (page  141,  142)  rcqu  rcs  no  new  anihmetical 
reliition  of  geometricui  magnitudes  to  be  assuraedi  while  that  of  leugth 
(page  140)  requires  the  assumption  that  the  arc  PQ  (page  136)  is 
mater  thAn  the  chord  PQ,  and  leas  than  the  sum  of  FT  tad  TQ. 
What  is  the  reason  of  thu  diffemioeinthecharsctcr  of  thetvoiavestigm- 
tionB? 

Area  (and  also  volume,  or  solid  content)  is  a  magnitude  of  such  a  kind 

that  portions  of  it,  even  when  curvilinear,  can  be  taken,  such  as  have  been 
considered  in  elemeutarv  u:e(iTnrtn\  Thus  tlie  area  of  u  curve  (pace  141) 
can  be  subdivided  into  a  succession  of  rectangles,  and  another  successioa 
of  curvilinear  triangles  each  of  which  is  as  much  unknown,  so  far  as  an 
algebraic  expression  for  it  is  conoeraed,  as  the  whole  area  itself.  But 
by  continuing  the  subdivision^  the  sum  of  all  the  curvilinear  trinngles 
diminishes  without  limit,  while  the  sum  uf  the  rectangles  does  noL  The 
rationale  then  of  the  method  bj  which  the  difficulty  is  avoided  is  as 
follows :  the  result  required  is  compounded  uf  21  A,  which  can  be  attained, 
and  IB,  which  cannot ;  it  is  in  our  power  to  make  a  suppositioTi  bv 
whicli  diminishes  without  lunit,  coiitequeutly  the  limit  of  is  the 
result  required. 

But  when  we  come  to  consider  the  arc  of  a  curve,  or  the  area  of  a 
curved  surface,  the  case  is  entirely  altered.  No  subdivision  of  either  of 
these  is  of  a  more  simple  kind  than  the  whole :  a  small  arc  is  still  an  arc 
SB  difierent  in  species  from  a  straight  line  as  a  large  arc ;  and  the  same 

of  a  small  curved  area  with  re^pcct  to  a  plane.  A  new  axiom,*  therefore, 
becomes  rcqnisite,  and  the  following  will  be  found  sufficiently  easy,  and 
perfectly  adtMjnfitc. 

If  two  iiaiLc  and  variable  lines  or  surfaces  perpetually  approach  to 
coincidence,  tiie  lengths  or  areas  perpetually  approach  to  a  ratio  oi 
equality.  To  understand  what  is  meant  by  approach  to  ooincidenee, 
through  every  point  of  each  line-or  surfiu^  imasiue  a  line  drawn  parsUel 
to  a  given  plane  and  meeting  the  other.  If,  Uien,  the  lines  or  surfaces 
remain  finite  throughout  the  variation,  perpetual  approach  to  coincidence 
means  that  all  the  pnrts  of  these  parallels  intercepted  bet\^f»(•!l  the  lines 
or  surfaces  diminish  without  limit.  But  if  the  lines  or  stirlaces  diminish 
"without  limit,  ap])roacli  to  coincidence  rerjuires  that  the  parts  of  the 
parallels  should  diminitih  without  limit  in  their  ratio  to  the  lengths  of  the 
lines  or  the  lengths  of  the  boundaries  of  the  figures.  The  plane  to  which 

*  Some  wrileit  hasten  forwanl  fs  the  aettnl  investigation,  with  wh4t  too1»  like  a 

feeling  of  iiiiwiUui;;Desti  tu  state  their  axiom  :  some,  art;  exj  licit  on  the  «asirr  case*, 
and  abaudon  the  harder  onw  with  .m  *'  in  the  Mime  manner  it  may  t)«  proved,  fcc." 
Others  make  asuumptions  which  lequirj:  lung  trains  of  inv««ti|fation  to  produce  the 
nOkt  hini|)le  CuuseqtienceM*  Others  again  cuiisidt-r  that  tht y  ri-inuvc  llie  (iiffieuitV 
by  adoptin)^  the  language  aiKl  liy|'othe>f8  uf  the  iufinite>im.il  cikuliiv,  forgftiin  * 
that  Much  language  is  not  admiskibie  instead  ul  axiumti,  but  that  on  the  contrary 
it  is  to  the  diHtinet  eoneeption  of  axiomt  and  their  oou«equeneea  that  the  iofinit*- 
•imal  phrui>eolu)(y  owes  its  title  to  be  used  in  an  accurate  trc-atUe. 

Jt  «ouM  l)u  invidious  tu  produce  inotances  of  the  first  manner  above  mentioned: 
for  the  second,  compare  Lagrange,  Theorie  dei  Foncttons,  pp.  218  and  30t) :  fur  ths 
third,  tee  Laeroix,  vol.  ii.  p.  198»  Cnota) :  and  for  tho  fonrOii  mw  the  text  of  the  eene 
note. 

It  is  not  professed  that  the  axiom  proposed  in  the  text  contains  leas  of  assump- 
tion than  it  involved  in  tltoee  of  preceding  worket  its  reeonmendatioo  it  Ihe  untver* 

sahty  of  itti  application  and  the  di>tinctaeas  with  which  tlte  whole  {oint  assumed 
seen.   I  apprehend  ttiat  the  aame  amount  of  amunptioa  aod  no  noxe  will  Im  found 
in  Mewton's  first  section. 
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the  parallel H  urc  drawn  need  not  be  fixedy  but  may  preserve  a  fixed 
relation  to  one  of  the  lines  or  ureas. 

The  axiom  is  m(»t  undcuiablv  true  when  the  lines  or  iigures  remain 
finite;  ila  tniihy  of  eouTse»  eludes  the  sensea  when  the  figures  diminiah 
ivttbout  limit  But  here  it  nay  be  made  perfectly  clear  that  the  defini- 
tion of  appfozimate  €oincidence»  as  applied  to  diminishing  lines  or 
figures,  is  a  necessary  consequence  of  the  same  in  the  case  of  tboie  which 
remain  finite,  provided  m  c  admit  that,  however  5mall  a  figure  may  be,  we 
can  conceive  fiiriires  of  any  size,  perfectly  similar  in  form.  With  such 
an  admission.  supj)ose  that  while  ,'the  lines  or  figures  diminish  without 
limit,  other  lines  or  figures  are  formed  which,  always  remaining  similar 
to  the  diminishing  lines  or  figures,  do  not  diminish  without  limit.  If, 
then,  Ibr  example,  p  be  the  length  of  one  of  the  lines  (diminishing)  and 
17  one  of  the  intercepts  between  the  two  lines,  drawn  as  above,  and  if  P 
be  the  corresponding  length  in  the  finite  jneture  of  the  diminishing 
system,  and  11  the  corresponding  intercept,  approach  to  coincidence,  if 
it  takp  place  in  the  finite  figures,  requires  that  il :  P  should  diminish 
witlu)uL  liiuit.  But  l)y  the  similarity  ot  the  figures  n:P=^Er:p,  whence 
"srip  must  liiniiaish  ^vuliout  limit.  And  in  the  notion  of  the  similarity 
of  the  figures,  distinctly  conceived,  it  is  implied  that  if  the  axiom  be 
admitted  as  to  the  finite,  it  mustbe  admitted  aa  to  the  dinunisbing,  figures. 

From  the  preceding  it  immediately  follows  that  the  arc  of  a  curve  tends 
to  a  ratio  of  equality  with  its  chord,  even  supposing  that  no  arc  of  the 

curve,  however  small,  is  plane.    Let  AB  be  a  small 
Q    c  arc,  AC  a  portion  of  its  tangent  at  A,  mul  RC  a  line 
^„.^-<^^\    \    drawn  parallel  to  a  given  plane.    Through  every  point 
^^""^^     JL  B  ^  curve  draw  a  plane  PQR  parallel  to  that 

plane,  meeting  the  tangent  and  chord  in  Q  and  R. 
By  the  way  in  which  the  tangent  is  drawn,  both  PQ  and  QR*  may  be 
made  aa  small  as  we  please  with  respect  to  AR  and  to  AB,  by  beginning 
with  an  arc  sufficiently  smalL  Hence,  when  B  approaches  without 
limit  to  A,  there  is  a  continual  approximation  to  coincidence  between 
AB,  the  at"  AB.  nnd  AC.  If,  then,  we  take  «,  so  that  the  arc  AB, 
shall  be  =ABx(H-a),  we  see  that  «  and  AB  diminish  without  limit 
together,  whence  ^A;  or  £^(A4s'+A^*+Az').(l  +  a)  has  the  same 
liniit  as 

Next,  let  P  be  a  point  in  a  surface,  and  PA  and 
PB  being  parallel  to  the  axes  of  x  and  y,  let  PA 
and  PB  be  Lx  and  Ly.   Hence  PBQS  is  the  per* 
tion  of  the  surface  which  stands  over,  and  is  pro- 
W  jected  upon  the  rectangle  on  the  plane  of  xy^  whose 
area  is  At.  Ay.    The  corresponding  portion  Pr^ 
^  *    of  the  tanijent  plane  obvlouelv  approaches  to  coin- 
^      cidence  with  PRQS;  for  if  lines  be  drawn  through 
A    every  point  of  PRQS  perpendicular  to  the  plane  of 
ly,  the  intercepted  deflections  (as  they  were  called) 
aa  PA  and  PB  diminish^  diminish  without  limit  aa 

*  Tbb  nratt  be  proved :  ibat  is,  it  sftust  be  shown  that  a  line'paNing  throngb  the 

pninf-?  I'r^y.z)  and  (x+A-t,  y  +  Av,  «  +  Ai)  appTOacbcS  witbout  Uoiit  lO  tMtSD* 

gent  at  Av^  &c.  are  dimioivheU  withioui  limit. 
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eampaitd  with  PA  or  PB,  and  therewith  wifh  Prand  P#.   It,  then,  we 

•ay,  let  PRQSsrPrgj  (l  +  a),  a  rotltt  diminish  without  limit,  or 
^  (PRQ?>)  and  2!  (prqx)  have  the  game  limit,  the  first  being,  when  the 
summation  is  made  between  the  pivcn  limit^!.  the  required  area  of  the 
surface.  Let  0  le  the  angle  made  by  tiie  tangent  plane  with  that  of  ry ; 
then,  by  a  well  known  theorem,  (A.  G.  p.  200,)  Pgrj co«0=  PBCA 
rrAx.Ay;  and,  the  equation  of  the  tai^gfent  plane  being  ^— 2=p  (i—j) 

+7  ('?"-y)>      bave  COB  0=(1  +P*+9*)~^»  neglecting  the  sign.  Hence 

Pf«=VU+P'+9*)-^%5  Me»  required  =j[/V(l+P^+9*)<if«ty» 

tbe  exprettion  already  used. 

The  expression  for  the  volume  contained  by  a  portion  of  the  surface, 
the  plane  of  ry,  and  all  the  planes  which  project  the  bnnndary  of  the 
former  on  the  latter,  has  been  already  shown  to  he  ff zdi  dy.  It  may 
al>-o  he  represented  thus,  f  fj'dxdydz.  If  upon  the  elementary^  rect* 
angle  Aj:  wc  erect  ordinales  at  the  fomr  corners,  we  have  a  figure 
which  wouul  he  a  prism  if  the  upper  aurface  were  not  ^curved.  If  z  he 
divided  into  any  numher  of  parts,  each  As,  we  have  in  thia  priamatic 
figure  a  numher  of  right  solids,*  each  tiaving  the  content  of  Ac  ^  Aa 
cubic  units,  together  with  «  figure  which,  as  z  diminishes  without  limit* 
diminishes  without  limit  as  compared  with  the  sum  of  the  preceding. 
Hence  the  expression  above  given  for  the  solidity  is  derived. 

Previously  to  entering  upon  the  application  of  our  subject  to  mechanics 
it  will  be  desirable  to  treat  of  tiic  Calculus  of  yarialionSf  to  which  I 
accordingly  proceed. 


Chapter  XVI. 
ON  THB  ChMJDVWB  Bt  VARiATIONS. 

A  ciiAPTKR  on  this  bubject  must  be  introduced  before  anything  hke  a 
general  view  of  the  application  of  the  differential  calculus  to  mechanics 
can  be  given*  It  must  be  remembered  that  hitherto  we  have  considered 
only  differebtiationa  of  one  apeciea.  It  Is  true  that  in  fuft<!ttona  of  more 
vanablea  than  one,  we  have  treated  together  of  differentiations  made  with 
respect  to  the  different  vanablea*  Thus  f  logy  has  two  diff.  co.,  logy 
and  according  as  we  suppose  x  ory  to  var}-.  But  we  hnvp  never 
yet  supposed  two  increments  independently  given  to  jr,  arising  from 
dillerent  circumstances  of  variation,  and  reqnirine:  the  simultaneous  con- 
biUeration  of  diilcrentials  djc  and  ct,  essentially  differing  in  the  notions 
from  which  they  are  derived.  If,  indeed,  we  consider  x  as  a  function  of 
two  variables,  v  and  w,  and  represent  by  ilx  and  the  difierentiala  of  9 
taken  from  the  variation  of  v  only  in  the  first  case  and  w  in  the  second, 
we  might  make  a  science  clqsely  resembling  the  calculus  of  variationa. 
But  the  problems  which  will  require  consideration  under  this  head  are 
those  in  which  d.r  and  ^j:  are  purely  arbitrary,  and  independent  of  all 
functional  connexion  between  x  and  other  variables. 

*  I  OM  this  ItfBi  in  preference  to  the  longer  Wl,  Melsflgttlar  psnllf Is^ipcd.  6et 
JfABUMBumno,  ia  tbe  Amif  Cjgckjpmdkk^ 
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With  regard  to  the  term  calculus  of  varialionSf  it  is  ohviously 
improper  ns  distinctive  of  this  particular  branch  of  the  sul  jcct,  since  all 
that  has  preceded  is  certainly  a  calculus  of  variations.  It  is  only  when 
by  variation  wcagice  to  uuderhtand  a  licw  and  distinct  sort  ot  diff'tr- 
entialt  that  the  word  is  sigiuiiciiutly  introduced  :  and  it  would  be  more 
proper  to  tay  that  the  diflmntiai  calculnt  ia  a  calcalua  of  variatioDS,  but 
that  the  particular  part  of  it  now  under  contideration  ia  a  caleulus  of 
Cisentially  different  and  independent  species  of  variations,  in  which  the 
flame  quantity  is  considered  as  an  independent  variable  in  two  or  more 
diitinct  points  nf  view. 

For  example,  in  every  problem  of  equilibrium  thcie  is  no  chanEre  of 
place  consequent  upon  mere  lapse  of  time;  nevcrthrk'js  such  problems 
are  solved  by  cousideraliuu  of  the  variutiuus  which  a  system  would 
undergo,  if  an  infinitely  small  change  of  place  were  made,  such  as  the 
connexion  of  the  parts  will  allow.  This  small  chanse  of  place  need 
not  be  supposed  to  be  made  iu  time;  it  wuuld  do  equally  well  if  it  ^vore 
instantaneous :  and  if  the  impenetrability  of  matter  did  not  forbid,  it 
might  bt;  simply  supposed  that  a  Fccnnd  system,  perfectly  similar  to  the 
first,  was  placed  intinitely  near  to  it,  without  any  notiun  uf  the  one 
system  moinuj  into  the  place  of  the  other.  Auain,  in  dynamics,  the 
actual  motion  uf  a  system  is  the  suhjecl-niutier  of  the  problem;  that  is 
to  say,  the  aggregate  of  actual  successive  infinitely  small  variationa  of 
place  which  occur  in  the  successive  lapses  of  infinitely  small  portions  of 
time,  accumulated  by  the  integral  calcqlus.  But  every  problem  of 
motion,  of  which  the  circumstances  are  known,  may  be  reduced,  as  we 
shall  see,  to  one  nf  equilibrium :  that  is  to  say,  the  propertie?5  of  the 
actual  variations  which  do  take  place  may  he  investigated  by  means  of 
the  simple  changes  of  place,  without  reference  to  time,  which  might  be 
made  in  a  sytstem  at  rest,  ilerc,  tlien,  enters  a  science  of  comparison 
of  diQsrent  species  of  variationa,  or  a  calculus  of  variations,  technically  so 
called. 

This  calculus  is  essentially  one  of  differentials,*  not  of  differential 
coefficients.    The  latter  do  not  change  with  the  species  of  variation,  aa 

loDfr  as  the  connecting  relation  of  the  vHria1)les  remain««  the  same.  If, 
for  instance,  y—i~,  and  it  be  convenient  in  one  point  of  view  to  increase 
X  by  the  inruiitely  small  quantity  da^  and  in  niiother  ])oiut  of  view  hv 
cx,  and  li  dt/  and  be  the  corresponding  iniiiiiicly  buiail  variations  of 
ff ;  it  foUowa  that  dy=2x  dx  and  }y=2y  «jr»  and  d^f  i  dx^Zy :  hx=: 2jr. 
Similarly,  if  a  function  of  «t*  ^w*  be  increased  by.Pi  (kti+Pi  dx^ 
•!-••.•,  when  J,,  &c.  become  Xi+dxu  x%'¥dif^  &c.,  it  will  be 
increased  by  Pt^t-I-Ptdxt'f  when  Xt^  ce»  &c.  become ori+ji'i, 
*t+  5^51  <S:e. 

To  form  a  primary  notion  of  the  distinction  between  differentials  and 
variations,  let  y  =  <p.r  be  a  relation  existing  between  1/  and  r,  and  let  the 
curve  be  drawn,  of  which  it  is  the  equation.  l(  x  increase,  and  if  the 
oontinmmce  of  this  relation  be  the  condition  by  which  the  corresponding 
increase  of  y  is  determined,  the  ratio  of  the  changes  of  y  and  x  is  deter- 
mined by  common  differentiation ;  or  dif='^*x.dT,  By  an  increase  of 
X  and  If,  then,  we  move  from  point  to  point  of  the  curve  whose  e(|uation 
is        Next,  let  ua  consider  another  s})eciea  of  change,  in  which,  when 

*  The  most  ri{(id  oppoiMats  of  diffnentials  have  never  atleanpted  to  pRicnt 
the  Dotatinn  the  calculus  of  variations  la  a  manner  confomame  to  thtir  own 
genecal  pcmciples. 
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jc  is  inc reused  by  cx,  tlie  value  of  y  is  altered  hy  an  infinitely  small 
quantity  Sy  which,  though  it  be  a  function  of  x  and^x,  is  not  detenniued 
by  ^v=^d?*S^,  but  hf  a  totally  different  relation,  in  such  a  manner  that 
x+ox  and  y+cy  must  be  coordinates  of  another  given  curve,  infinitely 
near  to  that  of  3f=<^x. 

Let  PC  be  the  curve  of  jfss^,  and 

Vc  the  last  mentioned  curve,  and  letp 

and  q  be  the  points  of  the  second  curve 
corresponding  to  P  and  Q  nf  the  first. 
"VVe  have,  then,  the  following  relations 
between  the  variation*  and  the  differ^ 
etUiah  of  x  and  y : 

PR=dr,  PA=$x,  QR=<fy,  Aq^^y. 


"iB 

J 

t 

* 

• 

a 
• 

By  I  dx  is  meant  the  change  which  ix 
undergoes  when  P  and  R  arc  changed  by  variation  to  p  and  r :  or 
pr — PR.  And  by  d  cr  is  meant  the  chanijo  produced  in  by  changing 
the  position  of  P  on  the  curve  y—<liX',  or  QII — PA-  But  QH — PA 
=RB-PA  =  AB— PR=:pr-PR;  or  Ux-dljc.  Similarly,  ^dy  is 
</f — QR,  and  doy  is  -j^A,  whence  dly=.cdy.  And  the  same  may 
be  proved  of  any  function  of  x  which  reinaine  unaltered :  thus 
ss^/x.iXf  and  di^xsz^'x.dxix-^^x^dBxt  and  d^xszf'x^dx^  while 
id4>x^4>''^lxdx-\-<ti'xcdx:\  whence  cdtpxrzdc^x. 

It  easily  follows  that  ^fydx=fB(ydx).  Let  Jydx^x;  whence 
ydr=:dz  and  o  iydx)=z^dz  =  dc2.  Integrating  both  ^ides,  we  have 
J c  (ijdi)  —  ^z=i^Jy(ix.  We  have  here  but  repeated  ilu  orems  which 
we  have  already  proved  in  pages  IGl  and  197.  The  whole  of  this 
subject  nuiy  be  connected  with  the  calculus  of  several  variables  pre- 
viously explained  in  the  following  manner.  LetX£=or  (£,  v),  y=fi  v), 
where  a  and  fi  are  such  functions  as  will,  when  vsza^  give  the  reqvdred 
relation  by  elimination  of  4'. 

Thus,  let  x—a(t„a)  give  |=a~'(i,a);  it  is  required,  Uien,  that 
fi{      {a\  a) ,  a\  shall  be  identical  with  If  ^  only  vary,  x  and  y 

will  therefore,  when  v  =  n,  vary  in  such  manner  that  dy^(p'x.dx :  but 
if©  vary,  and  become  a  +  tla,  x  and  y  will  vary  in  a  totally  diiTerent 
manner.  To  compare  this  view  of  the  subject  with  the  preceding,  we 
have 

<te=g.«,  dy=|d{;  t,=^'^.i^  igJt.da 

doxrz  f     da  d^,  $c^^=     ^_  dl  da,  &c. 


dida 


This  latter  view  of  the  subject,  though  instructive,  is  unnecessary  in 
its  details,  partly  because  it  is  really  bat  another  way  of  expressing  the 
complete  independence  of  dx  and  and  partly  becauae  the  present 
atate  of  the  calculus  of  variations  will  require  us  only  to  consider  the 
first  orders  of  variation  (2x,^y,&c.,  and  not  ^'x,  d*y,dcc.)  There  are, 
in  truth,  but  two  great  problems  in  this  subject,  one  general,  the  other 
mostly  a])plipd  in  mechanics.    We  pass  on  to  further  details. 

Let  it  be  required  to  express  cy'^  cy[\  ^y"\  &c.,  t/,  &c.  being 
diff.  CO.  of  X  with  respect  to  y.    Let  P  be  a  function  of  x,  and  F  its  diii. 


CO. 


we  have  then 
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\dje  J     dx       ds^    "  dx      dx  dt 


or  ^F— P'^^J?=D(^P— P'dr),  where  D  stands  lor  the  ditF.  co.  uf  the 
function  to  which  it  is  prehxed.  Apply  this  successively  toy', y'\  &c., 
and  we  have 

ay  -yar=D  (cV  -y"  aj-)=D*  (ay-yax) 

from  which  Ty',  ry,  Ac  may  he  easily  expressed.  We  may  thus  find 
the  variation  of  any  fanction  of  the  form  ^  {x, y^jf^jf hy  auhati- 
tution  in 

which  may  he  made  to  depend  upon  Ix^  ou—y'dx,  which  call  oi,  and  the 
diff.  00. 01  «>.  It  remains  to  esjireea  in  the  most  simple  form  i  f^^dx^ 
^  heing  each  a  function  as  that  just  deacrihed. 

z=J^^<pdx-\-  J^dZx=z(l}c£-\-  fic<^)  dx — cx). 
Let     which  it  a  given  fanction  of        y'  y",  &c.  he  completely 

differentiated,  and  let  the  partial  diff.  co.  &c.  he  X,  Y,  Y« 

ax  ay  ay 

&c. ;  then,  remembering  that  the  same*  relation  exists  between  the 
variations  as  the  ditierentials,  we  have 

<«*=X<<»+ Ydy + Y,  d^+ dy" + Y,„  (iy"'+ .  • .  • 
^*=xa*  +  Yay  +Y,  V  +  Y,,y + V+ — • 

Z<^  dx^d4>  IxrzY  (hy  dx^dy  cx)  +  Yy  (ay  dx^dy'  c  r)  + . ,  • . 
But  dy=^y'  dx^  dy'=::y"  dx^  &c.,  whence 

30d«-d^aj=Y  ihy -y'lx)       Y,  (ay -y"  Sx)  djp+ . , . . 

=(Yi»+ Y, •/+ Y,, «"+ Y^,  w'^^. . . . . )  ; 
tfaeiefore  a/^dar=v>ar+ /(Yw+Y,«'+Y,;«"+ . . . .)  dap. 

The  expresaion  remaining  under  the  integral  sign  is  now  to  be 
integrated  as  iar  as  it  is  practicable,  while  the  relation  of  y  to  jr  remains 
indeterminate.  Thia  may  be  faciliuted  by  the  following  theorem,  which 
IbllowB  immediatdv  from  auccestivc  integration  by  parts^  and  of  which 
John  BemottUi*a  theorem  (page  168)  is  a  limited  caee.  Let  w,=yV?dap, 
9«=s JvidXf  itCf  no  Constanta  bdng  addedt  in  integration  after  Vi,  then 

*  Til  at  ui,  because  the  manner  in  nliich  ^  depemlsonx,  y,  X  c.  remain"  unRl»pref! : 
but  it  mukt  be  cacvfully  remvntliered  that  the  manner  in  which  y  deptfudtt  uu  jf, 
and  therefore  llui  form  ol'  y',  y",  &c.,  undergoes  an  alteration,  which  gives  iofioitely 

Mttall  alteratioDH  of  value. 

Thf  «.ti!'l»T!t  mrw  I'lideavour  to  explnin  ln-w  all  the  constants  would  really  be 
reduced  tu  one  only,  it  they  were  added,    ii  u  bu  a  rational  luuction,  and  vbe  s** 
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Ju  cii?s=u»— J u'  vdj^zuv  - 1/ Ti  4-  fu  ' i?i  dx 
szuv—t/  »i+u"  ©t— fu"^  dx 

1^1+11^  1>,- ....  ±ti^">r,^  fvf^^'^v^dt. 
Thui  / «'  dx= -  /  V/  i.»d!3r 

f\„J'djc=^\„J  -Y^u,  +/Y;'u>f/x 
fY,jo"'dx=Y„<o"  -  Y>'  +Y,>-/Y,/"i-cir 

and  80  on  :  in  which  it  is  to  be  understood  that  by  Y/»  for  instance,  or 
dY,:dz  is  not  meant  a  partial  diflF.  co.  of  Y,,  but  one  formed  on 
tlie  implicit  supposition  that  «  eaten  both  diieetly  and  through  y. 
Substituting  these,  we  have 

a/f  (f«=:^a*+(Y,-Y,/+ Y,/'- . .  •  • )  «+(Y^-Y^/+Y„''-  ....)•/ 
+(Yiw-Y./+ Y/'-, . . .)  «"+(T,.- Y/+Y/  ) 

+ . . . .  +/(Y- Y/+ Y,/   y;  + . . .  .)^^. 

This  we  may  denote  as  follows : 

a/0d;»=:0air+/(Y),«d*+(Y)|i»+(Y),6/+(Y).»»''+. . , . 

If  ^  be  alio  a  function  of  x,     z'',  Ac.,   being  another  function  of  x» 

the  consequence  will  be  that  terms  s  inilar  to  tme  depending  on  y,  y', 
&c.  will  be  added  to  the  variation  of  J'pdxy  go  that  if  Z<f2  +  Z,  dz^-\-  ... 
be  the  terms  introduced  into  d</\  and  if  (Z)^,  &c.  be  formed  from  them 
in  the  same  manner  as  (Y)^  &g.  from  y,  we  have^  making  ^=;^— i'«jt, 

a/0<te=0ax+/(Y).  «ir +/  (Z),  ^dF+(Y). « + (Z)a  4:+ . . . . ; 

and  in  the  same  way  for  any  number  of  functions. 

[JiCtf  0,  besides  x,  y',  &c.  be  a  function  of  an  integral  v= ffdx, 
where  y  is  another  fiinction  of    y,  y\  &c.   If,  then,  <i{0:c<osv,  we 

have  (/^^^(its  former  value) +  Vf/r,  whence  ^f<f>dx  receives  the  accessicm 
of  the  term  fY(^vdx^dv^x).  But  or  Iff  dxr^y^^x-^  f  O^f^dx 
—  dY'^x),  and  dv^^fjdx,  whence  the  accession  is  J{\dxJ\hfdt 
—dfhi)}y  or,  integrating  by  parte, 

Lett   df=^Vili/  +  V^dy-\-P,,dy  -\-  ,  and   la  /V(ix.P=n, 

fydx/P,=iU^jYdx.P^^=n,^^  &c. :  then,  resuming  the  preceding 
process  with  each  of  the  terms  just  written  down,'attdfbfming  (P)o,  (P)^, 
Ac,  (n)«,  (n)i,  Ac,  we  have 

a/0<ir=^ax+/(Y).a,(ij  +  (\),a,  +  (Y),w'+  .... 

+/Vdjr./(P),«<ir+/Vctr.(P),i*+/V<ir.(P),«'-h. .  • 

-fin).      (n),    (II).  li/- . . . . 

if  f  lUell  contained  another  integral  function,  the  process  might  be 

cos  ox,  tin  a*,  Ac*  this  thsorein  gifet  th«  nadiest  node  of  actually  perfomung  ttn 

Wtefrratioi! 

•  Th«  ktuUent  may  omit  the  pages  in  brarkets,  at  the  first  reading, 
t  Omit  the  tctm  ariaiog  from  d^ft :  dx,  if  tbrre  b«  one,  liuce  it  does  not  appear  ia 
thcntiilt. 
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repeated  nn  I  the  terms  might  eaaily  be  written  down  which  ame  from i|r 

contaiaing     z'  &c. 

The  following  may  serve  to  throw  light  upon  tlie  general  method, 
though  in  any  complicated  case  the  reductions  required  would  be 
practically  impossible. 

In  finding  iv  from  Usy^iEr,  we  have  presumed  that  U  is  the  solu- 
tion of  a  ditf.  equ.  rf U :  dx=^.  Let  us  now  suppose  that  U  is  connected 
with  y  and  .r  by  the  more  complicated  diff.  equ. 

p.u<->+p._,  u^-'>+ . . . . +p,  u'+p,u+0=o, 

p.,  «ic.  and  <p  being  functions  of  x,  y,  i/,  &c.  If  this  be  Y  =  0,  %ve  have 
«Y=0  upon  the  supposition  tliat  the  dependence  of  U  iii)oii  </,  j,  &c. 
remains  unchanged.  If  we  take  one  of  the  terms,  for  example,  P,  U", 
we  have  5  (P,U0=U"aP.+P.2U",  or  U''aP,+P,  D*  (aU-U'ax) 
+  P,U"'&t;  that  is,  one  term  containing  2U,  namely  PiD*2U,  and 
others  containing  &r,  aP„  &c.,  but  not  JU.  We  may  then  esdiibit  in 
the  following  form, 

p.D-.au + P..,  D^>.  5U+ . . . . +p,  D  .au+ P«  «U +*=0, 

*  not  containing  BV.  Let  the  preceding  be  multiplied  by  A,  a  function 
of  all  but  W :  then  if  we  integrate,  as  in  page  208,  (a  process  which 
has  been  in  ftct  ahready  repeated,)  we  find 

/{x*+(xp.^(xp,)'+(xp,)"- . .  ..)au} 
+(xp,-(xp,)'+(xp^'-, . , .)  au 
+ (xp,-  (xp,y  + . . .  •)  D .  au+ . . . . +XP.  ir-\su=o. 

Let  X  be  so  taken  that  XP„— (XP,y+&c.=0,  a  dift".  equ  of  the  ?ith 
degree.  If  its  complete  integral  can  be  exhibited,  with  ti  arbitrary 
constants,  then  n  particular  solutions  can  be  fonned,  each  containing 
one  constant  only,  and  each  one  a  sufficient  factor  for  the  preceding 
purpose.  We  have  then  it  results  of  the  form 

A,_,  D"-'     +  A,_a D-« ^U  +  +  Ao  cU 4-/X* ctr=0; 

from  which  the  n — 1  diff.  co.  can  be  eliminated,  and  BV  found  from  the 

resultinrr  erinntion,  with  the  n  nrbitmry  constants  which  it  ought  to  have. 

For  i  n  umce,  let  the  difi.  equ.  be' Pj  U'+P«U+0=O,  of  the  first 
degree.    We  have  then 

P,  D^U-|-P«  aU+U'  («P,-Pt  D5jt) + WP,+«0=O. 

To  find  X  we  have  XPo-(XP,)'  =  0,  whi(  h  gives  XrrPr'f'^*,  A  being 
P^zP,.    Multiplication  and  ihlcgraUuii  gtves 

*r^auH-/Pr*    { u'  (ap,-Pi  Da*)+ uap.+a^}  dxsiC ; 

which  being  reduced  by  the  process  already  giyen  will  express 
though  onlv  by  means  of  U  itself. 

We  shall  now  proceed  to  exprew  cj* f4>  dx  dy^  <f>  being  a  function 
of  z  and  its  difif.  co.,  both  with  respect  to  x  and  y.   Let  the  di£  co. 

of  z  be  p  and  q  of  the  first  order,  r,  and  t  of  the  second,  w,  r,  n\  m  of 
the  third,  the  following  table  showing  what  differentiations  are  made,  and 
how  often,  in  each. 

2  G  2 
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X 

r 

1  tt 

X^  «Py  JT 

V 

t 

V 

t 

w 

m 

Thus 


Let  <f>^  be  a  fuuction  of  x,  y,  z,  &c.,  and  let  cbp :  dr=X,  &c., 
10  that 

X Jj+ Yf/y + ZJz  +  Pc//>  +  Qdq  +  IWr  +  Sd.»+  Tcft  +  . . . . 
AUo     dz^pdx-irqdy^   dp^rdx-^  idy^   dqsi  tdx-i- idy^ 

drssudx  +iv/y,    <2t=:oc{x-|-ic%,   dteiwlr+wu/j/,  Ac. 

The  development  of  ^fjt^dxdy  is  made  as  follows : 

i ff4idxdyT= ffZ  (0dx  dy)z:^ffiltl^dxdy'¥fdy  <{Sx+  ^  dly) 

:^fJ^^+/^yBx^J J^£  hxdsdy-^f^-J  j'^^dxdy 

t=:fi>  dy  Ix  ^ftf,  dx  ay  +  JJ^a^-^  Bx-^  Sy^  d^ dy. 

It  is  here  assumed  that  Zx  depends  on  s  only,  and  Sy  on  y  only,  a 
supposition  which  will  be  sufficient  for  our  purpose.  To  point  out  the 
method  of  performing  one  of  the  integrationi.  Cake  ff  ^yd^^  which  is 
fdyf^Bx^m 

Jdy  {03x— J*aj?d<t>},  or  J^dyZx — ^ Ixdxdy, 

In  d.(f>:dr  and  d.(f):dtf  remember  the  implicit  sm>j»us»ition  that  0 
is  a  t'uiicUuii  u(  .c  and  y  through  z  and  its  diff.  co.,  as  well  as  directly. 
Now  from  d(pt  as  above  given, 

^=X+Zp+Pr+Qf+. . • .  ^^=Y+Zg+Pt+Qe+ . . 

a0s=xax+ Yay+za;t+pap+Q29+ • .  • . 

whence  ^y=Z (jiz~pdx^qhy)+P(jip^rZx^iiy) 

+Q  (ig— ti*— %)+R(ar-ttax-eay)+s  (at--»ajp— «%)+ .... 

Now  let  V  be  a  function  of  x  and  y •  and  V.,  &c.  ita  diff.  oow 
We  have  then 

av=a— =— — 

*     dx     dx    dx  *  dx 
it  being  supposed  that  iy  is  not  a  function  of  x»   Thia  gives 


av.- v„  ax  -   ay = (a  V-  V.  ax  -  v,  ay) . 
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Let  iz—p^x~q^i/=ut ;  we  have  then,  by  renoning  umilar  to  that  in 
page449> 

hp—r^x  —#3^=5—    hq — «3x—  icy  =  ^ 
wheuce,  by  substitution, 

To  perform,  as  far  as  practicable,  iudependently  of  all  relation 
between  2,  j«,  and  y,  the  integrations  in  4>  dx  dy^  kt  Va>r  be  the 
tena*  which  contains  d^i^divT  in  the  denominator  of  a  diff.  co.  of  u> :  we 
have  then  <V',  V„  V",  Ac.  being  diff.  co.  of  V) 

y Vo,:  dy=i\uC-x  - \,  u,:.,  +  V,, u^r..-  ....  ±V,_,  w-ij: / v.  a,* dy. 

Multiply  each  term  by  dx,  and  integrate  with  respect  to  or,  which  f^ves 

+v^iiTi-....+  

+/</y  { v.i^->-v',«.-«4- . . . .  ±  vr '  -'T/v:  <.ciu:} ; 

that  is  to  say,  ffXio'^didy  is  a  collection  of  terms  of  the  form 
ifcVf  ti>^7\li  ^<'r  every  possible  eombination  of  values  of  k  and  /  from  0  up 
to  m  and  7i,  both  inclusive,  ntgative  erpovefits  reckoning  nn  inte!:raU 
of  Oie  whole  terms;  the  sign  H-  being  applied  when  k-^-l  in  even,  and 
when  it  is  odd.    To  find  ff^dxdy^  let  stand  £>r  the 

coefficient  of  »7  in  ^ :  if  then  we  wish  to  select  the  coefficients  of  inj, 
we  must  in  every  allowable  way  make  m— 1— Assji,  n  — 1— /sr^,  or 
m— A:=r/;  +  l  and  /<  — /^g+l,  and  neither  m  nor  n  must  be  <  — I,  nor 
h  nor  i<0.  The  admissible  values  of  k  and  /  being  0,  1,  2,  &c.,  we  find 
p4-l,  p  +  2,  &c.  for  those  of  m  and  +     &c.  for  those  of  7?,  ^ud 

anv  value  of  m  muv  be  conibnieil  with  anv  value  of  n.  Hence  the 
fullowmg  expression  is  the  coeflicicut  of  ; 

[F+l.^+l]:-[p+l,9  +  2]H[p+l,g+3]5-[p4-l,9+4K+  

-[p+2.9+l]i+[p+2,g+2]I-tp4-2,g+3];+  

-[p+4,7+i];+  

The  nieanuig  of  the  symbol  [a,  6]^  may  be  described,  from  its  origin, 
as  follows : 

[a,  6]2=:diff.  CO.  of  ^  with  respect  to  ^m^^h 

*  We  here  use  ssponeats  without  braelMts,f<irsimpfielty,todcn(ilt4iiii»reiiti«tioiis 
with  i«sp«et  to  jr. 
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r    AT— ^Iltl^U  i'^P^hi         contaimnt?  x  and y directly, ind 
dJi*d^  }  through  «,     z^, «/,  a,^  &c 

Hence  Z ff<pdzdy  contains,  1.  The  integrals  f^djeiy-k-  f^dyZi. 
3.  Terms  completely  free  of  the  mtegral  sign,  namely* 

{li;-2i;-12?+3i;+22|  +  13:-...4e.:-H{21J-31i-22'+...}»»: 

+{i2;-22;- 13?+ . . . . }  w?+  { 3i;^4U-32?+ . . . . }  a,; 
+ {22:-32;-23H . . . . } «!+{ i3;-23i- 14?+ ....}«;+.... 

3.  Terms  depending  on  single  inte2;ral?,  {p  or  q  being  —  1,)  it  beinir 
rememhcral  that  the  negative  exponent  of  denotes  the  lutegratioa  of  the 
whole  term, 

{Oi;— li;-02t+31J+  I2t+0SJ-  • . }  6»i:»+{02t-12i-03:+  . , . } 
+  {03;-  13i-04:+ , . . . }   

•f  { io:-aol-uH3o;+2ii+ 132- . .       {2o;-3o;-2i?+ . . }  u.' , 

+  {30;-40i— 31°+  }  '^1,+  

4.  One  double  integral  term  (p  and  q  both  —  1). 

{00{-10{-01f-h20;+ll}+025-. . . .  }«r}. 

The  preceding  may  serve  as  aii  exercise  in  that  adaptation  of  symbols 
by  which  complicated  selectiona  and  aTrangeroents  are  rednoed  to  a 
mechanical  process :  for  all  useful  applications  it  will  be  sufficient  to 
suppose  that  0  is  a  function  of    y,  r,    and  U  including  no  diff. 

CO.  of  a  higher  order  than  the  second.  If  then  we  take  dt^^Udx^Ydy 
+Zd4;+Pdp+Q(ig+IUr+Sc^+T<ll,  we  have 

00{a=Z,  10;=P,  Oi:s=Q.  20:=R,  llJsS,  OaJssT: 

all  thereat  being  ssO.   This  gives  for  iff  <f)didyt  ut  being  h—p^ 

r  r/„  d.p  rf.Q  rf.n  rf'.s   d'.r^  .  . 

We  have  not  limited  the  result  by  proceeding  as  if  &r  were  a  function  of 

X  only,  and  cy  of  3^  only,  for  it  might  be  shown  that  the  wider  suppo- 
sition of  &r  imd  hy  leing  both  functions  of  x  and  y  would  lead  to  pia^ 
cisely  the  same  result:  but  a  complete  elucidatiouf  of  this  point  would 

be  beyond  an  clpineutary  work,] 
The  appliciiiiunb  of  the  calculus  of  variations  which  are  of  most 

impurtaacc  are 

i.  Given  any  number  of  points  (x„  3/,,  2,),  (x,.  y^,  &c.,  and  any 
number  of  equations  V|S=0,  V«ssO,  &c.  between  thc^  coordinates* 

•  To  save  room  I  have  omi  I  1  brivckfts  and  COOMBU,  thai  23{  itands  f*'r  [2,  SJJ. 
f  The  advanced  siudeoi  hhould  ra***!  <>n  this  ]>oint  the  Memoir  of  Puisson  nti 
the  Calculus  of  Variatiook;  iu  the  twelfth  vuiucue  ul  the  Memuirii  uf  the  iustiiut«. 
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required  the  relations  which  must  exist  between  Xi,  Yi.  Zi,  X,,  Yj, 
6ic.  given  functiotis  of  the  coordmates,  in  order  that  the  equation 

Xi  acri+ Y,  aifi+Zi  a«,+Xtajr,+ Y.ay,4-Zta<«+  • . . .  =o 

nay  be  true  for  every  possible  value  wbich      Sy,  ^t,  &e.  can  bave^ 

ooiiBistently  with  V|=0,  V,=0,  &c.  being  trae  both  of  (*„  y,,  Xi),  &c*, 
and  (r,  +  aj„y,  +  2y„  z,  +  a2,),  &c. 

2  Given  any  integral,  in  which  the  integration  cannot  be  performed 
because  it  contains  variables  which  are  related  to  one  another,  but 
between  which  no  relation  is  assigned,  required  that  relation,  or  those 
relations,  which  being  substituted,  and  the  integral  taken  between  given 
limits,  the  result  is  the  greatest  or  least  which  is  possible ;  that  is,  greater 
or  less  when  the  required  relation  obtains  thsn  it  could  be  under  any 
other  possible  relation. 

To  give  a  simple  instance  of  the  Brst  class  of  qaestions,  suppose  two 
point*?  in  a  plane,  (r„y,)  and  (xj,  which  always  preserve  the  same 
distance  a:  under  what  relations  between  x^,  &c.  will  tke  followiug 
equation  be  always  true  ? 

'i  ^i+ifi  ayi+j^  a'«+sfi  %f«=o  (I), 

The  equation  («!—*■)*+ (i/i—i/'i)'=o«  gives 

('i-'Tt)  (^'i— 2jr,)  +  Cyi— y,)  (3y,— ?y,)=0  (2). 

In  the  first  substitute  the  value»  say  of  iy^  from  the  second;  the 
result,  cleared  uf  Iractiona,  ia 

and  this,  which  is  to  be  true  independently  of  and 
icquiies  that 

j«y«=o,  yl— y5=o,  Jty»— Jiyi=o  (3)^ 

which  are  satisfied  by  y,=yi,  t,=  r„  or  by  y,=  —  y,,  t,=— r^.  The 
first  is  inconsistent  with  (x,  — j-,)^  +  (y,  — ?/J*=a',  but  the  second  is  not, 
and  gives  4x]f4-4yl=:a'.  The  answer  then  is  that  tlic  two  points  may 
be  the  opposite  extremities  uf  any  diameter  of  a  circle  whose  centre  is 
the  origin,  and  whose  radius  is  Ja. 

The  following  method  is  particularly  connected  with  this  dsss  of 
problems,  as  well  as  with  some  varieties  of  the  other.  There  is  an 
equation  between  &c.,  ^.r,  &c.,  say  U=0,  which  is  not  to  be  absolutely 
true,  but  only  for  such  values  of  ^r,  &c  as  make  V=o  This  we  can 
exprcs?  bv  one  oqiiation,*  U+AV=rO,  where  A  may  be  htiv  function  of 
J",  y,  &c.  Hidependent  of  cx,  &c.  For  the  preceding  equaiiuii  expresses 
that  U  is  or  is  not  =0,  according  as  V  is  or  is  not  =:0.  If  then  we 
make  each  coefficient  in  U  +  AU  separately  =0,  we  have  one  more 
equation  than  we  had  before,  but  at  the  same  time  we  have  one  more 
undetermined  quantity  A.  The  elimination  of  A  will  reduce  the  number 
of  equations  by  one,  and  will  give  precisely  the  results  of  the  common 
mode  of  operation.  If  w  e  multiply  (2)  by  A,  add  it  to  (1),  and  then 
equate  each  coefiicient  to  0,  we  have 

•  Many  other  forms  m!p:>it  he  pven,  but  ail  are  either  reducible  to  ihe  one  here 
rireo.  or  else  they  introducu  i^hc/i  &c.  while,  since  Ir,  &c.  are  all  to  be  taken  as 
diaiiiii^hiRg  without  liaail,  Ihtio  tsnasof  ths  Ncond,  &e.  otdsts  sis  weless. 
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x,+A(j:,-tO=0,  A(ji-jr,)=0,  y»+A(yi-yJ=:0,  yi-A(yi-yJ=sO, 
*  add  elimination  of  A  will  give  equations  (3). 

To  generalize  the  ^ceding  process,  let  there  he  n  points,  and  3« 
coordinatefly  one  equation  U=0,  or  Xi2jp,4-Y|^yi-|- .. •  ,=0»  and  p 
relations  between  x,  y,  &c.,  V,=0,  V.=a  ....    Then  we  have  JV,a:0, 

which  gives,  say         .  + //, 5y»+C'i^2i+ . . . .  =0 ;   also  2V,=rO,  or 

?Ti  +  ;;",  cy,+  =0,  and  so  on.    And  U  + A,  V,  + A,  V,+ . , 

expresses  that  U  =  0  when  V,,  V,,  &c.  an  each  =0.  £quate  the  co- 
efficients of       &c.  separately  to  U,  whicii  gives 

Xt+A»«',+A,4",+. -..=0,  Y»+A,Vt+A.i|",-t.....aO, 

z»+A,r,+A,ri+  ...=jO  , 

and ao  on:  gmng  Sn  equations  between  3n+p  quantities.  Ehmiimtion 
of  Ai,  A|,  fte.  will  reduce  these  to  Sn^-p  equations  between  3n 
quantities,  and  the  p  equatioos  YtsO,  &c.  finally  leave  ua  with  9n 

equations  between  3n  quantities,  unless  it  should  happen,  which  it 
frequently  will,  that  nil  the  3//  fn.al  equations  aie  not  independent,  itt 
which  case  the  problem  is  net  (letcrminute.* 

[The  foUuwiiiu;  i-kohi.km  contains  u  most  material  portion  of  the 

£urely  mathematical  ])art  of  the  statics  and  dynamics  of  a  rii:!!!  l.odv. 
let  there  be  a  number,  n,  of  points  (x„y„i,),'(j^y„2,),  <icc. Unmove- 
ably  connected  with  one  another;  that  is,  the  diatance  between  any  two 
remains  unchanged  during  variation.  Supposing  the  whole  system  to 
undergo  an  infinitely  small  change  of  place,  required  the  relations  which 
niust  exist  between  P^,  Q,,  R„  &c.  and  x,,  ?/,,  z^y  &c,  in  Older  that  fiv 
every  such  infinitely  small  displacement  we  may  have 

Piajr»+P,ajr,+  . . .  +Q» iy,+Q,^,+ . . . . +R, ^,,+R,ar,4. . . .  -0. 

Take  a  new  origin  coordinates,  (a,  6,  c,)  and  a  new  set  of  co- 
ordinate planes  attached  to  the  system  of  points  just  mentioned,  and 
moving  with  it.  Let  ^,  t?,  ^  be  the  coordinates  of  («,  y,  *)  with  respect 
to  the  new  planes,  and  (A.  G.,  p.  224)  let  the  new  and  old  ooordinatea  he 
so  related  that 

;r=a+«|+^i,+y4',  y=6+a'l4./8'ij+y'C,  2=C+^r''^+^''t^-^■y^ 

Consequently,  since.  i;,  ^,  ^c.  do  not  vary  with  the  svstem,  (for  the 
new  coordinate  )>Ianes  move  with  it,)  crz=^a  +  ^^a+rj^fi-i-i;^y^  &c.,  and 
substitution  obviously  gives  (2P  meaning  P,+P,-h . . . .,  &c.) 

Now  oy  fit  Slc,  are  connected  together  by  six  equations,t 


A 
B 

C 


«•+  a"+  oT^s  1       /3y+^V+i8V=0  A' 


•  The  student  may  omit  the  part  m  liraclcefs  at  tlie  first  reading. 

♦  It  must  be  remembered  thut  tlasK  ui  i-  also  equivaleut  to 

+J8»  +y/s «1  ^^n^  ^y,^  _Q 
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Talce  the  variations  of  these  equations,  and  add  them  to  the  equation 
preceding,  after  multiplying  them  by  the  arbitrary  multiplieri  written 
oppoaite  to  them.   Thia  givea 

+  {2Pf + A«+C'j8+B'y}    ^-  {2P9+B/J+ AV+C'a}  Zfi 

+  llP,  +  C7+B'a+A'/3}Jy+&c.=0; 

where,  in  the  terms  included  under  +  &c.,  we  must  change  P  into  Q,  and 
write  ot'  for  &c.  for  »i  second  set,  and  change  P  into  R,  and  write  a"  for 
a,  &c.  for  a  third  set.  If  we  now  equate  each  of  the  coefficienta  to  0,  we 
have  2P=0,  2Q=0,  2R=0,  and  nine  other  equations,  in  which  are 
tlie  atx  multipUera  and  the  nine  quantities  a,  &c. :  but  between  these 
there  are  air  equations;  altogether,  then,  fifteen  equations  ^vit]l  fifteen 
arhitrary  quantities.  So  that  it  should  seem  at  first  as  if  we  niight 
satisfy  these  fifteen  equation^  hv  values  given  to  the  arhitrary  (nianiuics 
without  any  new  relation  between  the  data  of  the  question,  P,,  Pj,  j-„  j-„ 
&c.,  and  I'have  introduced  this  exaniple  to  show  how  little  we  must 
depend  upon  conclusions  drawn  from  the  mere  number  of  equations  to 
which  a  question  can  be  reduced,  without  examination  of  their  structure. 
The  fact  is  that  the  fifteen  equations  cannot  be  rendered  simuluneously 
true,  unless  three  other  equations  between  the  data  of  the  qucation  only 
are  satisfied. 

T.et  (c'x)  hv  the  abbreviation  of  *  coefficient  of  ha^*  in  the  })receding 
equation.  From  (aa)  =  0,  (2/3)=0,  (ay)=0  deduce  a'(oa)-t-^  (3/3) 
■i-y  (?7)  =  0,  or 

^  {P  ia'i-^fi'nWOHJ^aa'  +  By3y8'+ Cry'+ A'  (y/S'W) 
+B'  («/+y«^+C'  03*« +a0')=a 

Now  lorm  a(aa')+/Uf^/5')  +  y(3y')=0,  and  weahaHhave 

2  {Q  + yO  +  A«(/ +B/3i8'  +  (as  before)= 0, 

ID  which  laat,  the  accented  lettera  were  in  the  coefficienta*  and  the  un- 
accfntH  lettera  are  from  the  multipliers.  Consequently, 

or  IP(i/-6)  =  ^QU-"),  or  ii'i/-6iP-lQx-flIQ,  or  2Py=2Qj; 

and  similarly  it  may  be  pIiowh  that  2Qj?=:'^Ry,  iRj:=2Pr.  These 
5ix  equations,  IP=0,  &c.,  lPy=:lQXy  &c  are  therefore  necessary:  it 
remains  to  ghow  that  they  arc  sufficient. 

For  this  purpose,  remark  that  j.=a+(4  +  &p.,  &c.  give,  by  the  aid  of 
the  equations  of  condition, 

4=a  («-a)  +  a  (y  -  ^)  +  a"       c),  ij=/3  (of-a)  +  • . . . , 

Form  (^e/)+«"(8a^)  =  0,  which  gives,  by  aid  of  the 

equations  of  cundhion,  A  +  2;  (Pa+Qo/+R«' )=0,  whence  A  is 
obtained,  and  B' and  C  can  be  also  obtained  from  y  (r'-r)  4- ^  (tV) 
+  y'  (3a")  =  0  ^"^^  P  (ca)  +  &c.=0.  By  the  three  curre»poniliiig  f(iua- 
tionMKf73)-4-<^c.  =  0,  y  (a/3)  +  &c.  =  0,  a  (3^) -f  &c.  =  0,  B,  A  ,  and  C 
can  ])e  del nnmed,  and  C,  B',  and  A' from  the  three  equations  corre- 
sponding to  icy),  6cc.    Thus  A',  B',  and  C  are  detem'med  twice  ow; 
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the  equations  which  give  thrm  are  therefore  incoire^uous  unless  the  two 
valuCiiof  A'  a^rrce,  and  likewise  liiose  of  B'  and  of  C.  If  fur  i,  rj,  and 
^  be  BubstiluieU  their  values  above,  it  will  be  found  liiat  the  six  equa- 
tions 2P=0,  Ac,  ^P^=ZQx,  &c.  will  make  these  values  agree,  and 
that  no  other  lelations  will  do  so,  as  long  as  the  equations  of  oonditioo 
hetween  o,  a\  &c«  exist.] 

In  order  to  explain  the  second  class  of  problenis,  it  will  be  advisable, 
droppini^  for  a  time  the  jrrogresa  made  in  pages  449,  4r)0.  in  fiiiHiog  the 
variations  of  intet^ral  forms,  to  take  a  !?imple  ijucstion  and  go  tin  uirh  the 
w'holc  process  from  tlie  beginning.  Let  the  (juestion  be  as  follows  :  to 
draw  the  shortest  line  from  uue  curve  to  another,  without  assuming  that 
a  straight  line  is  the  shortest  distance  between  two  points. 
When  we  consider  the  vsriation  of  an  algebraical  function»  V«  we  know 
'  diat  its  arithmetical  minimum  is  0,  if  any  value  of  its  variable  can  be 
found  which  makes  V=:0.  But  this  is  not  necessarily  an  algebraical 
minimum,  pince,  if  the  value  ofV,  in  passing  through  0,  change  its  ?^ign, 
it  is  incrcasnig  or  diminishing  both  before  and  after  passing  tbrouLrh  0. 
N  ow  it  is  to  be  borne  in  mind,  tiiroughout  the  following  uivcsugauons, 
that  the  results  sought  arc  algebraical,  and  not  arithmetical,  niaxima  and 
minima.   For  example,  let  the  two  curves  be  as  marked  in  the  figure, 

the  arrow  points  denoting  that  the  branches  there 
discontinued  go  on  aci  injinilum. .  Aritbmet  ically 
speaking,  there  are  absolute  minima  at  P,  Q,  and 
R,  and  no  maxima;  for  between  any  two  point*, 
one  on  each  curve,  a  line  of  any  length,  liuwever 
great,  may  he  drawn.  Algebraically  speaking, 
P,  Q,  and  11  are  not  minima  :  for  if  we  agree  to 
measure  arcs  of  intercepted  curves  irom,  say  PAQBR  itself,  then  such 
lengths  when  they  pass  through  P,  Q,  or  R  change  ibeir  signs.  The 
lower  curves  in  the  figure  are  so  placed  that  certain  straight  lines  AB 
and  DC  can  be  drawn,  one  of  which  would  seem  to  be  a  minimum,  while 
in  the  upper  curves  it  may  be  made  obvious  that  AC  and  BJ)  are  not 
minima.  It  may  seem  certain  that  CU,  in  the  lower  curves,  is  a  mimmuro  ; 
that  is,  the  points  C  and  L)  being  (however  little)  displaced  on  their 
curves,  no  line,  straight  or  curved,  so  short  as  CD,  can  be  drawn  between 
their  new  positions. 

The  fact  is  that  these  problems  of  the  calculus  of  variations  involve 
two  questions;  the  first  completely  and  satisfactorily  answered,  the 
second  left  in  a  very  imperfect  state.  These  questions  are,  as  to  the 
instance  before  ub,  1.  What  is  the  character  of  the  line  which  is  the 
shortest  distance  between  two  curve?,  when  there  is  such  a  shortcut 
distance?  Is  it  straight*  or  curved,  and  if  the  latter,  what  is  its  law  of 
curvature  ? 

2.  Two  curves  being  given,  can  such  a  minimum  distance  be  found? 
or  can  two  points  be  found,  one  on  each  curve,  such  that  the  line  whose 
character  is  shown  when  the  first  question  is  answered,  being  duly 
drawn  from  one  of  these  points  to  the  other,  is  really  the  algebraioi 
minimum  distance  of  the  two.    We  now  proceed  to  the  problem. 

*  It  is  no  AowW  partly  prored  and  partly  asiumecl,  lon^  before  the  leader  coibm 

to  this  pDint  i)f  his  studies,  that  the  Hiu'  in  qiif^tn  n  is  strji^lit :  but  we  wiM  suppose 
that  thiK  18  not  proved,  and  has  not  been  assumed,  tn  order  to  avail  ourselves  ol'  this 
v«ry  simple  problem  as  an  illuttiatiQn. 
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Let  AB  and  CD  be  the  two  curves 
between  which  the  shortest  Vine  is  to  be 
drawn.  Draw  a  curve  cutting  the  two, 
and  let  x  and  y  be  the  coordinates  of  any 
point  in  it.  At  V  let  x=x^  y=y<h  at  W 
let  x=Xi,  y=y„and  letyo=foTo.y»=fi^i 
be  the  eqiutiuDS  of  AB  and  CD.  We 
want  then  to  find  a  relation  betw  een  jc  and 
y,  together  with  the  position  of  V  and  W, 
so  that  VW  may  be  the  thortest  line ;  or  to  make  //  (I  4-y'*)  dx  from 
J— r,  to  x=Tv  the  least  possible.  Pass  to  a  new  nirve,  m,  by 
chAu-s^u'^  X  and  y  for  every  point  of  VW  into  t+?i  and  y  Viy.  J^t  Q 
be  the  jtoint  corresponding  to  P;  and  let  vw  be  a  curve  made  by 
changing  x  and  y  into  j:  —  ?j  and  y  —  cy.  It  ii  to  be  remembered  that 
at  the  limiting  curves  wc  mnst  have  y.+^yoSsy^t'o+^J^.)  and  yi+5yi 
=  *'i(«i+*<r,);  also  y,-Jy,=y»(«»— yt-ay.=Vi (j^-^^i) 
These  last  four  equations  are  not  compatible  with  eacli  other,  strictly 
•peaking,  on  any  but  a  straight  line;  if,  however,  Ir^,  &c.  he  infinitely 
smrill,  they  are  true  together  as  far  as  small  quantities  uf  the  first  order. 
Let  y'  ber  me  y*-\-hj\  then  substituting  in  J^J{l-¥y'*)djc,  it  becomes, 
by  Tayloi  *&  theorem, 

which,  between  tiie  given  limits,  is  the  length  of  vw,  and  its  excess  over 
VW  is,  to  terms  of  the  second  order, 

and  dy^y'dx  pives  cy'd£:=rd7y—y'dri.  Nuw,  since  VW  is  the  least 
possible,  r IT  — VW  must  be  positive,  as  must  also  yW  — VW,  and  v'w'  is 


order  as  dZx^  and  in  the  second  as  It/dlxy  the  second  integral  roust,  when 
and  ly  are  diminished  without  limit,  diminish  without  limit  as  com- 
pered with  the  first.  If,  then,  the  preceding  be  K,4-K«  lur  vWy  it  is 
— K»  +  Kg  for  n'w' :  and  since  Ki  is  greater  in  numerical  magnitude  than 
Kt,  the  latter  must  have  different  signs,  whereas  they  should  be  both 
positive.  The  only  way  of  avoidii^  this  is  by  supposing  that  coefficients 
vanish  in  Ka,  so  as  to  mske  it  identically  sO,  mdependently  of  Zy  and 
Ix,  Both  vio — VW  andi/lp'— VW  then  become  =:K„  and  if  this  be 
positive,  when  taken  between  the  given  limits,  the  required  condition  is 
attained.  This  rcasonincr,  which  applies  in  every  case,  is  the  ordinary 
reasoning  in  problems  of  maxima  and  minima. 
Substitute  as  above  for  ly'dx^  and  K,  becomes 
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vbich,  mtegnUed  by  parti,  gim 

_     fx  yjy        Cj     d       1  d  __^_\, 

which  is  to  be  taken  from  xtsix^  to  jtsxi.  Let  (1  +  y^)~^=(r.  and  let 
y'o)  <^o«  ^it  <ris  denote  the  values  of  &c.  at  the  limito :  we  have 
then  finaUjr  for  K|sO  ^ 

The  first  terms  depend  only  on  the  vahies  of  y',  5r,  and  cy,  at  the 
limits,  hni  the  integral  depends  unioiig  other  tilings  on  tlie  values  of  cy 
and  cx  at  every  point  of  V  W,  and  contains  in  fact  two  arbitrary,  though 
infinitely  small,  functions  of  s  and  y ;  namely,  ^  and  It  is  impot- 
sible,  then,  that  the  last  term  should  always  (for  all  forms  of  &r  and  for 
the  line  required  is  to  be  shorter  than  a/^j/ other  line)  tuhIc  the  preceding 
equation  true  :  nor  can  this  equation  be  true  unless  the  arbitrary  term  is 
made  to  vanish  by  a  suppi^^ition  not  nfTecting  cx  or  5y.  The  only  sup- 
position on  which  this  condition  is  lullilled  is  y''=:0,  which  amounts  to 
snpjmsing  VW  to  be  a  straight  line,  since  it  gives  y=(U+^i  ^=0, 
<r=:(l+a*)'^.    We  have  then  to  satisfy 

Before  we  proceed,  however,  it  will  he  necessary  to  remember  that  our 

only  reason  for  equating  the  terms  of  the  first  order  to  0,  by  means  of 
coefficients,  is  to  prevent  our  having  a  term  which,  being  the  largest  of 

all,  may  he  marie  to  lake  cither  sign,  whereas  in  the  case  of  a  minimum 
it  must  be  always  positive.  The  nrrrssity  of  this  supposition  as  lo  the 
indeterminate  integral  is  easily  s-huwn  ;  for  in  ^fy  o*  {ly — y  cji:)dx 
there  are  the  arbitrary  functions  iy  and  o/-,  which  are  altogether  in  our 
power  except  at  the  limits,  so  that  the  integral,  if  positive  in  one  ca^, 
may  be  made  negative  in  another.  Nor  can  the  other  terms  prevent 
this  term,  if  allowed  to  exist,  making  the  terms  of  the  first  order  some- 
times negative :  for  when  the  varied  curve  b^pns  and  ends  at  the  original 
curve  VW,  (as  in  one  of  the  dotted  lines  of  the  diagram,)  we  have  ti^ 
Jr,,  and  t^y,,  each  =0,  so  that  if  ?/"  have  any  tinite  value,  w  e  may 
make  the  whuk-,  of  the  terms  of  the  first  order,  in  certain  cases,  negative. 
Hence  y'  —O  is  a  necessary  condition.  But  if  we  look  at  the  part 
^iC^i+Vi^yO— &c  »  which  becomes  (y''=0,  y'=a) 

it  is  not  obvious  that  this  portion,  unless  msde  =0,  may  have  any  sign 
we  please,  for  hxa  and  hyo  are  connected  by  an  equation,  and  also  <^x,  and 
hji ;  since  (r,+f-r©,  yo+^j/o)*  pfwts  each  on  a  given  curve. 

All  that  if  iiecpssary,  then,  is  that  the  preceding  should  be  positive: 
and  if  w  e  aiid  Kj,  wc  tiad  for  the  complete  vanation  as  far  as  terms  of 
the  second  order. 
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where  ca  is  cousumt  or  vtu  iabu  ,  according  as  mo  is  a  straight  line  or  a 
curve  (VVV  being  made  a  straight  Uuc,  since  y"=0). 

The  preceding  must  be  positive.  Now  BupnoBe  that  our  axia  of  «  had 
in  the  first  instance  been  made  parallel  to  the  straight  line  we  with  to 
consider*  which  can  always  be  done.  Then  as=0,  and  the  preceding 
becomes 

where  and  cxo  tfC  intlepcndcnt,  and/ (JaVd*  independent  of  both. 
If  4^<X|,  as  we  have  supposed,  the  last  term  ia  essentially  positive,  and 
the  whole  will  be  positive  if  8^0  must  be  negative  and  ^r,  positive  The 
only  cases  in  which  this  is  true  are  represented  in  the  foUo.wmg  diagram, 
in  which  the  straight  line  drawn  being  parallel  to  the 


axis  of  r,  ;md  x  being  measured  positively  towards  the  right,  we  see  that, 
(t,-„  Vo)  being  V,  and  (r„y,)  being  W,  must  be  negative  if  we  pass 
to  j^ii  adjacent  point,  and  Sx^  must  be  positive.  Consequently,  a  Ime  u  a 
mimiauiQ  distance  between  two  curves  when  two  perpendiculiurs  bemg 
drawn  at  its  extremities,  neither  perpendicular  passes  through  its  curve 
80  aa  to  have  the  curve  on  both  sides  of  it  Another  case  (answering  to 
CD,  p.  458)  need  not  be  discussed :  the  object  being  merely  to  show  the 
insufficiency  of  the  common  method,  and  also  its  tendency  to  redundancy. 

Tho  application  of  the  preceding  reasoning  generally  to  ^J<t>dx  is 
rendered  extremely  difficult  by  the  complexity  of  the  terras  of  the  second 
order.  The  only  cases  in  which  we  can  easily  proceed  are  those  m 
which  we  know  beforehand  that  there  is  a  maximum  and  no  mmimum, 
or  a  mmimum  and  no  maximum.  Then,  taking 


« •  •  • 


5/>dj?=0aj+  /(Y),a.djr+  (Y).  a,+  (Y  ).(.»'+(¥), + 

terms  of  second  order  +  •  •  • 

ire  may  make  (Y)o=0,  for  a  reason  similar  to  that  shown  in  the  last 
problem,  and  we  then  know  from  the  nature  of  the  cn«e  of  what  sign  the 
terms  of  the  second  order  must  be.  It  remains  lo  ascertain  how  the  hue 
defprmined  by  (Y)o=0  mu.t  be  placed,  in  order  that  the  value  of  the 
integrated  part  of  the  exprc.  i  >ii  taken  between  the  limito,  or 
^  ««i-^J*o+(CY)i)i  •*»-(CY)i)»«o+  (CY)Oi  ^'i  -  (CYt))o  w'o+  .... 

may  always  have  the  same  sign  consistently  with  every  variation  which 
the  conditions  at  the  limits  will  admit,  and  that  sign  belongmg  to  the 
maximum  or  minimum,  aa  required.  .  , 

Before  proceeding  to  some  examples,  let  us  examme  the  equation 
CY)o=0»  or 

Y— Y/+Y,/'  2=0,  where  <I#=Xtfct+ Ydy +y,dy  +  Y^y''+ . . . 

If  X=0,  or  a- function  of «;  that  is,  if  ^  either  do  not  contain  at 
all  or  in  such  a  manner  that  it  has  the  form  0  (y,y  •  •  •  '.^ + '  > 
page  208,  it  ia  obviou.  that  Y  =  Y/- Y    +  . .  • .  »  prer,.ely  the  eon-  . 
Silion  necessary,  in  order  that  XtLr  +  V^y-f  or  (\cir+Yj^ + 

V^y''+  •...)•*        ^  integraWe  per  se,  so  that  we  have 
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0=/Xc/t+  ( Y,-  Y,;+ . . . . )  3^'+  (Y/ -Y,,;+ . . . .)  y"+  (0) ; 

go  that  the  difT.  equ.  (Y)o=0  admi.s  of  one  iutegration.  For  example, 
let  (p  cuntaiii  only  ?/  and  i/,  then  X,  Y,^,  Y,,,,  &c.  are  severally  =0,  and 
we  have  Y— Y/=0,  lor  (Y)^=0  ;  or,  by  tliu  p^ec^'(llM^^  f=C+Y,y'. 
Now,  Y.  coDtaining  y\  Y/  contains  y",  and  Y— Y/=0  is  of  the  second 
order;  but  0=C+Y,  ✓  i«  of  the  first. 

Let  f  contain  y",  and  with  x  in  an  independent  term. 
Then 

0=/Xrfx+(Y,-Y,/+Y,/)y'+(Y^-Y,,/)  Z+Y^^y*. 

Let  it  be  required  to  find  the  curve  on  which  a  material  point,  acted  on 
by  gravity,  and  descending  freely,  shall  fall  in  the  shortest  ume  from  a 
given  point  to  a  given  curve.   If  x  be  horizontal,  and  y  vertical,  this 
amounts,  by  the  principles  of  inechanica»to  making  y  { VC^+y")  '  } 
a  minimum.*    We  have  then 

or  l=:C«y(l+y") 

2K  hc'm^  1  :  C,  and  L  a  new  undetermined  constant.  Let  us  suppose 
the  fixed  point  from  uhich  the  descent  begins  to  be  the  orierm  ;  thtn. 
since  x  and  y  vanish  toocther  in  the  curve,  L=0,  and  we  h;L.e  the 

equauun  of  a  cycloid,  whose  cusp  is  at  the  oriijni  O, 
and  the  radius  of  whose  generating  circle,  which  rolls 
on  the  axis  of  «,  is  K.  According  as  tiie  upper  or 
lower  sign  is  taken  the  cycloid  is  placed  with  its  ordi- 
nates  negative  (as  in  OA)  or  positive  (as  in  OB). 

We  have  also  (Y),=Y„  (Y),s=0,       whence  the 
integrated  part  of  Bj  ^dx  is 

Taking  this  between  the  limits,  we  have,  and  y,  being  coordinstes 
of  the  required  point  in  the  given  curve  PQ  at  which  the  descent  is  to 
cud,  and  hx^  and  hy^  being  each  =0, 

y."*(l+y'?)-*(^x.+y'.5yO, 

putting  for  if,  its  value  in  the  last  factor:  it  being  remembered  that 
is  to  be  taken  as  positive  when  the  point  cornea  in  the  first  half  of  the 

*  From  the  nature  of  the  problem,  a  maximum  is  imjioHsiMe:  by  making  the 
ciirys  iufficiently  omt  to  s  lsv«l  at  iUcoramcucement,  the  Ume  might  be  aiunBented 
vitnoQt  lunit. 
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cycloid,  aiid  negative  in  the  second.  Let^i=:Y^Xi  be  tiie  equation  of 
the  curve  to  which  the  cvcloid  ib  to  be  drawn :  the  »ign  of  the  preceding 
then  depends  on  (I  +yV  f'^d  ^^t»  so  that  in  every  case  in  which  tri 
can  be  either  positive  or  negative,  we  must  have  l+y'i  y'j*t=:0,  or  the 
cycloid  roust  cut  the  curve  at  right  angles.  But  if  there  be  a  cusp  so 
sittiatcfi  thnt  d  r,  and  *//,  are  !ipces?arily  positive,  and  that  the  cycloid 
drawn  from  the  origin  to  the  cusp  meets  the  cusp  in  a  point  of  its  first 
half,  that  cycloid  is  a  line  of  shortest  descent :  and  also  if  it  be  so 
situated  that  is  positive  and  negative,  and  that  the  cycloid  meets 
the  cusp  in  its  second  half. 

Sometimes  a  further  integration  may  be  made  in  (0) :  thus,  if  0 
contain  only  y'  and  y",  we  have  Y/— *ssO  gives  Y^— Y^'=:con8t.=C, 
whence,  if  Xs:0»  (0)  becomes 

For  example,*  let  (f}  —  (l-{-y'')^  y'\  the  limits  being  two  fixed  points 
in  the  axis  of  jr,  and  one  of  them  the  origm.    W  e  iiave  then 

in  which,  since  c  and  C  are  arbitrary,  2  may  be  struck  out.  Let 
y  =tan  /3,     dx  =  ( I  +tau»  /3)  df^  and  we  have 

<ir  =  (c  cos*  /3 + C  cos  /3  sin  fi)  dfiy    dy  =  (c  cos  ft  sin  /3 + C  sin*  /3)  dfi 

4jr=2c/8  +c8in2i8-Cco8  2/J  +  K 

4y s2CiS - Csin 2iB— e  cos  2i8  +L ; 

which  may  be  shown  to  belong  to  a  cycloid.  The  integrated  part  of 
the  variation  is 

0aj+(Y Y^y,  which  gives  Y,,, w',-Y,„ 

since  cx  and  ui  or  cy—ycx  vanish  at  botli  limits.  And  io'  =  ly* — y"  Ix 
gives  Y^« — Y,,^hf\  for  the  above.  If  /j,  and  therefore  y',  be  given 
at  the  limits,  this  vanii^iies  of  itself,  and  the  arbitrary  character  of  the 
constants  r,  C,  K,  and  L,  is  no  more  thantafficient  to  enable  na  to  make 
the  cycloid  paaa  through  the  given  points  with  given  tangents  at  tboae 
points.   But  if  /  be  midetennined  at  the  limits,  we  have 

y «  y  > 

in  which  the  power  of  giving  dificrent  signs  can  only  be  avoided  by 
making  the  coetticients  of  cfi^  and  c^^  severally  =0.  That  is,  the  radii 
of  curvature  at  the  extreme  points  are  both  =0  ;  which  in  the  cycloid 
oiiiy  liappciib  at,  the  cu»p8.    Hence  if  A  and  B  be  the  given  points, 

eveiT  such  figure  as  that  in  the  diagram  gives  an 
algebraical  minimum:  that  is  to  say,  any  slight 
variation  of  the  upper  curvea  with  a  corresponding 
variation  of  the  lower  evdutes  would  increase  the  area  contained. 

♦  Let  tlie  stnrlent  show  that  this  nir'wcrs  to  the  folluwing  proHlem :  bet'vccn 
two  given  ^tuts  to  draw  a  curve  wiuch  with  its  extreme  radu  of  curvature,  and 
tbrir  hiteictptod  mc  «f  lh«  tfvliito,  contiini  ih«  least  amu  And  let  hua  thcnr 
Ihi*  the  probism  naj  be  siiscsptibls  of  a  adoinuia,  bot  p»t  of  a 
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There  w  no  abiolute  aritbmeUcal  miDhnum;  for  by  saffidently  in- 
creasing the  number  of  revolutions  of  tbe  generattng  circle  we  might 

diminish  the  whole  area  ^-ithout  limit. 

Let  it  be  required  to  draw  on  a  surface  the  shortest  line  from  one 
curve  to  another,  both  ciirves  being  on  the  given  «!irface. 

Let  dzTzzpdx-^-qdy  be  the  diiferentiated  equaiion  of  the  curve 
turface;  the  function  to  be  made  a  minimum  is  then 

p  and  q  being  botb  fractions  of  jr  and  y.   We  have  then 

Make  e  itself  the  independent  variable,  and  for  p'^qif  write  (dzidm) 
X  {dv  I  dx}t  remembering  that  da :  dofs^.   We  have  then 

da'  dx  \  da      da)  \d9      da/'  dx 

dz  /  djc      dy\  _dUj      d*z     dz  f  dx    .dy  \ 
V  5^"*"  dif)  "do*"^^  rf?"^  da  K  ^  d^/ 
<i*y     d*z  .  d*i  d^M 

°'         5^'*'^S?==^' "  ^""^     "^^ 5? 

might  be  deduced  by  combining  this  with  the  equation  of  the  surface, 

or  else  by  aUering  J'(pdx  into  ^X-i'^+l +(px'  + 9)')^  (iy,  and  repeating 
the  process,  on  the  supposition  that  x  is  a  function  of  y.  The  int^rated 
part,  0^x+Y^u),  ia  fubject  to  tbe  remarka  already  made  in  the  pro- 
blem of  page  4d9.  If  x,  and  z  be  expressed  as  functiona  of  v»  the 
preceding  equationa  (page  158)  become  {i  being  dszdpt  &c.) 

a'  {f-\-qz")-a"  (y'+92')=0,    a'  {jf' -irVz')-^'  (t'+P2')=0, 

which  is  nothinji;  more  than  the  expression  of  the  property  that  the 
osculating  plane  of  the  curve  must  be  every '.vh ore  perpendicular  to  the 
tangent  ]>lane  of  the  surface,  partly  proved  m  page  442. 

Hilherio  we  have  nut  suppotied  the  function  ^  to  coutaiu  the  limits  of 
integration  directly,  as  conatanta.    Tf  tbia  be  tbe  case,  and  if  x^,  x^,  y^ 

i/'o'  y'li  be  tiie  valuea  of  ^r,  y,  y,  &c  at  the  limita,  we  aball  have 
to  add  to  tbe  variation  of        tbe  aeriea  of  terma . 


dx^^  •  •  •  •! 


remeniborl?!";  that  Ct^  &c.  arc  constant  tbroiiphnnt  tho  iiitprrrfition. 
The  general  form  of  (Y)o  =  0  is,  therefore,  not  atli  c  u  il,  and  tlic  only 
change  which  is  required  is  the  consideration  of  the  new  u  mis  umicvcd 
to  the  integrated  part.  Also  if  the  quantity  to  be  made  a  maximum  or 
minimum  were  of  tbe  form  K+Jt^cix,  Kbeinc  a  function  of  limiung 
valuea,  tbe  only  alteration  requisite  would  be  tbe  addition  of  to  the 
integrated  part. 

Thus,  if  in  the  question  of  the  brachyttochron,  or  line  of  quickest 
descent,  page  462,  we  suppose  the  line  is  required  to  be  drawn  from  one 
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<^rve  (yo.  A)  to  another  (yi,*,),  the  velocity  at  any  point  depends  upon 
the  height  of  the  point  on  the  first  cum  from  which  it  fell,  and  the 
expression  to  be  minimized  is 

in  which,  as  it  happens,  rf0 :  <fyo=  - ^0  •*  ^'i/ =  Y=  —  Y/,  since 
Y-V/=0.  Hence  ^i/•/W:rfyo)<tr=-Y,^y«,  or Y^)cy, 
between  the  limits.   Consequently  the  integrated  part  is  now 

~  ( Y^ -  Y,o)  ^0+01  ^^1—00  ^-To-f  Y,,  (tyi -y,  cr^)-'Y^  (Syo^ y'g 

But  since  0=Y^jf'+CataU  points,  the  preceding  becomes 

CJj?,-Caj-.— Y„  8y,. 

If  yi=V»*i  and  y9=Yr^Xo  be  the  equations  of  the  curves;  substitution 
givea 

(C 4-  Y,,  V  .  ^  J  ^  ^    ( 0  +  Y„  %  T,)  Bt,  ; 

and  assumini^  each  cocflicient  ==U,  we  deduce  Ji=:yr'(,  t^,  or  the 
points  at  which  the  cycloid  passes  through  the  curves  have  their 
tangents 'paniilel;  while  from  the  former  proco^s  it  appears  that  the 
cycuud  baa  its  cusp  on  the  higher  curve,  and  cuts  the  lower  one  at  right 
angles.*  A  cusp  on  one  of  the  curves  might  offer  an  eiception,  as  before. 

Let  it  now  be  proposed  to  fmd,  not  the  independent  maximum  or 
minimum  of  an  integral,  'fi^dx^  but  that  w  hich  exists  under  the  con* 
dition  that  f\^(lr  sluill  remain  constant,  as  in  the  following  question  : 
Of  all  curves  o/' a  if) !V'/;  len^th^  \s\\<\{  is  the  curve  of  quickest  descent 
from  one  given  puini  to  anoth'r?  In  this  caise  we  do  not  require 
cj (pdx  to  be  ahvav's  positive,  or  aU\ays  negative,  but  only  iii  such  cases 

as  also  satisfy  I Let  d^=5Cdr +  U</y  +  H,  d}/+  ,  and, 

consequently,  as  in  page  450, 

£y^0(k^0£j ( Y)»      + (Y)i  w  +  -  •  •  •  f 
^/Viirs:Yf8jf-f/(H)««rfj?+(H), 

whence  the  following  conditions  ;  1.  (Ii)o=0  mui^t  make(Y)o=0.  2. 
y  J  CvT, — . . . .  =0  must  make     Ix^  —  <{>j ci^-^ ....  KJjSw 

e^mm^  of  n  «'»'w">m 

To  satisfy  tbe  first  condition,  it  is  sufficient  that  there  should  be  any 
one  constant  quantity  a,  such  that  8/* (0+0^)  0>  ih^\^,  since 
hffdx^alfydxr^O^  Bjfdr=0  gives  ey0(ixs=O.  To  satisfy  the 
second  condition  it  is  suflficient  that  for  the  same  quantity  a  we  should 

have  ^,         00  <".ro  -f  . . . .  +«  (Y*!  f  J"i — V'o^-^q+  )  always  positive 

or  alwavs  negative.  Hence  it  follows  that  if  we  proceed  as  in  making 
y  (0  +  a^)rfr  a  maximum  ur  minimum,  and  then  determine  a,  so  that 
J^dx  may  have  a  given  value  c,  we  shall  give  f  0dx  the  neatest  or 
leaat  value  wbicb  it  can  have  consistently  with  tbe  condition  f  fdjt=e, 

*  Having  in  the  first  three  qtiestinns  taken  notice  of  the  limitations  and  excep- 
tions which  somt'times  occur,  I  shall,  in  the  rpmaini-  problems,  simply  a^ci-rtain 
thtf  conditions  under  which  the  vunatiun  v(  the  integral  is  nothiujc-  But  the 
■liid^Bt  miMlcmeDlbsr  that  ths  tetults  reqtiire  further  examination,  except  when  a 
maximum  Of  BUiiiiniiiii  rsssmUii^  that  indicated  by  thtt  letult  is  known  to  esist 
a  priori, 

2  H 
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For  cztmpleft  it  »  required,  on  a  given  line  AB=A,  with  ACB  acvrre 

of  givf-n  length  to  inH<ise  the  ercntest  possih'e 
(1  area:  here  the  maxinmm  obviously  exigis,  and 

there  is  no  niinimiim.    Here  /  lydi  is  to  be 


muAUiiizedj  while      V  0+^*5  <^     ^  or  we 
B  must  proceed  as  in  making 

<^=f4^f  »  maximum. 
We  have  then  ^ssTiy+C^  which  gives 

or  the  curve  is  circular.  By  properly  assuming  the  three  ooiistaiiti»  ne 
may  find  the  circular  arc  which  passes  through  A  and  B»  and  has  the 

length  c  :  this  arc  is  the  curve  required.  The  integrated  part  vanishes 
of  itself,  since  the  limits  are  fixed. 

A  curve  of  giren  lencrth  is  to  be  drawn  between  two  given  curres  in 
•uch  a  way  that  its  centre  of  gravity  may  be  at  the  least  poasible  dis- 
tance from  the  axis  of  j.  This  distance  is  Jyds:S>,  S  or  fds  being  thf 
whole  length:  consequently  Ji/ds  is  to  be  a  maiiuiuiii,  Jdi  beinjj 
constant,  or  we  must  prooeied  as  in  making  J  i^-^-a)  ds  a  nunimuro; 
or 

^sY.y'+C  gives  y+fl=CV(l+yO.    Y,=  Cy' 
t^m^^^y  ^+K=Clog(y+a+V((y+«)'-C-) 

the  equation  of  a  catenary,  or  of  the  curve  in  which  the  string  wmM 
hang  if  tlie  axis  of  x  were  horizontal.  Now  take  the  integrated  part, 
derived  from  ^Cj-fY^w,  or  t0- Y^y^)  2* +Y^ay,  of  Ca*-fY,*y, 

winch  gives 

and  this  is  to  he  always  positive*  or  nothing.  Suhstitoting  ^7,=^,  j-, 
and  ^r/o—'f't^^^J^o^  we  find*  to  make  the  preceding  sO  iAdependeatly 
of  Bjti  and  ix^  the  equations 

or  the  catenary  must  be  ]>f rpcndicular  to  botli  corves.  But  (C  bciag 
positive)  lei  there  he  a  pitir  of  cusps,  one  in  each  curve,  so  that  ?r,  mu«t 
be  positive,      negative,  and  3/ '» oyi  positive,  and  y'«c5y»  negaiive,  as  10 

the  figure.  There  wflH  then  he  the  niinimttm 

\i  •  required,  if  the  string  hang  in  a  catenary  fresa  these 
//  points. 
/  If  the  distsnce  were  required  to  be  a  ma3Dmum> 
■ — the  process  wonld  np]»ear  to  be  the  ^^nmf,  and  to 
 ^  determine  the  same  curve.   But  it  must  he 
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membered  that  K  »  arbitraTj,  tod  that  bj  ao  awumtng  it  that 
K :  CssL :  C+ tV(  - 1),  the  equation  of  the  catenary  taket  die  fonn 

2(y+ii)=-f  c 

I  bave  placed  the  curve  downwards  in  the  diagram,  aa  the  problem 
obnoutly  requires,  and  it  would  have  been  placed  the  other  way,  if  the 
maximum  had  been  required.  Such  drcunutancea  as  these  must  be 
determined  by  the  apparent  necessity  of  each  case,  until  the  integrals 

answering  to  in  page  459  can  be  satisfactorily  examined.  This  has 
not  yet  been  done  in  any  manner  which  is  sufficiently  complete  and 
elementary  for  the  learner.* 

1  shall  now  give  some  examples  of  the  more  ei^tensive  methods  in 
pagea  450,  &c.  The  following  waa  solved  by  James  Bernoulli,  in  the 

early  days  of  the  differential  calculus.  On 
a  given  line  AB  to  draw  a  curve  of  given 
length  ACB)  in  such  manner  that  NF,  the 
ordinate  of  another  curve,  being  a  given 
function  of  the  arc  AS,  the  area  APB  »1>*II 
be  the  grtaicst  possible. 

J^t  AN  =  j:,  NS=y,  AS=i;,  let  PN=rS 
(a  function  of  v\  and  ^Sdlr  is  to  be  a 
maximum,  wbile  /^(l+tf^)     is  oonatant, 
between  the  fixed  limits.  We  have  then  (page  4d5) 

/0ciz=/(S  +  aV(l 4-y'O)  ds,        rfr=/V(l  +^^0  dx=v, 

(page  450)  Peso,   P,=y  (I4^y*)"*»   Y  =  a,    Y,=ay' (l+y T*, 

(fS 


+>'^'''ijl-7(i+. 


y' 


wdx+ 


ay' 


■•)) 


hvm  the  formula  in  page  450,  which  gives  (Y)»=Y"-Y/fi:-Y/,  dee. 
IVdcing  all  the  integrated  part  between  the  fixed  limits,  all  those  terms 
disappear  which  contain  or  w  free  of  the  integral  sign.  Also  fVdx 
is,  relatively  to  the  integration  of  arbitrary  variatioiis,  an  undetermined 
which  we  may  call  H.    V\  e  have  then 


VO+s")/ 

 I 


*  The  ttodent  who  requires  more  problems  may  consult  Woodbouib'k  most 
▼aluable  trmtise  on  Iso|ierimctric.il  Problems,  which  is,  in  fact,  a  richly  exempliBed 
and  r«ferenctMi  history  ot  this  calculuK  irum  the  time  uf  the  J*operiinetrieu/ prtf 
kiemt,  as  th«y  wera  called,  to  o«r  own.  Abo  the  tiact  by  Mr.  Airy,  b  hii  Matfas- 
'  Thi^  and  Mr.  Abbslt's  Treatise  on  the  Caleiaivs  of  Vsiiations. 

2B2 
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and,  equating  the  coefiBcient  of  n^iis  to  0»  and  integrating,  we  have 

ay + (H  -/ vtir)  y = c  V(  I  +y '0  •  •  •  •  ( ^  I) 

dS  ,     Cv"dx    «         C        '  C 

Cdv  ,  (K—S)dv 


from  which  y  and  a;  are  to  be  found  in  teima  of  S,  and  by  elimination  y 

in  terms  of  x.  There  are  four  arbitrary  constants,  C,  K,  and  the  two 
introduced  in  integration ;  three  are  expended  in  making  the  curve 

ACB  of  the  given  length,  and  passing  through  tlic  given  points  A  and  B. 
But  the  fourth  constant  is  nnfletennim  d,  a  (Micunistiince  to  be  explained 
as  follows.  The  curve  APB  would  remain  a  maxinmui  if  all  its  ordi- 
nates  were  lengthened  by  Aa,  as  in  a-phi  that  is,  uo  curve  of  the  same 
length  (ending  at  a  and  6)  can  incloae  so  great  an  area  as  Aap6B. 
Hence  the  problem  is  ao  far  indefinite  that  the  function  S  and  S— K 
(K  being  any  constant)  must  give  the  tame  form  of  the  required  curve. 
The  preying  result  expresses  the  degree  of  indeterminateneaa  which  is 
thus  admissible  iTitt)  the  function  S,  by  prcsentinc:  S  always  accom- 
panied by  an  arbitrary  constant.  The  given  conditions  nuist  then  be 
satiirtkd  by  the  three  remaining  constants,  and  K  allowed  to  remain: 
the  resulting  curve  APB  will  make  J  (S  —  K)  da  a  niaximuin. 

Before  exemplifying  the  remainmg  method  (page  451),  it  may  be 
shown,  in  the  manner  of  Lagrange,  that  all  the  unconnected  methods 
given  in  this  chapter  may  he  reduced  to  one  only.  Let  0  be  a  function 
of  JT,  y,  y\  y"y  &c., z',  z'\  &c.,  &c.  We  have  then  as  before  («  being 
ly  —y'ijif  and  C  being  hz^  ^^)» 

^/0dr=:^*-f/  {(Y)o  +  (ZX    rfxH-  (Y), «.+  (Z),  ^ 

+  CY),<M'+(Zj.r+.... 

In  order  that  3 f  pdx  may  be  always  of  one  sign,  we  must  have,  as 
already  explained,  (Y)ow+(Z)t4;=:0 ;  and  if  y  and  z  be  independent, 

(Yo)=0,  (Z)o=0.  But  if  y  and  z  be  connected  by  an  equation,  say 
L=:U,  we  find  that  it  is  sufficient  that  there  ^^bnuld  be  any  one  function 
X,  for  which  ^f(f>dx-^cj  XLdx  is  always  of  one  s^ign,  since  then  the 
condition  L=U,  ^/ALdr= const.,  d  (const.) =0,  shows  that  the  per- 
manence of  sign  of  IJ (fidx  is  only  simultaneous  with  L=0.    If,  then, 

XL  he  a  function  of  the  same  quaiiuiies,  and  li  Y,  Y„  Z,  Z^,  &c.  denote 

its  partial  diff.  co.  with  respect  to  y,  //,  &c.,  ar,  z\  «S:c.,  and  if  (Y)^  (Z>» 
represent  abbreviations  similar  to  ( Y)o>  (Z)„,  &c  ,  we  have 

a/(0^+\L)  ax-(0+xL)a*+/iCY),+(Y),}«d:r 

+/{(Z).+ (Z).}  4'<er+  {(Y), + (Y).}  «  +  { (Z).  +  (Z)»  K+  

If,  then,  we  eliminate  X  between 
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(which  are  neceuaiy,  Bince  w  and  ^  are  now  independent),  we  have  an 
equation  between  y,  r,  and  >r,  which  with  l.i=0  will  determine  both 
y  and  z  in  terms  of  .r,  if  the  integration  can  be  effected. 

But  the  preceding  process  may  b«'  materially  simplified  by  showing 
that  the  ultimate  llf^e  of  L=0  will  allow  us  to  proceed  as  if  X  were 
a  function  of  x  only,  and  not  of  y,  i/  y",  &c.    For  we  have 

a/\Ldjr=/(U.tiaj+X,aL,(ir+L.2X.rfx) 

of  which  the  first  term  finall)  in  comes  uoUiing,  and  Uie  third  constant, 
when  L=0.  So  far  aa  Liic  integral  part  is  concerned,  L=0,  and 
ikdje—dXHx^O,  produce  the  aame  effect  on  the  result,  but  the  Utter 
wouhl  happen  identically  if  X  vere  a  functioa  of  x  alone. 

In  the  simple  case  in  which  L  is  a  function  of  a  y,  and  z  onjy,  we 

have  Y,«0,  Z,-0,itc,  ao  that  (Y),=XY,  (Z),=:XZ, and  (Y).+XYs!0, 

(Z)„+XZ=0,  give* 

(Y).Z-(Z).(Y):=:0,  or  ^(Y).- J(Z).=0. 

Let  z= f  fdij  ^  being  a  function  of  y,  i/y  &c. ;  or  let  the^qua- 
tion  L  be  z'— y=0,  whence  XLsXz'— Xy.  Consequently  Z=0, 
X=:\,  Zj^^O,  Ac,  and  Y^  Y„  &c.  are  all  derived  from  -Xy^.  Hence 
(Z)»=:  —X'.  Again,  if  <)>  be  a  function  of  z  only,  and  not  of  z\  m\  Ae., 
(which  is  the  case  in  page  450,)  ^^  e  have  (Z)«s=Z»  whence  (Z),+ (Z)o 
=0  becomes  Z— X'=0,  or  X=/ Z<i»— H,  H  being  a  constant.  Sub- 
stitute this  in  (Y)o+  (Y)o2=0,  which  then  becomes 

Y-Y/+....    -i-(H-/^>P-KH~/Zrf-r)  =0; 

a  form  similar  to  which  might  be  deduced  from  page  450,  m  the 
manner  of  the  example  in  page  467 ;  rfy  ^^ing  Vdy  -f  P,  ^/t/+  . . . . 
The  following  problem  will  illustrate  every  part  of  the  preceding 

method. 

Required  the  curve  of  quickest  descent,  from  one  given  limiting  curve 
to  another,  in  a  resisting  medium,  the  resistance  being  R,  a  function  of 
the  velocity.   Let  x  be  measured  positively  downwaros  in  the  direction 
of  the  actioa  ctf  gravitv*  we  have  then,  by  the  principles  of  mechanics, 
'  V  being  the  velocity, /V<1+^*)  .d»: » to  be  minimized,  and 

v^-g-K^.  or«'+2RV(l+y")-2y=0, 

where  and  R,  being  a  function  of  v,  is  a  function  of  «.  Here, 
then, 

^^^(H^^  XL=X«'+2XRV(l-fy'')-2X^  (1), 

»  Let  the  student  dechioe  from  thcfs  equations  that  of  the  shoftMt  line  bolwoen 
two  poiots  on  a  given  hutface. 
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Here     Btands  for  dR :  dz.    We  have  then 

from  which  three  equitiaiiB,  \  m,  and     must  be  oVtuned  io  terms 

of  X. 

Now  (2)  gim «-*+2XR=:       (1 and       :  d»s:R'«0 

{  -  J  z-i  +  2\R' }    + 2RX'=  -  Ay^'-*  ( 1 i 
or  (3).  (I),   V(l  +yT*  (2«-2R  (l+y'*)*)+2RX' 

=-Ay'y-«(l+y)-*; 

or    2^V(H-y'«)-*=- Ay  y-Hl or  2^V=  ~  Ay'V*; 

wheuce  2gX=Ai/'-'  +  B,  and  .-^^  A+By^^A^(l  

From  this  equation,  R  being  a  functiuti  of  2,  z  cau  be  obtaiued  in 
terms  of  y',  say  ^r^//.   Then  (1)  gives 

fy  .  y  +  2RV(1  +y'^-2y =0  (5) ; 

a  flifT.  eqn.  from  which  y  is  to  he  found  in  terms  of  x.  If  there  be  no 
resistance,  or  R=:0,  the  equation  of  tbe  cycloid  (page  462)  can  easily  be 
found. 

As  to  the  e(}imtion8  at  the  limits,  we  have 

(0+XL)«x,  or  0&r  (since  L=0)s=:s-*(l+y*)*.ar 

(Y).=«-*y'a+yr*.  (Y),=2Xl^^(l-|-y")-*  (Z)»=:0,  (Z).=X; 
whence  the  part  to  be  taken  between  the  Hinits  is 

(1  +y«>*  &»4-(s-*+axR)  ^  (l+yT*  ih-^)  +  X  (Zm~2^U)  ; 

or  «"*(l+i/  j  '  c  2+A(?y— y'aj)+X«z-{2X4^-2XR  (1  +y^)*}  2x ; 

«P  Ay'-'  ( 1  +y  0  ?x4-  A^y— Ay '2 j  -|- Xo;c  -  2X^ax ; 

or  (Ay-'-2X^)^«+Aay+X««. 

There  are  four  arbitrary  cmistanu,  A,  B,  and  the  two  introduced  in 
integratioii  of  (5).  Two  of  these  are  expended  in  making  the  corre 
pass  through  the  proper  points  of  the  limiting  curves;  by  a  third  we 

may  make  the  initial  velocity  ^vhat  we  please,  say  a  given  function  F  of 
the  coordinateF  nf  the  limiting  curve  at  the  commenceTiient ;  but  the 
fourth  seenis  superfluous.*    W e  shall,  however,  hnd  that  it  is  deter* 

•  Manv  problems  in  this  calculus  present  more  constants  tJian  can  at  first  uight 
bs  nsds  astsmuMts  by  the  condition^  sad  natil  ths  theory  is  geasnllasd  (wlSck 
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miacd  by  the  following  cirrnmBtance.  At  ihe  first  limit,  rZo  is  F'^j, 
+  F^^yo,  F*  and  F|  being  panml  difF.  co. ;  but  at  tlic  second,  oar,  must 
be  detenoined  fnm  2i=/y^i.  giving  cz^tzJ'  ^,ly\.  Now  cy\  i«  in- 
determuiBle^  siDce  it  depends  on  the  idtenlioa  of  the  angle  it  which  the 
cnnre  cnts  the  lecond  limiting  ennre,  an  alteimtion  which  in  no  way 
depends  on  the  variation  of  the  coordinates  at  the  limits.  HenCe  Zzt  is 
innetcrminate.  and  therefore  when  the  whole  is  made  =0,  independently 
of  variations,  we  have  A,  =  0,  or  A^r'  -f  B  =  0,  whence  2^X 
—  A  (y'~'  —  .V  V')»  *^"^1  <J'>c  arbitrary  constant  is  lost.  Let  yo=:^o'''»» 
and  y^—^i^x^  be  the  equations  of  tlie  liimung  curves  i  we  have  then, 
writing  Ay7*  for  Ay~*— 2^X,  and  writing  for  cx^y  hxx^  &c.,  and  Iz^ 
Iheir  values,  the  following  conditioni  neceieaij  to  the  complete  vanish- 
ing of  the  Tiriation,  independently  of  Zx^  and  lx%^ 

The  second  shows  that  the  curve  must  cut  the  second  limit  at  right 
angles.  If  (r,  A,  B,  Ci,  CJ  be  the  integial  of  we  have  th« 
two  equations  just  obtained,  with 

f^x^^^  («t,  A,  Ac),      «i=*     A,  Ac), 

_^    A+By;  AVCl+yO 

five  in  all,  to  determine  Xt,  X|,  A,  0^  and  Ct;  while  B  is  already 
dcterinnied  m  terms  of  A. 

Let  us  suppose  a  given  velocity  at  the  outset,  independent  of  the 
position  at  starting:  we  have  then  F= const,  F'=0,  F^=0,  and 
^T'+^o'«=0;  from  whiehk  and  yV*+V'i'i=^»       deduce  yoT. 

x„  or  the  tangents  of  the  limiting  curves  at  the  extremities  of  the 
line  of  quickest  descent  are  parallel.  But  if  we  suppose  that  the  initial 
velocity  is,  whatever  the  point  of  starting  may  be,  to  be  that  acquired  in 
falling:  from  a  given  height,  say  from  the  axis  of  y,  we  have  2|=2^jr, 
=F,  whence  F'=2^.  F,=0;  and 

Ayr*+AYr'.JPt+3gA^s:0,  or  kf.x^-\-k^^':=zQi 

whence  the  curve  ako  cuts  the  first  limiting  curve  at  right  angles.  All 
these  conditions  are  independent  of  the  law  of  resistancci  aira  are  true 
if  R=:  0  ;  we  have  alrei^y  seen  some  of  them  in  this  case,  (page  462.) 
I  shall  now  take  an  instance  in  which  there  are  two  independent 

variables.  Looking  l>nrk  tn  the  formula  in  pniro  4  fS4  we  may  see  that 
if  ^p^drrhf  is  to  jirc^i  rvc  the  same  sign  indeju  udently  of  w,  the 
coetticient  inside  the  double  integral  sign  jj^mwl  vanish  :  for  in  every 
other  part  of  the  expressioit  an  integration  has  been  made,  either  with 
mpeet  ts«  or  y ;  those  otfier  parts  are  therefore  to  be  taken  between 
limits,  and         cfcr,  &c^  have  only  the  lestricted  valnes  derived  from 

it  Dewr  will  be  until  great  pro^m  is  made  in  the  solution  of  diff.  eqn.)  the  meaniog 
of  rhe  superfluoiiM  constants  m-  st  be  collectwl  from  the  eircanastances  of  each  prt>- 
blern.  Lagrange  merely  ^ays  (hat  ut  iad«termiaat«,  but  Uoeti  nut  ^lv«;  any 
reason  ;  if  he  meant  that  it  may  be  made  indeterminate  because  another  rundition  wtU 

be  thcn'hy  intrcflncpfl  t'l  iloterrninr  th<.'  fourth  constant,  H;^  rcMHonln^'  is  nnt  soiinrl. 
It  IN  remarkable,  thai  VVooUbouse  and  Lacroix  both  omit  this  part  ol  the  problem 
In 
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the  conditions  of  the  limits.  But  tlie  term  with  the  double  sign  J  J 
depends  upon  all  the  vajuet  of  « intennediate  to  tbe  limits,  and  may  m 
made  to  change  its  sign  by  changing  the  sign  of  w,  as  in  page  459. 
The  nature  of  the  functiuii  which  makes  cj^fdidy^^^  d(p  being 
Xdx+Y<jy+Z4i2+P4^+Q<'9+R^+S4if-l-'m,  is  to  satisfy  the 
diff.  equ. 

rf.P    d,Q     rf«.R     d*.S  ^'T_ 
dx  ^  dx*      dxdy'^di^  ' 

s  being  implicitly  a  fimction  of  x  and  y.  But  the  conditions  rdatite  to 
the  limits  have  had  no  progreas*  made  in  their  solution  whidi  it  would 

be  worth  while  to  present. 

What  is  the  nature  of  the  surface  wliich  uiuler  a  given  volume  con- 
tains the  least  possible  superficial  content,  the  v(jlume  being  contained 
by  the  surface  itself,  by  cyhiulcrs  whofse  projections  are  given  on  the 
plane  of  xy,  and  by  the  plane  of  jf/,  in  the  same  manner  as  in  pages 
390,  &c.  We  have  then  to  make  J'J^O  +  dxdy  a  mioimum, 
on  iht  supposition  that  jy tdxdy  remains  constant.  Hence  we  muit 
proceed  as  m  minimizing 

whence  Z*(cf.P:i<4r)-(cf.Q:<ijf)=0  gives 

(r  +  0  (1  +  p'  +  9*)  -  (pV  +  2/^7 t-f  'y'O  ^ «  ( 1  +  / + 

or  r-.J^g^H-Cl+|/')  ^=a  (I 

Substitute  this  value  of  (1  +9')  r+&c.  in  the  equation  (page  435) 
by  which  the  radii  of  curvature  of  the  surface  are  determined,  and  then, 
p  being  one  of  theae  radii,  we  have. 

Let  and  p„  be  the  radii  of  curvature,  derived  from  the  preceding 
equHtion,  we  have  then  p^-\- ^)^=ap,  p.^  or  in  every  surface  which 
uiuler  a  given  volume  contains  the  least  area,  the  sum  of  the  rndii  of 
curvature  is  in  a  con&taut  ratio  to  their  product,  or  the  sum  of  the 
curvatures  u  constant.  This  property  is  evidently  true  of  the  sphere. 
Again,  if  rl— 1*=0,  or  if  the  surface  be  developable,  (that  is,  if  be 
infinite,)  we  find  —  op//+l=0,  or  p,,  is  constant:  so  that  the  common 
circular  cylinder  is  another  surface  which  satisfies  the  equation. 

If  we  mnkc  the  conditions  independent  of  a  given  volume;  that  is,  if 
we  nsk  for  tlic  surface  h  under  a  given  contour  contains  the  least 
possible  area,  we  simpiy  jmininize  jJ\l{\-\-p*-¥(^dxd^^  or  make 
0=0  in  the  preceding.    W  e  iind  then  the  equations 

*  The  paper  of  PteiMDn  already  dtsd  nmy  be  referred  to  oa  this  pointy  but 
sAw  aU,  It  IS  ftiy  litUe  which  has  besn  dpos. 
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Consequently  the  surface  of  least  area  must  have  its  radii  of  curvature 
equal  in  length  and  of  contrary  signs*  except  only  in  the  case  of  a  plane 
in  which  the  equation  is  satisfied  by  r,    and  ^teverally  vanishing. 

The  following  method  will  frequently  integrate  an  equation  of  the 
preceding  form  Rr+Sf4-T/=:0,  where  R,  S,  and  T  are  functions  of  p 
'  and  q.    Assume  x  and  y  to  he  each  u  function  of  two  new  variables  v 
and  w.    We  have  then  (2^  meaning  dz :  dv,  &c.) 

or  if        X :  Z,  7=— Y :  Z,  these  become 

which  are  satisfied  by 

Again  =  (r +  sr/„  )^r,+{sr^+  ly, )  y,  -j-px,  ,  +  (jy^ 

=  (rjr. + sy^)    +  (sr^  +  <y J  +  qy,^ 

Snbstitate  —  X :  Z  and    Y :  Z  for  p  and  g,  and  let 

XT.,+Yy„-hZz^=(VV),  Xj:^+&c.=  (VW),  Xj^+&c.=(WW). 
We  have  then 

rxl+2si,y,  +tyl  =(VV).Z-« 

r4i+2«,y.  +/yt  :=(WW).Z-* ; 

Irom  whieh,  by  solution  or  verification,  may  be  proved 

r=[    yl(VV)-  2y,y.(V\V)+  y:(WW)}.Z- 

{    7.  ( VV)  -(j.y,+a^.y.)(VVV)  +.r,y.,  (WW)}  .Z- 
l={   4(VV)—        12*.jr.  (VW)+  ««(WW)}Z-'. 
These,  substituted  in  Rr+S«-f  T<=:0,  give 

{%L- Sa?,y.+Tx*  J  (W)  -  {2Ry„y.-S  (x, J^y.)  +T^.x.}  (VW) 

+  {Ry;-Sx,y„+T4::}(WW)=0.  ^ 

In  this  equation,  something  is  left  arbitrary,  since  an  infinite  number 

of  wavs  can  be  assigned  of  producinu;  any  given  relation  between  x»  y, 
and  *,.from  three  r(|naf ions  of  the  form  z  =  ^  (v,  w) ,  a:  =  f(i?,ic), 
y=F  Two  ot  tlu-r,  ;lu  n,  may  be  a^suincd  in  any  manner  which 

will  simplify  the  resuUiug  equauuu.    Suppose,  for  example,  as  in  the 
given  equation,  that  R=l        Sas  —  2py,  T»l+|)*,  or 

RZ*=Y'+Z»,    SZ'=-2XY,  TZ«=X*+Z*. 
(Byi  -  &r.y.+ T^i)  Z«=  (  Yy.  +  Xr J'+Z«  (yi+o^) 

Pkuceeding  thus,  and  substituting  in  the  preceding  equation*  we  find 
(4+yl+4)  (VV)-2  (T,  r„+y.y«+^,*.)  (VW) 

+(4+y:+4)(WW)=o. 
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Now  (VW)sO  ii  eattified  liy  s^-Ot  y«psO,  J^O,  or 

«=0it;+0,ir,    y=VriV-|-f,M?,  jrs=Xi«>+Xt«?; 
ajad  the  remaining  terms  of  tUe  equation  vanish  ideulicaliy  if 

or  x» w= V  —  I  J'sJ{<p\ w  +  v'«  '^')      Xi  »=^~  i  V'  l*'') 

But  since  Vi*'  &  function  of  0,r,  &c.,  we  do  not  vestrict  our 
solution  by  writing  v  and  w  for  0|  v  and  ^ti>»  whence  if 

xsz v+i0y  y «4*^t  tc*  it  foUowi  that 

the  elimination  of  v  and  w  will  give  the  equation  of  the  aurfiu^  required. 

Since  there  arc  two  arbitrary  functions,  this  is  the  most  general  folution. 
From  its  form  it  would  apprar  to  be  impossible  :  but  it  must  be 
remembered  that  the  elimination  between  equatious  nivolving  ^(  —  1) 
does  not  ueceb&ariiy  give  that  avmbol  in  the  result.  Tbe  preceding 
equations  are  useful  as  showing  the  nature  of  the  problem,  namely,  that 
it  cannot  be  compk  icly  soWed  without  elimination  between  equations 
containing  indefinite  results  of  integration. 

It  is  required  to  ascertain  whether  any  surface  of  revolutioo  can  have 
the  radii  of  curvature  at  every  point  equal,  and  contrary  in  «iicrn  1-et 
tlie  axis  of  r  be  tliat  of  revolution,  and  ;r=0(''+y*)  the  equation  of  the 
suriace ;  we  have  then 

Substitute  these  m  (1  +  7^  r— 2j'i^>  +  (1  +/>')  <=0,  and  we  find 

^'+0+2  0^'=O. 
Write  X  tot  4^+/,  y  for  0,  and  we  have 

Changing  the  independent  variable,  as  in  page  153.  Multiply  by 
1  :jr,  and  let  dxixd^v^  which  gives 


~        or  2«bs=«*t*(fv,  and  trsr^^/^C— ^J, 


dv  Jl 


*y=V(c^-4«)'  4)+V(c«))+c. 

Subtract  the  constant  (2  :  ^C)  log.^C,  and  make  2 :  ^Crro, 

y=!alog  CV(jf-a')+V')+C'; 
whence  the  only  surface  of  revolution  which  satisfies  the  conditions  u 

xrsalog  {VC^+yHa")+V(**+y')}  +  C'. 
The  equation  of  the  generating  curve  is 
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which  is  that  of  the  catenary,  the  axis  of  revolution  being  the  well- 
known  directrix,  the  property  of  which  is  that  the  ahscissa  of  any  point 
is  the  length  of  the  cbAin  whose  weight  represents  the  tension  at  that 
point. 


Chaptbr  XVII. 

AFPLICATION  TO  MECHANICS. 

OuE  object  b  here  not  to  deduce  any  laws  of  matter  from  experiment* 
nor  to  inquire  into  the  truth  or  falsehood  of  any  propositions  relating 
to  material  bodies,  but  only  to  iriiow  the  mode  of  applving  the  prin- 
ciples of  the  differential  calcuius  upon  the  auppoution  of  lawa  previously 

established. 

The  aim  of  the  science  of  mecliamc-^  is  tlie  discovery  of  the  relations 
which  exist  between  mutioua  and  their  producing  causes.  These 
cauiea  of  motion  might  never  have  been  oonaidered  separately  from  the 
motions  tberoaelves,  except^  in  a  purely  mathematical  pomt  of  view,  if 
it  had  not  happened  that  any  cause  of  moticm*  prevented  from  pro- 
ducing its  eifect  by  direct  human  agency,  gives  to  the  individual  agent 
the  notion  of  pressure  or  resistance.  Hence  in  prci-sure  we  have  n  cer- 
tain niitecedent  of  motion,  wh!r!i  will  begin  to  take  place  the  moment 
tiie  Dp [11 'sition  to  thr  pressure  is  irmoved:  and  the  pressure  beiug  one 
thing,  aud  motion  unulhcr  and  u  distinct  thing,  the  mvcbUgatiou  of  the 
manner  in  which  the  former  produces  or  afiects  the  latter  is  one  science, 
under  the  name  of  dynamics ;  and  the  investigation  of  the  method  in 
which  pressures  may  act  upon  a  material  system  so  as  to  counter* 
balance  each  other  and  produce  no  motion  is  another,  under  the  name 
of  statics.  There  is  a  real  distinction  between  the  two:  for  in  the 
second  it  is  not  necessary  to  consider  any  laws  of  connexion  between 
prcabUie  and  iuution ;  whereas  in  the  firet,  such  connexion  must  be 
made,  and  its  laws  either  laid  down  hypothetically  foi  future  \enHcatioa, 
or  deduced  firom  actual  experiments. 

Any  (me  pressure  may  be  caused  or  counterbalanced  by  the  weight  of 
«  body :  hence  weight  is  made  the  measure  of  pressure ;  and  pressure, 
force,  resistance,  attraction,  repulsion,  tension,  &c.  are  all  terms  of  the 
same  meaniog,  with  diflVrences  expressive  of  the  «onrce  from  whence 
pressure  is  derived,  or  the  manner  in  which  it  in  communicated.  And 
whereas  bodies  of  very  ditTcrcnt  hulks  are  found  to  possess  the  same 
weights,  it  is  assumed  that  Uic  bulk  of  the  larger  body  is  the  con- 
sequence of  a  wider  distribution  of  the  actusl  matter  contained  in  it,  so 
that  bodies  of  the  same  weight  contain  the  same  quantities  of  mstter. 

The  fundamental  laws  of  motion  are  three  in  number,  as  follows 

1.  A  material  point,  moving  with  a  certain  velocity,  will  not  change 
its  velocity  nor  the  direction  of  its  motion,  without  some  cause  external  to 
itself. 

2.  If  two  causes  of  motion  act  in  two  directions  upon  a  material 
point,  neither  cnuhc  m  any  way  alters  effect  of  the  other.    That  is, 

*  That  is  to  say,  we  pvobably  should  not,  but  for  otir  seasations  uf  pressure, 
have  con8i<?crp<!  nursrlves  as,  treating  of  cause  and  effect,  in  investigating  the 
ralatioutt  Qi  diti.  co.  awl  their  fuoctioa* :  which  is  what  we  do  in  mechanicik 
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if  the  point  A  be  acted  iipmi  hy  one  pressure  in 
the  dircctioTi  AB,  such  as  would  in  a  given 
time  cause  it  hi  <!'  :cribe  AB,  and  by  another  in 
the  direction  At,  which  would  in  the  Bame  time 
cause  it  to  describe  AC,  it  will  between  the  two 
be  found  at  the  end  of  the  time  in  the  position  D,  at  the  opposite  corner 
of  the  paTallelogram  foraed  by  AB  and  AG. 

8.  Action  and  reaction  are  equal  and  contrary.  Action  is  a  relative 
term  to  be  explained  as  follows.  When  pressure,  continued  for  a  cer- 
tain time,  produces  a  certain  velocity  in  a  mass  of  matter,  it  is  found 
that,  for  the  snme  mass,  the  velocity  prodnccfl  is  Lrreiittr  or  less  in  ilie 
same  proportiou  as  the  pressure  is  greater  or  less :  but  the  same  pres- 
sure aciing  on  different  masses,  produces  velocities  which  are  inversely 
as  the  masses ;  that  is^  less  or  Kireater  in  the  same  proportion  as  the 
masses  are  greater  or  less.  If  then  P  and  P',  two  pressures,  acting  for 
the  same  time  upon  masses  M  and  M',  produce  velocities  v  and  ; 
that  is,  if,  upon  the  sudden  discontinnanre  of  the  pressures  at  the  end  of 
the  time,  the  masses  then  proceed  with  the  nnitorm  velocities  r  and  i'', 
we  may  prove  that  P  :  P' : :  Mr :  MV,  as  follows.  Since  P' acting  on 
M'  produces  the  velocity  t/,  it  would  in  the  same  time  have  produced 
in  M  the  velocity  t/M' :  M,  and  P  would  produce  a  velocity  which  is  to 
the  preceding  as  P:F'.  But  P  produces  v»  whence  9:(o'M':M> 
: :  P :  P'  or  vM :  t/M' : :  P :  Now  vM.  is  called  the  momenium  of 
the  mass  M  moving  with  the  velocity  and  this  word  momentum  ia 
but  a  synonyme  for  action  in  the  preceding  principle,  wliich  may  be 
thus  stated :  momentum  is  never  produced  in  one  mass  by  the  action 
of  matter  upon  it,  without  the  destruction  elscwliere  of  as  much  mo- 
mentum in  that  same  uireciion,  or  the  creation  of  as  much  in  the  con- 
trary direction. 

We  may  then  write  the  equation  P:=cMv,  where,  as  long  as  the 
units  of  mass,  velocity,  and  pressure,  remain  the  same,  c  is  a  constant. 
The  value  of  this  fundamental  constant  is  determined  by  measuring  the 

motion  produced  by  the  species  of  pressure  with  which  we  are  best 
acquainted,  namely,  weight.  And  since  the  mass  of  a  bndv  i«  pro- 
portional to  its  weight,  we  nniK  have  M  =  /i-W,  W  being  tlie  weiuljt  of 
the  mass,  and  k  a  constant  depending  on  the  units  employed.  Hence 
P=:ciWr;  that  is,  if  such  a  mass  as  at  the  earth  would  weigh  W 
(pounds,  ounces,  or  whatever  the  unit  may  be)  were  deprived  of  ita 
weight,  and  subjected  to  the  action  of  a  pressure  P,  such  as  would,  in  a 
given  time,  produce  in  it  the  velocity  r,  the  equation  P^ckWv  would 
be  true  for  certain  values  of  c  and  which  depend  only  on  the  units 
employed,  and  not  on  tlie  numbers  of  units  in  P,  r,  and  W.  Bnr  if  P 
be  the  weiL^lit  itself,  and  if  the  ninn})er  of  fci  t  per  ^ernnd  measure  the 
velocity,  and  it  one  becoud  be  taken  as  the  tinte  during  which  the  weight 
acts,  it  is  found  that  t?,  the  velocity  produced,  is  32' 1908,  which  we 
call       Hence  W=e^  W^,  or  ck^lig,  whence  P= Wv : gJ" 

The  following,  however,  is  the  more  usual  mode  of  stating  the 
equation.  Let  one  given  substance  (usually  pure  water  at  a  given 
temperature)  be  assumed  as  the  standard,  and  let  the  J* //>v/7;/ of  every 
substance  be  the  number  of  times  or  ]iarts  of  times  by  which  ilie  weight 
of  a  cubic  unit  of  it  contains  a  cubic  unit  of  water.  Let  the  unit  of 
mass  be  a  cubic  unit  of  water,  then  k  is  the  mass  of  a  cubic  unit  of  the 
substance  whose  denaity  is  Ar,  and  if  V  be  the  volume  or  number  of 
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cubic  units  in  a  mats,  kV  is  the  number  of  uniu  of  mass,  or  M=:hX. 
Hence  P=cA'Vt7,  where  c  depends  upon  the  unit  of  P.  Let  the  unit  of 
]»resMire  be  th<it,  which  acting  uniformly  upon  one  cubic  unit  of  the 
siihstaiice  whose  density  is  1,  wouhl  produce  a  velocity  of  one  linear 
unit  in  one  second.  Then  1  =c  x  i  X  i  X  1,  or  c=l,  and  P=:i^Vr,  or 
Mv.  This  is  the  tacit  supposition  as  to  units,  upon  which  the  coninion 
equation  P=:Mo  must  rest.  If  the  pressuie  be  the  weight  itself,  we 
have  WsM^,  but  only  upon  a  supposition  similar  to  the  preceding. 

The  application  of  our  science  to  mechanics  does  not  consist  in  the 
solution  of  isolated  problems,*  but  in  the  investigation  of  general 
methods.  The  most  convenient  foiindntinu  is  the  well-known  pro- 
position of  ihe  paralielo^am  of  foro  s^  namely,  that  any  two  pressures 
acting  upon  a  point,  and  represented  in  magnitude  and  directiini  h\  the 
sided  of  a  phrallelogram,  are  equivalent  to  a  third  pressure  represented 
hj  the  diagonal  of  that  parallelogram,  both  in  magnitude  and  direction, 
^rom  which  it  is  easily  proved,  in  tlie  usual  way,  that  three  pressures 
acting  upon  a  point,  represented  in  magnitude  aud  direction  by  three 
straiLjlit  Imes  not  in  the  same  plane,  are  equivalent  to  a  pressure  repre- 
sented in  magnitude  and  direrti  by  ihe  dii^onal  of  the  parallelopiped 
constructed  U]n)n  those  straii^lit  lines. 

Let  P  represent  a  pressure  exerted  on  a  material  point  whose  coor- 
dinates are  uf,  y,  and  directed  towards  another  point  whose  coordinates 
are  a, 6,  c.  Let  the  distance  from  z)  to  (a,  6,  e),  or  a)* 
6)*+(s— c)'},  be  called  p.  Now  p  is  the  diagonal  of  arect^ 
angular  parallelopiped  wliose  sides  are  t— <i,  y  — 6,  and  z—c^  con- 
sequently P  is  the  equivalent  (()r  resultant,  as  it  is  called)  of  three 
forces  applied  to  the  point  (i*,  y,  r),  in  the  directions  of  the  three  axes, 
and  e\[»ressed  by  P(j:  — a)  :p,  P  (y — 6):p,  and  P{z—c):p.  And 
tiiese  lorniulcc  will  express  the  sign  as  well  as  magnitude  of  the  com- 
ponents, if  wc  agree  that  a  pressure  is  to  be  considered  as  positive  when 
it  tends  to  move  the  point  in  the  direction  in  which  the  coordinates 
are  measured  positively,  and  the  contrary. 

Again,  the  value  of  p  gives 

rfp         a    dp      — b    dp  __^^c 
rf* "~  p  '   dy^  p  *   dz"  p  * 

whence  P  ~.  P      and  P^'^  are  the  components  above  deduced.  If, 

a  r  ay  dz 
then,  we  suppose  a  number  of  forces  Pj,  P„  kc,  applied  to  the  point 
(x,y,  2),  and  severally  tending  to  the 'points  (tfi,  6|,  c,),  (  ;„  6,,  c,),  &c. 
distant  by  pi,  pi,  &c.  from  y,  z),  it  follows  that  all  these  forces 
together  are  equivalent  to  one  whose  components  in  the  directions  of 
jr,  y,  and  z  are 

Call  these  X,  Y,  and  Z.  The  resultant  is  then  of  the  magnitude 
V(X"-1-  Y'+Z«):  andif  P„P„  &c.  equilibrate  each  other,  to  that  the 
resultant  is  =0,  we  nnist  have  X=0,  Y=0,  Z=:0.  C(  i  -rrniently 
X<fj-{-Y</y+Zd2sO,  independently  of  the  proportions  of  di^  dy^  and 
dz.   This  gives 

*  No  ftfndenf  wlio  is  fofa'ly  i>;norsiit  of  the  conunon  slementt  of  mechsnics 
should  attempt  to  r«ad  this  chaptw.. 
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This  last  equaliun  expresses  the  siniple^l  case  uf  what  is  called  the 
principle  of  virtual  veloeitiei.  li,  taking  forces  acting  in  one  plane  to 
simplify  the  figure,  we  suppose  one  of  them  to  be  directed  towards  A, 

and  if  the  point  P  on  which  the  force  acts 
be  removed  to  Q,  the  distance  PA  is 

shortened  by  PK.  QK  being  an  infinitely 
small  arc  ot  a  circle,  or  a  perpendicular  let 
fall  fruin  Q  upon  AP.  If  PR  be  the 
(iireetioa  of  another  force,  BP  in  shortened 
by  PL.  Hence  if  PA=f>„  PBsp^  we 
have<fpiC=->.PK«d'^=s*PL.  HereifPbe 
snj)posed  to  move  to  Q  over  PQ=di  in  the  time  dt,  and  with  a  velocity 
ds :  dtf  then  dpi :  dt  is  the  velocity  with  w  hich  that  part  of  the  motion 
takes  place  which  is  directly  towards  A,  uiul  d(t^:dt  the  velocity  with 
which  the  point  begins  to  move  townris  B.  As  the  point  ilof  s  jiut  actually 
move,  but  a  different  position  is  taken  for  it,  simply  to  exfiimne  peumc- 
trical,  nut  mechanical,  consequences  of  the  change,  this  motion  ib  called 
virtual,  and  the  velocity  with  whidi  the  point  b^ns  to  move  Ifiiitk  or 
towards  each  point  of  direction  of  a  force,  is  called  the  virtual  velocity  of 
the  point  with  respect  to  that  force ;  or,  for  abbreviation,  the  virtual 
velocity  of  the  force.  Again,  Pi  beinfi;  a  force,  and  dp :  dt  its  virtual 
velocity,  the  product  P,  x(rfpi:<iO  is  called  the  momrtd  of  tl  it  force. 
Each  moment,  according  to  our  preceding  equations,  is  i)osiii\«  when  its 
virtual  velocity  is  positive,  or  when  the  virtual  velocity  is  oi)posetl  in  direc- 
tion to  the  force,  and  negative  in  the  contrary  case :  but  it  would  do  equally 
well  to  make  the  moment  positive  when  the  ^roe  and  ita  virtual  velocity 
conspire  in  direction,  and  the  contrary.  When  the  terms  wHrnal 
veloeUy  and  mcmenl  are  fully  understood,  the  equation 

P,iipi+P.dp,+ . .=0,  or  P| ^+P. ^+ . • . .=0 

may  be  expressed  as  follows  :  if  any  number  ot  forces  applied  to  a 
point  equilibrate  one  another,  then  for  every  ])ossil)]c  small  motion 
w  hich  can  be  given  to  the  point,  the  sum  of  the  moments  of  all  the 
forces  is  equal  to  nothing. 

Let  us  now  suppose  a  second  point,  acted  only  by  forces  Q„  Qg,  Ac 
in  directions  also  tending  towards  fixed  points,  distant  from  the  second 
point  by  ^i,  ^t,  &c.  Moreover,  let  the  distance  between  the  first  and 
second  points  be  r,  ,^  and  let  a  force  Ti.s  be  applied  to  the  tirst  point, 
tcTidinsz;  towards  the  «rroTul,  and  let  another  of  the  same  mairnituile  be 
ajipliL'fi  to  the  second  jjomt  tending  towards  the  iitr^t.  If  these  poinlj* 
be  both  in  equilibrio,  we  have  the  equations  {2.i^dp  meaning  Pidpi 

IPrfp+T..,  d,  r,..=0,    3Qd<r+T,. .    r... ; 

where  by  d^  i\  t  we  mean  such  n  vnriation  of  r,,t  as  takes  place  when 
the  first  point  only  varies  its  position,  and  by  d,  r,  ^  the  same  when  the 
second  point  only  varies.  If  both  vary  togeilier,  we  have  dr^i=dir4,t 
+  dir,,^  so  that  from  the  preceding  equations  we  have 

2  Pdp + iQda + T,,,  <ir,.,= 0. 
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The  same  reasoning  might  be  applied  to  any  number  of  points,  and  the 
result  is  that  if  ^Pdp  represent  the  sum  of  the  moments  of  all  the 
forces  applied  independently,  and  if  T„  „  uresont  the  action  of  the  mth 
point  upon  thi;  ;/rh,  (or  of  the  n\h  iipou  the  mlh,)  and  r^,,  tlte  distance 
nrom  the  tnih  point  to  the  nth,  we  have 

the  lecoad  2  referring  to  every  combination  of  Talues  of  m  and  n  which 

refer  to  points  supposed  to  be  connected.  If  the  distances  be  invariable 
in  the  system,  and  if  such  motions  only  be  supposed  as  are  consistent 
with  the  iiivfiriabiliiy,  we  have  rfr^,=  0,  in  every  case  m  which  it 
appears  in  the  equation,  whence  2Prf/?=0,  or  the  sura  of  the  moments  of 
the  forces  of  any  mrunuble  by^teni  is  =0,  whence  we  s^  that  the 
principle  of  virtual  velocities  applicii  also  in  this  case. 

It  will  be  desirable  to  aiUect  together  the  principal  theorems  by  which 
the  dliffiBrential  calculus  is  made  useful  in  the  application  of  this  prin- 
ciple, whether  to  statics  or  dynamioi. 

If  L=:0  be  the  equation  of  a  surface,  L  being  a  function  of  and 
Zj  then  if  from  a  point  (x,  y,  z)  on  the  surface  wo  pass  to  another  point 
(j  +  ^^j  y  +  f  y,  --ftc)  infinitely  near  to  the  former,  but  not  on  the 
surface,  the  j»€rpcudicular  diiitttnce  from  the  new  point  to  the  surface  will 
be  €>L  :^{Ll  +  Ll-{-Ll)i  L,  beiuc  rfL:dj,  &c.  The  equation  of  the 
tangent  plane  being  Lw  (|—«)+icsO,  we  employ  the  general  theoremi 
that  if  to  the  plane  Ajp*f  By +Ct+Hs=0  we  diop  a  perpendicular  from 
the  point  {x\  y\  z'),  the  length  of  that  perpendicular  is  (Aj/-f  &c.) 
:^(A*+B'+C*).  Applying  this,  knowina;  that  at  the  given  point 
I-^t-Tt^&c,  we  find  (L,az-f-&c.)  :  V(L!  +  &c.),  or  tL :  y(L!  +  i^c  ). 
The  perpendicular  drawn  on  tlie  tangent  plane  cun  only  dill  t  iruni 
that  drawn  to  the  surface  by  (piantities  of  the  second  and  higher  orders. 

A  rigid  system  makes  an  infinitely  small  rotation,  ^(p,  about  au 
axis,  of  which  the  equations  are  (£-a):  A=(i}~6):Bss(C— c):C. 
It  is  required  to  find  the  variations  of  the  coordinates  of  the  point 

First,  suppose  the  axis  of  rotation  to  pass  through  the  origin,  giving 
|:  A=»/ :  B  =  ii; :  C.    Through  (j:,  y,  ^)  draw  a  plane  perpcnd'.cular  to 
this  axis,  the  equation  of  which  is  A(i  — jr)4-Ii  C^/— +  ^  (4— 
This  plane  meets  the  axis  in  a  point  whose  coordinates  are  determined 
from 

_  j_  C  _A.r+By-f  Cz  ^ 

A~B     C  A'+B'+C' 

which  gives  a-jp)(A'+B*+CO«A(By+Cs)-(B«+C')jr, 

Willi  nimilar  equations  for  »y— y  and  ^^  —  z.  Add  the  sfjuares  of  these 
t4^ether,  and  let  p  be  the  perpendiculur  distance  from  (t,  ^)  to  the 
aODs,  or  ^((4— j:)*+&c.),  and,  dividing  by  A*+B'+C',  we  have 

p«  (A«+ B«+  C')=  (Bj -  Ayy + (Cy-B*y  +  (A?-Car)«. . 

Let  («,  «t  r),  in  oonsequence  of  the  rotation,  come  to  (.r+^jr>  y + fy> 
M-^iz)l  wnence  since  its  second  position  is  in  the  plane  A({'J?)  4- &c. 
=0,  we  have  A^x+Bcy  +  C^c=0:  also  the  distance  from  the  origin, 
or  r,  remaining  unaltered,  we  have  rSr=0,  or  j^x-f-T/^y-f::*?  — 0  r  from 
which  equations  it  £»Uow8  that      ^y,  and  ^2  are  in  the  proportion  of 
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Cy  — Bz,  Az— Cj,  and  Bx  — Ay.  But  the  sum  of  the  bquares  of  3  r, 
&c.  is  the  square  of  the  infinitely  small  arc  of  rotation,  or  From 
this  it  follows  that 

(Cy->B2)iV      ,  _  (Ag-Cjf)a^  (Bj-Ay)a» 

V(A*+BMC')'   '^"V(A'+B*+C«)'  '^""VCA^+B'+cy 

Conversely,  if     &c.  be  in  the  proportion  of  Cy— Bz,  &c.,  the  motion  of 
y> i>     infinitely  small  rotation  about  the  axis  whose  equation  is 

^A=i/:B=^:C. 

If  the  axis  do  not  pass  tlirougli  the  origin,  let  its  equations  be 
(£— a):A  =  (f? — b)  :  B  =  (^—r)  :C,  tlien  x— flr,  &c.  must  be  snbiti- 
tutcd  lor  .r,  &c.  throughout  the  precediiiir  process,  and  &c.  for  £. 

Every  intinitely  small  motion  of  a  Tipd  system  may  be  compounded 
of  one  motion  uf  translation,  in  which  all  the  points  move  through  equal 
and  parallel  straight  lines,  and  one  motion  of  rotation  about  an  axis. 
The  axis  of  rotation  may,  by  properly  assuming  the  motion  of  translation, 
be  made  to  pass  through  any  given  point  of  Uie  system.  Suppose,  for 
instance,  that  the  whole  motion  brings  the  points  P,  Q.  &c.  into  the 
positions  P',  Q',  &c.  Assume  that  tlie  axi>>  of  rotation  shall  pa«f  through 
P;  and  first  give  the  whole  system  the  motion  of  translation  PP',  so 
tliut  all  the  motions  shall  be  e([ual  and  parallel  to  that  of  P.  Let  P,  Q, 
&c.  thus  be  removed  to  P',  Q &c.  Then  lliere  must  be  another 
motion  by  which,  P'  remaining  fixed,  Q  ^  &e,  may  be  aimultaneously 
brought  into  the  positions  Q',  &&  Take  the  points  Q^'  and  R"  into 
which  Q  and  R  are  brought  by  the  translation,  and  through  the  lines 
Q"Q'  and  R'R'  draw  a  pair  of  parallel  planes.  The  axis  of  rotation 
must  be  ]>rr|yendicular  to  these  plane?,  and  must  pass  through  P' ; 
hence  a  hue  drawn  through  P'  perpendicular  to  these  planes  is  the  axis 
of  rotation.  As  the  conception  of  the  theorem  that  every  sumll  motion 
of  a  system  in  which  there  is  one  fixed  point  is  a  motion  of  rotation 
about  an  axis  passing  through  that  point,  is  not  by  any  means  easy  to 
the  begumer,  the  following  mode  of  illustration  is  given.  Let  the 
fixed  point,  be  made  the  centre  of  a  sphere,  immoveably  connected  w  ith 
the  svstcm.  It  follows  then  that  we  show  the  existence  of  an  axis  of 
rotHfion,  if  we  sliow  that  for  every  possible  motion  of  the  sphere  abnut 
its  centre,  iherc  is  one  point  of  it.  A,  which  does  not  move  ;  for  if  P'  and 
A  be  both  fixed,  the  Ime  P'A  is  fixed.    Let  a  small  motion  take  place 

which  removes  the  circle  BFC  into  the  posi- 
tion DPE :  either  then  F  has  remained  fixed, 
and  P'F  was  an  axis,  or  the  circle  BGC  has 
slipped  as  well  as  revolved,  so  that  G  has 
come  to  F.  This  last  supposition  implies 
that  the  ?j)lu're  has  had  a  motion  of  rotation 
about  HK,  the  axis  of  BC,  as  well  as  about 
PT.  Let  LM  be  the  axis  of  DE  :  then  since 
GK  moves  into  the  petition  FM,  the  point  A 
does  not  move  at  all,  or  PA  is  an  axis  of 
rotation. 

The  existence  and  position  of  this  axis  of  rotation  may  now  be  shown 

algebraically,  as  follows.  Let  the  original  axes  of  coordrna'es  be  fixed 
in  fpace,  and  let  there  be  another  set  attached  to  the  f-ysteni,  and  movntg 
with  it.  Let  j,  t/,  ^  and  5,  t;,  H  be  the  coordinates  of  a  point  with 
respect  to  these  sysieuibj  the  latter  b«iug  unaltered  by  the  motion. 
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Let  (X,  Y.  Z)  be  the  origiD  of  the  new  lystem,  referred  to  the  old  one* 
and  let 

y=<i'«+i8',|+y4:+Y  (1> 

where  a  is  the  ooaiue  of  the  angle  made  by  g  and  j*,  &c.    We  have 
also 

a*  +i6«         =1,  «'«''4./^'/r+7V'=0 

a  *  +  i6«  +  y-  =  1 ,      «"«  +  /3  V  +  y'  y     u  (2) 

Let  the  ayatem  move  to  that  (X,  Y,  Z)  becomes  (X+3X,  &c),  and 
a  becomet  w^ict^  &c. ;  in  consequence^  of  which  the  point  (x,  x) 
becomes  (x+2x>  &c.)*   We  have  then 

Zt^lU  +^cv3  +rcy  +^x 

a'  +  ^i^/^'  +        + 1 Y  (3) 

Now,  looking  at  the  equations  (2),  which  give 
&c,  let 

a«*'+/3'JiS"+y  ay's  -(«'V  +  w  +y' V)=': 

To  express    &c.  in  terms  of    — X),  &c.t  we  have 

Cir-X)  +  «^  (y-Y)  +a"  (z  -  Z) 
,,=/3  (r-X)+i8'  (3/-Y)+^"(^  -Z)  (4) 
4=:y  (x-X)  +  y(i/- Y)  +  y'  (^-Z) 

Substitute  these  in  (3),  and  we  shall  have 

2(^-~X)=«'(2-.Z)-v'(y-Y) 
c(y-Y)=i/'(r-X)-c  (^-Z)  (5) 
a(r-Z)=«:  (y-.Y)-i/(j:-X); 

wliicb  show  (page  480)  that  the  real  excess  of  the  motion  above  the 
motions  of  translation  ^X,  cY,  ^Z,  common  to  all  the  points,  is,  for 
every  point  (r,  i/,  r),  a  motion  of  rotation  about  an  axis  passing  throuc^h 
(Xt  Y,  Z),  and  inclined  to  the  original  axes  atangles  whose  cosines  are 
proportional  to     »: ,  k  '. 

If  we  wish  to  find,  in  the  most  simple  manner,  the  position  oi  die 
mxn  of  rotation  with  respect  to  ^,  ^,  we  must  remember  that  the  pointa 
of  this  axia  have  only  the  motion  of  translation,  or  for  every  one  of  them, 
'^jTsdX,  ^=2Y,  hzsZZ,   Hence  equations  (3)  give 

^    ^aa-|-i,c^  +  4^y=0,    5cV  +  &c.=0.    4ta"  +  &c.=0  (6), 

But  between  ch  a',  Ac,  we  hare  the  equations 
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Whence  a^a +a'^a"=0 

being  the  time  in  which  the  small  motion  is  made.  Multiply 
equations  (G)  by  a,  a',  and  add,  which  gives  f  r;— 94=0.  Multiply 
by  /S,  &c.,  and  by  y,  vs^c,  and  wc  thus  have  three  equations, 

irbich  are  the  equations  of  a  straight  line  mclixied  to  n,  and  ^  at 
anglds  whose  cosines  are  proportioDal  to  p,  q,  and  r. 

The  following  equations  may  be  deduced  from  (2)»  as  in  page  491 
following. 

asriSy-yA",    «'=i9"y-y'^,  •"^/Sy'-yitf 

fi^-Zod'-ody",    yS'ssya-c/V.    /8"  =  ya'-ay  (9). 
y=a'^"-)8'a^    y=a";8-^"«.  y'^rzafi'-fia'. 

To  ihe  Older  of  which  the  following  is  the  key. 

Properly  speaking,  the  preceding  should  be  +ar=)3'y--y)S",  &c., 
the  sign  depending  on  the  niiinner  of  measuring  4,  &c.  positively  and 
negatively,  with  reference  to  the  niunncr  of  measuring  x.  Take  a  point 
on  the  axis  of  ^  so  that  17=0,  ^=sO.  We  have  then,  if  both  seta  ha?e 
ihe  same  origin,  ffssaflit  z^et^lii  so  that,  (  being  positive,  et,  o^* 

and  must  have  the  signs  of  x,  y,  and  z.  And  it  can  be  shown  that, 
according  as  a  is  fi'y"-y'fi"  or  y^"—^y'\  so  i8  is  yV— c/y"  or 
uy"—Va\  and  7  is  r/p*~-ft'^"  or  ft'a"~afi"y  &c.  Hence,  by  proper 
selection  between  tlic  two  ways  of  measuring  ^,  1},  and  the  equations 
(9)  may  always  be  made  true  as  above  written. 

The  quiiiiULics  a,  a',  &c.  are  nine  in  number,  connected  by  six 
equations  (for  the  set  (7)  is  deducible  from  (2)).  They  can,  there- 
fore, be  expressed  by  means  of  three  quantities  only,  end  the  most 
simple  way  of  doing  this  is  as  follows.   Through  the  origm  of  r^y^t 

draw  lines  parallel  to  the  axea  of     i|,  ^. 
^  Draw  a  sphere  with  the  origin  as  a  centre, 

v^'^'N^z'        and  let  X,  Y,  Z  and  X',  Y',  Z'  br  the 
/  points  at  which  the  several  axes  eir^erge 

/  \      \      from  the  sphere,  and  lei  N  be  the  point  at 

pg     /     In       \     which  the  great  circle  in  the  plane  of  ^ 
X^^" — .,..7^  cuta  that  in  the  plane  of  2y.  LetX',Y',Zf 

XT  be  each  joined  with  X,  Y,  and  Z,  and  let  the 

^  anglea  subtended  by  ZZ\  NX,  and  NX'  at 
the  centre  be  6,  ft  and  5^.  Then,  making  arcs  the  symbols  of  angles 
subtended  at  the  oentte*      denoting  by  [%  6,  c}  the  coaine  of  the  third 
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side  of  a  tpherical  triaogle  whose  otiier  two  tides  are  a,  6,  and  their 
included  an^le  c,  we  have  (remembering  that  Z  and  are  tiie  poles  of 
XY  and  X'Y',  whence  <XNX's=6) 

a  ssooa  X'X=  [0,     6]  =cos 9  sin  4>  sin  yr+coo ^ oos y 

fi  scosYOkssj^^  +  ^^fOjascosacos^siay— BiD^oooY^ 

y  aBcosZ'X=|^|,  f, —eJ^smesinY' 

y'ecosZ'Y=j^^,  ^-©J:=tin^cosy 
«^=:cosX'Z=^^,  ^,  ^  +  0j  =  — sinOsin^ 

ysrooeZ'Z  s  CO80. 

From  these  we  easily  get 

=    y8'  a0—  a  av^+  a"  cos  ^ 
a^'  =  -  a'  a^— >8  cY^  +  yd  'cus  V 
ay  =  —  y  ay^  +  y"  cos  ■>// 

aa"=:  i8"af^  -y'8m0c^ 
ai8"=:  -  a"?*  — y  COS  0  aa 
ay^s  ~    sin  ei0 

/it7+^'ay+/8"ay'=(^y— y^')^V+{y"(^sinY/+/i'co8V)-^"8ina}afl 

a^y +  a'ay+a"^y'  =(ay-a'y)^f+  {/  (asi^y  +  a  <^»s  t)~a''8ine}atf 

i8a»+/5'a«'+i8"aa"=a^+(i8«'-y3'a)  ay. 

+  {«"(^  sin   +iB'  cos  yr)  -iSV  nn  0}  ao. 

Write' —p^,  9<fl»and  r«tt  for  the  first  sides,  and,  after  using  equations 
(9),  suhstitute  the  values  of  0'^  and  y\  with  those  of  j8  sin  y 
H-jS^cosy  and  a  sin  y  f "  '  co^  y/,  ^  hich  will  bs  found  to  be  ooal'cos^ 
and  cos  0  sin  0.   This  gives,  after  reduction, 

jidt^m  0  sin  6  a^— cos  0  ad 

qdl= cos  0  sin  0  ay^  +  sin  0 
rd^s  a0— cosfia^f 

The  preceding  lesulta  are  of  such  fundamental  importance  in  the 
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fipplicntioTi  of  our  subject  to  dynamics,  that  it  will  be  worth  our  while  to 
expltiin  tiieni  at  length.  A  simple  rotatory  motion  is  easily  conceived  ; 
an  axis  remains  fi\c;l,  and  all  the  invariably  connected  points  describe 
circlcii  about  that  axis,  with  an  angular  velocity  which,  liowcver  it  may 
▼ary  from  raoineat  to  moment,  is  the  same  for  all  the  points  at  any  oue 
moment.  But  any  number  of  rotatory  motions  may  be  given  to  a  iyBtem 
at  ouce.   Suppose  A,  B,  tbe  pivots  of  the  fint  axis,  to  rest  in  a  frame 

which  it  itself  supported  by  another  axis 
CD.  If,  then,  the  spheroid  in  the  diagram 
be  made  t  )  revolve  about  AB  at  the  t;ime 
time  lhat  tiic  frame  revolves  about  CD,  the 
points  ot"  llie  spheroid  ^\ill  take  a  motion 
compounded  of  buth  rotations,  the  nature  uf 
which  «e  have  now  to  investigate.  Again, 
if  CD  were  attached  to  a  frame,  which 
itself  was  connected  with  a  third  axis,  a 
*  third  motion  of  rotation  might  he  given,  and 
so  01).  At  the  first  instant,  i}ic?e  rotations,  however  many,  produce 
the  effect  of  one  rotation.  It  the  axes  all  pass  throuirh  the  ^amc  point  ; 
and  the  axis,  or  the  tmtantancous  axis  as  it  is  called,  may  be  found  as 
follows. 

Fint,  let  two  rotations  be  made  round  two  axes  which  meet  at  O,  as 
OA  and  OB.   Then,  both  axes  beim^  in  the  plane  of  the  paper,  all 

points  in  that  plane  l>egin  to  move  pcr- 
C  i)endicular  to  it,  from  both  rotations. 
Al.^o,  in  one  of  the  angles  made  by  BO 
and  BA,  each  })oint  aforesaid  will  be 
elevated  by  both  rotations,  in  the  oppo- 
site anj^le  they  wdi  be  deprested  by 
both,  while  in  the  remaininflf  two  angles 
they  will  be  elevated  by  one  and  depressed  by  the  other.  Let  BOA  be 
one  of  this  last  pair  of  angles,  end  let  the  points  in  it  be  elevated  by  the 
rotation  about  OA,  and  depressed  by  the  rotation  about  OB :  also  let  a 
and  y3  be  the  angular  velocities  of  these  rotations.  Then  any  point  P, 
distant  by  PM  and  PN  from  OA  and  OB,  would  by  the  several  rota- 
tion*^  be  elevated  by  PM.orr/^,  and  depressed  by  PN/Sd/,  in  the  fir«t  in- 
Onilcly  snitdl  time  dl  uf  tlic  motion.  Take  PM.a=PN.)8,  and  the 
point  P  is  therefore  not  moved  at  all,  or  the  double  rotation  (0  being 
also  unmoved)  produces  oue  single  rotation  about  OP  as  an  axis.  Tske 
OA  and  OB  proportional  to  the  angular  velocities  a  and  ;8,  and  describe 
the  parallelogram  OABC  :  it  is  then  easily*  proved  that  for  anv  point 
Pin  the  diagonal  OC  (or  OC  produced)  PM.OA  =  PX.OB,  or 
PM.a  — PX./J.  Ao;ain,  since  the  point  B  (which  is  on  the  ;  xis  of 
one  rotation,  and  therefore  only  attccted  bv  the  other)  only  receivts  the 
elevation  BQ.af/^  lei  0  be  the  angular  velocity  witii  whicli  liie  by*:em 
begins  to  revolve  round  OC;  whence  BQ.a(i<=BR.0^//,  or  BQ.a 
crBR.^.  But  BQ.OA=:BR.OC,  whence  a:<';:OA:OC,  or  OC 
represents  the  angular  velocity  about  OC.  That  is  to  say;  if  upon  two 
axes  of  rotation  lines  be  Isid  down  representing  tbe  angulv  velocities, 

*  il'  with  any  point  a«  a  verti^x,  tiianglesbe  formed  which  have  for  thru  base* 
tiM,  eontermiiMtiui  hidM  Mid  dmicunal  <if  m.  panUMogrsm*  th«  f^rvafn  of  th«  thist 

triangles  in  equal  to  the  sum  of  tlie  it!l;-r  two.  When  (he  |iui.it  is  ^  ;i  i  side  OTM 
the  diagoiuil>  ou«  triangle  vaauheS|  and  the  reooaiuing  two  bccume  e%uai. 
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in  Buch  manner  that  the  intervening  points  shall  begin  to  move  in 
contrary  directions:  the  resulting  motion,  at  the  first  instant,  will  be 
one  of  rotation  about  tlie  tliaiioiial  line  of  the  paraUelogram  formed 
on  the  first  lines  as  an  axis,  with  an  aniiulur  velocity  represented  bv 
the  ienu't'i  of  that  diagonal.  Moreover,  thr>  re?\ilting  rotation  will  be 
in  such  a  direction  that  points  intervening  Wtwecu  the  diagonal  and  the 
axis  of  elevating  rotation  will  be  depressed,  and  vice  versa.  From  this 
It  may  easily  m  proved,  in  a  manner  similar  to  that  employed  in  com- 
pOfun£ng  motions  of  translation,  that  three  such  motions  of  rotation  may  be 
compounded  into  one*  by  laying  down  on  the  three  axes  lines  propor* 
tional  to  the  angular  velocities,  and  finding  the  diagonal  of  the  paral- 
It^lnpi^fMl  construrtefl  on  these  three  lines,  which  dingonnl  will  be  in 
theuxisof  ilje  coHipuinid  rotation,  and  will  represent  its  angular  velocity. 

Hence  any  rotaiion  aboQi  a  line  drawn  through  the  onirin  of  j*,  y,  z 
may  be  decomposed  into  three  rotations,  one  about  each  axi^.  Let  a 
pontive  rotation  about  the  km  of  x  be  that  which  tends  to  move  the 
positive  part  of  the  azia  of  y  towards  that  ofz;  similarly,  let  positive 
rotations  about  the  axes  of  y  and  z  be  thote  which  move  the  positive 
parts  of  z  towards  those  of  x,  and  of  x  towards  y :  all  which  may  be 
r  tsilv  remfmbfred  by  jyz,  yzj,  zrij.  Then  a  rotation  about  the  line 
w  hich  makt-  ;ui;i;le8  «,  )8,  y  with  the  axes,  the  an pttlar  velocity  being  A, 
may  be  decomposed  into  A  cos  a,  Acos^,  A  cos  y  round  the  several 
axcsofvF,  y,  -r,  or  ebe  into  — Acosa,  — Acos/5,  — A  cos -y,  according 
to  the  direction  of  the  rotation  A. 

Secondly ;  let  the  axes  of  rotation  be  parallel  to  one  another,  and  per- 
pendicular to  the  plane  of  the  paper,  and  let  them  pass  through  A  and  B. 

Let  them  be  said  to  be  m  the  same 
?    _  _  .a*-*'-^ —     direction  when  A  juhI  R  begin  to 


  move   in    contrary   directions,  nnd 

A  rirt!  verm.    If  then  the  rolalions  he 

of  equal  angular  velocity,  and  contrary  in  direction,  the  result  oi  ilic 
two  motions  of  rotation  will  be  one  motion  of  translation,  in  the  direction 
perpendicular  to  AB.  For  each  of  the  points  A  and  B  only  moves  in 
^rtne  of  the  rotation  round  the  other :  but  the  angular  velocities  being 
equal,  and  the  directions  contrary,  the  initial  velocities  of  A  and  B  are 
equal  and  in  the  same  direction,  whence  AB  is  caTried  without  change 
of  direction  in  the  direction  peri)endicular  to  AB.  In  any  other  case, 
take  intiiiitely  small  hues  described  by  A  and  B  in  the  time  df,  each  of 
which  is  therefore  proportional  to  the  angular  velocity  round  the  other 
axis.    Thus,  let  Aa=AB.ySci/,  Bb=BA.adt,  whence  a  and  b  will 


represent  the  positions  of  A  and  B  at  the  end  of  the  time  dL  The 
point  O,  which  remains  at  rest,  and  is  therefore  a  point  in  die  axis  of 
the  compound  idatidn,  is  determined  by  OA :  OB :  AB  fidi^  AB«acf^  or 
0A.a=0B.i6. 
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1.  When  the  rotations  are  in  contrary  direcdcms,  that  round  A  being 
the  greater,  the  axis  of  compound  rotation  is  on  the  side  of  A,  and 
OA.a=  (0A+AB)i8,  or  OA=AB/B  ;  (a— yS),  0B  =  ABx  ■  {a—fi). 
The  angular  velocity  gives  the  anpjle  Aa :  OA,  or  AB.)Sci^ :  (AB./J :  (a— 

or  (a — fi)  dt  in  the  time  (//,  and  is  a — fi, 

2.  By  similar  reasoning,  if  the  directions  be  contrary,  that  round  B 
being  the  greater,  we  have  OA=AB.A:  (i^ — a)f  OBsAB.or:  (/B — a), 
and  fi^a  for  the  angular  velocity. 

3.  If  the  directions  be  the  same,  we  have  OA=ABiS :  (aH-/3)> 
OB=:ABa  :  (a-f      and  a  +  fi  for  the  angular  velocity. 

If  three  rotations  be  communicated  roniul  n><*s  parallel  t  »  one 
another,  two  of  them  must  be  compounded  the  pieceding  rules,  and 
the  result  coini)(mnded  with  the  tliird. 

Thirdly ;  lei  the  two  axes  of  rotation  neither  meet  nor  be  parallel, 
the  lesult  ia  a  motion  of  translation  and  one  of  rotation  combined.  Let 
the  axes  be  AK  and  BL,  and  let  AK  and  BL  be  proiiortiiinal  to  the 

angular  velocities.  Take  any  point  O,  and  axes 
passing  through  it  parallel  to  AK  and  BL.  About 
OM  impress  two  equal  and  opposite  motions  t,(  rota- 
tion, of  the  same  rsiiignitude  h?  that  ubuui  AK:  and 
about  OP  impress  two  others  cijual  and  ()])])(isue,  and 
the  same  in  magnitude  as  that  about  BL.  The 
motion  of  the  system  is  not  altered  by  this  intro- 
duction of  new  motions  which  destroy  each  other. 
And  the  motion  abont  AK  with  the  equal  and  con- 
trary motion  about  OM  produces  a  motion  of  translation  only:  as  does 
that  about  BL  combined  with  the  contrary  motinii  about  OP.  The 
whole  motion,  then,  is  equivalent  to  two  translatiuris  and  two  rotations 
about  axes  passing  tlinmuh  O:  of  which  each  pair  may  be  compounded 
into  one  of  its  kind.  Tiie  bame  reasoning  may  be  extended  to  ca^ei^  of 
more  rotations  than  two :  and  hence  follows  tlie  theorem  already  alge- 
braically proved,  namely,  that  any  motions  whatever,  translations  or 
rotations,  now  many  soever,  are  at  every  instant  equivalent  to  one  motion 
of  translation  and  one  c£  rotation :  also  that  the  axis  of  rotation  may  be 
made  to         throneh  any  point. 

\Vheua  rotatuui  is  made  round  one  of  the  coordinate  axep,  i*  is  con- 
venient to  call  It  positive  or  negative,  as  previously  described  ;  but  when 
the  axis  of  rotation  passes  obliquely  thr^uub  the  origin,  though  two 
rotations  may  be  made  round  this  axis,  m  (q)posite  directions,  and  there- 
fore relatively  to  each  other  positive  and  negative,  yet  there  is  no  reason 
forass  gning  +  to  cither  rather  than  to  the  other.  This  ambiguity  pre- 
sents iti^elf  in  formula  by  the  appearance  of  a  square  root  with  an 
undetermined  t^iirn. 

If  we  now  rciuin  to  page  480,  and  call  X,  ;i,  v  the  angles  made  with 
the  axes  by  the  ime  ^ :  A=j|  :  B=:^ :  C.    We  have  then 

^jr= («  cos  fA'-y  coa  v)        hj=(xcoi  y-^z  cos  \)  2^, 

3c=:    COS  \ — X  cos  /*)  2^. 

The  signs  here  are  not  the  same  as  in  page  480,  being  changed  to  suit 
the  hy)u>tlie>i^  as  to  positive  and  negative  rotation  laid  down  in  page 
48d.  Thus,  if  the  whole  rotation  were  about  the  axis  of  we  should 
have  f^^ifft  ysO,  or  y20,  ^y=sar30,  iss^O,    If^  bt 
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positive,  It  hns  the  sia:ii  contrary  to  that  of  ?/,  and  has  the  sign  of  of. 
Heuce,  as  may  readily  be  seen,  this  positive  value  of  ?0  moves  the  posi- 
tive part  of  the  axis  of  x  towards  that  of  y :  which  was  rei^uired  to  be 

the  case. 

Let  fvhe  the  angular  velocity  of  TOtation^  and  cs^  ts^,  the  three 
lotatiaiis  round  the  axes  of  Jf,  y,  and  s,  of  which  the  rotation  about  the 
given  axis  may  he  compounded*  We  ha?e  then  ^vrdt^  fir,!= 0 .  cos  X, 
ftc.,  whence 

If  the  coordinates  |,  17,  and  4*  had  been  employed,  we  should  have 
obtained  similar  equations.  In  page  481,  cquutioiif^  (0),  suppose  that 
we  consider  a  point  which  is  not  on  the  axis.   We  have  then 

which  eqoiitions,  multiplied  by  «,  or',  and  </',  and  added,  give 
«a(x-X)+a'a(y-Y)+a"a(r-Z)=(gC-ri,)  dt,  &c. 

We  have  supposed  the  axes  of  ^  f;,  C  to  move  with  the  system.  But 
if  we  now  suppose  a  set  of  axes,  coinciding  with  these  at  the  com- 

mencement,  to  remain  immoveable,  so  that  the  coordinates  of  a  point 
attached  to  this  j^v^tem  vary,  we  shall  liave  (page  481,  equations  4) 
cl=a^  (j  — X)+a  <;  (y— Y)  +  c^'a  — whence  the  preceding  equa- 
tions give 

which,  compared  with  the  preceding,  show  us  that  |>,  and  r  sxe  ar„ 
Vp,  and  «« the  angular  velocities  of  the  three  rotations  about  the  fixed 
Axes  of  19,  (9  into  which  the  single  rotation  of  the  system  and  its 
moving  axes  about  the  axis  ^ :  p=}7 :  9=^ :  r,  may  be  resolved. 

The  values  of  p,  q,  and  r  have  (page  483)  been  deduced  in  terms  of 
d4i'dl^  &c. :  n  n"enn-)errirnl  confirmntion  of  this  connexion  may  easily  be 
given,  now  tluu  we  know  tlie  most  simj)le  meanincj  of p,</,  and  r,  a«  follows. 
A  change  m  <p  only,  or  NX',  6  and  Y*,  or  ZXNX'  and  NX  remaimng  the 

same,  would  obvioualy  be  nothing  but  a  small 
rotation  about  the  axis  which  emerges  at  Z', 
or  the  axis  of  ^.  Hence  ^0  is  wholly  a  part 
of  rdt.  If  B  alone  were  increased  by  ao,  X' 
and  Y'  w-otild  move  perpendicularly  to  NX'Y' 
through  arcs,  the  angles  of  which  are  sin^.(f0 
and  8in(^x  +  0)a0,  or  sin  <^>  and  rmth^Q. 
These  ancles,  since  X'Y'  is  a  quadrant,  belung 
to  corresponding  rotations  about  the  axes  of  Y'  or  and  of  X'  or  i\ 
but  the  second  must  he  celled  negative,  since  its  e6fiect  is  to  move  V 
ftom  7f  (pige  485).  Hence  —cos 020  and  +ain0dO  are  the  tenns 
ansing  In  fdt  and  qdi  from  the  change  of  $,   Finslly,  let  f  be 
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increased  W  S^^,  ^  end  6  femaining  the  B«me ;  and  let  nsfy'  be  the  new 
position  of  XXT'.   Then,  since  the  angles  XNX'  and  Xn^  are  equal, 

the  internal  angles  at  n  and  N  are  together  equal  to  two  right  angles  : 
"bill  this,  when  true  of  the  anirlrs  of  a  spherical  triangle,  is  true  of  their 
oppusite  fides;  therefore  Niv+K;t  is  two  right  angles,  or  KN  and  Kn 
are  both  infinitely  near  to  one  right  angle.  Hence  X  t'^^N^-cos  <|>  and 
y'a'  =  N/sin^  are  either  true,  or  only  erroneous  by  small  quauuues  of 
the  second  order ;  it  being  remembered  that  since  iiK=y^',  we  have 
K'/^njf^^.  Hence  we  aee,  1.  A  rotation  about  Z'  of  the  magnitude 
nt^  or  c  8  0.tiy>  '^""^  negative,  since  Y'  Js  moved  towards  X'.  2.  The 
rotation  X'r  about  Y',  which  is  Nf.cos^,  or  cos  0  sin  6  ^Y'*  '^"^  positive, 
since  Z'  is  brought  towards  X'.  3.  A  rotation  w\'  round  X',  which  is 
Ni?sin^>,  or  sin^siuO^^,  and  positive,  ^ince  Y'  is  moved  toward*  Z'. 
Hence  arise  the  terms  of  pdl^  ijdl,  and  rdf,  which  depend  on 

The  preceuiii^  I'ormulis  are  adapted  to  uuc  pusiliuu  of  llic  ngure, 
which  is  that  adopted  by  all  writers  as  the  principal  case.  As  in  other 
problems,  every  modification  of  the  figure  requires  modificationa  of  the 
signs  of  the  letters  whose  values  determine  the  rdative  positions  of  the 
parts. 

The  preceding  results  relate  entirely  to  what  takes  place  at  the  first 
install*  after  the  system  ha'  been  abandoned  to  the  effect  of  two  or  more 
rotations-.  Let  us  now  Mi[i[iMse  the  combined  rotations  to  continue,  it 
being  supposed  that  each  uxis  takes  the  niouoii  of  rotation  round  the 
other  axis.  The  axes  themselvea  are,  therefore,  continually  changing 
their  positions ;  and  the  instantaneous  axis  of  rotation,  the  position  of 
which  is  always  given  relatively  to  the  other  axes  when  the  rotations 
are  uniform,  changes  with  them.  It  is  difficult  at  first  to  see  what  can 
be  meant  by  a  liiip  of  rest  which  changes  its  place,  but  a  description 
in  other  wurds  will  make  it  clear.  The  motion  of  any  system  abtnit  a 
fixed  point,  however  many  the  rotations  of  which  it  is  compouiidt  d, 
must  always  have  some  one  axis  at  rest  fur  the  instant,  and  as  the  motion 
proceeds,  one  axis  after  another  becomes  quiescent,  the  quiescence  not 
continuing  any  finite  time.*  .  And  instead  of  saying  that  axia  after  axis 
is  successively  brought  to  a  state  of  rest,  we  say  that  the  aiis  of  rest,  or 
the  instantaneous  axis,  changes  its  ])lace. 

That  the  student  may  more  clearly  comprehend  the  necessity  of  there 
being  always  an  axis  at  rest,  I  shall  show  that  any  change  of  place 
"uhicli  a  svstem  can  undergo,  one  point  unlv  nnnaining  stationary,  is 
capai)le  ut  being  made  by  one  rotation  about  one  uxis:  or  that,  fur  auy 
given  finite  change  of  position  whatsoever,  some  oue  point  remaining  at 
rest,  some  one  axis  may^  remain  at  rest.  Or  thus,  one  point  remaining 
fixed,  it  is  impossible  to  give  change  of  place  to  all  the  lines  of  a  system 
at  once.  This  may  he  proved  either  geometrically  or  algebraically,  as 
follows.  About  the  fixed  point  as  a  centre,  describe  a  sphere,  and  let 
the  motion  bring  PQ,  an  arc  ou  this  sphere,  into  the  position  P'Q'. 
Through     and  V,  the  bisections  of  PP'  and  QQ',  draw  great  circles 

*  Whea  a  bail  is  thrown  up  into  the  air,  there  is  an  instant  at  which  it  can 
neither  be  »utd  to  be  rising  nor  tallinj^,  and  it  is  then  sa:d  to  be  brought  to  rest  j  but 
it  (lae^  not  rest  any  finite  tim0,  howt-ver  small. 

f  Nutmwi/:  thefoilowin;^  ]<ropusitiun  is  a  jiar.ilKl.  Any  piven  change  of  plae« 
ot  u  puiut  matf  be  inaUe  by  niuvmg  it  along  a  straight  line ;  but  it  inaj  tUso  be  made 
ftloiig  an  infinito  number  of  difiervnt  earns* 
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f  VR  and  V'R,  j)er])endicular  to  QQ'  :uul  PP',  meeting 

yrP  inR.    Then  we  have  RP=RP'  and  KQ- KQ',  so 

AX  that  if  the  aiglet  FRP  and  Q'RQ  be  equal,  a  Tola- 

/  i-^^^  round  a  diameter  passing  through  R  ^rould  bring 

PQ  into  the  position  P'Q'.    But  these  angles  ore 
\c.-^^       equal:  for  the  triangles  PKQ  and  P'RQ,  having  their 
sirfcs  scvcrallv  equal,  have  their  anjiles  equal ;  whence 
ZP'RQ'  =  ZPKQ.    Add  Q'liP  to  boih,  and  ZP'RP=  ZQ'RQ.  A 
similar  proof  may  be  given  for  every  one  of  the  varied  altnuiions  of 
position  which  the  fiijurc  will  admit  of.    Hence,  since  every  caauge 
of  place  may  involve  a  quiescent  axiBi  every  infinitely  small  change  may 
be  considered  as  actually  doing  so:  but  it  docs  not  follow  that  the 
quiescent  axes  of  two  successive  infinitely  e^nial!  chungcs  ai  >  the  same. 

The  algebraical  proof  of  the  proposition  will  be  as  follows.  Let  r, 
y,  Zy  be  coordinates  fixed  in  s{)rc?,  and  i,  ^,  coordinates  fixed  in  the 
system,  and  let  j:=A^+ B»;  +  ^^4»  2/  — -^'i  +  ^c  i  ^'^^  rclatif  iis 

existing  at  the  first  position,  nnd  x—ui-Yhi]-^c'C,^  7/ —  f7'£ cVc  ,  i^tc. 
those  at  the  second  pofeitiuu.  ll,  then,  there  be  a  line  oi  the  system 
wbicb  belongs  to  both  positions,  x,  ^,  and  z  will  in  that  line  remain 
unchanged  when  the  system  has  been  removed  from  one  position  to 
another.   Consequently  we  shall  have 

(A-a);  +  (B-/0^  +  (C-c);  =  U,    (A'-a')4  +  *S.c.  =  0/ 

(A^'-a'04+&c.=0. 

Eliminate  if :  I  and  t, :  ^,  and  we  have 

(A- a)(B'-i')(C"-c")  + (R - fc)(C'-c')(A"--a ') 
4-(C-c)(A'-a')(B"-//'j 
-(C-.c)(B'-6')(A''-O-(A-f?)(C'-c')(B"--/i'0 
~(B-6)(A'— o'XC'-c") 

which  must  be  universally  true,  if  the  'proposition  asserted  be  so.  The 

terms  resulting  from  these  products  may  be  classed  as  those  which  contain 
three  capital  letters,  three  small  letters,  one  cnpitid  onlv,  and  one  ymnll 
letter  only.  Also  (page  482)  wc  have  A=:B'C''-C  B",'&c.,  or  A=C'B" 

—  B'C  ',  &c.,  the  sicrn  being  indiderent,  piDvidcd  tlic  proper  order  be  ob- 
served. The  terms  of  the  first  class  give  A  (B'C"-  CB")  +  B(C'A"-  A'C) 
+  C(A'B"-B'A").  or  A«4-B*-l-CS  or  1:  those  of  the  second  give 

—  a(i!»'c"-c'6'0-Z»((/a"-aV')~c(a'6"— 6V),  or  -a«-6t_c%  or 
1 :  all  these  terms  then  disappear.^   The  terms  containing  A  with  two 

troaU  letters,  make  A  (6^— c  6"),  or  Aa ;  that  containing  a  with  two 
capital  letters  is  -a (B'C— C'B"),  or  — Aa:  these  terms,  therefore, 
destroy  each  other.  In  a  similar  way  the  remaining  terms  of  the  third 
and  fourth  classes  destroy  each  other,  and  the  identity  of  the  equation  is 
provcd.f 

•  It  may  be  asked,  why  n«ii  adopt  the  order  AB,  BC,  CAt  in  expresting  A,  &c., 

in  Isnnf  ot  the  rest,  and  6a,  oc,  c6,  in  expressiu^  a,  &c.,  which  may  certainly  be 
♦loTi*',  roMMisteiitlv  with  the  i  quntions  of  conditiun  ?    The  answer  is,  that  if  this  were 
tiout?,  u  uuiild  he  cquivakiit  to  suppobing     &c.  afier  the  chauije,  to  be  the  same 
before,  but  with  the  signs  chsnged,  so  that  we  should  bate  (A4'')l+&c*=sVi 
which  would  give  thi-  sanie  refults  as  in  the  text. 

f  The  fabe  of  this  demonMratiou  will  iUu^trate  the  advantage  of  symmetry  in 
aislbsastical  procesaei.   Euier,  {Jhwt^  M9i»  Corp*  Rigid.,)  having  proved  tbs 
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We  have  shown,  page  483,  how  to  express  a,  /5,  &c.  in  term?  of  three 
angles;  the  followmtr  method  of  determining  i^ix  of  them  m  terms  of  the 
reni;uniii[j  tliree  i?'  due  to  Monge,*  and  will  give  an  easy  method  of  deter- 
mining the  axis  uf  rotation  just  shown  to  exist 

Let  the  three  data  be  the  angles  made  by  9  and  1,  by  y  and  17,  and  bj 
z  and  C*  or  their  cotines  a,  and  -f.  These  being  given,  the 
position  of  the  axes  of  {,  if,  and  with  respect  to  and  b  also 
given.  We  have  then 

•y«=i— y«-y*=i— «»— i8%  or  a«+j3'=y«+y'* 

-rl— whence /3«+a*=l—«?—^"+y"«. 

But  y"=ai8'— i3a',  or  2;8a'=2ai8'-2y',  whence  we  have 

08— y)«=(l  +  /')*-(«+/80', 

^-a'=V(l  +  a+/i'4-y").V(l-«-^'  +  y"): 

whence  and  are  found  in  terms  of  the  daia^  Proceed  in  this  way> 
and  the  conclusions  are  as  follows.  Let 

T=:l+«+j5'+y',  <=l+a-i5'-y',  «'=:l-a+/3'-y',  <"=rl-«-iB'+/ 

fi4ra^^J{iV^      cr"+r=V(''''),  y+i8"=V(<'«") 

y8-,.'=V(T/")     a"-.y=^(TO.     -/-/8^=V(T0 ; 

whence  the  remaining  six  are  determined  in  terms  of  a,  and  y". 
The  ambiguity  of  the  sij^ns  will  al\vH\ «?  put  a  serious  practical  difficulty 
in  the  way  of  using  these  results  for  particular  purposes. 

I^t  it  he  required  to  find  the  axis  round  which  the  system  must 
revolvct  so  that  the  axes  of  i*,  rj^  z  may  come  into  the  position  of  i|,  C% 
We  have  then  dr=|,  &c.  for  every  point  in  thataiis^  or  «=sas+/)y+7X, 
&c*   This  givest 

«fjp+(/i'-i)y+yz=o 

equations  of  which  the  coexistence  has  been  ]>rovcd.  Taking  the  first 
pair,  we  find  that  r,  y,  and  2,  must  be  in  the  proportion  of 

iSy-y^'+y.   y«'-«r'+y,  and  (a-.l)(i8'-l)-i8»', 

or  fl^'+y,  /i'M-y,  and  1  +  y'-a~y8', or  wid     or  Jt, 

Jit  and  Hence  there  is  this  restriction  upon  the  data,  that  I,  t'r 
and  /"must  be  all  positive  or  all  negative;  but  or  8— a — /I' 

— y  cannot  be  negative,  whence  cr,  snd  */'  must  be  so  taken  that 
one  more  than  either  must  be  greater  than  the  sum  of  the  remaining 

property  in  question  georaetricallv.  professes  himself  unable  to  give  an  al^ebraic&l 
demonstratiuu :  Nemo  fnci'r  slupendum  hunc  Inhorcm  in  te  tuseipfre  tt>lrt  are  his 
words  as  cited  by  Sr.  iPiohi ).  In  vol.  xxtl.  of  the  Memoirs  of  the  Italian  Sodsty 
of  Moflenu,  Sr.  Gabrio  Piola  has  confjiipred  Kuli  r's  difficulty  in  sixteen  quarto 
pages  of  calculation  and  description :  the  whole  difficulty  arisinj;  from  the  loss  of 
the  view  of  general  properties  consequent  upon  preferring  simplicity  to  sx-mmetr}'. 
*  Or  r;ifher  the  results  to  Monge  and  the  demonstration  to  Lacroix. 

f  These  are  the  uaqfmmetriceL  equations  ceferred  to  in  the  preceding  note. 
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ones.  Hence  thr  cosines  of  the  angles  made  by  the  required  axis  of 
rotation  with  those  of  x,     and  z  are 

.\/G+ \/ 

Resuming  the  equations  in  pages  481,  &c.,  let  all  the  rotations  which  are 
to  take  place  simultaneously  he  reduced  to  p,  and  r,  round  the  axes  of 
1, 19,  and  ^,  which  move  with  the  system.   However  Uiese  rotations  may 

vary,  either  aa  to  amount  or  position  of  their  nies,  we  have  seen  that 
their  effects  may  at  any  one  instnn^  he  confounded  with  those  of  ao  inr 
finitely  small  rotation  round  eacii  lixed  axis. 

Given  the  position  of  the  system,  and  the  values  of  j),  and  r  at  a 
given  instant,  required  ttie  velocities  of  a  given  nomt,  parallel  to  the 
axes  in  af>ace,  and  to  the  axes  in  the  system.  We  must  first  express 
Za,  ^fif  Ac.  in  terms  of  p.  9,  and  r.  To  do  this  we  have  (page  482) 

Multiply  hjfit  •y,anda,and  add,  which  gives  (page  481,  equations  (2)) 
Za={rfi~qy)dt;  multiply  hy  iS',  y  and  u\  and  hy  /8",  y,"  a'\  and  we  get 
similar  expressions  for  da  and  da".  Proceeding  in  tliis  way  with  the 
other  equations  O)  and  (S),  (page  482),  we  find  the  following  set : 

ga=(r)8-7y)d<,    lat'sz(rfif -qy')  dt,    da" ^irfi^'—qy^')  dt 

dfi=ipy-ra)  dt,    ^fi'=Cpy'-ra')  dt,     cfi"=(py" -ra")  dl 
dy=:iqa-pfi)dt,    cy'={qa'-pfi')  dt,     h"=iqa^ -pfi'O  dt. 

Hence  the  velocities  in  the  direction  of    axe  expressed  in  terms  of  I, 
&c.   To  find  them  in  terms  of    ftc,  suhstitute  i^=3Q6r4'a'y~^^'^i 
which  will  give,  making  use  of  tc^fi^y'^—yfi^'f  &c«,  (page  482), 

.^=:(p«'+^i8'  +ry')  s-(p«"+gr+ryOy 

^=:(pa"+qfi"  +  r/')je^{pa  -^qfi  +ry  }z 

5^=(pa  +ry)y-C/^«'+g)8'+ry)jri 

whence  it  appears  (page  480)  that  rotations  &c.  round  |,  &c.  are, 
for  the  instant,  equivalent  to  /?a+<//8  +  ry,  &c.  round  a:,  &c.:  a  result 
which  may  easily  be  shown  to  agree  with  that  in  page  481. 

Lastly,  to  find  the  velocities  in  the  momentary  directions  of  &c.,  we 
inust  suppose  «,  &c.  to  remain  constant,  and  |,  &c*  to  vary,  which 
gives 
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And  thus  wc  get 

As  an  insUnce,  let  us  suppose  /.',  9,  and  r  to  he  constants.  To  find  a,  fi, 
and  y  we  have  to  integrate  the  simultaneous  equations 

da     ^  dfi  dy  _ 

gj-=fy-r«,  ^=9a-pfi. 

DifTcrentiate  the  iirst,  subsiituting  from  the  second  and  third,  and  we 

have 

But  pda+grfi5+ rrfysO, whence  qfi-^-  ry=5K— pa.  Let jZ+g^+f^s 
and 

Similarly,  ;8 = 6  cos  A:< + li  siu  ^1 + ^ 

rK 

ysccos      C  sin  ile<+ 

Here  are  seven  constiints,  where  frum  the  original  equations  it 
appears  that  three  only  shouhl  enter.  But  +  +  r7  =  K,  and* 
0(r+/8'  +  7"^  1,  which  Will  be  ibund  to  require  the  hvc  equations 

pa-^qb+rc=iQ,   pA+^B+rCsrO,  aA+^B+cCsO, 

«'+ 6'+  c«= AH  B-'^  C*=  i 

These  Jive  equuUuus  between  seven  cunbtautii  leave  only  lico  con- 
stants arbitrary;  whereas  the  complete  solution  of  the  equations  would 
require  three.  But  it  must  be  remembered  that  in  assuming  €?-^0S 
+  we  have  already  obtained,  and  given  a  definitive  value  to,  one 
of  the  con!^tnnt8 ;  since  a'+jS'+y'^l*  will  equally  satisfy  the  difif.  equ., 
Lt  hcinLT  aibitrarv. 

In  ;i '^iniilar  manner,  wc  may  find  a'=:a' cos A' ein  ^/-f  ;^K' : 
&c.,  \v;;li  tinnlar  rclalious  between  the  constants.  This  shows  how  to 
express  «,  &c.  us  iunctions  of  the  time;  but  since  7^a+5)8  +  ry,  &c.  are 
constants,  being  K,  &c.,  the  preceding  Tslues  of  dxzdt^  &c.,  with  page 
491,  show  us  that  the  system  does  nothing  hut  revolve  about  an  axis 
fixed  in  space,  making  angles  with  the  fixed  axes  whose  cosines  are  pio« 
portional  to  K,  K',  and  K''. 

Tlicre  nre,  however,  some  important  eautions  to  be  given  connected 
with  the  subject  of  rotation.  11  we  suppose  the  system  alwnys  to  have  the 
velocilies  of  rotation  9,  r,  about  axes  wliich  are  i>rrpetitaUy  vartjin^ 
in  consequence  of  those  motions,  the  effect  is  not  the  same  iu  a  given 
time  as  i£  we  suppose  the  whole  rotation  belonging  to  that  time  lint 
communicated  about  one  axis,  then  about  the  second  as  it  stands  after 

*  Let  it  be  partindarly  noted  th.it  tlvs  is  ft  cnnseqticnice  of  tt'ie  equatiolU  thcill* 
selves,  which  give  ati«-t-jjc/p+yrfy  =  U,  aad  lutfrefore  =cyn»l. 
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the  first,  and  then  about  the  third  as  it  s  ands  after  the  second  rotation. 

For  the  actuul  motion  in  space  depends  not  only  on  tlif  rotation  but  on 
the  position  of  the  axis,  and  the  ciiect  of  an  intinite  number  of  inllnitelv 
sma'il  motion?,  made  round  an  axis  which  chuni,'c's  its  position  at  tlie  end 
of  each,  is  not  the  same  as  it  would  have  been  li  tiie  axis  had  preserved 
its  position. 

Again,  if  a  motion  of  rotation  round  a  fixed  axis  passing  through  the 
origin  be  continued  for  an  infinitely  small  time  ati  with  an  angular 
velocity  P,  a  point  at  the  distance  p  from  the  axis  will  describe  an  arc 

which  bcloujrs  to  the  circnlar  ?;ector  ^.o'Vdt.  The  rotation  mav  be 
resolved  into  three  oihcrs,  round  thf.  axes  of  j,  y,  and  ^r,  and  the  area 
just  mentioned  may  be  projected  into  thrc  ^  others,  on  the  ]»lanes  of  yc, 
rj,  and  jy.  Bat  the  projected  areas  arc  not  necessarily  the  areas  made 
by  the  resolved  rotations,  and  must  not  be  confounded  with  them.* 

'  I  now  come  to  another  subject,  namely,  the  consideration  of  those 
integrals  depending  solely  on  the  constitution  and  arrangement  of  the 
parts  of  a  system,  which  are  required  in  the  investigation  of  its  motion. 
Let  the  wlude  system  be  divided  by  planes  parallel  to  the  coordinate 
planes,  as  follows :  parallel  to  the  plane  of  n/,  and  distant  from  each 
other  by  fh,  let  an  infinite  number  of  planes  he  drawn,  and  the  same 
parallel  to  the  plane  of  yz,  difetant  from  each  olhcr  by  f/r,  and  to  the 
plane  of  zj,  distant  from  each  other  by  du.  Tiic  whole  system  is  then 
divided  into  an  infinite  number  of  paraUelopipeds,  each  having  the 
▼olume  dx  dy  dz.  If,  then,  p  be  the  density  at  the  ^wint  ( j*,  y,  s),  which 
may  be  a  function  of  ^r,  y,  and  the  mass  of  an  element  contiguous  to 
(t,  y,  5)  is  pdx  dy  dz^  and  the  whole  mass  is  J*/  jp^  ^  d-r,  taken  over 
the  whole  extent  <tf  the  solid.  It  is  nsnal  t;)  write  ndx  dy  dz  as  dm^ 
thus  niakiii'^  tile  common  symbol  of  a  diticrcntial  of  the  first  dimcn-^iou 
stand  for  one  of  the  third  :  in  this  manner  j  xdm  is  made  to  denote  a 
triple  integration,  since  it  stands  for  jTY  f  rp  di  dy  dz. 

If  the  system  were  to  consist  of  a  mute  number  of  material  points,t 
having  the  masses  mi,  m.,  &c.,  and  if  j^i,  j^,,  be  the- coordinates  of 
the  first,  &c.,  the  sum  flii  Ji+nig  r.^  +  . .  . .  or  «Lxm  mnst  be  substituted 
for  f  rdm  in  all  equations  connected  with  the  motion  of  the  system.  In 
facr,  'Zxm  and  Jjcdm  only  differ  in  the  snp]i  )«.it!n;i  as  to  the  distribution 
of  the  system,  the  first  l>(.-ci)nnn;j:;  the  ^•econd  wlien  the  nninher  nf  masses 
is  infmitely  great,  each  being  miinitcly  small,  and  the  whole  forming  one 
cunttnuous  mas^. 

If  we  change  the  coordinates,  an  integral  of  the  ibrm  fffPdxdy  dz 
takes  the  form  fffUdldtidi^;  and  it  is  important  to  show  that  in  the 
change  from  rectangular  to  other  rectangular  coordinates  no  other 
change  is  requisite  except  substituting  in  P  lor  r,  v,  :i:,d  z  their  values 

in  terms  of  c,  r?,  5n»d  and  changing  (Irdifdz  iwio  liidq  d^.  Now 
first  observe  that  a  complete  chanue  of  cooniinates  mav  lie  made  by  three 
successive  changes,  at  each  of  which  one  axis  remains  unchanged., 

*  On  the  ^iiibject  of  rotation  ^enorully  thi'ie  is  na  excellent  iiainphlet  by 
M.  Pohisot,  of  which  the  title  is '•  Th>' irie  NuuvcUe  'U-  l.i  Rotation  I'.rs  Corps,'' 
I'aiis,  Bachelier,  1834.  Nothing  but  the  press  of  matter  more  clnscly  counectcJ 
irith  tlw  applieation  of  the  Hifienfmhai  caieuiM  has  preventitd  my  insertioff  the 
whole  of  that  pamphlet  in  the  p.es.ctit  chapttr. 

f  The  maienai  ftotftt,  a,  coauuuu  kuppustuiou  of  physical  writers,  should  rather  be 
an  infinitely  Kmall  mut  of  matter:  though  there  ie  no  methematical  impropriety 
ta  atippoeing  a  point  to  bs  endowed  with  the  weight  ut'  a  given  mass,  oc  vith  «a/ 
Other  |in»p«ityi  the  conception  ot  which  does  not  d«pen<i  ou  that  of  bulk* 
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Firit,  let  the  axes  of  r  and  v  rpvn}vf>  rouiid  the  axis  of  2  until  the  plane 
of  zx  includes  the  axis  of  4 ;  111  winch  case  the  axis  of  y  bccumes  per- 
pendicular to  that  of  I.  Secondly,  the  axis  of  ^  retaining  its  new 
potitioD,  let  thote  of  z  and  9  fe?olw  nond  it  until  the  axis  of  x  coin- 
cidet  with  that  of  I :  the  axea  of  irt  (3  umI  x  will  then  be  all  in  the 
same  plane.  Thirdly,  the  axis  of  j:  remaining  in  coincidence  with  that 
of  Ey  let  the  axis  of  y  revolve  until  it  coincides  with  that  of  q«  in  which 
case  the  axis  of  c  will  also  coincide  with  that  of  ^.  If.  then,  we  can  show 
that  the  tlieoreni  is  true  of  one  of  these  changes,  it  follows  thatit  remaina 
true  after  any  iiunir>er  of  them. 

Now  the  axis  of  z  remaining  fixed,  let  those  of  jr  and  y  revohe 
through  an  angle  0,  and  let  y\  and  2^  he  the  coordinatea  of  the  point 
whose  coordinates  were  x,  y,  and  9.  We  have  1 1  :i  3=  s',  *™  ^ 
+y'co8  0,  xrrj/cos  fi—y'wa6.  If  we  now  write  / fjPdrdydM  in  the 
form*  fdz  {  ffP  d <ly\,i^  beincr  remcmbeTcd  tliat  dx,  rfy,  and  dz  are 
independent,  and  return  to  j)age  394,  we  see  that  y  and  y' stand  in 
place  of  u  and  i\  and  that  to  transpose  j  j  Pdxdy  into  the  fr-rm 
ffP'dj/dy'^  we  must  substitute  for  x  and  y  their  values  in  P,  while 
tor  dx  dy  we  most  write 

%  ~%  or+(sin«fl+coB«fl)d^<fy',or  dr'e//. 

taking  the  positive  sign.  Hence  JjVdxdy=fJ?'dj^ dy\  and  put- 
ting dz  for  dz,  we  have  ///  V^ds^^dzf  for  the  integral  ezpreased  in 
terms  of  the  new  coordinates :  no  other  changes  being  required  than 
those  expressed  in  the  enunciation  of  the  theorem.   The  same  is  still 

true  after  the  second  and  third  chancres  are  made,  which  are  requisite  to 
bring  the  axes  of  .r,  y,  z  into  coincidence  uiih  those  of  rj^ 

There  is  a  point  m  every  system  which  lakes  the  name  of  ihe  centre 
of  gravity^  from  the  remarkable  properties  which  it  possesses  in  con- 
nexion with  the  conditions  of  equiubrium,  when  the  weight  or  gravity  of 
the  system  is  one  of  the  acting  forces.  This  point  possesses  properties 
as  remarkable  in  connexion  with  the  laws  of  motion  of  the  system,  inso- 
mucli  that  if  it  were  allowable  to  attcrnj)t  to  dit-turb  any  established 
term,  the  present  uould  be  n  most  legitimate  occasion  for  the  use  of 
huclj  permission,  llclainini;  iiu\\ever  the  established  phrase,  I  proci  t  d 
to  point  out  the  geometrical  properties  of  this  point,  by  mcaiib  ul  vvnicu 
its  mechanical  properties  are  found. 

Let  there  be  points,  it  in  number,  (jt,,  yi,  2,),  (ftt^tM)>  &c.  Take  a 
point  (X,  Y,  Z),  wliose  distance  from  each  of  the  coordinate  planes  is  the 
mean  distance  of  all  the  n  points  firom  such  planes^  or  assume 

iX=?f,  Y=^. 

^      n  n  n 

The  point  thu<  obtained  has  the  property  that  its  distance  from  any 
other  plane  whathoever  is  the  mean  distance  of  the  points  from  tliat 
plane.  Let  the  new  plane,  whatever  it  may  be,  be  taken  as  a  new 
plane  of  jy,  so  that  the  distances  of  the  pomts  from  that  plane  aie  the 

*  For  actual  intei^ration  t1iis  furm  wduUI  be  useless  unless  the  liniit-;  iif  .-were  the 
sam*  ibr  ail  values  of  s  aud  g ;  but  it  must  not  be  ibri^otten  that  a  perfect  con- 
ception of  the  tummstioos  of  iAfinitfllj  Mnall  elements,  in  the  order  which  ths  fona 
given  implies*  is  attainsbis  in  svsiy  case. 


Digitized  by  Google 


APPLICATION  TO  MECUAiNiCS.  495 

new  coordinates  of  z.  Let  the  point  (r,  y,  z)  be  (a/,  y'  x')  in  the  new 
system,  and  let  (X,  Y,  Z)  be  (X',  Y',  Z').  If  tlien  xsrax'+^'+yr', 
&c.,  we  have  z'=yx+yy-^y"z,  &c.,  and^  Z'^yX+yY+^Z.  Con- 
sequently, the  mean  value  of  or 

22'      Tx  5i# 

±.  isy^'+y^+y"^-,  or  yX  +  y'Y-fv'Z,  or  Z'. 
Ji        II       n  91 

The  preceding  supposes  that  the  new  plane  passes  thro  uj^li  the  origin: 
if,  however,  it  iiiouid  subsequently  move,  remsiniue  narallel  to  its  first 
position,  no  alteration  would  be  made  in  the  truth  of  the  theorem,  since 

each  3^  and  also  Z'  would  alter  by  the  same  length  :  so  that  the  altered 
Talue  of  Z'  would  still  be  of  the  mean  of  the  altered  values  of  s'. 

If  the  plane  just  supposed  pass  through  the  point  (X,  Y,  Z),  we  have 
Z'=:0,  ur  3Z=0,  or  the  sum  of  tlie  distances  of  the  points  on  one  side  of 
tbe  plane  is  the  same  as  that  on  the  other. 

Now  let  any  number  k^  of  those  points  be  supposed  to  coincide  at 
(Xi,     Zi),  also  Art  at  (t^,  &c.   Then>  counting  (x,  3/,  z)  as  a  col- 

lection of  kt  points,  &c.,  t/w  centre  of  mean  distances  (n  being  has 
the  coordinates  2A:x :  I,k,  Xky :  lA,  and  ^kz :  2k. 

Next,  let  each  (^f  these  points  be  srjpposed  to  have  the  mass  p :  then 
at  the  first  point  is  cnllected  tiic  mass  A*, /i(  =  wi,),  at  the  second 
kgfx{=7ni)j  he.  MiiUiply  the  numerators  and  denominators  of  the 
preceding  coordinates  by  /i,  and  we  have 

for  the  coordinates  of  the  centre  of  mean  distance,  on  the  supposition 
that  esch  point  counts  for  a  number  of  points  proportional  to  the  mass 

there  collected.  The  centre  of  mean  distance,  on  this  hypothesis,  is 
what  is  called  the  centre  of  gravity.  If,  tbe  system  be  one  of  which 
the  mass  is  continuous,  we  have 

^pdm      ^__fydm  y_[^'J^ 

dm  standing  fur  pdxdydz. 

There  are  six  other  integrals,  of  which  it  will  be  necessary  to  consider 
the  connexion ;  namely, 

jMm,    fyd/rif   fz^dm,    fyzdm^   fzxdm,  fxydm; 

or      2mx\     2tny%     2mz\    Smyz,     2mzx,  Ifnjy} 

accordmg  as  the  system  is  continuous  or  discontinuous.  Of  these  it 
may  be  shown  that  the  theory  is  so  intimately  connected  with  that  of  the 
ellipsoid,  that  a  competent  knowledge  of  the  properties  of  that  surfsce 
should*  be  an  indispensable  preliminary  to  the  hUu\y  of  dynamics. 

Let  r,  r,,  i,^,  &c.,  y,  y,,  y„y  ice.,  z,  z,,  c,,,  &c.  be  tliree  independent 
sets  of  quttiitities,  positive  or  negative.  Let 

*  By  this  I  mean  th«l  tbe  long,  tsolatad,  and  inelegant  investigations  which 

usually  fill  up  (he  chapters  of  worki  on  dynamics  which  treat  of  rotatory  motions 
might  b«  aixDost  eotireiv  avoided,  li'  the  student  were  supposed  to  have  that  know- 
ledge of  the  eUipeoid  wnich  he  is  supposed  to  have  of  the  eilipse  before  be  read*  oa 
thtt  theory  of  graritatioa. 
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y/+  Ty,  y/,  + . . . . 

Lemma  1.  The  three  quantities  AB— C'*,  BC— A'-,  CA— B'-,  nrc 
necessarily  positive.  Tlie  iirst,  AB-C*  or  ljc\ly^—ilj:y)\  is  tiie 
Bum  of  every  posaible  variety  of  teniiB  of  the  form  Jm  .yl  -  (xv)«. 
where  (xy)^denote8  jr,y^  and  m  and  «  denote  numbers  of  subscript 
accents.  When  m  and  71  are  equal,  these  terms  destroy  one  another  ; 
and  all  tlir  cases  in  which  tn  and  n  arc  unequd  can  be  collected  in 
couples  of  the  form 

nit/t  -(*y),  (^).+ Jrlyl  -  («y).  (jry>«,  or  (x^  y,-x.  y„)». 

Ilcncc  AB— C-  being     i^my»—J^mymy  is  necessarily  positive  ;  and  the 
same  of  the  other  two. 
Lemma  2.  The  expression  fallowing  is  necessarily  positive : 

A  BC  4-  2  A'B  C '  -  A  A'*  -  BB  -  GC^ 

This  expression  is  a  collection  of  all  possible  terms  of  the  form 

4sfr;+2(Sf«).(«).(iy),-  Jt(y2),(yr), -ylizxUzx),  -  zl(a-yU.iy),, 

Each  term  in  which  ??,  and  p  are  equal  vanishes ;  and  si>  do  the 
terms  which,  when  two  an  equal,  arise  from  the  term  above  with  the 
same  accents  varied  in  position.  Thus 

^1  yl «;+  &c. + jtlyl + &c. + jr^  y:  aL+  &c.= 0. 

Bnt  if  m.  n,  and      be  all  different*  and  if  the  term  be  called 

{mrip},  and  if  we  collect  the  six  terms  answering  to  the  preceding 
with  the  order  of  »i,    p  varied,  and  nothing  else;  (hat  is^  if  we  form 

{mnp}'h{mnp }  +  { vpm }  +  { mpn }  +  {pmn }  +  {pini}, 

we  shall  find  the  result  to  be  a  perfect  square,  namely, 

{**«.y,-'*««.y,+*-y,«,-«,y.*,+y«r.iF,-y^a',jf,}«; 

whence  the  expression  given  is  the  sum  of  squares,  and  it  positive. 
These  results  are  equally  true  if  for  x  we  write  Jm,s,  for  Jm,x\ 

&c.,  or  if  \=:^}:n\  &c.,  M^lmyz^^c.  And  being  independent  of 
the  number  of  quantities,  and  of  the  magnitude  of  m,  they  axe  still  true 
if  A=Jx^dni,  (X:c.,  \'=  fj/zdm,  6cc. 

I  now  proceed  to  iioiik  out  the  method  of  establishing  those  pro- 
perties of  the  ellipsoid*  which  will  be  required.  The  cooroinates  beiu" 
rectangular,  let  the  equation  of  a  surface  be  ^ 

A  j'+  By«+  C;5«-f  2A'y2  +  2B'2x +2C'jy=M  (I). 

Retaining'  the  origin,  change  the  directions  of  the  coordinates,  and,  if 
possible,  let  a,  /i,  i)cc.  be  so  taken  that  A',  B',  and  C,  in  the  new 
equation,  ^hali  vanish.  Let  this  new  equation  be  K^*-|-KV+ K'  ^* 
=M,  and  let  ^  =  ax+fiy-^yz,  j,=«'x  +  &c.,  4:=«''j'+&c.  Substituting 

*  For  ths  general  treatmrat  of  the  ffurfaee  of  the  second  degree,  in  the  eune 

manner,  the  advanced  stiulent  may  consult  i  nrmoir  on  the  general  equation  of 
•urtoce.  ol  the  ieconii  uegree,  pubiuhed  m  the  litih  volume  of  the  XraiUMtioat  of 
the  Cambfuige  Philosophieal  Boeiety. 
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these  valtics  in  the  last  equation,  and  making  the  reauU  identical  with 
(1),  we  have 

A=Ka»+K'«'+KV%  A'=sKjSy+KVy+K''A*y'' 

B=Ki8«+K'^4-irir«,    B'rrKya+KVV+KV<^  C2). 

•    C=K7«+KV«+K"y"',     C=rKcr/3+K'«')8'  +  K"aX 

^iultiplj  the  first  by  a,  the  last  by  fi^  and  the  last  but  one  by  y,  which 
gives 

Aa+Cp  +  B  7=Ka,  or  (A - K) «+ C'^ +  B'y=0.  • 
And  by  similar  processes  we  obtaiu  C'a  +  (B  — K)  ;8-f  A'y=0 

B'a+A'i8+(C-K)y=:0. 

The  truth  of  these  equations  will  remain  unaltered  if  we  accent  all 
the  four,  K,  as  )8,  y,  once,  or  twice.  BUniinate  :  or  and  y :  a  from  these 
three  equations,  and  there  results 

(A.K)(B-KKC*KH2A'B'Cr-(A-K)A''--(B-K)B'*-(C-K)C*=0« 

while  the  same  equation,  with  K'  or  K"  substituted  for  K,  would 
result  iroai  eliminatiug  fl :  a,  &c.  or  fiT  la  from  the  second  and  third 
set  just  mentioned.  Henoe  it  follows  that  K,  K',  and  are  the  roots 
of  the  equation 

K»-(A+B+C)K«+(BC-A'«+CA~B^+AB-C")  Kl  .g. 

— (ABC+2A'B'C'-AA'*-BB'«-CC0=0  /•  •  •  -  v  ^ 

The  roots  of  this  equuiiun  are  all  possible,  as  will  be  presently  proved. 
In  the  mean  time,  we  may  determine  a,  /i,  &c.  in  terms  of  K,  K',  and 
K",  as  follows.  The  equations  (m+iSi9'+y/=0,  «ear+i8i9''+yy"=0 
show  us  that  fit,  ;8,  and  y  are  in  the  proportion  ofift'y*— yjS",  ya — flt'y', 
and  a'iS'-iS'a".  But  u*+^'+y"=l|  and  the  sum  of  the  squares  of 
the  last  quantities  wiU  be  found  to  be 

(•'•+i^+y'*)(«*'*+/r*+y'^)-(i^a''+ W+yy)S  »  1. 

Hence  a  is  either  ^'y'^y'^"  or  yfi"—fi'y'\&c.  It  docs  not  signify 
,which  we  now  assume,  as  our  present  investigations  will  only  contain 
squares  or  products  of  these  quantities.  By  help  of  these  theorems, 
we  may  obtain  from  (2).  by  actual  calculation,  the  ibllowing  equations, 

BC  -  A'*=K'KV+K"Kc,'«+KKV'* 

B  +  C  =  ( Iv'  +  K' )  a*  t-  (K" + K )  a'*  +  ( K+ K')  a"* 
B'C— AA'  =  K'KHy  +  K"K  ^'y  +  K K  /i"y" 

-  A=:(K'+K")  i8y+(K' +K)  fi'y +ilL+K)fiy' ; 

which,  with  «;^+a'«+«''=:l,  i5y+/8V+/ry''==0,  give 

_BC-A^'-(B-f  C)  .V  +  _  E'C-AA-fA'K 

(K-K)(K-K")  (K-K')(lv-k'/ 

In  which  and  fi'y  may  be  found  by  interclmnging  K  and  K',  and  a"* 
and  fi"y"  by  iuteichaoging  K  and  JL".  By  simdar  equations  may  also 
be  found 

CA--B2-(C+A)K  +  K«       _C  A  -BB^H-H'K 
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,_AB— C^*-(A+B)  K  +  KL'  A'B^— CC'-f  CK 

^~      (K--k')(K-K')      »  *^""(K-K')CK"K")' 

from  which  /8'*,  &r.  may  he  fouud  by  similar  interchanges. 

One  of  the  roots  of  (3)  imu6-  be  jjossible,  let  it  l>e  K,  and  if  it  can  be, 
let  K' and  K'  be  impossible;  that  is,  of  tlie  foruiH  X+/ii^( — 1)  aad 
Then  it  will  be  found  that  a  is  possible,  while  and  a' 
are  of  the  forms  just  written ;  whence  a^c^  is  the  sum  of  two  aquaiet* 
It  may  be  Biinilarly  proved  that  fi'fi"  and  y'/'  ^^^^^^ 
aqnazea:  whence  aV+iS'/S^'+yV  is  the  sum  of  six  squares.  But  it 
is  =0,  which  contradicts  what  has  just  followed  Tiec(  ^^-^arily  from  two 
of  the  routs  l>eing  impossible.  Hence  this  last  is  not  true,  or  all  the 
roots  are  ])ossiblf. 

If,  in  (3),  A4-(!icc.,  BC  — &c.,  and  ABC  +  &C.  be  all  jwsitive,  the 
three  roots  are  obnously  positive ;  and  this,  M  being  positive,  ahows  the 
original  equation  to  belong  to  an  ellipsoid,  since  it  can  be  reduced  to 
K^^+ KV+K»r=M.  Here  M  :  K,  M :  K',  and  M :  K"  are  the  squans 
of  the  aemisxes,  which  can  be  found  from  (3) :  and  their  poBitum  can 
be  ascertained  from  the  equations  last  given. 

Let  there  now  be  a  i-u  system,  continuous  or  discontinnous,  so  that 
fx'' dm,  &c.,  or  Im  v^y  &,v..  are  quantities,  the  value  of  which  is  deter- 
mined as  soon  as  the  position  of  the  axes  is  given.  Let  A= J* x*  dm,  &c., 
A*z=:fyz  dm,  &c.,  and  let  M^l.  Let  X,  Y,  and  Z  be  the  coordinates 
of  any  point  in  a  surfiioe  determined  by  the  following  equation, 

Jj*dm.X     J/rfm.Y«+  fz\!m.Z'-{-2fyzdm.YZ 
+2 jzxdm .  ZX + 2jxydm .  X  Y  =  1 . 

Now  with  reference  to  any  one  fixed  point  of  tlic  ^urfisoe  just 

described,  tlie  integration  bcini;  made  over  the  whole  of  the  system  from 
which  J'j'rfm,  <&:c.  are  obtiiiiu  d,  we  may  treat  X,  Yiand  Z  as  conatsnts, 
and  the  preceding  obviou&iy  becomes 

The  surface  must  be  by  an  ellipsoid,  for  A,  B,  C,  are  positive,  whence 
A+B+C  is  so,  and  the  kmniaa  in  page  496  establish  that  BC— A" 
4*&c.  and  ABC+2A'B'C'-&c.  are  positive.  Let  R  and  r  be  the  dis> 
tances  of  the  points  (X,  Y,  Z)  and  ( r,  y,  z)  from  the  origin,  and  let  bs 
the  angle  made  by  R  and  r :  also  let  (iU),  &c.,  (rx),  &c.  be  the  angles 
made  by  R  and  r  with  the  axis  of  &c.  We  have  then  x srrcoa(rf), 
&c.,  X=iico8Kj?,  &c.,  whence 

jrX+yY+2Z=rR  {cos  (rx).oos  (Rv) +&c. }  =rR  cos  d ; 

-whence        J  r '  iv  eos*  6  dm  =  1,  ur  R* /r* cos' t)  dm  =  1 . 

This  new  integral  / cos*  d  dm  is  the  sum  of  all  the  elements  of  tbe 

mass,  each  mnhiplu  il  I  y  the  square  of  rcosO,  the  projection  of  its  dis- 
tance from  the  origni  upon  the  line  on  w  hich  R  is  measured.  If  this 
line  were  a  new  axis  of  x,  this  would  be  the  new  value  of  fjt^dm^  if  it 
were  a  new  axis  of  y  or  z,  it  would  be  the  new  value  of  fy*  dm  or 
Jx*  dm.  And  the  equation  /  (r  cos  0)*  dmssR--*  expresses  the  fdJow- 
mg  remarkable  theorem.  If  any  system  be  given,  and  dso  a  point 
through  which  axes  arc  drawn,  and  if  any  one  axis  whatsoever  be  called 
the  axia  of     (meaning  of  x,    ort,  as  Uie  case  may  be,)  there  must 
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always  exist,  ai  a  lixcd  po-itina  with  respect  to  that  sjsteni,  an  ellipsoid,  , 
which  has  the  property  tiiat  Jf/  dm=zB.''\  li  being  the  radius  vector  ot" 
the  ellipioid  drawn  from  the  origin  to  Uie  aurftce  upon  the  Une  p.  And 
the  magnitude  and  potition  of  this  ellipiotdy  the  latter  with  respect  to 

S'vcn  axes,  dependa  aokly  upon  the  values  of  the  six  integrals  A,  B,  C» 

If  in  the  equation  fx^  dm, X*+&c.^l  we  substitute  X  —  aX'+oTT' 
+fl^'Z',  Y=;8X'  +  &C.,  &C.,  we  shall  find  that  it  is  reduced  to 

or  /(c6T+^+y*)"<'"»*X'«+ /  (a'x-f  &c.)«diii.Y*+&c.,  &c.=l. 

Let  x\  y*,  I'he  the  coordinates  of  the  ]>oint  (r,  z)  in  the  new 
system:  we  have  then  j'=ar-f  py  +  y^»  ^c.  Hence  the  last  eiiLuuou  is 

fx'  dm.X  '+ff  dm. &c.=  1 ; 

or  the  equation  of  the  ellipsoid  contains  integrals  of  the  same  form  in  th^ 

same  Tjuinner,  whatever  axes  may  he  taken. 

Tiie  integrals  j  t  '  dm,  &c.  are  not  ;<()  nuicii  used  as  others  derived  from 
them,  which  are  cidlcd  tnonu  tits  of  iiv  rtia.  Bv  the  moment  of  inertia 
of  any  system  with  respect  to  an  axis  is  meant  J^^  dm,  where  p  is  the 
perpendicular  distance  of  the  element  dm  from  that  axis.  If  R  be  the 
radius  vector  of  the  ellipaoid  measured  on  the  axis,  and  r  and  B  as  before, 
we  have  f = r*  sin"  ter»  -  r"  coiP  iind  /  dm^  f  dm-^Br*,  Now 
J*  r*  dm  is  a  given  quantity,  depending  on  the  system  only  nnd  the 
point  cho-en  through  which  to  (lr;i\v  nxes,  since  the  distance  of  a  point 
from  the  origin  i«  independent  ui  the  position  of  the  axes  of  coordinates. 
Hence  the  moment  ot  rutaiion  with  respect  to  any  axis  can  be  rcuuiiy 
determined  from  the  ellipsoid. 

It  is  obvious  that  if  R  be,  for  instance,  on  the  axis  of  we  have 
fk*=:/^e  vod  ff^dmtsif(t^W)  dm.  If  we  had  started  with  the 
equationB 

/  (/+ 2')  «rm.X*4-&c.+&c.— 2  /  yz  <im.YZ— &c.— &c=:l, 

we  should  by  the  same  reasoning  have  found 

/  {  (4PY-sfX)-+  (yZ-«Y)*+(*X-a?Z)«}  dm=l ; 

and  the  same  subatiiutions  as  before  would  have  given  J IV  r*siu'0dffi  =  1 
or  Jp*(fm=:R~'.  It  might  also  have  been  shown  that  in  tills  case  we 
hnve  an  ellipsoid,  having  its  principsl  axes  in  the  same  directions  as 
those  of  the  former  one.  But  the  first  ellipsoid  is  more  conveniently 
derived,  and  equally  useful  in  the  expo.^ition  of  results.*  I  shall  in 
future  call  the  fir^t  of  the  two  the  momenlal  ellipsoid,  as  being  that  by 
means  of  which  we  prefer  to  deduce  the  properties  of  moments  of 
inertia,  though  the  name  would  apply  more  directly  to  the  second,  if  it 
were  employed  for  tlie  same  purpose. 

Lei  the  axes  in  which  the  principal  diameters  of  the  momcntal  ellip- 
soid lie  be  called  the  principal  axes.   Let  a,  6,  and  cbe  the  principal 

•  The  second  ellipsoid  may  be  peometrically  deduced  from  the  first  by  the  follow- 
ing fbeorem.  if  there  be  two  surfaces  in  which  the  sum  of  the  reciprocals  ef 
the  squares  of  the  radii  draw  u  from  a  given  point  in  the  WSM  (liracti<m  t»  ooastanl* 
•ad  if  sitlMr  be  sa  cUiptoid,  having  its  centre  in  the  giren  point,  the  other  it  the 
nanw. 
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semidiameters,  whence,  the  principal  axes  being  the  am  of  cooidioatet, 
we  have  (or  the  equation,  * 

X*    Y'  Z* 

+— =1,  which,  compared  with  /j^rfin.X*+&c.=  l,  ' 

gives  Jyzdm  —  0,  frx</m  =  0,  j  rv(/m  =  0.  The  disappearance  of  the?e 
integrals,  at  the  origin  chosen,  cau  oul^  Luke  place  for  this  oue  ^t  ui' 
(rectangular)  axes,  since  there  is  no  other  for  which  the  equation  of  ^ 
eUipBoid  assumes  the  preceding  form. 

Let  a  be  the  greatest  of  the  semiaxes^  b  the  mean,  and  c  the  least. 
The  moments  of  inertin  for  the  three  axes  are  fr*dm — a"*,  Jr'dm  —  b'^ 
frffm — c~',  of  which  the  first  is  the  crreatest,  and  the  last  the  least,  for 
j  ;  r//n  — R"*  increases  with  R.  And  tlic  axes  of  greatest  and  least 
inoinent  of  all  those  wiiich  j)ass  through  a  given  point  are  the  principal 
axes  on  which  the  greatest  and  least  seniiaxes  of  the  ellipsoid  ate 
found. 

Let  a  new  axis  make  with  the  principal  axes  angles  a,  fit  tnd  y. 
Then,  R  being  the  radius  of  the  ellipsoid  on  this  axis,  and  / i*dim  being  G, 

— r:+-^+-^=^»  G(co8«a+c08*jS+cos;y)=:G: 

and  calling  M«|  Mh  Me,  and  the  moments  of  the  principal  axes  and 
of  the  new  axis,  we  have,  by  subtracting  the  first  from  the  second, 

Mh=M«  cos-  a  +  Mft  cos*  /8  +  M ,  ens'  y, 

which  may  easily  be  verified  from  Mo=/ (y*+«*)<im,  &c. 

The  locus  of  axes  of  equal  moment  passing  thronc^h  a  given  point  is  a 
cone  whose  vertex  is  the  given  point,  and  wliose  generating  Hues  pass 
thrnncrh  the  intersection  of  the  ellipsoid  with  a  sphere  of  which  the  ^Mvcn 
point  lb  the  centre,  and  the  radius  of  which  depends  upon  the  value  of 
the  moment  common  to  all  the  sxes.  If  the  momental  ellipsoid  be  one  of 
revolution,  all  axes  equally  inclined  to  the  axis  of  lerolution  have 
equal  moments ;  if  it  be  a  sphere,  all  axes  whaCsoeTer  have  the  same 
moments. 

Let  us  now  consider  the  moments  of  two  axes  parallel  to  one  another. 
Let  axes  of  x\  y\  z  be  taken  parallel  to  those  of  o^,  having  their 
origin  in  the  point  QfiKk),    Tiien  x=:x-{-g,  V^y'-^K  z=z -{-k^ 

and  we  have 

If     y\  z*)  he  the  centre  of  gravity,  this  is  reduced  to 

Now  the  first  integral  is  the  moment  of  rotation  about  the  a\is  of  r, 
(whii'h  may  stand  for  any  axis;)  the  second  is  that  about  an  axis 
parallel  to  it  passing  through  the  centre  of  gravity:  antl  i:'  +  /i'isthe 
BC^uarc  of  the  diatance  between  the  two  axes.  Hence,  of  all  axes  parallel 
to  one  another,  that  which  passes  through  the  centre  of  gravity  hss  the 
least  moment,  that  of  an  axis  distant  from  it  by  p,  having  a  moment 
greater  by  p«  M,  where  M  is  the  wholfe  msss  of  tlie  system. 

Having  ?ccn  that  every  motion  of  a  system  is,  for  any  one  instsfltty 
compoujided  of  one  motion  of  translation  and  one  of  rotation,  it  becomes 
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expedient  to  ascertain  in  what  manner  the  efficiency  of  a  pressure  ia  to 
be  eatimated,  iu  causing  one  or  the  other  epeciea  of  motion.  The  former 
hns  l)ecn  already  duiic,  ())agc  476,)  and  it  appears  that  a  pressure  which 
may  be  represented  by  a  weight  W  actinu;  upon  a  ina<s  which  belongs 
to  the  weight  \V  ,  will  create  in  one  second  a  velocity  W"-:  W,  g  beinaj 
32*190S  feet.  In  order  to  consider  the  latter,  let  there  be  a  systeni 
which,  if  it  move  at  all,  can  only  revolve  about  a  fixed  axis  passing 
through  0,  and  perpendicular  to  the  plane  of  the  paper.  Any  preaaure 
applied  to  a  point  of  this  system  ia  wholly  ineffective  in  producing  rota- 
tion, if  applieil  parallel  to  tlie'axis,  or  in  a  line  paaaing  through  the  axia. 
Moreover,  if  the  point  of  application  of  the  ])ressnrc  be  altered  by  a 
simple  revolution  about  the  axis,  the  line  of  direction  of  the  pressure 
revolving  also,  uo  alteration  is  produced  in  the  eti'ect  of  the  pressure. 

At  the  point  A,  distant  by  OA  from  the  axis,  let 
the  force  AP=P  be  applied  perpendicularly  to 
OA,  and  let  OA=a.  No  difference  in  the  effect 
of  Uie  force  will  be  caused  if  we  apply  it  at  B 
instead  of  A,  in  the  direction  BP,  B  being  any 
point  in  APor  AP  produced.  Let  ZnOA  =  9,  and 
applying  P  at  B,  decompose  it  into  two  forces,  one 
P  sin  0  in  the  direction  BO,  the  other  cos  «  in  the 
direction  perpendicular  to  BO.  Let  the  perpendicu- 
lar drawn  from  0  to  the  direction  of  a  force  be  called 
the  arm  at  which  tfie  force  acta :  then  aince  the  ^t 
in  the  direction  BO  haa  no  tendency  to  produce  rotation,  and  aince  Pain  0 
and  Pcoa9  are  together  in  leapecto  equiYalent  to  P,  we  see  that  P 
acting  at  the  arm  a  is  of  the  same  rotatory  power  as  P  cos  0  at  the  arm 
OB,  or  a: 008  0.  And  sincePx  Pcos0x(a:co8  0),  we  sre  t!iat  two 
■  forces  are  of  the  same  rotat"r-\  ])ower  when  the  productof  the  torces  and 
arms  are  the  same.  The  lu  oduct  of  any  force,  and  its  arm  of  rotation, 
is  called  the  moment  of  roLauoa  uf  the  force.  This  investigation  may 
serve  to  explain  the  manner  in  which  the  product  juat  mentioned 
acquirea  the  importance  which  it  ia  aoon  aeen  to  poaaeaa  in  all  problema 
connected  with  rotation. 

The  mndpU  of  virtual  velocities,  like  ail  other  fundamental  theorems, 
haa  had  no  proof  given  of  it  in  the  admission  of  which  all  writers  agree. 
From  it?  universality  and  simplicity  it  may  be  supposed  to  he  rather  the 
expression  of  some  axiomatic  truth  than  the  proper  consequence  of  first 
principles  by  mean?  of  a  long  course  of  regular  deduction. 

I  have  here,  however,  only  to  suppose  Sie  truth  of  the  principle,  and 
to  show  how  to  nae  it.  In  page  419,  when  it  waa  proved  m  the  caae  of 
*  a  rigid  system,  we  auppoaed  every  force  to  tend  towards  a  point,  and  eati- 
mated  the  virtual  velocity  by  means  of  the  approach  to  or  recess  from 
that  point,  of  the  point  to  which  the  force  is  applied.  This,  however, 
ia  not  abaolutely  neceaaary,  aince  if  A,  the  point  of  application  of  a  force 

in  the  directioii  AK,  niuve  lo  B,  AC 
J)  may  be  considered  as  the  part  of  the 

^  motion  which  ia  in  the  direction  of  the 

"l^  force,  aa  well  aa  the  differential  of  AK. 
The  principle  may  then  he  atated  aa 
follows  :  if  any  number  of  forces  P„  Pt,  &c.  act  upon  a  system,  and  if 
any  infinitely  small  motion  which  can  be  given  to  the  system  (such  as 
the  connexion  ofita  parts  will  allow)  give  to  the  poinu  of  applicatiun  the 
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motions  J;?^  &c  ,  in  the  l;nr>  of  direction  of  the  forces,  then  if  flie 
Bystem  l>e  in  equilibrium,  2P?p=0,  provided  that  fp  be  in  erery 

rn>^f»  called  positive  or  nerrntivc,  nccordini^  as  it  in  the  direction  of  its 
force,  or  in  the  op])opitc  direction.  And  conversely,  if  ^P?})  —  0  for 
every  possible  small  motion  of  the  system,  it  must  be  in  equilibrium. 

Let  us  first  suppose  a  rigid  system ;  that  is,  one  of  which  the  distance  of 
any  two  points  remdnt  analtered.  It  is  the  chancteriitic  of  the  notioa 
of  such  a  system,  that  it  may  always  he  reduced  to  one  motion  of  trans- 
lation and  one  of  rotation.  Let  a  motion  be  given  to  the  system,  and  let 
it  amoii!',t  »M  Tnt)ving  the.  point  (X,  Y,  Z)  to  (X  +  cX,  Y  +  cY,  Z  +  ^Z), 
and  at  the  same  time  trtving  a  rotation  c(p  about  an  axis  which  passes 
through  (X,  Y,  Z),  lunl  makes  angles  X,  fi,  nnd  v  with  the  axes.  Wc 
have  then  fur  the  motion  of  the  point  (j,  y,  2),  as  in  page  481, 

^J;=:ax+{co•/i(«^z)^cosl'(y— Y)} 

«y=s2Y+  {cos y  (4f— X)  -cos X  («— 2)}  ^ 

5r=SZ-f  {cosX  (y— Y)  —  co8/i(j;— X)}  ^ 

For  Bp  write  cz,  and       heoomes,  when  we  put  for 

&c.,  their  values 

ooT  dy  dz 

+{(.-Z)p|-(,-X)p|}«0.co.^ 

+{(*-X)  P*-(y- Y)  pg  £^.cos  „. 

Whetjcc,  rememhcring  that  X,  \^  and  Z  enter  in  the  same  nKuiner  in 
every  tenn,  we  have,  writing  1\,  P„  and  P,  for  P  (dp  :  dr),  &c., 

2P. .  f X - ( YiP,-ZlP,)  cos  X+l(j/P,- 2P^) .  t>  cos\ 
+  2P,.  5 Y - (Z3P.- X 1  P.)  f>  cos /i+i: l\-xP.) . ^^cos/* 
+»..  aZ-(X2P,- Y^P,)  «>  cos  +£(«Py-yP«).a0cos  y 

Now  in  order  that  we  may  have  2(PtyO  =  0,  independently  of'uX. 
^Y,  and  ?Z,  c^cosA,  c0co8ix,  and  ^  cos  v,  which  are  six  afbitraiy*. 
quantities,  we  must  obviously  have 

ll\=^0,  iP,=0,  vp-0.  i(i;P.~H>:)=0,  2:(*P.-jPJ=0, 

:^(*P.-yP.)=o. 

If  the  direction  of  P  make  the  angles  a,  /8,  and  y  with  the  axes,  we 
have,  from  paj^e  477,  P,=Pcosa,  Py=Pcos^,  P.=Pcosy»  and  the 
jireceding  are  the  six  well-known  equations  of  equilibrium  of  a  r^id 
body.  The  full  development  of  the  meaning  of  Uiese  equations  belong 

•  Thuujrh  cos  X,  coi^,  ami  cos »  are  connected  by  an  equation,  yet  the  multipU* 
catton  by     which  is  arbitrary,  givm  thne  arbitrary  products. 
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to  proteed  tmtiseB  on  the  subject.  I  shall  here  only  give  one  instance 
of  the  manner  in  which  conditions  which  restrict  the  motion  of  the 
system  arc  shown  to  be  cqTiivnlent  to  the  introduction  of  other  forces. 

Let  oTir  ])oint  of  the  system  be  oblic^ed  to  bp,  nlways  upon  a  yi'v.^^t  of  a 
giveu  aurlace,  which  am  nnits  to  siippusiug  that  tiie  surface  cm  always 
exercise  in  either  direct! ou  the  force  necessary  to  prevent  the  poini  from 
leaving  it  either  way.  Let  L=0  be  the  equation  of  the  surface ;  whence 
it  is  only  reqnisile  that  1  (i'ci))  should  be  sO  for  tnch  motions  of  the 
system  as  are  consistent  with  iLssO  being  true  of  the  changes  of  ooordi* 
Dales  of  the  given  point*  This  (page  455)  is  equivalent  to  the  suppo- 
sition that  for  some  one  quantity  T,  which  may  be  a  function  of  all  the 
variables  of  the  problem,  wf  Ikivc  ^Pr/)  +  TeL=rO,  for  any  motion  of  the 
system,  the  given  point  being  no  longer  restricted  to  move  on  the  surface. 
For  the  preceding  fully  sntisfies  the  condition  that  when  ^L=rO, 
XPcp=:0.  Let  a  small  distance  perpendicular  to  tiie  giveu  surface, 
contained  between  the  suriace  and  the  point  whose  .ooordinates  ate 
jpH-2;r,  &c.,  be  dr;  we  have  then  (page  419)  2LsV(^+Ij+I4)*^r, 
h,  behig  dli :  dx^  Ac,  and  we  have 

2Pc;>+TV(L^  +  L;+Ly.2r=0. 

Now  ibis  is  precisely  tlic  equation  which  we  should  have,  If,  in  addition 
to  the  other  forces,  we  had  a  new  force  l\/(L*4-&c.)  aciini;  perpendicu- 
larly (as  pointed  out  by  the  direction  of  or)  to  the  surface,  the  com- 
ponents in  the  directions  of  jr,  y,  and  z  being  TL^  TLj,,  and  TL,. 

The  science  of  dynamics  opens  a  wider  field  for  the  application  of  the 
diflerential  calculus  than  that  of  statics.  The  first  problem  in  it  will 
be  ; — given  the  motion  of  a  system,  that  is,  the  curve  described  by  every 
particle,  end  the  velocity  of  the  particle  at  every  point  of  its  curve, 
required  the  forces  which  will  produce,  and  no  more  than  produce,  that 
motion  of  the  system,  in  such  manner  thnt  every  mass  may  be  acted 
upon  by  ihe  forces  whicii  are  just  sufficient  to  produce  the  motion,  with- 
out any  communication  to,  or  reception  from,  the  other  masses  of  tiie 
system. 

Let  us  consider  one  of  the  particles,  at  which  say  a  mass  m  is 
collected.  Let  the  equations  of  the  curve  which  it  describes  be  implied 
in  the  expression  of  the  three  coordinates  of  any  point  in  terms  of  a  fourth 
variable  u :  and  let  r,  the  velocity  at  any  point,  be  known  in  terms  of  x, 
y,  and  z  ;  thnt  is,  in  terms  of  v.  Let  (r.  z)  be  the  point  of  the 
curve  at  which  the  niovini^  point  is  found  at  the  end  of  the  time  t 
elapsed  iVoni  an  arbitrary  epoch,  (usually  the  commencement  of  the 
motion.)  The  reasoning  of  pages  143 — 46  may  be  thus  briefly  con- 
densed*  using  the  language  of  infinitesimals.  Looking  at  the  motion 
in  the  direction  of  <r,  we  see  that  at  the  end  of  the  time  t-^'dl^  the 
abscissa  will  be  x-^d^y  and  at  tbe  end  of  a  further  time  dt,  or  at  the  end 
of  ^  +  2(/<,  the  abscissa  will  be  T+2(/r  +  rf'j ;  the  increments  described 
in  the  successive  times  (U  and  d/,  arc  dr  and  dr-f  d*r,  and  the  velocities 
are  dxidt  and  dx :  dt-^-d^x'.dt.  There  is  then,  in  the  second  intinitely 
small  time  dl,  another  velocity  than  in  the  first,  difl'ering  by  d^xidt  ; 
and  if  tliis  acceleration  of  velocity  were  to  take  place  in  every  dt 
throughout  a  second,  (if  seconds  be  the  units  of  time,)  the  whole  aoce- 
leration  in  a  second  would  be  «Px:  df.  Let  W  be  the  weight  of  m, 
(removed  to  the  earth's  surface,)  then  (page  476),  .the  pressure  in  the 
direction  of  x,  which  is  actually  appUed  to  &e  mass  m»  at  the  moment  at 
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which  we  m  speaking,  is  ( W :  g)  X  (cP x :  d^.  To  sappoie  any  less  pres- 
sure is  to  suppose  an  effect  witliout  a  cause :  and  any  greater  piessme, 

a  cause  without  an  effect.*  Upon  proper  suppositions  as  to  the  units,  we 
may  make  m  itself  tlie  rpprcsentalive  of  W  :  and  m  (r/*r  :  dn)  that  of 
the  pressure  in  the  direction  of  r.  Tliis  suj){!0>c8  us  to  choose  iinils  of 
mass  and  presi»ure  in  such  manner  thut  u  unit  ot  pressure  acting  during 
one  unit  of  time  upon  a  unit  of  mass,  would  produce  a  unit  uf  velocity, 
(page  417).  If,  men,  more -piessuie  were  actually  applied  in  the 
system  of  which  m  is  a  part,  the  surplus  must  have  been  remofed*  by 
the  connexion  of  the  parts  of  the  system,  and  carried  to  other  masses: 
if  less,  the  mass  in  (question  must  have  received  pressure  from  other 
masspf.  And  m  ((I'x  :  r?'*)  is  called  the  rjftvtivf  force  in  the  direction  of 
x:  being  that  from  which,  and  noother,  the  motion  actually  tak in l:  place 
is  produced.  Similarly,  m{d*y:dt*)  and  rn  :  ri/')  arc  called  t])e 
effective  forces  in  the  directions  of  y  and  and  (j^x :  dt\  &c.,  ma^  be 
called  the  vffieUd  aoeelenition8.t 

To  find  these  eflected  accelentUms  when  the  motion  is  iully  givco, 
remember  that  y,  and  as  well  as  v  (which  is  dsidt)  are  cxpiesscd 
in  terms  of  u ;  let  dx :  dur=:x\  &c.,  whence  jf,  xf\  j/  y",  ftc>  are  g^YCn 
Ainctions  of  u.   We  have  then  (^'s:  V(^+y' 

dx  dx  ds  dr  vsf 
di^H  di'^di^l 

d^x  ^  d    / dx  \  ds  ^    d  / dx\  ds   v   / I'j'X' 

d?'^ds'\di  J'  dt       du  \dt)'du'^Y  Ky  / 

-         ?i  -      7i       +  • 

Change  x  into  y  or  and  we  have  the  effected  accelerations  in  those 
directions.   Each  e^ted  acceleration  is  msde  up  of  two  parts,  the 

separate  consideration  of  whieh  will  be  worth  while.  The  first  term 
obviously  contains  that  part  which  is  necessary  to  the  mere  maintenance 

of  V  at  its  present  value  ;  for  if  ? '  wrrc  —0,  that  if  r  were  constant, 
it  Would  be  the  only  term.  Now  it  the  curve  were  a  straight  line,  mo 
pressure  would  be  recj^iircd  to  maintain  v  at  its  prej^ent  value,  since  the 
constitution  uf  matter  gives  it  the  power  (if  it  be  right  to  call  ii  a  power) 
of  maintaining  its  velocity  in  a  straight  Uoe.  ft  is  then,  we  must 
suppse,  in  the  maintenance  of  the  ▼elocity  in  the  curDe  that  the  part  of 
the  effective  force  which  produces  this  acceleration  is  expended,  which 
would  make  us  suspect  that  it  must  depend  for  its  value  upon  the 
cnrvnture:  and  this  >vill  turn  out  to  be  the  case.  If  for  .s''and  s's"  we 
write  x^-{-if'*-\-2'*  tLud  I'x  " +  yy" z'z",  we  find  for  the  three  effected 
accelerations,  (»u  far  as  they  arc  now  considered,) 

t^M^y.-yX)    v'(^\-z'xj  t>'(yjr,-<yj, 

*  The  student  must  not  take  these  w^rtTs  as  a  re.i'^nn,  but  only  as  rfmtnt!inff 
him  of  a  ruuson  already  pruveU  by  exptria>€ut,  the  results  of  which  are  enunciatrd 
in  pa^v»  475.  ftc. 

f  It  in  usu.il  to  call  mrf*j:rf/'  the  moving  for ce^  and  tH^x :  dt*  ihe  nccelrrafin^ 
/orcf.  The  word  force,  when  used  to  liguiiy  both  the  pressure  which  producr* 
acetkfition,  and  the  acceleratioo  itself,  has  always  Ueu  a  stumbUng-blvck  t9 
begianen. 
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wbeie  x„=yV'-*y',  &c.,  as  i»  page  409.  Now  (page  410)  if  |,  i|, 
and  (  be  the  coordinates  of  the  ceatre  of  curvature,  and  p  the  radius,  we 
have 

whence  ry,,— w'^^s:-- (5— j),  &c.,  and  the  cfl'ectcd  accelerations  here 
considered  are 

V*  i' 

^«-*).  prin-y).  ^^C-^); 

which  being  proportional  to  I — &c.  have  a  resultant  in  the  direction 
of  the  radius  of  curvature,  the  value  of  which  being  the  square  root  of 
the  sums  of  the  squares  of  the  preceding,  is  :  p.  Hence  the  pressure 
mx^ifi,  directed  towards  the  centre  of  curvature,  is  all  that  is  necessary 
to  the  maintenance  of  uniform  velocity  in  a  curve :  and  is  that  force 
which  is  required  to  oppose  the  tendency  of  matter  to  msiotain  its 
vcl  'pity  in  a  straight  line. 

If  wc  now  look  at  the  remaining  parts  of  the  effected  accelerations, 
we  see 

proportional  to  y\  z  ;  whence  the  pressure  that  is  required  to  pro- 
duce them  is  in  tlie  direction  of  the  tanc^cnt  of  the  cur\e,  and  is  the 
square  root  of  the  sum  of  the  squares  of  the  preceding,  or  w' :s. 
Now 

rfy         cPs     dv  _dv  cJu  ds  vv 

Whence  m(d*$:dfi)  is  the  effective  pressure  which  produces  the 
requisite  alteration  in  the  velocity,  depending  upon  the  (unction  which 
the  arc  is  of  the  time  according  to  precisely  the  same  law  as  if  the  arc 
were  a  straight  line  :  the  first  considered  force  providing  (if  we  may  so 
speak)  all  that  is  nece^^sary  on  account  of  the  curvature. 

If  the  svBtcm  consist  only  of  a  sinirlc  point  P,  at  which  the  mass  ?n  is 
collected,  liic  impressed  prei^sureB  are  altogether,  cU'ective  in  produciug 
tnotioD,  since  there  is  no  other  mass  in  connexion  with  the  one  to  which 
th^  are  applied.  If,  then,  A,  B,  and  C  be  the  preisunss  applied  in  the 
direction  of  x,  y,  and  r,  the  accelerations  produced  in  these  several 
directions  will  be  A :  th,  B  :  m,  C  :m,  which,  being  wholly  eflfective^ 
we  have  (calling  the  latter  X,  Y,  and  Z) 

ikatt  equations  between  >r,  and      from  which,  if  they  can  be 

iotegrated,  x,  y,  and  amy  be  found  in  terms  of  /.  This  integration 
-will  introduce  six  constants,  and  so  many  are  necessary  to  the  complete 
determination  of  the  problem.  For  one  starting  point  must  be  given, 
and  the  thi«e  velocities  at  that  point  in  the  direction  of  the  three  axes: 
tliat  is,  at  one  ghren  time,  x,  y,  dx:dt,  dy :  dt^  and  dz :  di  must  be 
known.  The  six  constants  arc  then  expended  in  giying  the  required 
▼aloes  to  these  quantities  for  a  given  value  of  U 
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The  preceding  equations  give  (v  heing  the  Telocity) 

the  fint  aide  of  which  is  integrable,  without  refSsrence  to  the  depend- 
ence of  x,y,  and  t  on  L  If,  then,  Xdx+Ydy-hZdz  he  integrahle, 
(say  t=d.<p  (x,  y>2)),  we  cam  determine  the  velocity  without  knowing 
anything  of  the  manner  in  which  «r,  &c.  are  functions  of  I:  and  we  have 

V*=20  (  r,  y,  z}  -  20  («,  6,  c)  (2) ; 

it  hemfr  sitpposed  known  that  at  the  point  (ri,  A,  c)  the  velocity  is  V. 
Hence  it  appears  that,  when  Xd^c-^Ydy  \^7  lz  is  inte!?rable  per  sr,  and 
the  velocity  at  the  starting  point  is  given, ^thc  velocity  at  uiiy  otlier  point 
is  a  function  of  the  initial  and  terminal  coordfaiates  only,  and  <i  the 
initial  Yelocity,  and  does  not  depend  at  sll  upon  the  manner  in  which  the 
point  moves  from  one  to  the  other.  But  this  is  not  necessarily  the  esse 
when  the  preceding  function  is  not  integrable. 

If  we  ^uhstitiite  in  (I)  the  values  of  <i!r:cl^,  &c.  from  page  504,  we 
have  three  equations  of  the  form 

i^s"-^.^Jhvit'^(tf/-vni^^X,  Ac  (3)  ; 

and  if  these  be  multiplied  by  ,  y  >  and  r  ,  and  added  together,  the  result 
is  (since  *'j^^+&c.=0,  yx^+Ac^O,  us  in  page  409) 

X»„+Yy>ZT„«:0  (4); 

whicn  is  one  of  the  equalious  uf  the  point's  path.  Again,  if  we  remem- 
ber that  the  equation  of  the  resuUaiit  of  X,  Y,  and  Z  is  (;— x)  :X 
z=(ij—y) :  Y=i(—z) :  Z,  and  that  the  equation  of  the  osculating  plane 
is  (£— <r)  Ac.=0,  we  may  see  that  the  preceding  equation  eacpresses 
the  following  theorem : — the  resultant  of  all  the  forces  at  any  pomt  lies 
in  the  osculating  plane  of  the  curve  at  that  point.  Hence,  since  the 
osculating  plane  always  passes  throuch  the  tangent,  we  see  that  at 
every  point  ot  the  niotioTi,  the  osculating  plane  passes  through  the 
tancrent,  and  the  rcsviltanL  of  ihe  forces  actinsj  at  that  p»)iiit.* 

If  Xdx '{-&'€.  be  integrable,  bo  that  (2)  can  be  obtained,  v*  can  be 
expesaed  as  a  function  of  >r,  y,  and  z,  so  that  any  two  of  the  equations 
(3)  will  he  two  equations  of  the  path  of  the  curve.  Four  constants  will 
be  introduced  in  the  integration  ;  a  fifth,  V,  has  already  entered,  and  the 
sixth  will  appear  in  finding  t  from  dl=:ds:v.  But  if  Xdx+&c.  be  not 
integrable,  we  must,  from  any  two  of  the  fqimtlons  (3)  fvnd  t?*  and  it?'; 
then  since  the  second  is  half  the  diff.  co.  ot  tlie  tirst,  we  equate  the  value 
of  2rr'  to  the  difF.  co.  of  the  value  of  ?  *.  This  gives  an  erjuation  of  the 
thu  d  degree  of  diiferentiation ;  and  the  laBl,  and  (4),  are  two  equations 
to  the  path  of  the  curve.  Their  integratiott  introduces  five  constants ; 
and  the  sixth  is  found  in  intenatmg  £ssdM :  9. 
•  It  thus  appesrs  that  the  elimiiwtiQn  of  <  between  the  three  equations 

*  ITcnce,  if  a  point  move  upon  a  snrface  unacted  on  by  any  forces  except  the 
reaction  of  the  surface,  which  u  normal  to  it,  the  osculatinj^  plane  must  always  pass 
through  th«  nonmii  of  tho  surfaee.  Couequentlv  (p^e  ■i'^'^)  the  curve  in  wluch 
the  itoint  passes  from  one  point  to  another  ie  the  sliortiMit  line  which  can  be  drawn 
on  the  lorface  between  tha«e  two  pointe. 
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(1)  is  always  poBtible:  but  there  are  very  few  cases  in  uliich  we  can 
completely  integrate  the  resulting  diff.  equ.  I  now  show  the  process 
h\  which  the  equations  most  conTcnient  for  astronomical  purposes  are 

obtained. 

Let  r  and  6  be  the  jiolar  euoiumatcs  in  the  ])l!ine  of  xy  of  the  pro- 
jection of  (x,  y,  z)  on  that  plane,  and  let  u  be  the  rcciurocal  of  r.  We 
have  then  «  =r  cos  6,  y =r  sin  B.  IM  the  forces  X  and  Y,  whieh  act  in 
the  plane  of  jry,  he  each  decomposed  into  two«  one  directed  towards  the 
axis  of  r,  and  the  second  perpendicular  to  the  6rst.  If  these  forces  be 
P  and  T,  we  have  (P  and  T  being  supposed  positiTe  when  their  effect  is 
to  increase  r  and  B) 


P=sXco80+Y8ine=i 


T=:Ycose— XsinO: 


^1) 


(do.  equ.  11) 


(Page  345,  equ.  20)  P=^-r  ^ 
dt  V  dt     y  dt)  ^dt  V  dt  / 


Let  f^de :  dteH»  then  dU :  <i<sTr  and  the  preceding  give 
HrfH=Tf»d0,  or  H«=A*+2/Tr'cie; 
h  being  tlie  value  of  H  at  the  ooznxnencement  of  the  integral.  Also 


dC 


1  ^/u 

d?u 


dt'do'' 


d'u 

u'  —  

u 


tie* 


T  du 
do 


d^r     do*  ^fd'u 


or 


d'u 


P  T 


+«+ 


u 


du 

19 


=0, 


(«): 


a  diff.  equation  which  is  here  ezhibtted  in  a  useful  form  for  approxima- 
tion when  T  is  small.  Take  the  third  of  the  equations  (1 ),  and  let  9  be 
the  tangent  of  the  angle  whieh  the  line  joining  (x,  z)  with  the  origin 
makes  with  its  projection  on  the  plane  of  xy;  whence  s=rff=0>:u. 
We  have  then 


dt 

dt 


1 


d<r  dB 

^  It 

dll  /  rlr 


n 


£s  _dn  f 


9  du  dB 

u- 

du 
'dB 


<ie'  , ,  /  rf»  du\ 

Nj^„<te  /  <P<r  d'u\ 
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whence      Z=T  :35+H'tt»~-aH-u» 

av      u  dB  dO^ 

From  (w),       H*  ii«  ^;  +  -  -7^=— H*  li^P  j 

da-      u  da 

whence  ir  u'  (~\-    + i  v + T  ^srZ 


If  (u)  and  (a)  can  be  integrated,  exactly  or  approxiniately,  we  have 
oe  meana  of  determining  two  equationa  oetween       and  z  from  the 
ezpreaaions  of  u  and  9  in  terma  of  B :  ainoe  tts(«*-|~y^'^»  tan  0=y 
^S5e(j*+3^)*^.   The  path  is  thua  detennined,  and  t)ie  time  at  which 
the  moving  point  ia  at     y»  ;t)  ia  found  by  integratiiig 

Hu«  ~uV(A"+2/Tu-'riO) 

Absolute  vclocitiea  are  rarely  required  for  any  astronomical  puipeaei 
and  angular  velticitiea  aiipply  their  placea.  And  d6  :dti»  Hu\  while 

do    dff  d0   ^  ^d<r 
dt  ^de'dt^ 

All  that  precedes,  exccptint;  only  the  equation  (2),  j)n%t  50fi.  is  equally 
true,  whetherXrfj+ YJy4-Zrf?  be  an  exact  dilTcrcntiul  nidcpeadciiily  of 
relation  between  j,  y,  and  z,  or  not.  But  ia  ail  problems  of  physics, 
the  former  ia  the  caae ;  and  the  conaequence  ia  that  a  great  degree  of 
aimplification  ia  introdttced  into  the  detaila  of  operation  aa  fior  aa  regarda 
the  mode  of  expreasing  decumpusitiona  of  the  acting  ibroea.  The  fulow- 
ing  investic^ations  will  show  in  what  manner. 

I-iet  Q  be  the  function  of  r,  t/,  niid  ^,  of  which  X^fj-f  Yr/y  +  Zr/z  is  the 
difli'tpiitial.  Hence  (r/Q  :  rf.r  bem^;  written  Q^,  &c.)  we  haveQ,  =  X, 
Qj,— ^  ,  Q,~Z.  Let  II  new  set  ot  axes  be  taken,  such  that  t=  ccx  -{■  fty 
-r  yi'i  y=a'x'  +  &c.  &c.,  and  let  R,  the  resultant  ol  X,  V,  and  Z,  make 
with  the  axea  angles  whose  connea  are  (a),  («'),  and  (a").  Then  the 
cosine  of  the  angle  made  by  Rand  / ia  (a).ff+(a^)a+(a").a*^  wKidi 
multiplied  by  R  gives  oX+a  Y+aTZ,  wUeh  la  the  eomponent  of  R  in 
the  direction  of  jp.  But 

whence,  if  in  Q  1u  substituted  for  j*,  &c.»  their  values  m  terms  of  r',  &c, 
and  it  tiie  resulting  functions  of  &c.  be  diilerentiated  witii  respect  to 
of,  the  diff.  CO.  is  the  component  of  R  in  the  direction  of  «  :  and 
similarly  of  the  other  coordinates.  And  if  (x,  z)  change  to  {x-^'dx^ 
y-^dy^  2-\-dz),  tlie  resulting  differential  JQ  is  the  moment  of  the  fince 
R  which  is  uaed  in  the  principle  of  virtual  velocitiea. 
Nest,  let  rcoee  and  r  sinO  be  aubatituted  for  x  and  jf,  r  being  the 
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projected  radius  vector,  and  0  the  angle  it  makes  with  jr.  We  have 
then 

It  will  be  found  that  if  R  be  decomposed  into  three  forces,  one 
pna)lel  to  one  perpendicular  to  9  pasting  through  the  axis,  and  one 
perpendicular  to  the  two  farmer,  (the  Z«  P,  and  T  of  the  preceding 
problem)  ;  is  the  second,  and  Q,  the  moment  of  the  third  to  turn  the 
system  about  the  axis  of  r,  or  Tr.    But  if  at  the  same  time  we  put 

:  u  for  2,  COS0: u  for    and  ziuOiu  for    we  have 


dQ  dQ  dx  ,d(i  dy  ,dQ  dz 
du    dx  du    dy  du    dz  du 


1  o =_1  _^ 
1/  ^  «t 


_   cosg      _8in  0  dQ    <t  f/Q  [        ^  w  w 

Hence  -,=:~Qr-Q.,  — ,=:^,Q.r  Z=wQr; 
«*      «  tt*  tt* 

which,  substiLuLed  in  the  equations  («),  (a),  and  (/),  give 


z 


_  +  ,+_  _  -—=0 


These  are  the  equations  used  by  Laplace  in  his  theory  of  tlie  moon : 
the  function  Q  will  be  hereafter  noticed. 

I  now  come  to  the  equations  connected  with  the  motion  of  a  system. 
If  the  Gonneuon  of  the  parts  of  a  ff^stem  were  given,  with  the  curve 
described  by  each*  of  its  points,  together  with  the  velocity  at  each  point 
of  each  curve,  and  the  time  at  which  the  ftystem  is  in  some  one  position, 
the  whole  motion  would  be  completely  given  r  btkI  the  accelerations 
actually  taking  place  at  each  point,  at  any  one  moment  of  time;  being 
calculated  as  in  page  504,  the  pressures  simply  sulhcient  to  produce  such 

*  Tilt  squations  of  ihs  eiBVSs  of  thm  of  its  points  would  be  sttfflcientif  Iht 
^ystsfli  wsit  figid* 
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ftoedeFatioiia  on  the  roasies  suppoeed  to  be  coUeeted  at  the  difoent 
points  might  also  be  calculated.  Thus  what  are  called  the  ^^eeftea 
roroes  might  be  found.  But  the  forces  impressed  at  the  moment  in 
question  may  be  very  different  from  the  effective  forces :  for  if  to  the 
latter  we  add  any  number  of  mutually  destroying  force?,  which  will  pro- 
duce no  effect,  the  combination  of  these  with  the  eiiecLive  forces  may 
produce  an  iuhintc  tiuraber  of  systems  of  forces,  which  being  only  the 
effective  forces  combined  with  other  of  no  effect,  may  be  the  forces 
actually  employed  tu  produce  the  effect.  Thus  the  problem,  "  given  the 
motion,  to  find  the  forces  which  produce  it/'  is  altogether  indetemioate; 
though  the  following,  given  the  motion,  to  find  the  forces  which  wtU 
just  produce  it,  without  any  forces  superfluous  and  mutually  destructive 
of  each  other,"  is  tl  'terminate,  and  has  been  solved.  It  is  to  the  inverse 
problem,  **  given  the  lorces  inipresscd,  required  the  motion  produced,'* 
that  ovir  attention  is  now  to  be  turned. 

TJie  system  and  the  conncxiun  of  its  parts  being  given,  let  the  mass^ 
collected  at  Ai,  A„  &c.  be  nii,  Tn,,  &c.,  at  whidi  act  such  presaoieSi  in 
the  directioos  of  y,  and  as  would,  if  allowed  to  act  uoiibrmly  for  one 
second,  produce  velocities  X„  Y„  Z„  X,,  Yg,  Z«,  &c.  in  the  several 
masses  and  in  the  three  directions.  Then  nii  is  acted  on  by  pressures 
which  may  he  represented  by  w,  X„  w,  Yi,  mi,  Zi,  on  condition  that  the 
unit  of  pregsiire  is  in  all  cases  that  which  would  produce  m  the  unit  of 
mass  a  unit  of  velocity,  if  allowed  to  act  uniformhOor  one  second.  The 
effected  accelerations  d^x^ :  dL^y  J'^, :  dt^j  &c.  are  now  unknown  quau- 
tities,  as  are  nh  r^ :  di\  &c.  the  effective  forces.  This  only  is  known, 
that  the  impressed  forces  may  be  resolved  into  1.  The  e£feetive  forces. 
2.  A  system  of  forces  which  destroys  itself,  or  would  if  applied  ahme 
to  the  system  at  rest  not  disturb  the  equilibrium.  Any  other  supposition 
w<niM  lead  to  the  result  that  the  forces  proper  to  produce  a  motion, 
being  aj)j)licd,  do  not  produce  that  motion.  Kor  the  effective  forces  are 
so  called  because,  being  deduced  from  the  actual  motion,  they  would  of 
themselves  produce  tiiut  motion  :  if  the  remaimug  forces  could  produce 
any  motion  they  would,  so  that  the  motion  of  the  system  wonld  he  that 
which  it  is,  and  that  due  to  the  forces  just  called  remaining  besides : 
which  is  absurd.  Hence  the  impressed  forces  (I)  may  be  resolved  into 
the  effective  forces  (E),  and  an  equilibrating  system  (Q). 

If,  then,  the  vclocltv  of  all  the  parts  of  the  system  were  instantaneously 
destroyed,  and  at  the  same  moment  were  ai)plied  systems  (E')  and  (Q  ), 
Ct)nsisung  of  forces  severally  ec^ual  and  opposite  to  those  of  (E)  and  (Q), 
the  state  of  rest  thus  arbitrarily  created  would  continue  :  for  (E)  and 
(Q)  balance  (IT)  and  (Q),  and  (I)  is  equivalent  to  (£)  and  (Q). 
Hence  (I)  balances  (E')  and  (Qf) :  of  which  (Q')  balances  itself,  so  that 
(I)  balances  (E')  :  or,  a  s^nstem  of  forces  composed  of  the  impressed 
forces,  and  the  effective  forces  fwith  all  their  directions  diametrically 
changed,  must  be  in  equilihrinm.  This  is  known  by  the  name  nf 
D*Ale.vihcrVs  pri/iciptey  and  reduces  every  problem  oi  motion  to  one  of 
equilibrium  (page  147). 

The  force  impressed  on  f/^  in  the  direction  of  u;  is  X,,  and  the 
opposite  of  the  effective  force  is  (c/'x, :  d^),  and  so  on.  Henae  the 
forces  applied  to  nil  when  (I)  and       are  applied  are 

.«.(X.-^)  "<V.-5-)  «..(Z.-^)  *c. 
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If,  then,  we  give  ihe  Bv&teiu  any  small  mutioiii  (either  the  one  which 
it  was  going  to  taira  Whea  the  velocity  was  deetroyed,  ur  any  other 
which  it  consieteiit  with  the  conoexion  of  its  parts,)  and  apply  the 
principle  of  virtual  velocities,  we  have,  supposing  that  from  the  nuitioD, 
whether  actual  or  virtualt*  X|  becomCB  Xi+^^u  &c.> 

in  which,  for  convenience,  the  sign  of  every  term  has  been  changed.  In 
this,  remember  that  d^Xi :  di\  &c.  are  all  supposed  to  be  obtained  from 

the  actual  niulion. 

Let  us  now  suppose  the  system  to  be  rigid ;  thesik  equations  deduced 
in  page  502  become 

2m^^—  X^=0,  or  Sm^ssSmX,  &c 

.{„.(2-v)-».(g-x)l=o. 

or  ^"*( 5^j=^«*(*Y  -3^X),  &c. 

Let  Xq,  y^,  be  tlve  coordinates  of  the  centre  of  gravity,  and  let 
j;,  y,i  z,  be  the  coordinates  of  (x,  y^  z)  rcieri  ed  to  the  centre  of  gravity 
as  an  origin,  and  a&es  parallel  to  the  former  ones.  We  have  then 
(page  495) 

iQ,'^m=^mjCf   yo.Zm=I»ny,  ZQ.1jn=l.7nzj 

«='o+j^,      y=yo+y/i  «=2o+«i. 

Tlie  first  set  gives  ^^'2^— whence  we  find 

d* Xq  "^/nX         y^  'LmY     d*  XmZ 

or,  the  actual  motion  of  the  ic^ntre  of  gravity  is  that  which  a  point  would 
have,  if  all  the  masse»  were  collected  in  it,  and  all  the  impressed  pres- 
sures constautly  applied  to  it.  Again 


If  these  be  summed,  remembering  which  terms  are  common^  wc  have» 
writing  for  ci*  y^  :  dt*  its  value, 

liiit  j;=Xp+x^  gives  Xwu;=:Xo.}:wi4-Xmj:^,  and  since  we 

*  ^eliw/^ th^  which  was  about  to  take  place;  virtum/f  any  other  which  we  BkSj 
le^tttiie  te  be  iuppoied  ia  the  applicatifM  01  tk«  priad^  of  f  ictu^ 
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have  2m.r,=0.  Similarly,  lmij^=zO  and  XwCtfy/.  dO=0.  Th» 
middle  terms  of  the  ^eetting,  therefore,  disappear,  and  if  we  inter- 
change X  and  y,  and  subtract  the  reaolt,  we  have,  at  before  shown,  an 
expression  equal  to      (jtY— yX),  or 

from  which  we  get  the  first  of  the  following  equations,  and  correspond- 
iof^  processes  give  the  others, 

^S^^^^  ('^Y—y^  X), 
2'»(y-^-^^')=2m(y,Z-.,Y).  ' 

These  are  the  equations  which  would  he  obtained,  if  the  centre  of 
gravity  were  a  fixed  point,  so  that  its  translation  should  be  impossible : 

that  i8  to  say,  the  motion  of  the  system  about  its  centre  of  gravity  is 
altogether  independent  of  the  motion  of  translation  of  that  centre,*  the 
forces  which  act  bcinp:  the  same. 

Since  any  axes  may  be  chosen,  let  us  take,  at  the  end  of  the  time  /, 
the  system  of  axes  of  i;,  »/,  winch  moves  with  the  system :  but  during 
each  time  dt,  let  a  set  of  such  axes  remain  in  its  position,  while  other 
axes  move  with  the  system,  the  angular  velocities  of  rotation  being  p,  9, 
and  r.  On  this  supposition,  in  page  487,  we  obtained 

^=,f-r,.   5^=rt-K,   rf7=P5-Si  (A)- 

In  these  emiations  we  do  nut  see  dpj  dq^  or  dr,  because  tlic  motion  of 
the  system  during  the  lirtl  dt  is  roimu  an  instantaneous  axis  ot  rotation, 
with  velocities  which  change  only  by  buiall  quaiitiiica  of  the  second 
order*  fiut  if  we  consider  a  second  ct(,  this  instantaneous  axis  under- 
goes an  infinitely  small  change  of  position,  generally  speaVing,  and  p, 
ic.  become  p-tdp^^.  Hence  in  forming  d^lidt^,  &c.,  we  must 
consider  &c.  as  var}'ing,  as  well  as  &c.  And  of  all  the  axes  which 
can  pass  through  the  given  point  the  most  convenient  are  the  principal 
axes,  for  which  lm£i;=0,  2)mf7^=0,  ]i'w^^=0,  using  the  symbol  X 
belonging  to  a  discontinuous  system.    We  have  then 

*  If  the  centre  of  tbe  earth  were  tu^denljr  to  be  fixed,  this  principle  elukvt  that 

the  rotation  would  continue  as  before.  But  the  pn-ces^ion  (  f  th«'  ^quinows  would 
not  continue  qt  the  Mine  magnitude,  for  the  Kun,  &c.  not  acquiring  the  same  pou^ 
tioni  lelativeiy  to  the  earth  which  would  have  betrn  arquired,  tne-foveea  wMeh  euan 
11:c  ])rfcc'!>>ii)u  would  not  Vie  the  s  ime  as  they  wuuld  have  been  if  the  motion  of 
tlie  centre  hiu!  con*int>ed,  and  difl^rent  amounts  i>f  precession  and  mttatUm  wuuld 
I  e  cieated  in  any  jrivt  u  time.  But  if,  when  the  centre  of  the  earth  wa»  fixed,  thti 
actual  motions  vi  the  hpavenljr  bodies  weie  altered,  so  that,  relatively  to  the  earth, 
they  should  move  in  ilu-  siiine  inuniier  OS  they  «la  uhen  the  earth  roOTes,  all  jthe- 
numena  cunnvcted  with  the  earth's  rotation  wuuld  be  uuultcred.  This  priuctyle 
dmplifiet  all  problems  connected  with  the  motions  of  bodies  about  their  oonliee 
of  gravity,  by  requirin>):  us  only  to  consider  the  VOlblk  of  trandation  K>  far  as  it 
aiTvets  the  UMgnitude  of  the  imj^rassetl  iorcea. 
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di*      dt    ^  di  ^  dl  ^dl 

Xml  ^=9/  Zfii  U+M  i"*^'-  (p'+r')  ^minVj-  ^"'^-^  ^"•^^ 

Interchiui^c  ^  ami  77  uiul  </,  observing  tlmt  the  first  two  cqiiations 
(A)  are  nut  then  jntcrchouged,  unless  ij,  aud  r  be  made  ta  chaoge 
sign,  aud  we  huvc 

Let  Mil,  Me  be  the  momentB  of  inertia  (paj^c  499)  with  respect 
to  these  principal  axes»  or 

ami  let  Nj,  Ni,,  N;  be  tbe  values  of  2m  (|H— ijST),  &c.,  the  impressed 
I>rc5surefi  on  the  point  (£, »/,  O  being  m57,  mil,  mZ,  in  the  directions  of 
the  axes.  We  have  then  the  lirst  of  the  following  equations^  and  the 
others  are  obtained  by  similar  processes. 

dr 

M,^+  (M1-M5)  ry  «N  (B), 

As  the  iiupresseU  forees  can  generally  be  nnidc  functions  of  the 
position  of  the  system,  we  may  consider  &c.  as  fnnetions  of  a,  />, 
&c ,  or  (page  482)  of  0,  ^,  and  If  we  were  to  substitute  from  page 
483  tbe  values  of  and  r,  in  terms  of  0,  &c.,  we  should  have  here 
three  equations  between  9,  ^,  W,  and  t,  each  of  the  second  order :  these 
l)ein?  integrated,  the  vabies  of  0,  ^,  and  are  obtaineil  in  terms  of  i. 
Six  arbitrary  const:ints  an-  introduced  in  intr(;ration  ;  three  of  which  are 
evpended  in  giving  tlic  sysh  in  the  initial  position  assigned  to  it  by  the 
conditions  of  the  problem,  aud  three  mure  in  giving  it  the  initial  motion 
belonging  to  three  given  initial  values  of  9,  and  r.  Thus  the  problem 
of  finding  the  motion  of  any  system,  acted  on  by  any  forces  whatever,  is 
reduced  to  that  uf  the  integration  of  three  simultaneous  diff.  equ. :  but 
these  can  seldom  be  completely  integrated. 

It  must  he  observed  that  all  that  precedes  is  both  ixecaSHiry  and 
si/JJicietU  for  the  determination  of  the  motion  of  a  rigid  systtMn,  or  one 
the  position  of  which  is  given  when  that  of  tliree  points  not  in  tiie  same 
line  id  given :  uud  ne(xssary^  but  nut  sufficienl^  to  the  Ucterauuution  of 

2L 
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tlic  motion  of  any  otlier  system.  For  if  a  system  be  not  rigid,  the  equi- 
librium uf  tlie  couiUcr-impre>scd  and  ofTective  forces  mu-t  still  be  true: 
and  in  applying  the  laws  of  equibijrmin  every  virtual  motion  which  is 
possible  in  a  rigid  system  is  possible  in  one  which  is  not  rigid,  and 
other  motionB  besides.  So  that  among  the  condhioiis  which  express  that 
XP5/i=0  for  every  motion  which  a  system  of  variable  fonn  may  take, 
must  be  found  all  those  which  express  the  same  for  every  motion  which 
the  system  could  take  without  varying  its  form. 

The  two  most  useful  cases  are  the  extremes;  namelv,  a  rigid  systein, 
in  which  variation  of  form  is  altogether  impossible,  and  a  system  of 
sepnrate  masse?,  supposed  to  be  collected  in  points?,  and  wholly  uncon- 
nected with  each  other,  except  by  an  attraction  or  repulsion  existing 
between  every  pair,  which  either  attract  or  repel  each  other  with  eaual 
forces.  If  our  object  here  were  mechanical,  and  not  mathematical,  it 
would  be  easy  to  show  tliat  the  first  is  an  extreme  case  of  the  second : 
but  it  will  now  be  suflicient  to  point  out  some  common  properties  of  the 
two  systems.  Let  each  of  llif  iwo  masses  and  nij  attract  the  other 
aceoriHnu;  to  a  law  depending  on  r,,£,  the  distance  l)etween  the  points  at 
which  they  are  supposed  to  be  collected,  l^et  the  attraction  of  each  on 
the  other  be  as  its  mass,  and  let  the  two  attractive  pressures  be  eij[ual. 
Then  uti  ^i,,  must  represent  the  attractive  pressure  of  eaeh  on  the 
other,  ^ri.f  being  that  function  of  the  distance  on  which  the  mutual 
attraction  depends :  for  of  no  other  ftinction  of  tti,  and  fitg  n  it  true  that 
any  alteration  of  fii|  or  ma  would  alter  the  function  in  the  tame  propor- 
tion. Now  on  the  suppositions  whicli  make  pTCssurc=mass  x  accelera- 
tion (]mge  417),  this  pressure,  allowed  to  act  without  alteration  for  one 
second  upon  w,,  would  j)roducc  the  velocity  Wt0r,  „  and  upon  the 
velocity  , :  so  that  each  mass  would  produce  in  the  other,  in  a 

given  time,  a  velocity  altogether  independent  of  the  other  mass,  and 
dependent  only  upon  its  own. 

If  there  be  a  system  of  such  masses,  each  one  acting  on  all  the  rest, 
and  acted  on  by  it,  it  is  obvious  that  the  impressed  forces  would  be 
nmtually  destructive  if  the  system  were  made  rigid.  Hence  we  have 
the  following  equations,  whicli  belong  equally  to  the  rigid  system  acted 
on  by  no  forces,  and  to  the  system  before  us. 

im^=0.  2«»rf|=0.  2m5?=0- 

These  equations  might  also  be  readily  obtained  by  the  formation  of 
2»»X,  &c.,  2»i  (jY— yX),  &c.,  which  would  all  be  found  to  vanish. 
It  appears  from  the  first  three  that  tlie  centre  of  gravity  (Jq,  t/o^  *c) 
moves  in  a  straight  line,  or  is  at  rest :  for  they  give  d^x^ :  dt*=0,  vVc  ,  or 
jr^—tif  -{-b^yQ—a't  +  h\  ::^  —  a"t-^b'\  tlie  equations  of  a  straight  liTi«\  or 
of  a  point,  if  a=0,  a  — 0,  a"— 0.  To  sec  the  meaning  of  the  secuuci  sei 
of  equations,  let  r  be  the  distance  of  (jt,  y,  z)  from  the  origin,  and  let  r, 
be  the  projection  of  r  upon  the  plane  of  4ry.  Let  0«  be  the  angle  made 
by  this  projection  with  tne  axis  of  x,  we  have  then  (page  345) 

d'y      d*x     4  /  dy      dx\     d  {  ,  dd.\ 

'de-^dF ^di  K'drydirdi  V- ^/ 
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SdbititiiCe  and  iategTate»  a&d  we  have 

and  similar  equations  for  the  other  phmes.  Now  rJrfO, :  c// represents 
the  areal  velocity;  that  is,  the  arcu  which  would  l)c  swept  over  hy  r,  in 
one  second,  at  tlic  rate  at  wliich  the  radius  vector  is  proceeding,  its 
length  being  taken  into  uccount.  And  rldO, :  dt  is  to  be  reckoned  as 
poftiUfe  or  negative,  accoiding  as  9.  is  inereaeiiig  or  decreasing.  Hence, 
since  the  preceding  property  is  independent  of  the  origin  and  coor- 
dinate planes,  ^ve  hare  the  principle,  which  is  somewhat  improperly 
called  that  of  the  conservation  of  areas^  namely,  that  if  any  point  l)e 
taken,  and  a  plane  passing  through  it,  and  if  all  the  radii  drawn  from  a 
point  to  the  different  moving  points  of  the  system  be  projected  upun  tliis 
plane  throughout  the  motion,  the  sum  of  the  areal  velocities,  each  taken 
"with  its  proper  sign  and  multiplied  by  the  mass  of  the  moving  point  to 
which  it  helongs,  will  be  slways  of  the  same  value. 

Let  the  constants  above  described  belonging  to  the  planes  of  yz,  zx^ 
and  xy  be  called  A,  B,  and  C.  Take  a  new  set  of  coordinates  1, 17,  K% 
vnih  the  same  origin,  (but  also  fixed  in  space,)  and  let  Jr—a^'f  j3i|+y4^, 
ysa{+&c.,  &c.   Calculate  idn — or 

which,  by  common  development,  is 

(«^'-/8tf')(«%f-y<i»)+(^y-yiS')(y<i«-«rfy)+(y«'-ay)(«^^ 

Whence  (page  482)  (^(ii|-i}dO  is  c/'A+jS''B+y'C.  This  is  the 
Taloe  of  the  fiinction  2,fn  (aieal  vel.)  ibr  the  plane  of  ir\ ;  those  for  the 
planes  of  and  are  oA+^B+yC  and  a'A  +  iS'B  +  yC.  Now  by 
assnmin'j:  the  latter  two  equal  to  nothing,  we  find  that  A,  B,  and  C  arc 
in  the  proponlon  nt  fi-/ — y^',  ya'— cty,  and  »fi — fia\  or  a", and 
whence,  smce  a  *+)8''*4-y"*=l,  we  have 

A  B    C_  

*  "VCA^+B'+C*)*      "^VCA*+B«+CV  ^  V(A*+B*+CV 

'  tt^A+A'^+7^C=V(A'+B«+C*). 

And  (aA+&c.)'4-(a  A  +  &c.)'+(a"A  +  &c.)«  is  always  =A«+BHC» 
If,  then,  we  taivc  t\n  u  new  axis  of  ;:  liie  line  whose  equations  are 
4r:A=y:Bsz:C,  the  projected  areal  velocities  on  any  plane  passing 
through  this  line,  alwajrs  give  Sift  (areal  vel.)=0»  and  they  give 
V(A*-f-B*+C)  for  the  plane  perpendicular  to  this  line. 

To  dwell  upon  the  numerous  applications  of  these  principles  which 
are  requisite  for  the  complete  rlucidation  of  their  physical  bearings 
would  be  to  write  a  treatise  on  nicciianics  :  in  the  preceding,  we  see  the 
manner  in  which  the  differential  calculus  is  applied  10  general  problems. 
I  now  go  on  to  the  general  treatment  of  the  fundamental  equation  in 
page  511,  which  was  reduced  to  a  system  by  Lagrange.  One  important 
step,  lately  supplied  by  Sir  W.  Hainilton,*  renders  the  theoretical  ex' 
pression  of  a  large  class  of  dynamical  problems  in  terms  of  the  differential 
calculus  perfectly  complete,  and  leaves  only  purely  mathematical  diffi- 

*  la  a  pap«r  beaded  <'0o  a  geoeial  method  iu  Dyoamics,"  Phil.  Trant.  for  1634. 
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culties,  namely « thoK  involved  in  the  deternunation  of  one  paitiatlaff 
function  depending  upon  the  data  of  the  problem. 
The  equatiou  in  page  511  may  be  thus  written : 

(d*x         fPv         d'"  \ 

In  all  the  cases  which  occur  in  practice,  the  second  side  is  a  coin])lete 
dilTerential,  say  ^U.  It  the  variations  Sr,  &c.  Ijc  actual,  or  those  which 
the  moltoo  of  the  system  is  itself  about  to  produce  (page  51 1)  so  that 
txsdXf  &c.,  the  firtt  side  becomes 

V  being  the  actual  yelocity  of  the  point  (x,  ij,  z}.  The  second,  aide  b 
<fU,  whence  integration  gives 

42mfeU+H,  and  i2inii«— iIm»f=U-U,  (2)  ; 

Vi  ])cing  the  value  ol*  v  at  the  liegirminu;  of  the  motion,  and  the  value 
of  U.  This  equation  answers  to  (2)  iii  ])aL?e  5U6. 
'  The  expression  2.mt)%  the  aitm  of  the  uducts  of  each  mass,  and  the 
aquaie  of  its  velocity,  is  called  the  vis  viva,*  or  living  force,  of  the 
system.  If  no  forces  act,  that  Is,  if  X=0,  YsrO,  &c.,  we  have 
U  — U,t=0,  or  2mu'=r^m/f;  that  is,  the  living  force  of  tlie  system 
alwiiya  remains  the  same.  This  is  called  the  principle  of  the  contercw 
Hon  uf  livins:  force. 

In  all  physical  problems,  the  values  of  X,  Y,  Z  depend  entirely  upon 
the  positions  of  the  particles  acted  upon,  and  not  upon  the  time  at  which 
those  positions  are  attained.  Hence  U  is  a  function  of  coordinates  only, 
and  not  of  the  time ;  that  is,  not  directly,  but  only  through  coordinatea : 
the  coordinates  themselves  are,  from  the  nature  of  tlie  question,  functions 
of  the  time.  From  this  it  follows  that  2.mu*,  the  living  force  at  the 
rx  pi  rati  on  of  the  time  t  from  the  commencement  of  the  motion,  i<  a 
function  of  the  initial  livinj;  force,  and  of  the  initial  aiui  terniinal  coor- 
dinates of  the  system.  If,  tlieii,  any  position  he  given  to  the  system, 
such  as,  consistently  with  the  connexion  of  its  parts,  it  can  occupy,  the 
living  force  belonging  to  that  position  can  be  found,  whether  the  system 
oould  ever  arrive  tiiere  or  not,  under  the  given  circumstances.  For,  the 
initial  position  and  velocities  being  given,  Uj  and  S.mp?  are  given,  and 
for  any  other  assigned  position  (possible  or  not)  U  can  he  calculated  : 
hence  ^mr*  or  2mrf+2  (U  — U,)  can  be  foujid  ;  being  the  living  force 
which  the  system  must  have  if  it  pass  through  tlu>  assigned  position  : 
and  there  is  nothing  in  the  precedmg  mode  of  calculating  i.mr^  to 
point  out  whether  the  system  can  puss  through  the  assigned  posiiioQ  or 
not.  Consistently  with  preceding  nomenclature,  the  value  of  X.mo* 
belonging  to  any  position  which  the  system  docs  take,  might  be  called 
the  ectuai  living  force ;  that  belonging  to  any  other  position,  the  virtual 
livinff  force.  This  distinction  must  he  remembered,  whether  it  be  con- 
veyed in  words  nspigncd  to  the  purpose  or  not. 
If  the  living  force  mv*  of  the  particle  wliose  mass  is  m  coatiuue 

*  The  meaning  of  this  function,  :bm^,  it  of  the  §teate»t  importmeo  in  m. 

mechanical  point  of  view:  here,  hovfivcri  we  have  only  to  coaiidet  it  as  a  pan 
result  of  calculation. 
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uniform  during  the  time  t,  the  produet  mv^l  is  called  the  acHon  of  the 
particle  during  that  time.    But  if  v  vary,  then  mv'clt  is  the  action 

during  the  time  df ;  and  ni J rV/,  taken  between  any  limite,  is  the  action 
during  the  interval  between  those  hmits ;  and  i,mjv^dt  is  the  action  of 
tlic  whole  eystem  during  the  san^e  lime. 

liuL  it  is  more  useful  to  consider  the  aciiou  uvcr  a  given  portion  of  the 
motion^  without  any  hnt  indirect  teferenoe  to  the  time.  For  dl  write 
dszv^dt  heing  the  element  of  the  path  of  the  particle  m,  which  give* 
'X.mf  vd$ ;  and  this,  taken  hetween  any  limiting  poaitions,  is  the  action 
of  the  system  in  passing  from  one  position  to  the  other.  And  if  we  dis- 
tinguish the  path  which  the  system  docs  describe  from  any  other,  we 
may  calculate  the  action  in  either,  and  distincpiish  the  actual  action  from 
the  virtual,  in  the  same  manner  as  we  have  distinguished  the  actual 
living  force  from  the  virtual. 

Let  us  now  suppose  the  initial  position  of  the  8)^tem  to  he  altered, 
and  also  the  initial  velocities,  in  the  manner  pursued  in  the  calculus  of 
variations.  Let  the  final  positions  he  altered  in  a  eimilar  manner,  and 
let  tlic  intermediate  path  be  varied,  so  that  '^.m^vds  is  altered  by 
iy..m j  rdSy  or  2:,ni^ Jvd'i.  For  each  particle,  cfvds  is  f  {ci},ds-i-VcUs)^ 
which,  ds  being  vdt,  and  ds,dcs  being  dxdox-^&c,  gives 

^fvds=:f(vlv.dt  +  +^  d^^y 

Mahe  the  integration  by  parts,  take  the  integrated  pait  hetween  the 
limits,  and,  ^,  &c.  heing  dx :  dt^  &c.,  let     Ac.  he  the  initial  values  of 
Ac.  Hence 

'i-fiv^v^T"?T-y''hj—z"cz)dt. 

^fultiplv  hx  rriy  perform  the  same  <  ]>  rations  for  every  other  particle, 
add  the  results,  and  observe  tjiut  equutiuu  (*i)  gives 

2mv2os=£in9t^Oi+5U^3U, ;  whence 

■^f{lmi\ci\''lV,-{-tV^Tm  it"cx-\-y"6y  +  z"cz)}  dl. 

In  the  intec^rul  part  the  last  two  terms  vanish  by  equation  (1),  nud  the 
preceding  pair  being  independent  of  U  we  find  that  ^.^m^vds  is  com- 
pletely integrated,  as  follows,* 

l^.mjvdssiX^m  (a/aj:+&c.)— 2.m  (.r/Jj|+&c.) 

+(S.fRv,av|-}Ui).<  (3). 

One  case  of  this  equation  has  heen  long  known ;  namely,  that  in 
which  the  virtual  path  of  the  system  (or  that  supposed  to  he  made  by 
the  variation)  begina  and  ends  in  the  same  positions  as  the  actual  path, 

♦  Tliis  equation  wa<>  first  noticed  by  Sir  W.  IlamiUon.  (in  tlte  paper  cttetl.}  who 
proposes  to  coll  the  relaliou  which  it  cuurciatcs  thu  iaw  ij'tarymg  aftwn.  He  uisu 
calb  S^yWf  the  ckaraeterifite  fimeUm  of  the  motion,  an<1  U  \hc  fvre€-/kmtHam,  He 
ha«i  al^o  altcru'J  the  ithrase '*  jirinciple  of  /       action"  into  the  more  correct  one 

principle  of  tiaUonary  action and  bait  xmtd  the  EogliKh  term  Uviog  fuxce'' 
iiuteoii  of  the  Latin  "  vif  vha** 
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the  initial  velocities  being  the  same  iu  both.  This  gi?es  ijKsO,  &c., 
fo|S=0»  &e.,  ^|sO,  &c.t  whence  dU|S=0,  and  every  term  on  the  seoond 
tide  disappears.  Hence  ^,jMfvd$=0,  and  this,  which  may  indicate 
that  the  real  action  between  any  two  positions  of  tlic  real  path  is  a  maxi- 
mum or  mum,  was  assumed  alwavs  to  indicate  such  a  conclusion  ;  \m 
error*  ol  gencrnlization  ])erfcctly  siinilur  to  thobe  already  considered  m 
pages  45S,  &c.  Hence  tlic  result  was  called  the  principle  of  IraH 
action ;  a  maximum  being  apparently  impossible  from  the  nature  of  the 
question.  The  true  statement  is,  that  if  a  path  be  made  between  two 
positions,  varying  infinitely  little  from  the  real  path,  and  beginning  and 
ending  with  the  given  positions,  the  variation  of  ^mjvdn  will  be  an 
irifluitcly  small  quantity  of  a  higher  order  than  the  variations  of  the 
coordinates.  T 

The  object  of  this  chaj)tcr  being  to  tliow  the  student  how  to  gene- 
ralize those  notions  with  which  the  study  of  elementary  problems  is  pre- 
sumed  to  have  made  him  fhmiliar,  I  proceed  to  the  gewral  treatment  of 
the  ftindamental  equation  (1).  Let  were  be  fi  distinct  particles,  having 
the  masses  mt,  m,. . .  .i??,,  and  let  the  points  at  which  the  particles  sre 
at  the  end  of  the  time  I  from  some  fixed  epoch  be  (x„  y„  r,) , . . . 
(r,,  y^.  And  since  the  repetition  of  the  same  functions  of  r.  ?/,  nvA 

a;'i8  uuniccssary,  let  ^  stand  for  summation  witli  respect  to  cuuidiuates 
as  well  as  masses:  thus  Smx  means  wii  (r, +y,4-^j)  +  w?4 //,-f-2t) 
+  &C.  The  equation  (1)  then  becomes  (x"—X)  t:u:=0,  which  is 
to  be  true,  not  for  ever^  value  of  each  ^jr,  necessarily,  but  lor  eveiy  set 
of  values  which  is  consistent  with  the  mutual  connection  of  the  parte  of 
the  system.  Suppose,  for  instance,  that  fRt  is  attached  to  a  surface  on 
which  it  moves  freely,  but  which  it  cannot  leave:  let  h—0  be  the 
eqnnfion  of  this  surface,  whcncr  LrrO  must  be  true  of  r,,  and  Zi,  and 
L,|^x,  +  J>  /j/i-fL^,  5*1  =  0  nmst  be  true  of  cTi,  c//,,  and  ci,.  Tlcuce 
cX|  and  cyi  are  arbitrary,  if  we  please,  provided  czi  be  made  to  depend 
upon  them  iu  the  manner  preceding.  Substitute  iu  (I)  for  2zi  its  value, 
and  there  will  remain  Sn^l  variations  of  coordinates;  and  if  for  z^  be 
substituted  its  value  fimn  L=0,  there  will  be  Sn — 1  coordinates  remain- 
ing. If  the  coefficient  of  each  variation  be  then  made  to  vanish,  we 
bnvo  3n  —  \  rliff.  equ.,  each  of  the  second  order,  to  be  integrated.  If 
there  iiad  been  p  conditions,  Li=:U,  Lj=0. .  . .  L,,  =  0,  we  might  in  the 
same  way  have  eliminated  variation?,  leaving  3// — ;/  distinct  and 
arbitrary  variations  in  the  equation  (I),  and  as  many  distinct  caordiuatcd 
in  the  coefficients.  Hence,  making  each  coefficient  vanish,  we  have 
8»— p  diff.  e(|u.  between  3n—p  coordinates  and  by  means  of  which, 
when  integration  is  possible,  these  coordioates  can  be  expressed  in  terms 

*  The  asiumptiflii  that  A  i<  a  maximum  or  minimum  when  </A=0  has  occasioned 
niaay  errors,  aiu!  the  trrcatest  writi  rs  hare  their  full  sh.irt?  of  ihcm.  Among  other 
things,  it  lit  frutiucatly  stated  that  a  system  acted  on  by  gravity  only,  it  new  ia 
iquilibrium  except  when  the  eantta  of  gnvity  is  higheit  or  lovmf.  This  it  aoi 
correct;  it  boin^  sufficient  to  make  any  position  one  of  cquilihrhim,  that  the  ten- 
dency of  the  centre  of  gravity  ihould  bo  to  move  horiiontally,  or  that  tbe  tangwi  of 
its  path  sliouUl  bo  horisontal.  Thus  a  system  of  which  Iho  centre  of  ^vity 
dcxcribes  a  curve  which  has  a  cusp  or  point  of  contrary  flozttre  with  a  hontontal 
tAii|(»nt,  has  o-conesponding  pusitiun  of  equilihi'uira.  VVith  r.  u<l  to  the  point  on 
which  this  Bute  Is  written,  it  must  be  aut«fd  Uiat  iu  moi>t,  jt  uutall,  uf  tliecises 
which  actually  occur,  tlie  value  of  the  integral  betweeft  tvo  pOUtioDS  <^  tbs  mtem  !« 
KtAlj  len,  fur  the  actual  path,  thaa  for  any  other. 
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of  t :  and  the  same  can  lie  done  with  the  i  emainiiig  p  coordiuates,*  by 
means  of  the  p  conditions,  L|=:0,  L%=0,  &c. 

If,  however,  we  prefer  the  proceai  docribed  in  paget  455,  456>  we 
must  alter  the  equation  (1)  into 

ZiR(d?"— X)  ^j+Piajji+PtaL*+. . . .  +P,cLp=0,. ..  (4), 

which  contains  arbitrary  variation?,  nn-l  3/i  +/?  quantities  to  be  deter- 
mined, namely,  the  3/t  coordinates,  and  T,,  P,. .  .  .P,,.  Tfie  eliinination 
uf  the  p  last-named  (juantities  (the  diflP.  co.  of  Nvhicli  do  not  oeeur) 
between  the  3?i  equaiiuns  leaves  'Sn—t*  dill",  equ.,  Irum  which,  \mi1i  the 
p  conditions,  Li  =  0,  &c.,  the  3n  coorainates  can  be  determined  in  terms 
oft  In  whichever  way  we  take  it,  a  system  of  n  particles^  movii^ 
under  given  forces,  and  subject  to  p  conditions,  leads  to  3n— p  diff.  equ. 
of  the  second  order,  which  introduce  2  (dn— /?)  arbitrary  constants  in 
inte^ation.  The  maimer  in  which  these  constants  are  found  for  any 
particular  case  is  as  follows:  since  tlierc  are  ron<liti(ii\s  between  3n 
coordinates,  only  3n  —  p  oi  them  are  independent ;  tins  number  of  them 
may,  at  the  commencement  of  the  motion,  be  made  to  have  given  values, 
and  made  to  begin  witii  given  &rbt  ditW  co.  ■ 

It  happens,  however,  fir  the  most  part,  that  the  coordmates  by  means 
of  whicn  the  fundameotid  equations  are  most  readily  expressed,  are  not 
those  which  it  is  desirable  to  use  in  the  resulting  equations.  There  must 
be  Sn — p  independent  quantities ;  and  it  may  be  desirable  that  all  the 
Sn  coordinates,  or  any  functions  of  them,  shonld  be  expressed  in  terms 
of  Sn — p  qnantiticK,  which  may  be  either  simple  coordinates,  or  any 
other  magnitudes  determining  pusitions.  Of  these  it  will  l)e  only  neces- 
sary to  specify  one,  say  ^ ;  so  that  when  we  say  that  J,  &c.  are  functions 
of  ^,  &c.y  it  is  meant  that  each  of  the  3fi  quantities  jti,  y,, 

"Tin  .y<» 

Ac.  is  a  function  of  one  or  more  (it  may  be  all)  of  the  dn—p  quantities 

li,      &c.    The  following  theorem  will  now  be  necessary. 

I^t  the  function /Cr,y,  &c.,  x',  y\  &c.,  j",  y'\  &c.),  j/,  jt",  &c.  being 
diff.  CO.  of  X  with  n  !=|>«'rt  'o  /,  &c.  be  changed  into  </>  (5, &c.,  t/,  &c., 
^ &c.),  by  substituting  for  each  of  t,  i/,  &c.  its  value  in  terms  of 
I,  J?,  &c.  Let  cjf.di  and  ^ffp.fli  be  found  by  the  main  procesB  of  the 
calculus  of  variations,  between  coiresponding  limits:  that  is  to  say,  if 
(4,  &c.)>  and  we  find  f<p*dt  m»m  ^=^o  ^=^o  we  then  take 
ff*di  between  xssx^  and  ctsszT^  being  (1^  &c.),and  Xt  being 
^  (^i.  &c.).  Let  the  results  be  L+ /P.<&,  and  A+ fudt,  abbrevia- 
tions of  the  xeaulta  corresponding  to  those  in  page  450.  Then  the 
theorem  in  question  is  that  L=  A  and  P—FT,  subject  to  the  relations 
between  j,  i,  S:c.  That  is  to  say,  P  would  become  identically  =11  if 
yff      ^c),  WLic  Mibbiituted  for  r,  Slc. 

It  IS  certain  that  L+ JPdt^zA-^JUdt  ort  /(P-Il)  (//- A  — L: 
the  second  nde  of  this  last,  as  far  as  miatiom  are  concerned,  depends 
only  on  limiting  values,  while  the  first  side  also  depends  on  the  manner 
in  which  }<r«  Ac.  are  connected  with  I,  &c.  between  the  limits. 
Consequently,  the  value  at  the  limits,  and  therefore,  the  second  side, 
remaining  of  one  value,  the  value  of  the  first  can  be  altered  ad  libitum* 

"  It  is  necessary  that  the  conditions  should  contain  more  than  p  coordinates  : 
for  otherwise  they  would  either  be  contradictory,  or  else  tuffident  to  detenniae 
some  coorduDatM  abiolniely,  without  ivfeieace  to  the  rest. 

f  In  these  equations  suppose  for  x,  &c.  th^ir  values  io  terms  of  ii&Q*  to  he  ftub- 
itituted^:  they  muai  theu  become  identically  true. 
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Tli*^  equation  last  written,  then,  cannot  ])e  true  if  P— II  and  L—A 
have  any  value?*  but  it  must  be  true;  therefore  AsLandP^Il* 
Let  the  function  to  ^^  hich  this  is  to  be  apphed  be 

T= Ji»,  (ar^+y'!+ar1)+i«t(*'J+y!+«T)+&C.=2W. 

X  denoting  Eiuunialluu  butli  witli  respect  to  coordinates  and  particles. 
In  page  449,  if  <;^=  Jm?/'*,  we  have,  using  the  notation  there  explained, 
XsO,  Y=0,  Y^=mi/\  y^^Of  Ac,  whence  the  indetenniDate  put  of 
/0rf!aF  is  /(O— (my^')wrfx,  where  w=rty-y'ir.  To  adapt  this  to  the 
present  case,  we  must  write  s  for  y  and  t  for  x,  and  fsince  t  is  nnt 
varied,  or  5/=:0)  ?r  for  w.  The  ]>recediiig  then  becomes /(—nu'v  r)^//, 
and  by  ajiplying  the  same,  reasoning  to  every  terra  of  Z^mx'",  we  find 
that  the  indeterminate  integral  part  of  ^fHmx'*.dt  is  —  flmx"cx.dt^ 
or  fPdl,  But  if  we  now  consider  x,  &c.  as  functions  of  ^ ,  &c.,  then  j'*, 
&c.  will  become  functions  of  ^,  ftc.  and  (^  &c. ;  bo  that  the  indeterminate 
integral  part  of  fY,\mx^*,dt  will  consist  of  as  many  parts  ns  there  are 
quantities  in  the  set  I,  &c.  Let  S]^r;/x^=T,  after  the  substitutions; 
we  have  then  for  the  indeterminate  integral  part 

Equating  P  and  11, 

The  equation  (I)  then  becomes,  sfter  substitution  in  U, 

fd  ^   <rv  d\]\ 

If,  then,  we  suppose  ftc.  to  be  independent  of  each  other,  we  have 
the  equations 

j1  ^  __^T  _  dV__       d^dr     (IT  rfU_ 

dt  dK\     dl'     d^r  *  dt  di\^dl,  di,'^ 

as  nmny  in  number  ns  there  arc  iiulcpcntlciit  coordinates. 

i"'jr  e\nmple,  let  tlicie  be  cue  paitidc,  movinp:  freely,  acted  on  hy 
forces  X,  Y,  and  Z  m  the  direcliuns  of  tlie  three  roordinnles.  Ia\  the 
mnes  be  unity,  and  let  Xcx+Yti/-hZc2=cU.  Let  liie  trausformatiuu 
rcf^uired  be  as  follows :  z  remaining  the  same,  x  and  ^  are  to  be  ex- 
pressed in  terms  of  r  and  as  in  page  507 ;  we  have  then  ar=rcos9, 
j^srsind;  dz'+c^^+c^^'csifr'+i^cK^+cfs*;  whence 

dr'^''  dr'"^  '  de'-'  ^'  di—*  di-^^ 

dV    dV       ^   dV  . 

-5;  =  ^  •  cos  0 +^  .8m  6=X  cos  fl + Y  sin  » 

rfU       d{5    .  ^    dV  ^ 

^  rsm©+  —  rcqs0s=r  (Y  cose— XsiuO). 
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These  last  results  were  P  and  rT  in  pnge  507.  The  final  cqiiatioos  are 
(dr^idt  being  r",  &c.,  and  T  having  the  meaning  of  page  507,) 

as  in  page  507. 

This  niL  tluxl  of  deducing  tlic  equations  (5)  nnd  (G)  is  the  sci  «nid  of 
those  given  by  J^uj^range,  and  is  ihc  most  general  mode  of  trealing  the 
question.  The  following,  the  first  of  the  two,  is  more  simple  in  prin- 
ciple, as  avoiding  the  formal  calculus  of  variations. 

It  readily  appears  that 

If  the  trnnsformntion  into  terms  of,  say  ^,  &c.  give  t/x=Af/^  + Br/^ 
4-&C.,  &c.,  we  have  Ai'+ 8^'  + cS:c.,  and  oj"=:A^^  +  R5Y'  +  &c. 
Again,  since  x'^x+&c.  is  symmetrical  wiili  respect  to  (Lc  and  &c«j 
the  ef^uivalent  of  this  function  must  take  the  form 

and  changing  3  into  J,  and  dividing  by  2dtf  we  change  JE^4-f-&c  int 
&c.)   This  last  then  is 

If  we  now  form      and  P',  we  shall  have 

JcF .  ^"4-      r  +  G^?y  +  Gi/^'^r+^O .         i'^IT .  ir'*+  &c.  =  cQ 

The  first  subtracted  from  the  second  gives  x"ix-\-y"dy-\-z"^2= 

(FO'a4- jaF.5'+(GO'aY'-aQ.  4y + (GV^)' ai-i^H .      &c, ; 

in  whidi  F,  G,  &c.  being  functions  of  I,  &c.,  and  not  of  I',  &c.,  it 
follows  that       &c.  do  not  appear  in  2F,  Ac.    Now  the  last  result 

may  be  obtained  from  SQ,  as  appears  from  observation  1.  By  changing 
the  sign  of  every  term  of  SQ  in  whicli  c  precedes  unaccented  letters.  2. 
By  obliterating  the  accent  wherever  c  precedes  an  accented  letter,  and 
diircrentiatin^'  all  the  rest  of  the  term  with  respect  to  t,  or  accenting  it. 
Thus  in  oQ  we  see  JcF.i;  ,  and  in  P'— tQwe  see  — J^F.^";  in  the 
fonner  we  see         and  (l-t^yU  in  the  latter.  But 

make  the  changes  just  mentioned,  and  we  have 

Multiply  both  sides  by  m,  repeat  the  procets  for  every  term  of  T,  and 
add  the  resists,  which  shows  that  (5)  follows  from  (1). 

It  is  thus  shown  that  the  expressions  T  and  U,  transformed  into 
terms  of  any  coordinates,  may  be  immcdintcly  made  to  give  those 
equations  of  motion  of  a  ^stem  which  depend  upon  the  coordinates 
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used.  This  cnmplctes  the  theory  of  the  mathematical  expression  of 
dvnnmicnl  condilions  ;  and  the  complete  soliuiou  of  every  problem  is 
re  lui  c(l  t  )  that  of  did.  equ.  of  the  secoud  order.  But  it  can  also  be 
shown*  tliuL  Liic  determinatiuu  of  ^»mfvcU  i'loai  the  beginuing  of  the 
motion  through  any  time  t,  iu  terms  of  the  initial  and  ^al  coordinates 
and  of  H,  the  iDidal  Talue  of  T--U»  leads  to  a  complete  aohition  of  the 
equations. 

Let  ^,  &c.  be  the  independent  coordinates,  n  in  number,  in  terms  of 
which  jr,  &c.  can  be  expressed.  Let  bubscript  units  denote  initial 
value?,  before  ;  let  2 .  r/t  (.r'5.r  +&c.)  be  changed  into  2:  •  m  (IV^  +  &c. ), 
and  let  l,mj'vds  be  called  Y.  The  equation  (3),  page  ,517  theu 
becomes 

tW= 2 . m  (Pa4 -f  ice.)— 2 . 711  ( iV^i + &c.) +tcH. 

In  which  each  of  P,  &c.  is  a  known  function  of  ^,  &c.  and  &c.,  the 
relations  between  .t  ,  ike.  and  ^,  &c.  being  known.  If  tiien  V  be  given 
or  determined  in  terms  of  i,  &c.,  ^i,  &c.,  and  H,  we  have  the  equatious 

where  df^idl^  &c.,  and  ^:dH  are  given  functionaof  i^,  &c.,  (i, 
and  H,  as  obtained  bv  differentiation.   The  two  values  of  3V  must  be 
identical^  and  we  thus  nave 

It  equationB  of  each  of  the  forms  -^=inP,  — ^  —mPi.  •  .(Aand  A|)» 

one  equation  more  * '  *  * 

Now  we  are  to  remember  that  0  contains  the  initial  values  of  4,  &c.» 

but  not  of  r,  &c. ;  it  has  nUo  been  supposed  that  .r,  &c.  can  be  expressed 
in  icrnis  of  s,  «SlC,,  without  the  initial  values  of  i,\  i^c  ;  which  is  but 
saying  that  ilie  dependence  of  the  coordinates  on  eacii  otlier  is  wholly 
independent  oi  time  and  velocity.  Hence  litiLiier  (A)  nor  (B)  contain 
the  initial  values  of  4\  &c. ;  and  if  between  these  n+1  equations  we 
eliminate  H,  and  remember  diat  (B)  introduces  ^  we  have  n  equations 
between  i(,  &c.,  l\  &c.,  and  containing  n  constants  It,  &c. ;  which  are  n 
first  integrals  of  the  equations  of  motion.  But  if  we  eliminate  H 
l>€tween  (A,)  and  (B),  rememWing  that  the  equations  (A,)  do  not 
contain  &c.,  we  get  n  equations  between  ^,  &c.  and  t,  conlaininy;  2/i 
arbitrary  constants  &c.  and  Ti,  &c.  Hence  each  of  i,  &c.  may  be  ex- 
pressed in  terms  oit  and  constants,  or  the  problem  is  completely  solved; 
the  solution  of  a  dynamical  question  being  the  expression  of  everything 
which  varies  with  the  time,  in  terms  of  the  time  and  of  constants  depend- 
ing on  initial  position.  Consequently  the  solution  of  the  problem  of  the 
motion  of  a  system  under  given  forces  is  reduced  to  differentiation  and 
elimination,  as  soon  as A'^,  or  l.mfvdSf  or  what  has  been  called  the 
action  of  the  system,  is  expressed  in  terms  of  initial  coordinates,  variable 
coordinate?,  and  the  initial  value  of  the  living  force.f 

From  what  precedes  U  appears  thai  the  mtcgration  of  simultaneous 

*  Thib  is  ihv  sic'j)  inadc  by  Sir  W.  Hamilton,  alluded  to  id  pa{;e  Old. 
\  Since  II=Ti-Ui  and  V,  is  a  function  of     &c.,  any  fiinctivaof  |.&c.,{t»I^C, 
•ud  III  is  also  a  fuucUon  uf    &c.,  ||,  &c.,  aud  T|. 
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dtff*  fC|d.  of  the  Becond  order  is  the  sole  difficulty  which  we  meet  with  in 
die  lohilion  of  dynamical  problemB  of  which  the  dtta  are  known  with 

accuracy.  In  many  mo^^t  interestincr  question?,  the  absolute  solution  of 
the  equations  has  not  been  attained,  and  np]>roximation  must  be  hud 
recouisc  to  :  fortunately  it  liappcns  that  most  of  the  problems  connected 
with  the  theory  of  Uie  solar  system  have  circumstances  connected  with 
them  which  facilitate  approximation  to  the  required  integrations.  The 
theory  of  tliis  process  has  been  generaliated  and  methodized  by  La^ngc, 
and  It  is  now  my  object  to  present  the  peculiar  manner  in  which  tne 
resources  of  the  differential  calculus  are  applied  to  the  approximate 
development  of  the  alterations  wliich  must  be  made  in  a  solution,  in 
consequence  of  certuiit  minute  alterations  in  tlic  fU'a  of  the  question. 

The  principles  on  which  we  are  to  proceed  have  been  already  laid  down 
in  a  particular  case  (page  155).  As  in  page  169,  ^(J^,  c),  a  fuucliou 
of  and  c,  may  be  clianged  into  any  function  of  jc  and  C,  by  substituting 
instead  of  e  the  proper  function  of  4r  and  C.  If,  then,  3/=<^  (x,  c)  be 
the  solution  of  any  one  diff.  equ.  (A),  it  may  he  changed  by  substitution 
into  that  of  any  other,  (B).  It  is  always  open  to  us,  then,  to  solve  (B) 
by  investigating  wliat  substitution  for  one  of  tlie  constants  in  the  solu- 
tion of  (A)  will  give  that  of  (B)  :  and,  in  certain  case?,  as  in  page  155, 
this  18  the  most  direct  road  to  a  complete  solution;  in  others,  to  an 
approximate  solution. 

For  instance,  let  there  be  a  couple  of  simultaneoua  diff.  equ.  of  the 
second  order,  Ut=0,  11,= 0,  between  y,  and  t.  In  the  complete 
solution  four  arbitraiy  constants  enter,  say  a,  6,  c,  e ;  let  the  complete 
solution  be  .r=0  (^</,6,c,£'),  y=:Y^  (/,a,  6,c,<7)>  Let  there  be  two 
other  equations,  Ui=0„  Ut=i2<,  UiandUi  being  the  same  as  before, 
and  ^1  and  funrtioi^s  which  are  always  Fmall  in  vahie.  If  «,  6,  c,  and 
c  be  made  variable,  we  may,  by  taking  proper  values  of  them  in  terms  of 
I  and  other  constants  (say  their  initial  values)  make  j^4i  (/,a,  &c.)  and 
y=:yr  «,  &c.)  become  the  solutions  of  Ui=;iii  and  U«=:12t.  Moreover, 
sinoe  the  suppositions  Oi=0,  n«=:0  destroy  the  variable  parts  of  a,  &c., 
we  may  predict  that  a,  &c.  will  vary  slowly  when  A|  and  Qg  are  small. 
That  is»  if  A,  &c.  be  the  initial  values  of  a»  &c.,  and  if 

drr  A  +  a  (^  A,  B,  &c.),       6=B  +  /8  (I,  A,  B.  &c.),  &c., 

the  functions  a,  fi,  ^c.  will  vary  slowly  m  comparison  with  L  This 
circunibUiice  is  tiie  main  point  of  the  approximatioa. 

The  object  of  investigation  is  now  the  manner  in  which  0,  &c.  must 
be  made  to  depend  upou  I  and  initial  values,  in  order  that  x=4»  (i,  &c-), 
yszyff  (tfaf&c),  which  satisfy  U|^0,  Uf=0,  when  a,  &c.  are  con> 
stent,  may  satisfy  U,=:0|,  Ut^s^bi  ^^en  &c.  are  variable.  From 
;p=0  (^ay&c.)  we  find 

dx  ^dff>  (l(f}  (la  dil>  db  d^t  dc  d4>  d^^ 
dt^di  '^da  di  "^db  3?  '^dc  dt  "^de  dt* 

from  whicli  we  might  fuul  d^jc  idi*;  and  similarly  we  might  find  dy  .dt 
and  d'^y  :  (It-.  In  these  expressions  dn  :  df,  dUi  :dt^,  &c.  are  unknown, 
and  d<p/.  dlj  d(p  :  tla,  ike.  are  known  functions  of  /,  a,  &c.,  since  Ui=0 
and  Ut=0  are  supposed  to  have  been  completely  solved*  Substitute 
the  values  of  x  and  2/  and  their  diif.  co.  in  UisO,  and  U«=nc>  and  we 
shall  tliUB  have  two  equations  between  four  midetermined  functions 
6»  c^  e  and  the  first  two  diff.  00.  of  each.   So  fiar  then  it  might  seem 
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as  if  we  had  made  no'  progress,  having  merely  converted  a  pair  of 

simultaneous  equations  of  the  second  order  into  anotlier  ynW  of  the  same 
kind.  But  since  in  the  new  pair  ^YC  Inwe  four  undcu  riini!.  d  Ip.ik  lions, 
wiih  onlv  two  conditions  to  satisfv,  wt  can  choose  any  Iwootiieis  which 
may  be  mobt  coaveniciit :  and  thus  we  can  reduce  the  question  to  the 
SQlution  of  four  simultaneous  equations  of  the  first  order,  iiet  the 
additional  conditions  which  we  are  at  liberty  to  introduce  he  that  the 
parts  of  dx :  dl  and  dy  :  dt  which  arise  from  supposing  a»  &c  tOTaty, 
shall  vanish  by  themselves.   This  gives 

d(l>  da     (hh  (lb    .       ^      d^lt  da     dM/  db    ^  ^ 

da  dl     db  dl  *     da  dt     db  dl  ^ 

,    .     dT      ,  dy     dr     d<l)        dy     dyfe  ,      ,  .  ,  . 
reducmg  -7-  and  -^^  to     ="77  and  -r-  =~,  m  which  it  muftt  be  ob- 
^  dl       dl    dl    dt       dl  dt 

served  that  since  in  64* :  dl  and  :  dl^  I  varies  without  a,  Ac.,  the  forms  of 
dx :  dl  and  dy :  dl  arc  precisely  what  they  were  in  the  solutions  of 
U|=0  and  Us=U.  Again 

d*x  _<f«0      d*(p   da     c/*0    db      d*i>  dc  *  de 

de^d^  ^dlda'dt'^dldb'di    dlTc'di  '^dldedl 

with  a  similar  equation  for  dSfid^,  Here  ^idl^y  d^zdldOf  &c. 
are  known  functions,  so  that  on  substitutiiig  values  of  t  and  y  and  of  their 
di£f.  CO.  in  Ui=Oi  and  Ut~Of,  we  have,  wiUi  the  equations  marked 

(A),  four  equations  between  rf,  &c.,  their  first  dif!'  eo.,nii(l  f.  It  is  also 
to  be  noted  tliat  if  any  other  variable  be  more  convenient  than  the 
same  process  may  still  be  apjilied. 

In  language  borrowed  from  the  planetary  theory,  to  which  this  mcihod 
was  first  ap]^ied,  U  1=0  and  U«£=0  arecalkd  llie  vndiHuf^d  equations, 
UtSsOt  and  Uc=0|  the  disturbed  equations,  and  Oi  and  the  disturb' 
ing  functions.  Thus  the  results  above  obtained  may  be  enuntiated  bv 
saying  that  the  disturbed  equations  may  be  solved  so  as  to  allow  both 
the  coordinates  and  their  first  difT.  co.  to  retain  their  imdisturbed  forms, 
provided  that  the  f/''rnt' 7/ (as  the  quantities  a,  &c.  are  called)  which 
are  constant  in  the  solution  of  the  undisturbed  equations,  vary  in  that  of 
tlic  disturbed  equatiotts  in  such  manner  as  to  satisfy  the  four  simulta« 
neous  diflf.  equ.  above  deduced. 

The  preceding  process  is  equally  a  preparation  for  exact  solution 
(whea  possible)  or  for  ap]iroximation :  in  the  latter  the  method  of 
f^nrcc'sh'c  substitution  r\llnded  to  in  pnire  223  must  be  employed.  I 
bhail  hrst  give  a  simjdo  (  \;mi]ilc  of  this  method,  and  then,  after  giving 
BU  example  of  the  apphcatiun  of  the  whole  method  of  variafion  of 
tkmcnUt  shall  proceed  to  Lagrange's  generalization  of  this  method. 
d'u 

Let  -j^t+usspMi  li  being  a  small  quantity.   The  solution  of  this 

dd 

equation  (pages  155,  210)  is  w=:C cos  (^(1— /i).6+E),  C  and  E  being 
arbitrary  constants.  But 

V(l-/i).0+E=e+E-|-,A-|-/,»  =re+E-V, 

V  being  ( • .  •  •>  0.  i^ain 
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Expand  the  powers  of  V  in  powers  of  ^,  and  we  shall  have 

«=C  ooa(a+E)+i  C0am  (a+£).fft+A/i*+B^*-|-&c. ; 

A,  B,  &e.  being  functions  of  0,  C,  and  E.  Suppose*  now  that  wc 
oould  not  find  the  complete  solution  of  the  given  equation,  but  that  we 
knew  it  can  be  developed  \n  n  s(  rlesof  powers  uf  /  .  Suppose  also  that 
we  can  integrate  it  completely  when  fi.=0.  Perform  this  last  process, 
which  gives  u=Cco8(0+E).  If  wc  substim^o  this  value  of  u  in  the 
term  fiu  on  the  second  side  of  the  equation,  wc  leave  out  of  u  terms  having 
/4,  fi\  &c.,  or  out  of  fjiti  terms  having  /x%  &c.  We  can  therefore 
make  no  error  in  terms  of  the  first  order  by  so  doing.    But  dnige  155) 

— -ftts/iCcotCd+E)  gives  u= C cos C sin d/cos^.coa 

(I'+E)  i/a— /c  Ccos  0/sin  0  coa  (a  +  E)  </0  sC'cos  (d-f-E)  +  i  jx  C  coa 
(e+£)+|tfi  Cdsin  (0+  E)  i  where  C  and  are  new  constants :  but  aa 
two,  C  and  E,  have  already  been  introduced,  and  no  more  are  allowable, 
wc  must  examine  this  result  further.   Taking  the  result 

u= C  cos  (0 + E')  -h  1   C  cos  (d+ E) + l^/x  C  e  sin  (a+ B), 

which  absolutely  satisfies  the  equation  whose  second  side  is  /i  C  cu  {o  i- 1  :), 
we  have 

g+«-^=^Cco.(e+E,-^Cco.(a+E) 

— i  /  C  COS  (0+ E)  ~  i  fi'  C  G  siu  (0 + E) . 

if  then  EssE',  and  if  C  be  either  equal  to  C',  or  differ  from  it  by  a 
quantity  of  the  ftrst  order,  so  that  ^C—^iOf  is  of  the  second  order,  the 

second  side  of  the  prccedinir  i?  entirely  of  the  sccoiul  order,  or  the  given 
equation  is  satisfied  as  tar  as  terms  of  the  tirst  order  inclusive.  If 
C--C'=  |/iC,  tlie  |)recodiiig  value  of  u  becomes  precisely  tlie  first  two 
terms  of  the  real  value,  as  found  by  the  exact  solution.  H'  we  substiiutc 
this  value  of  v,  exact  to  terms  of  the  first  order,  in  /iu,  the  error  will  be 
of  the  third  order,  and  repeating  the  process  of  solution  upon  the 
equation 

-j-r 4-u=C  COS  (0  +  E)  i-  i  /i'  C  U  sin  {0  +  E) 

wc  i>hull  get  a  result  whieli  is  exact  to  terms  of  the  second  order  inclu- 
sive. We  may  then  repeat  the  process  witli  the  new  value  of  i/,  and  so 
on.  It  appears,  however,  that  we  must,  at  the  end  of  every  process, 
know  independently  how  to  determine  the  values  of  the  new  constants. 

Let  the  nnduturbed  state  of  a  system  be  as  follows :  a  particle  of 
matter  is  attracted  towards  a  fixed  point  by  a  force  ^^  f  irh  varies  inversely 
as  the  square  of  the  distance  from  that  point.   Let  the  disturbance  be  a 

*  These  are  the  coaUitions  under  which  e^uatious  usually  prescut  themselves  iu 
our  preient  lubjvd* 


Digitized  by  Google 


52G 


DIFFERENTIAL  AND  INTEGRAL  CALCULUS. 


small  atlditional  force  directed  towards  the  same  centre.  If  it  were  not 
for  thia  disturbing  force,  and  if  the  particle  were  in  the  first  instance 
projected  in  any  direction  except  directly  to  or  from  the  centre  of 
attraction,  it  would  describe  a  eonic  section.  It  Is  required  to  apply 
Ibe  preceding  principles  to  tbe  defeenaination  of  its  actual  motion. 

It  mif^ht  aiflUy  be  shown*  that  the  particle  must  always  move  in  die 
plane  which  contains  its  first  dtrectiim  of  motion  and  the  attracting 
centre;  let  the  coordinates  be  taken  in  that  plane,  and  let  n  be  the 
reciprocal  of  the  distance  of  the  particle  from  the  centre  of  attraction  at 
the  end  of  the  time  /  from  the  beginninji:  of  the  motion,  and  let  f^u*-\-TL 
be  the  acceleraliuut  belonging  to  llie  aluaction  at  the  distance  r,  where, 
fi,  being  oooatant,  fit^  variea  iuveraely  as  r*,  and  n  ia  the  acceleratioo 
arising  from  tbe  small  disturbing  force.  Returning  to  page  Wi^  we 
bave  here  a  particular  case  of  the  problem  there  proposea,  in  which 
T=:0,  P=:  — (^u'+U),  since  the  force  is  supposed  to  be  directed 
towards  the  centre,  <r=0,  2=0,  since  the  moving  particle  ia  alwayain 
the  plane  of  «ry.   The  equations  of  motion  become  then 

and  (<r),  page  508,  is  satisfied  idcnticnlly.  The  iccond  of  dieae  equations 
can  be  integrated  when  11=0,  and  gives  j 

B  and  fi  htin^  arbitrary  Constanta  introduced  in  integration,  and  depend- 
ing upon  tbe  mitial  position  and  vdocity  of  the  particle.  Again,  since 
t*aB:dl=hy  the  constant  h  is  determined  by  the  initial  value  of 
f*dO :  dt.  The  equation  last  obtained  is  that  of  a  conic  section,  tiie 
centre  of  attraction  being  the  focus;  and  if  we  stipposc  it  to  be  an 
ellipse,  of  which  a  ia  the  aemiaxis  major,  and  e  the  eccentricity^  we 
have 

JL  -        ^  R_  t  ^ 


and  fi  is  the  value  of  9  when  the  particle  is  at  its  least  distance  fiponTtfae 
focus.  We  are  now$  to  apply  tKeae  reaulta  to  the  integration  of  the 
disturbed  equation 

cPw .     u.  n 

the  disturbing  function  beinu^  IT:  h*u*. 

The  integral  of  the  undisturbed  equation  being 


*  This  might  be  ibowo  directly  Iroin  the  tht^ortim  relative  to  the  osculating  jiiatui 
in  page  606. 

j-  Meaning,  that  if  the  nttractinn,  such  ns  it  h  at  the  distance  r,  wpre  to  act 
without  alteration  upon  the  particle  during  one  second,  nt  the  btfginaineuf  which  it 
was  at  rest,  it  would  at  the  cud  of  that  second  be  moving  at  the  rate  ol  fu^-^n  per 

•i'Coud. 

\  The  greater  part  of  tbe  ])roceding  parag^rApTi  \%  a  recapitulation  of  results  with 
which  the  studeut  i»  kunpuHbU  to  be  umiliar  irum  tbe  ordinary  elements  of  analy ti> 
sal  dyaaaues  which  be  m  piesaiBsd  to  have  feed* 
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«=-^. +^  COS  (fl->8)  (a); 

in  whicii  t  and  p  uie  cuiisiuuts,  let  6'  aud  uow  i)e  such  functions  of  0 
at  will  maltt  the  preceding  sfttisfy  the  disturbed  equation.  Wc  liave 
Iben 

in  which,  there  being  two  new  infloterrainate  functions  e  and  y8,  with 

only  one  ron<l!tion  to  Jie  satisfiid  I  v  them,  wo  mnv  (pncrc  524)  create 
Riiothtr  cfnuliiiiiii  by  supposing  thi  pnrt  of  dn  ; which  ariscs  from 
the  varutiou  ot  e  and  fi,  to  vanish  by  itself.   Tins  gives 

For  ^OM  (9       write     ^«  whence  (II)  gives 

which,  witli  Uie  condiuou  previously  created,  gives 

Ifni)e  ii  known  function  of  w  and  0,  substitution  of  the  value  oi  n 
from  (ti)  in  the  preceding  will  give  two  equations  between  fi,  and  0, 
from  which,  if  by  nuegration  e  and  4  can  be  detennined  in  terme  of  0^ 
the  substitntion  of  e  and  ft  in  (u)  will  give  an  equation  between  ti  and  9 
which  is  that  of  the  path  of  the  particle.  The  equation  («)  is  that  of  a 
conic  section  when  e  and  fi  are  constant ;  that  is  to  say,  pairs  of  values 
of  u  and  0  which  satisfy  the  equation  arc  all  coordinates  of  points  in  the 
same  conic  section.  And  even  if  c  and  /J  shuuld  be  functions  of  0^  it  is 
still  true  that  every  point  of  the  curve  is  a  point  uf  a  conic  section  deter- 
mined by  (m),  though  two  different  points  are  not  on  the  same  conic 
section :  thus,  if  essB  and  /8ss0*,  the  equation  tcssl  +^co6  (d  -  (f)  is  not 
that  of  a  conic  section ;  but  if  6s:a  an4  uesft  satisfy  it,  the  point  (a,  6)  is 
one  of  the  points  of  the  conic  section  whose  equation  isu=l  +  acos 
(£>—«').  We  may  then  say  that  the  path  of  the  particle  is  such  as 
would  he  traced  out  by  a  point  moving  on  a  conic  section,  which  conic 
section  itself  changes  its  dimensional,  varying  its  eccentricity  and  the 
place  of  its  vertex  in  the  manner  indicated  by  the  functions  wliich  e.  and 

are  of  0,  and  its  semiaxis  major  in  the  manner  indicate4  by  a(l— c') 

It  is  only  in  this  sente  that  planets  and  satellites  can  be  said  to  move 
in  ellipses  about  their  primaries ;  that  is  to  say,  the  ellipse  must  be  con* 

sidered  as  continually  varying  its  form  and  position.  At  any  one 
moment  it  is  called  the  inslantaneous  elliji^^e. 

The  advantage  of  this  supposition  will  be  more  clearly  seen  by  a  corn- 
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])uriBon  with  a  more  simple  case.   When  A  point  moves  in  a  curve,  we 

talk  of  the  different  (lirtc'hn^  of  its  motion,  as  if  it  could  at  each  moment 
be  said  to  be  moving  va  a  straiu'^t  liii?*.  The  straight  line  cho.-en  is  the 
tangent  of  the  curve,  in  winch,  iiowever,  the  jujint  can  never  i)c  said  to 
move,  unle&s  this  tiingeut  move  also,  and  vary  its  point  of  contact  with 
the  curve.  Any  other  line  passing  through  the  particle  might  be  chosen, 
and  the  particle  might  be  said  to  move  on  that  line,  if  the  Kne  itself  be 
also  supposed  to  change  its  position.  The  geometrical  advantage  of 
choosing  the  tangent  in  preference  to  any  other  line  is  shown  in 
page  136:  the  mechanicul  advantiigc  lies  in  this,  that  the  tangent  at 
any  point  is  the  hue  in  wliich  the  particle  would  continue  lo  move,  if 
all  the  forces  were  instanlaneoubly  withdrawn  when  the  particle  readies 
that  pouu.  iliis  amounts  to  considering  the  tangent  us  the  hue  uf 
undisturbed  motion,  and  all  the  forces  as  disturbing  forces:*  and  the 
tangent  might  be  called  the  instantaneous  straight  line. 

In  the  preceding  problem  we  have  a  similar  geometrical  and  me- 
chanical advantage  which  arises  from  the  introduction  of  the  instan- 
tnncoTis  ellipse.  Since  first  diff.  co,  arc  the  same  in  both  the  ellipse 
and  the  curve,  the  former  is  always  a  tangent  to  the  latter,  and  since 
veh»cities  depend  only  on  first  diti*.  co  ,  the  aciual  velocity  po^^se^scd  by  the 
particle  at  auy  one  point  of  its  path  is  exactly  that  which  it  would  nuvc  if  it 
bad  come  to  that  point  in  revolving  round  the  instantaneous  ellipse.  If 
at  the  point  we  speak  of^  the  disturbing  forces  were  instantly  removed, 
the  psrticle  would  continue  its  course,  not  in  the  disturbed  orbit,  but  in 
the  instantaneous  ellipse,  allowed  to  remain  as  it  was  at  the  moment 
when  the  disturbing  forces  were  removed.  The  mathematical  advantages 
of  this  u?e  of  the  instantaneous  ellipse  nrf  increased  by  the  circumsj^tance 
of  the  disturbing  forces  being  always  small,  the  consequence  of  w  hich  is 
that  the  elements  of  the  iustuutancous  ellipse  vary  very  slowly,  so  that 
the  supposition  of  the  orbits  of  planets  and  snkelUtes  being  absolute 
dlipses  is  not  far  from  the  truth.  ' 

To  take  a  particular  case  of  the  escample  last  discussed,  let  the  dis- 
turbing force  vary  as  the  inverse  cube  of  the  distance^and  let  the  whole 
force  be  —  (/iu'+Au^)*   VVe  have  then 

^•==7  =X«{i+^«»(^-^)}=Mi+«cos(d-ift»j 

k'.h*  being  called  /.  Let  it  also  be  supposed  that  I  is  less  than  nnitv. 
The  path  of  the  particle,  on  these  suppositions,  can  easily  he  determine  1 
by  direct  integration;  for  which  purpose  I  have  chosen  it  as  aa 
exercise  in  the  method  of  the  variation  of  elements.  Lei  0—fi=z<p ;  wc 
have  then 

*  Let  Y  andX  V)t'  the  acceler.itidns  in  flu»  directions  of  y  jiiid  j-.  so  that  x"  — X, 
f"=^Y,    The  iutegruls  of  the  undiiituihed  eauatious  x''  =  0,  ^"  =  U  w«  «>xr<if4^ 

?»A/-f  B,  from  which  /  being  eUfninatvd,  we  We  the  equation  of  a  etmight  line, 
'reat  thiK  by  ti  e  gvneial  method  in  page  524,  and  we  find  for  the  diff.  equ.  of  the 
disturbed  notiun, 

«'/+i'=0,    A'/  +  B'=0.   a'=X,  A'=:Y; 

X  find  Y  bt'inj;  vnch  a  j;iven  function  of  nt-^ft  and  A/  (12.  If  tliese  fi)tir  pqnations 
CAii  be  i  iltguittMl.  w  a  find  how  a.  A,  L,  and  li,  the  thmcutn  of  the  straight  liuc  uf 

tuidtiturlMHl  iiiotuiii,  most  vary,  iu  order  that  9^9t^hp  y«*Al-t>B  mar  be  the 

tH^uations  uf  t!ie  line  ei  !  ttirl  .d  nu>tiony  og  of  tj>e  UlW  tO  Whtt  ths  ftratght  Kw  nf 
uiidi»turl>cd  motion  i»  (ilwayti  taogeut. 
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sill «  (1 +0  eo*  0),    e  (^l  coi  *  (1  +«  cat 

Elimiiuite  dd,  which  gives 
d€     — feMn0(l-feco80) 

-TT  =  :  7-77-  r,  or  ea(f=:i(l-|-eco8  9)a.«ooB0: 

110     e— / 008^(1+ ecus (^)  \  ^ 

whence       ( 1     cot  0)'+ L.   Let «  cos  0= 7,  whence 


aVU-0+C=ca,-  (p.ge  281). 

For  ;y{4/*H-4  (L+/)  (I— /)},  which,  L  being  arhitrary,  is  merely 
an  arbitrary  constant,  write  2M  Ci~0>  which  givea 

In  1/  or  (/i:A-)(l  +  *)  write  ihc  value  just  obtained  for  and  for  / 
put  baclw  its  value  k :  h^,  which  gives 


*•-*  ^  * 


for  the  equation  of  the  particle's  jmtfh.  This  may  be  easily  obtained  by 
common  methods  from  the  substitution  of  Iru*  for  n  in  (n),  page  528, 
and  iiUegration.* 

When  u  has  been  found  in  terms  of  0^  the  time  of  describing  any 
angle  is  found  by  integrating  dt—dd  :  hti'.  h  is  also  to  be  noticea  tlmt 
in  the  preceding  example  we  nug}it  express  the  iuiinitely  small  variations 
of  the  elements  in  terms  of  dt,  by  substitution.  Thus 

de        /i      .   ,  djy      h  do     ,  ^ 

la  a  system  of  three  equalious,  the  integration  of  which  will  give  0,  e, 
and  thence  1/,  in  terms  of  /. 

From  page  518  I  have  been  endeavouring  to  give  notions  preliminary 
to  the  introduction  of  the  method  of  Lagrange  finr  the  Yariation  of 
elements,  to  which  I  now  proceed,  taking  up  the  subject  from  the  deter- 
mination of  the  equations  (6)  in  page  520? 

To  avoid  indices  let     ^,      £c.  be  the  independent  coordinates, 

*  Thi»  is  the  problem  of  the  ninth  section  of  the  Principia.  The  result  is  that 
the  path  described  is  that  obtained  by  roaking  the  particle  revolve  iu  a  given  ellipte 
white  that  ellipse  revolves  about  the  focus  with  an  angular  velocity  which  always 
bears  a  rrivi-n  ratio  to  the  angular  velocity  of  the  particlL-  in  the  ellipse.  It  may  he 
worthwhile  to  remind  the  readers  of  the  Principiaf  that  the  ellipse  of  the  ninth 
ssetkn  is  not  the  instsntsnwin  sUipas  of  tba  orbit; 

2M 
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insteatl  of  lu  and  let  T+  UsZ.  Remember  that  T  is  a  functaon 

both  of  coordinates  and  their  diff.  co.,  while  Uia  a  function  of  ooor- 
dinateB  only.  Hence  Z  and  T  have  the  same  diff.  co.  with  respect  to 
I',  Y^,  &c.,  whence  the  equations  (6)  become 

d  dZ    HZ   ^    d  dZ     dZ   ^  ^ 

di      *  dt.  df'    d^ff     *  ^  ' 

When  we  integrate  these  equations,  we  express  ^,  V^,  &c.  each  in 
terms  of  t  and  a  number  of  arbitr.iry  constaiits  (elements,  as  they  aie 
frequently  calltiU)  «,  ^,  c,  &c.  twice  us  many  in  mmibt;r  as  there  arc 
equations.  Now  Z  and  its  did*,  cu.  are  all  kiwfm  fuuctions  uf i',  vslc, 
and  only  unknown  in  the  same  sense  as,  and  so  long  as,  ^,  4',  &c  are  un- 
known in  terms  of  U  If,  after  the  integration,  we  substitute  for 
&C*,  their  (now)  known  values,  then  dZ :  di\  &c.  and  dZ :  dl,  &c, 
become  known,  the  first  can  be  explicitly  differentiated  with  respect  to 
t,  and  the  prcccdinir  equations  tlien  become  identically  true,  aiid  in- 
dependently ot  the  values  of  the  elements  a,  6,  &c.  If,  then,  tin  >e 
elements  be  changed  iiiioa  +  Aa,  &c.,  the  equations  still  remuui 

true,  and  if  we  denote  by  A^,  A^,  A  (c/Z :  ds')i  &c.  the  chaugcs  which 
take  place  in  consequence  of  the  Tariations  of  these  dements^  we  have 

d  ( ,  </Z\    .        ^     d  ( ^dZ\    ^dZ    ^  ^ 
dt  \   di'J       di         di\  d^J  df 

If  other  variations  be  made,  by  which  a,  6,  &c.  are  changed  into 
a«f  da,  6+ jl6,  &c.,  equations  of  the  same  form  may  be  made  by  changing 

A  into  2.  Multiply  the  i-equalions  hy  Ayr,  &c.,  and  the  A-equu- 
tions  by  T^,  &c.,  subtract  the  second  resuilcs  from  the  first,  and 
add  all  the  results  together,  which  gives 


1 


{  ,  df^dZ\    .      /    dZ\        ,dZ        ^dZ\  ^ 


Z  referring  to  aggregation  of  the  same  iuuctions  of  diU'crcnt  coordinates. 
Now 

dt\  di'J     dl\       di!j       dt  d^* 

Form  similar  results  by  interchangiog  A  and  2,  and  substitute,  which 
gives 

which,  for  a  moment,  we  call  Si— S^-fSg.  If  Aa,  &c,  ra,  &c.  It? 
intiniteiy  bmall  varuitious,  each  of  the  terms  is  of  the  ticcuud  order  ;  but 
it  may  be  shown  that  in  — Sg+S,  all  the  terms  of  the  second  order 
vanish,  leaving,  as  a  differential  equation,  S|=sO.  To  show  this, 
observe  that  (using  our  abbreviated  notation  for  partial  difoentiation) 
we  have,  Z^  and  Z^.,  Z^  and  Z^,  &c.,  being  each  a  fuDCtion  of  every  one 
of  the  sets    ^,  &c.,  ^»  &c.. 
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hZ^-Z,,    +  Z.,,  ?^-\-  &c.  +  z.,*^i'+z^     +  &c.  &c. 
=25rt  +z^^ay + &c. +Z,v^i'+ 2W  ^V^'+^c. 

Heuce  S,  U  entirely  composed  of  terms  of  the  following  forms : 

in  fact,  S,  is  made  hy  putting  ttigether  all  such  function«*  of  single 
coordiuutes  as  are  shown  in  the  first  and  last  of  the  preceding  terms, 
and  all  such  functions  of  every  combination  of  two  coordinates  as  are 
shown  in  the  intermediate  terms.  But  in  no  one  of  these  terms  wouM 
any  change  be  made  by  using  2  for  A,  and  A  for  2 ;  now  S,  is  converted 
into  Sgby  this  change;  whence  8^=83;  or  S,r=:0.  But  S,  is  a  difl".  co. 
with  respect  to  the  quantity  differentiated  is  therefore  independent  of 
or 

2  ^£A       is  independent  of  t   (A,  J). 

This  conclusion  is  one  which  it  may  be  worth  while  to  verify  in  a 
particular  case.  Let  there  be  a  particle  moving  in  a  given  plane,  acted 
on  by  pressures  in  the  directions  of  x  and  y>  the  accelerations  of  which 
are  y  and  x.    We  have  then 

dV=ydx+xdf,  U=*y,  T=i(«"+y"),  Z=T+U, 

ore  the  eqvmtitms  of  motion,  (a  result  we  might  have  looked  for)  which 
give  x^'=Xt  (i)agc  211) 

jp=  As' + Be~ '  +  C  cos  ^  +  E  sin  ^ 

ys  A«'+ B€~^—  C  cos  / — £  sin  < 
Axs AA .  s'^  AB .    -f  AC .  cos  I + AE .  sin  ^ ;      :=  2 A .  f'  + 
aji^sSA.c'— dB.r^—  2C.sin<+  aE.cos<;  Ax'sAA.c'+^c. 

f/Z  rfZ 

And  we  want  Ax  c  — ^       A  — >     Ax^/^d^r  Ax' ;  form  this  by  actual 

(fx  ax' 
multiplication  from  the  preceding,  and  we  slutU  get 

At  &r^— &c  Aj'isQ  (a a  AB-AA BB)+  (AC  ?K-aC  AE) 

+(aA  AC— AA  aC)(cosH8in  Qc'-f  (AAa£-dAA£)(coe^-sinO  s 
+(ABdE-aBAE)(cos<-fsinO«''+(AB5C'dBAC)(cos<-8inOf'*'. 

Now  observe  that  to  change  x  into  y  we  have  only  to  alter  the  signs  of 
C  and  E,  which  will  change  those  of  AC,  &c.  If  this  be  done,  and  the 
result  added  to  the  preccduig,  we  find  that  all  the  portion  depending  on 
I  disappears,  and  part  of  the  independent  portion,  giving 

Ar     -  ax  Aj' +  Ay     -  ay  Ay '=  4  (3  A  AB  -  AA  aB)  ; 
a  reault  independent  of   which  Terifiea  the  theorem. 


2M2 
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This  very  riinuu  kiiblc  result,  which  is  perhaps  the  most  characteristic 
bpccimeu  ui  the  genius  of  Lagrange  which  could  be  given,  is  the  most 
general  theorem  which  has  yet  heeti  attauKd  in  the  mathematics  of 
mechanies,  not  excepting  the  principle  of  virtual  veloeittes,  or  that  of 
D'AIembcrt  ;*  for  while  the  former  gives  a  relation  between  the  effects  of 
one  virtual  alteration  only,  this  theorem  of  Lagrange  assigns  a  relation 
bet'veeii  the  effects  of  two  dietinct  nii<l  independent  virtual  alterations. 

Rt  tui  iiiiig  to  the  equations  ((3)',  page  5130,  let  us  now  suppose  such 
tliblurbing  forces  to  be  introduced  up  i\'\d  tlie  disturbing  function  i\U) 
U,  LI  being,  as  shown,  a  function  ui  4,  f  ,  tkc,  but  not  of  s,  Y*'* 
Hence  dZ :  d^^  &c.  remain  as  before,  but  aZ  i  d^,  &c.  must  be  increased 
hyd£k:dij  &c. ;  so  that  allowing  Z  to  represent  T+U  aa  in  the  uodis- 
turhed  question,  the  equations  of  the  disturbed  motion  are  found  by 
writing  Z+H  for  Z,  which  gives 

d  dZ         __(/a     d  dZ^  ^dZ  _da 

Let  us,  moreover,  suppose  that  the  formulae  for  the  disturbed  motion 
are  to  be  those  of  the  undisturbed  motion,  except  that  the  arbitrary  con- 
stants  become  functions  of  the  time,  and  let  t^,  &c.,  which  are  variations 
arising  from  variations  of  elements  only,  be  those  'vannt!(»ns  which 
actually  take  place  in  the  time  dt ;  while  Af,  &c.  arise  from  arbitrary 
and  virtual  variations.  The  theorem  of  Lagrange  still  remains  true,  but 
not  in  the  words  hitherto  ubed ;  fur  (A,  3)  (page  531)  now  becouies  a 
function  of  the  time ;  but  this  is  only  tiffough  the  elements  which  it 
contains,  which  were  the  arbitrary  constants  of  the  undisturbed  motion; 
and  (A,  2)  is  now  to  be  said  to  lie  not  a  function  of  the  time,  except 
through  these  elements.  Moreover,  as  previously  explained,  the  number 
of  p1eiiK:nts  by  proper  determination  of  which  we  make  the  undisturbevl 
fo! niulro  represent  the  disturbed  motion  being  double  of  the  number  of 
ec[uat  nma  to  be  satisfied,  leaves  it  in  our  ])o\vcr  to  uiuke  it  a  condition  of 
thib  dciermiuatiou  that  Ss,  t^,       shall  uU  vauiahj  the  etiect  of  which 

/       dZ  \ 

upon  (Ay  hy  being  observed,  we  now  see  that  £  ^A4 1  -^j  is  independent 

of  the  titne,  except  through  the  dements. 

Again,  if  we  examine  the  first  of  equatioos  (O),  or  d.Zr—^-^'f 
=0|.<fl,  it  is  plain  that  d.Zf  must  consist  of  two  parts;  first,  that 
which  arises  from  midting  t  vary  where  it  enters  explicitly;  secondly, 

thnt  arising  from  making  the  elements  (formerly  arbitrary  cari^tants) 
vary  so  as  to  make  the  whole  satisfy  the  disturbed  equation.  But  llie 
first  is  the  (/.Zj,  of  the  undisturbed  question,  and,  therefore,  page  530, 
equations  (6)  ,  is  equal  to  Z^.dt :  the  second  must,  from  the  hypotliesis 
above  made  as  to  the  meaoing  of  ^,  be  denoted  by  SZ^.   Hence  the  pre- 


*  The  principle  of  D'AIembert  is  perhaps  rather  oi  a  muiaphytitcal  lhaa  a 
neehuiieal  ehameter;  b^  which  I  mean  that  ita  «vid«^iic«  depends  rather  on  o» 
general  notion  of  came  and  iffcct,  than  t  n  any  (  Oaception  jiaitlciilarly  derivt-d  from 
the  cause  which  we  call  force,  or  its  eUcct,  velocity,  or  the  cuunteractioa  of  effects 
csUed  equilibrium.  Assuming  that  a  cause  roust  produce  its  efftet  unless  hindettd 
by  the  ctfect  of  some  different  cause,  it  folloxvK  that  ifa  set  of  causes  A  produce  only 
tne  efffct  uf  another  set  of  causes  B,  A  and  B  cnn  nnly  differ  in  that  A  contai«s 
besides  ii,  a  set  of  cauises  the  effects  of  which  neutxiilize  each  other:  these  being 
leoMfsdf  all  that  bkftof  AisB. 
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cediog  equation  becomes  SZf^O^.dl,  or,  in  oommon  notalion»  and 
eitendiDg  the  same  reasoning,  we  have 

whence  ^Cl.dt  is  a  function  which  is  independent  of  t,  except  as  i 
enters  through  the  now  vuriahle  elements.  Or  rather,  if  in  the  expres- 
sion 3  (A;  5  Z.,— A  Z{.)i  which  is  certainly  independent  of  /,  we  intro- 
duce tJjc  conditions  ?f =0,  ?Yr=0,  &c.,  we  tlicn  find  an  equivalent  to 
AOdt,  which  is,  ihcrcfore,  independent  of  t.  But  we  are*  not  to 
suppose  that  if  we  were  merely  to  find  il  in  tlie  most  direct  manner, 
and  thence  ^di^  that  we  ahould  moduce  this  function  in  the  form  in 
which  it  ia  independent  of  t  The  theorem  may  he  thus  stated :  the 
expression  All dt—^.c^  ^Z^,  may  he  made  independent  of  t  directly,  by 
^nbstittition  in  AH  of  the  values  of  O^,  &c.,  furnished  by  the  equations  of 
motion,  (this  is  the  reversal  of  the  last  process,)  and  tins  form,  whitdi  is 
independent  of  /,  is  in  vaitic  an  equivalent  to  AUt/f,  it  the  equations 
^^=0,  fc^=0,  &c.  be  aUo  satisfied  by  the  vnrmtiuns  of  the  elements. 

I^t  ch  fit  be  the  values  of  i,ft  &c.  when  /=0,and  X,/t,  &c. 
those  of  2^..  Z^#,  &c.,  in  the  uodisturhed  question.  These  quantities^ 
twice  as  many  in  number  as  the  coordinates,  may  be  taken  as  the  con- 
stants of  integration ;  since  whatever  constants  integration  may  intro* 
duce,  they  may  be  determined  in  terms  of  a,  &c.  and  &c.  But  since 
2  (A^  cZjr— AZ,,)  is  independent  of  t,  it  mieht,  in  tlie  undigturhed 
question,  be  determined  by  making  ^=0,  pince  the  value  which  it  then 
has,  it  must  retain.  But  its  initial  value  is  ^  (A^.^X— AX),  whence, 
rememhering  that  the  value  of  the  preceding  is  also  Ail.c//,  and, 
anbstttuting  for  %  &c.  in  Q  their  Tuues  in  terms  of  /,  a,  X,  &c.,  wp 
have 

W^""*"^  Ai8+&c.+  ^  AX+  &c.  j=:A«aX-aciAX+Ai85;*-&C., 

iu  which  Acc,  A/3,  &c.  are  altogether  indeterminate.    Hence,  then, 
«X=g*.  a/.=5*.  J/3=-g*.&c.(8). 

*  For  example,  (A/  +  B)a— (at-f  A)  A  is  indepandent  of  /,  unless  ss  contained  iu 
AtOfStc.  But  should  it  liup})en  that  a/-|-&  =  0,  we  do  not  bseoms  immediately 
co^^iizant  uf  this  tlitorcni  lookini;  at  (A/-|-B)a,  ihoi't^b  we  mny  deduct*  it  either 
fay  uimg  the  term  +  A,  or  by  eliminstiog  t  frum  (,«\/-t-Bja  by  meaus  of 
tfl^^iB  0.  The  student  who  examines  the  Mtcmifut  Anaifftiyme,  pf^  333—337,  will 
see  that  Lagrange,  when  he  hes  proved  the  equation 

adds  "On  voitqnc  $econd  metnhre  dc  r£H|uution  pr^-cddente  est  la  meme  fonction 
que  nnus  avons  vu  devoir  i^ire  ind^pvmk  nte  dvi  tenin  t."  But  he  dots  not  venture  to 
add  that  therefore  the  fnii  side  is  independent  oi'  i,  und  he  cautiously  abstains  from 
any  we  of  that  Hrst  side,  except  by  means  of  the  second.  The  fact  is,  that  though 
it  IS  possible  tu  wnlL  ::  in  such  a  form  that  AH*//  shall  be  iiulcpendent  of /,  yet, 
after  the  present  step,  he  <lues  not  find  it  necessary  to  use  or  refer  to  that  fo/m: 
and  it  is  in  Iket  never  used  in  practice.  The  difficuh^  arieet  from  the  particnlansa- 
tion  of  the  meaning  of  }  being  made  a  little  too  early  m  the  process,  which  is  avoided 
in  the  second  proof  of  the  teeultiog  equation!  presently  given  (^lage  535). 
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and  bij  on.  And  Bince  2X  is  supposed  to  arise  from  a  cliange  of  I  into 
t-f  dt^  as  soon  aft  we  pass  to  the  disturbed  question  and  suppose  a,  X, 
dsc*  ftinctionB*  of    it  is  not  necessary  to  distinguish  it  fiirther  from  dK^ 

a  differential  relative  to  the  time.  We  have  thus  a  number  of  simulta- 
ueous  differential  equations  sufficient,  if  they  can  be  integrated,  to  deter- 
mine a,  X,  &c.  in  terms  of  f.  Neither  is  it  necessary  that  /  should  enter 
directly  in  these  equations;  for  since  ^Q,.dt  may  be  exhibited  in  a 
form  which  does  not  coutaia  1,  and  this  absolutely  independently  of  the 
values  of  Aa,  &c.,  the  same  thing  is  true  if  all  but  Aa  vanish,  in 
which  case  AQdt  is  (dO-.tfa)  Acecfl,  so  that  ida:d«t}di  wiU  not 
contain    if  derived  from  the  prupi  r  form  of  CL 

The  equations  (S)  are  only  particular  cases  of  a  more  general  foim^ 
from  which  it  may  be  advisable  to  derive  them.  In  the  general  equa- 
tion 

Z  (A4  cZf  - ci  AZ,0=2  ( Aa  cX-a>e  AX), 

which  merely  expresses  thnt  the  first  side,  not  containing  /  directly,  has 
always  its  initial  form,  substitute  for  A£,  A'C,  AZ,-,  &c.  their  dnvclnped 
values,  the  elements,  by  variutirn  of  whi(^h  the  variation  A  arises,  being 
a,  X,  &c.    We  have  then  for  the  first  side 


2 


equate  this  to  the  second  side,  then  since  the  equation  must  be  true  far 
all  values  of  A«,  &c*,  we  have  a  set  of  equations  of  the  form 

Without  making  any  particular  supposition  as  to  the  derivation  of  c, 
repeat  the  process  by  substituting  for  ^2^,  &c.,  their  developed  forms 
in  terms  of  C(x%  3X,  &c.,  which  must  make  the  preceding  equatioas 
identical.  The  consequence  is,  that  if  p  and  q  represent  any  two 
whatever  of  the  set  «t,    A,  ft,  &c»  we  6na 


\dp'  dq      dtj'  dp  ) 


to  be  either  +1,  —1,  or  0  ;  -f  I,  if  y  ami  q  ])r  a  and  X,  or  ft  and  /j, 
&c. ;  — 1  if  ^  and  be  X  and  a,  or  /i  and  /i,  &c. ;  0,  iu  every  other 
case. 

But  if  in  the  preceding  equations  we  take  2  to  arise  from  the  simple 
change  in    and  make  da,  &c.  so  that  ^^=0,  d^^sO,  die,  we  then  fina  as 

•In  the  undisturliid  question  a,  ?.  &c.  arc  f  i  n  !  by  i  nuking  f-tO.  But  ths 
student  mutt  not  thfrclore  imagine  that  /=0  in  them  whisu  they  become  Junction^ 
of/.  In  fact  the  question  reUtive  to  them  i«  this:  the  values  of  «,  &c.  arv  c^rtiui 
furctioiis*  ufthe  (.Icment'^  ufth.-  ntuhsturbed  orbits;  Secoidiag  to  what  law  do  thesc 
functions  change  when  the  uudisturlied  orbit  varies  its  dimensions  perretti  ill  v.  in 
•ttch  manner  that  a  bo«ly  moving  in  the  distiirbeil  ort  t  muy  aittu  be  aiways  in  Kume 
pouit  nt'  thi'  luidisturlied  uriiit  P  And  a.  &c.  are  those  nuicttont  of  the  sVimmta 
w}ii(-h  \,  /..^  \c.  are  when  /r=0,  altered  Buh>t'(^i;,-utly  to  this  supposition  by  making 
ilt«  tfkmeati  take  their  proper  furmg  in  terras  of  /. 
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before,  from  oonsidenug  the  fundamental  equations^  that  lZ^,=. 
(do :  ^9  dl,  &c.,  whence 

and  thus  we  verify  the  equations  (8). 

Next,  let  the  arbitrary  constants  be,  not  a,  X,  &c.,  but  certain  functiona 
of  any  or  all  of  them,  namely,  a,    c,  &c.   We  have  then 

da^rfarfa        4.-^^^j_j8r  ^^f^^^^^    da  da\ 

dt  "dot  di  di '^^^"'^\dK  'Sh^'d^dxr 

2  referring  to  tlic  change  of  a  and  X,  into  fi  and  /u,  y  and  y,  &c.  succes- 
sively.   But  this  is 

{dafdilda     da  dh         \     da /da  da     da  dh  M 

by  develojiment  of  which,  and  applicutiDii  nf  the  same  process  to  6,  r, 
&c.,  we  get  the  tulluwiug  result.  Let  and  q  be  any  Iwu  whatsoever  of 
the  set  a,  6,  c,  &c.,  and  let 

^^'^^-dX  d«    S  dfX         d^  d^^*''" 
then  wjll     ^       a)  ^ + 6)  — + (p,  c)     + &c. ; 

in  which  for p  we  mfiy  write  cither  «,  or  b,  or  r,  Ac:  it  being  remem- 
bered, however,  that  da :  dp  does  not  appear  in  dp :  di^  since  (p, Jt^)  =1^  ♦ 
and  also  that  {jj^q)  — — {q^p). 

This  is  the  generalization  of  the  problem  of  which  a  particular  Ciie 
occurs  in  ])age  52B,  and  we  thus  see  that  if  the  undisturbed  question  be 
solved,  and  the  values  of  ^,  S^c  in  terms  of  t  and  conEtants  be  substi- 
tuted in  Qy  we  can  immediately  form  the  differential  equations  by  which 
these  constants  must  depend  on  ^,  in  order  to  make  the  undisturlMnl 
formula  represent  the  solution  of  the  disturbed  (lucj^tion.  Up  to  this 
point  we  have  nothing  but  what  is  conunou  to  all  dyimniical  problems, 
and  the  results,  though  exhibited  in  u  manner  which  is  most  practically 
uaefiil  when  O  is  always  small  in  value,  are  yet  true  whatever  may  be  the 
nature  of  O.  To  proceed  further  would  require  that  we  should  propose 
a  specific  problem,  and  enter  into  its  detail,  which  it  is  not  either  within 
the  scope  or  limits  of  this  work  to  do.  1  have  ))lacpd  the  student  at  the 
very  threshold  of  tlie  most  important  })roblems  ot'  the  theory  of  gravita- 
tion :  and  each  of  ilieee,  as  he  in  probably  aware,  is  matter  for  a 
treatise,  nut  lor  a  portion  oi  a  chapter.  I  shall  conclude  tiic  present 
chapter  by  treating;  some  remarkable  points  connected  with  disturbing 
functions  as  they  actually  occur. 

The  gravitation  of  one  particle  of  matter  towards  another  is  inversely 
as  the  square  of  the  distance  between  them  :  that  is,  if  m  and  fWi  be  the 
masses  or  quanti;ies  of  matter  in  two  particles  whose  distance  is  r,  the 
particle  m  cxfits  on  //fj  an  aitiactive  force  wliuh  wonhl,  were  it  allowed 
to  act  uniformly  for  one  second,  create  the  velociiy  cmi'~\  c  being,  as  iu 
page  476,  a  goustant  de^ieiiding  ou  the  upits  employed.    It  is  usually  said 
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that  this  force  is  mr~*,  but  that  is  ouly  on  the  supposition  that  if  r  ^vc^c 
=  1,  the  velocity  created  in  one  second  would  be  w,  which  requires  that 
8uch  a  unit  of  mass  should  be  taken  that  the  number  of  hncur  units  in 
the  rate  of  velocity  created  by  the  action  of  m  continued  umfonnly  for 
one  unit  of  time  such  as  it  it  at  the  distance  of  a  unit,  should  be  the 
ssme  08  the  number  of  units  of  mass  in  971.  In  physical  problems,  it  is 
only  necessary  to  compare  the  ratios  of  different  masses  of  the  same 
kind,  and  tin's  renfVrs  it  absolutely  indifferent  what  \mits  are  used, 
and  makes  it  even  unnecessary  that  they  should  be  asi^ii^ncd.  But  the 
student  cannot  siilVly  proceed  without  a  precise  notion  as  to  tlie  method 
of  actually  dcterniiuing  the  force  of  attraction  in  any  pariicular  case  if 

recjuired ;  and  this  is  done  as  foUows.  Suppose  f^cmtr?  to  be  the 
formula,  as  above  described.  Let  the  unit  of  length  be  a  foot,  that  of 
time  a  second,  that  of  mass  may,  as  we  shall  sec,  be  left  indeterminate. 
Suppose  the  earth  a  sphere  of  the  mass  E,  and  of  a  radius  of  A  feet :  we 

know  that  the  action  of  this  ppl^rrc  creates  in  one  second  on  a  mass  at  its 
surface  a  vcloritv  of  32*1908  feet  But  a  sphere  acts  on  a  particle  at 
its  surface  preci&el)  as  would  do  if  all  the  mass  were  rimoved  to  the 
centre,  and  there  collected  into  one  particle;  which  in  this  case  would 
amount  to  a  particle  of  the  mass  £  acting  at  the  distance  A.  Hence 
32  *  1908=c£A"*,  ihrni  which  e  may  be  obtained,  and  this  being  sub- 
stituted in  the  preceding,  gives 

m  A* 

/=:32'1908g..  — ; 

in  which  the  existence  of  the  ratios  m  :  E  and  A  :  r  renders  i:  indifferent 
what  units  of  mass  are  en»i>l<»)cii,  or  of  distance,  provided  n  l  e  remem- 
bered thai  the  velocity  which  the  result  expresses  is  measured  lu  leet  per 
second. 

If  we  adapt  the  units  bo  ,that/=ifir^,  and  if  the  coordinates  of  the 
particle  actea  on  be  (x,  y,  s),  and  if  the  force  tend  towards  a  point  at  the 
distance  r,  whose  coordinates  are  («,  6,  c),  we  have  r'=(x — — &)• 
+  (2  —  c)%  and  the  resolved  accelerations  in  the  directions  of  jp,  and  z 
are 

tn  o— X    fw  h  —  y    tn  c—z  a—x 

"T"        >   -  -   «   —   4  or  m  ■ '  '  ■ &c.  • 

the  condition  under  which  all  forces  are  represented  being  that  they 
shall  be  called  positive*  when  their  effect  is  to  increase  the  coordinates  of 
their  directions,  and  the  contrary.  But 

d  I 


ar— a  a—x  „ 

= — &c. ; 


whence  it  M)pear8  that  the  above  forces  m  the  directions  of  x,  y,  and  : 
are  the  diff.  co.  of  «ir~^  with  respect  to  x,  y,  and  z.  If  there  be 
another  particle  iitt  placed  at  the  pomt  («!,  6|,  Ci),  and  if  ri=:^((x  —  aj* 
+&c.),  in  a  similar  manner  the  acceleration  of  mi  on  a  particle  at 

*  In  page  477,  ar— Ac.  ais  inidTertantly  written  for  a— &e. 
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(r,  r)  has  for  its  com})oneius  the  diff.  co.  of  w,rr'  with  respect  to 
-c,y, Hence,  if  u  number  of  particles  so  act,  the  whole  accelerations 
on  a  particle  placed  at        z)  ore  the  diff*  go.  of  2  (mr"'). 

Suppoae»  tiieii»  that  a  continuous  man  acts  upon  a  particle  at  (j,  y^z). 
At  the  point  (a>6,c)  let  pdadbdc  be  the  element  of  themaasyaain 
page  493»  and  let  this  be  called  dm.   It,  then,  we  compute 

r  ^  

r  r  r___pdadbdc  

J  J  J  V{(J^-«)''+(y-6)*+(«-c)«K 

throughout  the  whole  extent  of  the  attracting  mass,  tlic  whole  attraction 
of  the  mass  upon  the  particle  at  {x,y,z)  in  the  direction  of  x  is 
{dV :  djt)  i  and  aimilarlj  for  y  and  «. 

In  the  function    or  (ir — a)*+&c.  preceding  we  have 

S  ~"~     '   "ST" — ^ 

-—=---+3  ----.—=—— +  3  '         ,  &c., 

rf*.r-'     <ft.r-'     rf'r-'^    £       (j-fl)'-Ky-^)'  + 
dx*  **"  d«*  ^ "  f*  r»  **" 

*  This  simple  result  may  be  easily  proved  to  be  true  of  each  of  the 
terms  of  ^ntr'^^  how  many  soever ;  it  is,  thereforcs  true  of  the  integral 
V  above  noticed,  or  we  have 

n  TO? nit  which  we  are  now  to  express  when  the  variables  are  r,  0,  and  cr, 
r  being  now  tlie  distance  of  (  r,  y,  2)  from  the  oriinn,  B  boine  the  angle 
which  rniiikcs  with  jr,  and  being  the  angle  rnude  by  the  projection  of 
r  on  the  plane  of  yz  with  y  \  so  Uiat  x=:rcosd,  3^=/' sin  dcoscr, 
israinO.sincr. 

Using  the  abbreviated  notation,  we  have 

and  ?:nnl  ir  formnlje  for  and  V„;  the  serotid  ^ule  proceeding  on  the 
6iip]>o»iiiuu  that  each  of  r,  ^,  and  t«i  expressed  as  a  function  of  j?,  y^ 
and  ^ ;  thus 

y' 

'Sow  let  it  be  observed  that  z  becomes  y  if  ^fv  become  c'+i'T,  and 
that  z  becomes  «  if  ev  become  (ir  and  $  become  O+iir  at  the  same 


Digitized  by  Google 


538  DIFiLUENTIAL  AND  INTEGRAL  CALCULUS. 

time.   Hence,  by  deteiminiDg  r.,      &c.,  we  cau  easily  deduce* 

r  ax 

do ^     X  (Ir ^    xz       (id  __   xz  C08dsin«r 

,  dd    coBdcoBf^      d$  siiiO 

whence  T"—  5  T^"^  

dy         T  ax  r 

duT  1      cosfiT        dta        i^in  rfcj 

dz  y    ThinO       dy       rsmO  dj: 

cPr     .  rfcT  ,      ^  .      (ifl    cos* CI  .  coft'(^8ia''f9 

-—-ST  Bin  0  cos  cj  - — f-co8  0  sin    -r-  =  H  — 

dz  dz       r  r 

"  r  r       *     S?  ^"T" 

<fO  cosf^isiiiaf  dr  cusOcu&ra  Jsj  siut^sintzr  dd 
dz*^         tI       dz  r       dz  r  ds 

2  coed  BID  6  sin*  o  ^cos^cos'cy 


1^  ^  f*tme 

dcosOwiiOcos'cr    COB  0  sin*  9 

rTrrr  (:ns  rrr    /^r      sin  ttt    ^/rn       co8  m  q 

c/ai*~    r^sinO  <2£    rsin^  dz     rsin'O  itar 

COB  T3  fein  w     COS    sin  cr     cos    sin  ct  cos'  0 

dhsj       COB  t3  sill  t7     COS  GT  sin  tor     COB  t3  sin  c  COb*'  0 

Ht-nccp  X  referring  to  summation  of  resulls  of  lectaiigular  coordinates) 
(as  in  2r,=r,+r^4-r.),  we  obtain 

2r,e,=:0;  2««cr,=0;  2:w.r,=0; 

*  ThouKb  this  if  wbat  is  hen  dooe,  it  i«  desirable  thut  the  (tudent  thould 
deduce  all  these  differentuil  coefliciente  independently  of  each  other. 
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Substitute  these  iii  2V«=  V,,  2  r'+ Zft4*&c.,  obtained  from  the 
values  of       &c.«  and  vns  have,  since  SV^sO, 

Multiply  by  r*,  and  the  firiit  and  fourth  terms  together  then  make 
rd^  (rV)  ;dr*i  abo  let  cosd=r^  which  gives 

Substitute,  and  the  secood  and  fifth  tenus  (after  muUipUcation  by 
r*)  are 

whence  the  final  equation  (in  the  form  employed  by  Laplace)  is 

If  the  attracting  surface  be  a  homogeneous  sphere,  or  spherical  shell 

of  any  tliickness,  with  the  origin  for  its  centre,  it  is  obvious  a  prion 
that  the  attraction  is  altogether  indc})endent  of  everything  bnt  r  ;  whence 
if  0r  be  the  whole  attraction,  (which  must  be  towards  the  centre,)  we 
have 

=— ^-i,       or  rfV»— ^.lir  ; 
ax  r 

whence  Y  is  a  function  of  r  only ;  so  that  dV :  dfi  and  :  dm  vanish, 
i\  In'le  <iV :  dr  is  the  whole  attraction.  Hence  the  preceding  equation 
gives 

-^=0,orV=A+-, 

that  is,  the  whole  attraction  of  such  a  sphere  or  shell  upon  any  exUma^ 
particle  is  directed  towards  the  centre,  and  IS  inveniely  as  the  square  of 
the  distance.  Moreover,  B  is  the  mass  of  the  sphere ;  for  if  the  dis- 
tance r  he  very  great  compared  with  the  radius  of  the  sphere,  the  sphere 
must  act  nearly  as  an  isulattd  particle,  and  the  more  nearly  the  sjreatcr 
r  IS.  But  B  being  a  constant,  cannot  approximate  to  the  mass  ol  the 
sphere  as  r  increases,  and  the  preceding  condition  cannot  be  true  unless 
B  be  the  mass  of  the  sphere  itseif.  So  that  at  all  distancrs  the  attraction 
of  the  sphere  is  as  its  mass  directly  and  the  square  of  the  distance  r 
inversely :  or  the  sphere  acts  as  if  it  were  all  coUectedf  at  the  centre. 
The  equation  (V),  and  another  analogous  to  it,  are  employed  by 

♦  If  tlif  r  \rticle  uttractt  fl  wrre  wilhin  the  limits  of  the  sphere,  the  denominutnr 
in  the  luuctioii,  which  integiated  gives  V,  would  become  infinite  within  the  limits 
of  integration,  and  could  not  be  reli«i1  on.  And«  in  f«ct«  (he  laws  of  attrnction  are 
different  for  internal  and  external  p;uticles. 

t  If  our  object  here  were  the  particiUar  discuisioa  of  this  problem  we  should  give 
a  better  proof  of  this  for  the  begiuaer. 
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Lnj>lace  in  the  deduction  of  the  properties  of  some  very  remarkable 
functions,  which  it  is  usual  lu  call  Laplace^s  coefficients* 

Let  there  now  be  any  number  of  pardclest  attracted  by  and  Attracting 
each  other,  but  otherwise  moving  freely.  Let  one  of  tnero,  having  tibe 
maeaM,  be  the  one  to  which  all  the  others  arc  referred,  (the  suni  in  the 
case  of  a  planet,  the  primary  in  the  case  of  a  satellite,)  and  let  X,  Y,  Z 
be  its  coordinates.  Let  the  other  particles  have  the  nri^ses  m,  m  ,  m^^ 
&c. ;  let  their  situations  at  the  end  of  a  time  t  from  the  be^nning  of  llie 
motion  be  at  the  points  (t,^,  c),  (J?/,  2^),  &c.,  when  the  origtu  is 
(X,  Y,  Z)  :  that  is,  let  their  actual  coordinates  in  space  be  X+ar,  Y  +y, 
Z + 2,  X  -f  &c*  I^et  their  distances  from  M  be  r,  r,,  r,^^  &e.,  and  let 
r«.  b  represent  the  distance  between  the  particles  fn«  and  It  is 
required  to  exhibit  the  diff.  eqn.  by  which  jr,  y,  jt,  s^^  &e.  are  to  he 
determined. 

First,  as  to  the  motion  of  IVf,  it  is  obviotis  that  the  accelerations  with 
which  it  tends  to^vanis  tlic  several  particles  arc  ;/ir"*,  »w^r^~*,  &c.,  which» 
decomposed  in  the  directions  of  or,  y,  and  z,  give 

d|X_   wi£    rf*Y_    my    (/*Z_^  mz 

the  signs  of  the  second  side  being  marked  as  positive:  for  m,  for 
instance,  can  only  draw  M  towards  the  origin  when  it  is  in  the  direction 
of  «  nearer  to  the  plane  of  yz  than  M,  that  is,  when  X+x  ia  leas  than 

X,  or  when  x  is  negative.  This  will  make  mx :  r*  negative,  which  is 
according  to  the  conditions  laid  down  for  estimating  the  signs  of  the 

accelerations.  A?ain,  since  the  effect  of  M  ^!pon  m  is  roTitrary  in 
direction  to  that  of  m  upon  M,  the  components  of  the  latter  are 
—  Mr:;-',  —  M?/ :  ;^  — :  r*,  and,  similarly,  for  m,  &c.  Also,  the 
attraction  of     on      in  the  direction  of  x  is  (as  before  explained) 

Consequently,  putting  together  all  the  accelerations  on  m»  in  the  direction 
of  or,  we  have 

1       d       tin  IV,,       777  771,       77l,,mf,  .    _     1  ,  . 

nit  <uii  I  r«,»       ri,»       r^,*  j 

which  contains  every  value  of  a  except  Suppose  now  we  form 

the  function  X  =  ^  {w^m^  (r^  which  every  pair  oi  masses  enters 

in  some  one  term :  we  have  still 

Whole  acceleration  on    in  direction  drs~  ^ ; 

*  The  fiaglish  reader  may  fin<l  the  di»cu&&ioD  of  these  functioot  in  MurpliT  on 
Electricity.  Cambridge,  1833,  end  in  0*Brien't  Mathematieel  TriMte,  Canbridgv, 

1840. 

t  The  planets  are  spoken  nf  and  treated  as  particles ;  being  spheres,  or  very  nearly 
so,  they  attract  each  other  very  nearly  as  if  they  had  their  masses  collected  at  their 
centres.  The  aouUl  irregularities  ariainja;  from  their  oon^epherieal  fortts  an  uraally 
tiaated  subiequently  to  the  main  esse  of  Iht  pfoblem. 


kt 
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for  with  re  gard  to  terms  already  in  they  are  also  in  X  :  anil  tlic  terms 
which  uie  uui  iu  (f/f«)  vauiiali  iVuui  ciA  idx^f  since  they  arc  not  functiut)8 
of  X*.  Tbui  11  not  in  the  term  which  has  m^,  and  which  only 
contains  and  x^*  But  since  all  the  particles  enter  in  the  same  way 
into  the  expression  X,  this  function  applies  equally  to  the  case  of  the 
action  of  any  one  particle  on  any  other :  and  reasoning  similar  to  the 
above  shows  it  to  apply  also  to  the  directions  of  y  and  r. 

Cullecting  tlie  ucccicriitious  un  the  particle  m  m  the  direction  of  jr, 
and  equating  them  to  their  ellcct,  we  have 

df  (X  +  r)_    M.      1  dk        rf-X  _o«, 

whence   ^  2,—  + —  y  ; 

iu  which  2  2^  means  ^^—^  +^^^+&c.,  or  a//  6tif      this  last  term 

having  been  taken  into  the  preceding.  But  this  last  is  the  diii^  co.  with 
respect  to  x  of 

^r* — 7? — y 

in  which      is  successively  made  m,,  m,,,  &c.    The  terms  containing  y 
and  r,  which  disappear  in  the  differentiation,  are  introduced  that  the 
same  function  mav  apply  to  the  accelerations  in  the  directions  of  these 
coord iimtes.    It  will  be  remembered  that    contains  only  jr*,  y^,  and 
li,  then,  we  muke 


n  functbn  which,  represented  at  length,  is  as  follows, 

mm. 


m  {4 


the  differential  equations  of  the  motion  of  m  arc  (M  +  wt  beini^  ^) 

5?+7f+^='^'  ;^+F+;^=°'  i?+^+.5^='" 

which  are  the  fundamental  equations  of  the  motion  of  a  planet.  These 
equations  may  be  approximately  solved  either  by  the  direct  application 

of  successive  substitution,  (after  transformation  somewhat  resembling 
those  in  page  507,)  or  1)Y  the  method  of  variation  of  element--,  described 
in  the  preceding  jiart  of  tins  chapter.  But,  as  before  obbcrved,  this 
soluuoa  wuuid  require  a  treatise  of  itself. 
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CHAFTEft  XVIII. 

ON  IMTE&POLATION  AND  SUMMATION. 

Thk  present  chapter  is  intended  to  exliibit  aome  developmeDts  of  the 
general  methods  derived  from  difieTcnoes,  which  are  uaefiu  in  practioe. 

By  interpolation  it  meant  the  inaertioD  of  intennediate  values  of  a 
function,  corresponding  to  intermediate  values  of  the  variable.    If  the 

function  Itsrlf  be  given,  any  valtic  may  be  calculated  without  reference 
to  itlu  r  values  ;  and  tlie  qucstiftii  of  Undine  for  a  given  value  of  x 
IS  not  une  ot"  intripolation.  Let  us  then  suppose  that  all  we  knuw  of 
the  function  is  timt  when  J:=^a„  <px—\^y  when  jr=a„  ^x=A„  &c. 
It  iM  required  to  investigate,  as  iar  as  that  can  be  done,  the  function 
itself,  so  as  to  be  able  to  find  any  values  of  it. 

The  question  proposed  is  indeterminate ;  that  is,  an  infinite  number 
of  functions  can  be  found,  which  satisfy  the  proposed  conditions.  For 
instance,  suppose  three  values  of  the  function  to  be  given,  Ao»  At,  A« 
answering  to  three  given  values  of     namely  a^,  a,,  a,. 

Let  X<,j,  /i^T,  y^,  &c  beany  iunctions  which  vanish  when  x  —  a^  and 
do  not  become  infinite  when  is  Ui  or  a, ;  also  let  X,x,  &c.  and  X»r, 
&c.  be  functions  similarly  related  to  xssoa  and  x=ff,:  and  let  fx  be 
any  function  of  «  which  vanishes  ivhen  »s=ai»  and  also  when  jrsa^  or 
0,.  Then 

Aia,M»       Itffix'lhgh  y^yiO% 

satisfies  the  conditbns,  and  contains  no  less  than  seven  arbitrary 
functions.  If,  for  instance,  xsia^  fx  vanishes,  snd  also  fi^r  and  v»r ; 
whence  the  last  three  terms  vanish,  and  the  first  obviously  becomes 
If  we  want  the  most  simple  algebraical  function  which  wiU  satisfy 
the  conditinn$<,  we  must  take  X^=ft^=&c^x and  soon:  alab 
fx=zO.    This  gives 

(a»— a,)(iXo*-<ii)   *         «•)(«!— «0   '    («.— a,)((i,— ir,)  ^ 

If  a,,  a,,  cit,  be  thcnibclvcs  the  values  of  a  luucuou  of  t  correspond- 
ing to  1=0,  i=h  &c..  and  if  ft  he  this  (unction,  and  i>z  the  required 
function  of  jt,  we  have  xisft  and  ^=^ft :  whence  Am  A|,  &c.  are 
the  values  of  answering  to  <sO,  i=l,  &c  Consequently  (pege 
79) 

satisdes  the  conditions ;  which,  since  t^sf^i:^  gives 

itxssA^-^-f-^x.AA^-k-f-'s^^-^^^  A'A«+&c. 

Tints,  if  it  should  happen  that  Ao  =  l,  AA^2,  A*AoS=3^  Ac.,orif  Ai« 
At,  Ac.  be  1, 3,  8,  20,  &c.,  we  have  (page  240,  £x.  III.) 
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But  this  u  only  one  out  of  an  infinite  number  of  proper  forms :  for 

since  s'mrrf  vanishes  when  t  is  any  whole  number,  and  also  x(^''^ 
provided  that       and  x  vanish  loi^cthor,  we  niav  add  ^(sin.TY^  'r)  tu 
the  preceding  viiluc  of  0.r,  svitlioul  dibturi)iiig  ilic  values  of  (t>x  wlieii 
j=ag,  or  a,  or  ci^,  «iic.    But  this  change  would  evidently  aiier  tiic 

values  of  ^  comsponding  to  intermediate  values'of  x» 

Haying  said  thus  much  to  show  the  indetermmate  character  of  the 
problem,  we  shall  proceed  to  notice  the  particular  cases  upon  which 
arithmetical  interpolation  is  practically  attainable ;  that  is  to  say,  in 

which  we  determine  intermediate  values  by  means  of  given  values  alone. 
I  reter  to  the  next  chapter  tor  an  instance  ul  anufhcr  and  very 
diBtinct  sort  of  interpolation,  which  we  may  call  interpolauun  oi  I'urni. 

To  simplify  the  mode  of  speakinK^  let  us  suppose  tliat  A«,  A„  &c.  are 
the  ordinates  of  a  curve,  to  the  abscifisce  Ou  &c.  Through  any  two 
points  we  can  draw  a  straight  line  ysp+^r;  through  any  three  a 
parabola  y=p4-gx+rj:*;  through  any  four  a  parabola  of  the  third 
order,  y=p  +  f/r  f  rr*-|-jjr" :  and  so  on.  Again,  if  we  take  n  poinla 
near  one  nimther,  and  having  their  abscissa;  m  arithmetical  progression, 
with  a  biuall,  or  at  least  not  very  large  common  difference,  and  their 
ordmuicd  also  nut  very  unequal,  as  in  the  adjoining  figure^  lite  parabola 

of  the  (/I— l)thorder  which  can  be  drawn  through 
these  n  poinu  will  very  nearly  coincide  with  any 
.  *  *  regular  curve  of  the  same  general  app^rance,  at 
least  between  tlie  extreme  points.  Letr/,  a-f^, 
a-|-2A,  &c.  rej)re.«ent  the  values  of  Jf  to  which 
those  of  ^  are  A^  Ai,  A,,  &c.,  then 

y  =A«+-j--  AA,+  -jp»  — — A*A,+ .... 

will  he  tlu  cfpiiition  of  the  parabola  which  passes  tlnough  all  tlie  points. 
If  all  the  uiileri-'nces  of  Aq  vanish,  from  and  atier  A"Ao,  it  shows  itiui  a 
parabola  of  the  rnth  order  can  pass  through  all  the  points,  how  many 
aoever  there  may  be.  If,  then,  ail  the  differences  of  A« diminish  rapidly, 
80  that  from  ana  after  A**Ao  they  are  not  worth  taking  into  account  in 
practice,  it  denotes  that  a  parabola  of  the  mth  order  will  be  a  sufficient 
representation  of  the  curve  from  jrra  until  r  becomes  po  much  greater 
or  less  than  a,  ilmt  the  coefficients  of  yA^y  &c.  become  large  enough  to 
make  those  terms  of  sensible  value.  If  i=a-+-»i/j,  we  iiave  w, 
n(n — 1)  ;  2,  i6^c.  for  these  cu€liicicnt&,  from  which  it  may  without  much 
diffieult^f  be  estimated,  m  any  particular  case,  how  many  teima  of  the 
aeries  will  be  wanted  to  insure  a  given  amount  of  accuracy.  The  pre- 
ceding is  also,  generally  speaking,  the  most  convenient  form,  though  it 
does  not  differ  essentially  from  the  one  proposed  at  the  beginning  of  the 
chapter.  Suppose,  for  exaniple,  that  according  as  x  is  a,  ^i-fA,  or 
a-i-'Ihy  y  is  "A,,,  A,,  or  A  .  Let  J^=a4-"''^  then  n  is  in  these  cases 
0,  1,  or  2.  By  the  In&l  method  ut  lins  chapter  we  have  for  tite 
simplest  function  which  satisfies  the  condition 

(n-l)(n-2)        »(n-2)  n{,i~-{) 
(0-1)  (0—2)        1  (1  -a}    '"^2  (2-1)    ' ' 

for  At  end  A.  write  Ao-f  AA,  uud  .V«+2AA«+A*A«,  and  the  preceding 
may  then  eaidly  be  reduced  to 
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A^+nAAo+n'^A'A; 

Also  it  is  to  be  obierved  that  (p(a-\-rifi)  and  A«4-ftAAo+«.. .  are 
identical  if  (pa  —  X},  ip  (a-j'h)  —  \^,  &c.  This  follows  most  easily  by 
observing  tlie  laws  of  operaiiun :  the  tirst  expressio?!  is  E^'^<pa  or 
(s^*)"A,j,  or  ( 1  f  which  leads  to  the  operntions  iudiaiied  in  the 

st'cuiid  series.  And  if  in  ^a-f  ^'a.;y/i-f  &c.  we  suhgtiluted  fur  f'a,  4.'c., 
their  values  ia  terms  of  or  Ao»  and  its  dtfierences,  as  found  in 
Chapter  XIIL,  theiesult  would  be  found  identical  with  A«+RAA«-i-fte. 

As  an  examjilc,  suppose  that  we  have  the  following  values;  according 
as  X  is  5,  7,  9,  11,  or  13,  y  is  G72971,  553676,  456387,  376889,  or 
.  31 1805.    What  is  the  value  of  y  when  «r=:lO?    If  <ss=5  +  2/i»  n  is 
whcu  j:=iO ;  aibo  we  have 

A::=6739'}1,  AA«=:-119295,  A'A«s:22006»  ^*A,:= -4215,  A«A,s^ 886, 

in^vhicii  the  Uififereucu)  ^iniiuish  with  sufficieut  rapidity.    The  value 

required  is 

672971-2-5xll9295  +  2-5X'^X22006  -  2-5  ^  •^X4215 

.  ^  ,1-5  -5  --5 

+^''— ¥— ' 

S612971— 29823+41261  - 1311-33=414644.* 

Examples  mav  be  made  at  pleasure  and  verified  kom  a  table  of 
logarithms ;  as  follows.  Take  out  the  logarithms  of  a»  a4- A,  a+SA,  ftc.« 

and  difference  them,  as  it  is  called ;  that  is,  take  the  successive  differ- 
ences of  log  a  until  the  differences  become  very  small.  Let  it  then  be 
required  to  find  the  logarithm  of  a  "fit,  A:  being  n  whole  Tiuml>or 
iK'tweeri  ;  /?  and  1)  h.  Let  jz=a-\-nh^  whence,  in  the  case  required, 
nh  —  k,  or  n=zk:h^  a  fraction  between  p  and  Tlieu  calculate 

loga+nAloga+&c.  aa  far  as  the  differences  have  been  taken,  and 
verify  the  result  by  the  tables. 

Suppose  Aq.  A„  &c.  to  represent  a  number  of  results  of  obaervatioii 
or  calculation,  for  instancCt  the  right  ascensions  of  the  moon  at  intervals 
of  t%velvc  hours  from  n  s^iven  date;  thus  A,j  is  that  at  noon,  A|  that  at 
midnight,  At  that  at  the  next  noon,  and  soon.  If,  then,  we  wish  to 
calculate  the  right  ascension  at  a  time  between  the  noon  and  midnight 
at  which  it  is  A^  and  A^,  let  n  be  tiic  iracliuu  of  twelve  hour&  N^ixicU  ha^ 
elapsed,  and  we  may  compute  the  right  ascension  tequtred  by  the  lbr> 
mulffi  A^+fiAA,+i'(('i — l)A*A«+ic.  But  we  might  also  compnle 
it  by  A,+(l+ii)M,+Kl+i»)nA«A,+  &c.,  or  by  A,+(2+w)AA4 
+  &C,  and  80  on.  These  results  would  be  slightly  different,  owing  to 
the  nece??arv  error  nf  the  process.  And  it  is  sufficientlv  obvious  that 
most  reliance  is  to  be  placetl  o!i  that  result  in  which  the  ditlerences 
used  come  irom  the  places  wiacii  are  nearest  to  the  interval  in  which 
the  required  right  ascension  lies.  Thus  if  we  are  to  go  only  as  far  as 
fifth  differences,  which  will  require  six  right  ascensions  to  be  used,  it  is 
better  that  they  should  be  A4,  A*  A«,  A,,  A^  A,  than  A^  Af,  A„  A^,  Am. 

*  S*!e  this  exjiin;  K'  in  the  Penny  Cyclo]  sctlia.  nrticlf  I.stiuipoi.ation,  in  whidk 
aho  s«mo  othw  in«thodi  may  be  fouad  which  ar«  coavemeat  io  particular  catea. 
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and  All,  the  required  interval  lying  between  A«  and  A..  On  this  considera- 
tion it  is  generally  lliou<j;lit  desirable  to  use  an  odd  number  of  differ- 
ences, and  to  let  the  values  employed  be  distributed  equally  on  one  side 
and  the  other  of  the  interval]  in  which  the  result  lies.  Let  it  now  be 
required  to  express  symmetrically,  by  means  of  A^,  A^  &c.  following 
A«,  and  A-i,  A^,  &c.,  (which  we  write  ai»  0|,  ftc.)  preceding  it;~thus, 

...(fij    a^    a,    cif    a,    (^^ or  A^)    A,    A<    Aj    ^Vi  Ay... 

On  examining  the  manner  in  whirh  ditYereiices  are  ibrnied,  we  see 
that  Aoo+A^^ I  involves  A^,  A,,  anU  is  symmetrical;  AVi  +  A*a,  io- 
^•olves  from  a,  to  A^;  AV/^-fA^/j  involves  lium  to  A,,  and  soon: 
while  A*ai  involves  At,  A«,  A, ;  A*€t^  involves  irDma«  to  A«i  A  V/,  fruiu  a, 
to  Aa,and  so  on.  If,  then,  we  can  escpand  A,  in  a  series,  every  terra  of 
which  is  either  of  the  form  V  (A*'+'a,  + A''^-'a.+,)  or  PA»»tf«  the  object 
is  gained  as  far  as  the  symmetrical  introduction  of  terms  preccdini;  nml 
f olio  wing  a,  is  concerned.  Now  A,  is  ( 1 + A)'  A«,  and  a,  is  (I  -f  A)~'Ao, 
also 

A«^*a,+  A'^^'o^i.iS  A*-^*  {(1  +  A)-' + (1  +  A)"*-*}  A. 

={  ^+ itaI  (iIaJ^'  ^•'^•^Ci^aJ^-- 

whence  (1  +  A)'  is  to  be  expanded  in  a  formula  involving  powers  of 
A' :(!-{- A).  Thiis  ih  Uone  by  the  method  of  geueratinj^  lunctious, 
(page  337).   The  generating  ninction  of  (1  +  A)'  is 

But  A^ :  (1  +A)  =  E4-l^  ■  -2,  say  =F,  whence  the  preceding  denomi- 
nator becomes  ( I  —ty^Ft,   The  reciprocal  of  this  is 


1  ¥'1* 

71     T^i"^  •  •  •  •  •  "I^TT     7\i»+f"^  •  • 


(1-0*    (I— 0*    (1—0*  (1— 0*^ 


t  • 


Now,  X  being  greater  than  a,  the  coefficient  of  f  in  F«.<"-4-(l  —0*"*' 
that  of      in  f*-i.(l— or 


(2tf-f  2)(2fl-H3)"  '  .(2a-f  2+  r-g— I)  [2a -f  2,  n+£-{-l} 

*       1    •     2     ....        (x-a)  [x-a] 

Hence,  successively  making  a=0,  1,  2,  Ac,  and  simplifying  and 
summing  the  results,  we  have  for  the  coefficient  of  I'  in  the  above- 
named  reciprocal, 

.  2    .   3—^+    1.2.3.4.  — 

Btit  j(r  +  2)=(r+iy-l,  (j— l)(«+3)=(j;+l)'-4,  and  so  on; 
whence  the  preceding  becomes 

,+14.  r^-nXC^-ny-i}  r  (^■nM(^H>iy-i}U*-ny-4} 

1.2.3         ^  1.2.3.4.3  ^  * 

Call  thisP,+»+Q,+|F+&c.  Now  the  coefficient  of  <' in  E-*<:{(jp-0* 
-  Fi]  is  'Br*  mnltipUed  by  that  of  I*"*  in  the  simple  reciprocal :  whence 
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coeff. 


in  I  ^Y::j^:::p^i8P^.-B-*P,+Q,,iF-Q,E-»P+Ac; 

and  this  ooelBcient  we  also  know  to  be  (1 4*  A)*  w  From  Htm  I 
leave  the  atudent  to  deduce  the  following: 

A.=P,^»Ao+Q.+iA«A_,+R»+iA*iU+ftc.-P,A.,-Q,A*A-,-  Ac, 

in  which  I'.-  r,  Q,=ra- :  1 .2,  R,=rT  l)(r«-4)  :  [5],  &c. 
This  may  Buiueumea  be  useful,  but  it  has  not  the  symmetrical  form 
required:  this  form,  as  bci'ure  bccii,  liitroducea  a  series  of  tertua,  not 
conlMnmg  E"'  hut  { A+ A  (1  +  A)"'}  P",  or  (E-E"*)  F".  Taking 
the  aeriea  obtained, 

E'=P^,+Qh.iF  +  &c.-E-»{P,+Q.F+&c.}. 

For  «  write  4P— 1>  and  mtdtiply  by  E,  which  gives 

E'=E  {P,H-Q.  F+&C.}  -  {P^»+Q^x  F+&C.} 
The  aum  of  tbete  expansions  gives 

2B'«P^,-P^,+(Qh.,  -Q^.)  F+ Ac-+(E-B-*)(P^+«c  ) 

Taking  the  numerators  of  Px+i— t*x  ir  &c.»  we  find 

(«+l)(<+9)-(x— S)Cr— 1)  jrs:2.3i* 

[x-l,»+3]-[x-3,«+l]  =  (j;-l)jr(j:+l){(j+2)(«+3)-(jr-2)(j-3)) 

=2.5x«(x»-l) 

£jr-a,*+4]-[a?-4,J+2]s[*-2,«+21{(jP+3)(*+4)-.(*-.3)(*-4)} 

s=2.7«'(j*-l)(«»— 4),  Ac 

Substitnto  these  results,  and  divide  by  2 ;  then  perform  upon  A«  or 
all  llic  opcMuiions  iiulicntetl  on  both  sides  of  the  equHtioii,  rciuembering, 
as  shown  at  the  outset,  that  F"  ^V,  means  A*'"  {  ( 1  H-A)~*A«},  or  A*^A_., 
ai  ^^a^  and  that  (E— E^»)  F"A«  means  A^^'^.+  A^-^'o^i;  also 
that  E'A*  means  A^   This  gives  the  fonnula  required,  namely, 

A.=a.+  -  A'a, + — —  A^o.^  —^775  *c 

+la  (Aoo-f  Aa.)+^ ^^^^^^(A-a,+ A^a,) 

^2      2.8.4.5  v»«s-r^*vr»w 

Change  j  into  x4-l»  and  form  A,,,  —  A.,  or  A  A,.  This  can  easilv  be 
done  with  the  coefficients  in  the  sccouU  hut,  which  are,  conaUuts 
excepted,  a-,  [wc— 1,-c  +  l],  [j— 2,  j:+2J,  Ac, 

A  [«— «+a] = [Jt—  (a  - 1),  x+a+ 1]  -  «! 

=(2o+l)[*--(<i— l),x+a].  (as  in  p.  256). 
In  the  first  line,  the  same  coe^cicnta,  constants  excepted,  are  made 
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by  multiplying  thoM  of  the  second  line  by  «•  Now,  Ax  being  1,  A.fP 
is  P+(x+l)  AP,  or 

A{x[jr-a,  jr+fll}=:[j— a,  jr+a]  +  (2a+l)(j:+l)  [j— (a— 1),  j+a] 

=[*-(a-.l),  jr+a3  ijf~a+(2a+lX«+l),  or  (a+l)(2j:+l)} 

+         [a^— (ii— 1),  r+a] 


or. 


[2a+l)    -  [2a] 

T+o]  _1  [j?~(fl~l), x4-a3(2x4- 1) 
[2r/-f  2]         2  [2a+l]  * 

Substitute  tlicse  vftliies,  and  having  thui  found  AA^,  write  B,  for  it. 
We  have  then  A"'A.:=A'*-'B«;  also  let  B.,,  B.t,  &e.  be  denoted  by 

B.=-  (2.+ 1)         5  3  A. 6, 

^2  1.2.3.4.& 

in  -wbidi  it  it  to  be  observed  tbat  ae  the  former  formula  wia  ■yminetri« 
cal  with  respect  to  values  preceding  and  following  A<,,  so  tbis  one  is  the 
same  with  respect  to  iiUervali  preceding  and  following  that  of     and  6|. 

ThuB,  up  to  third  differences  indnsive,  this  formula  will  be  found 
to  require  the  use  of  b»  6|,  or  B«>  and  B„  or  of  one  interval  on  each 
aide  of 

The  method  by  which  these  furmulse  are 
0^  ^  found  is  instructive,  but  they  give  nothing 

AA*  ^*  ^*  A3  A.    ^^^^^     original  formula  in  a  dilferent  Ibim. 

5b  orB^T^  A*6t    ^    For  instance,  taking  the  set  of  terms  written  at 
Bi     •  the  side,  let  the  origin  be  taken  at  ft,  instead  of 

B„,  whence  jrrrt)  — 2,  if  v—0  give  the  term  ft,. 
For  J'  write  r-2,  for  and  write  6,+2Aftg+ and  6i4- ^6,,  &C. 
We  then  have,  up  to  third  difierences, 

=^+f»A4ii+*i^A«^+»^^  ^^^^ 

as  will  be  found  by  actual  reduction. 

In  astronomical  interpolations,  when  third  differences  are  i!?e<i,  it  ia 
common  t«.  proceed  as  follows.  Let  p,  r,  «  be  the  terms,  tiic  quautiiy 
to  he  mtcrjwlated  lying  betweeu  q  and  r.  If  v  be  the  value  of  the 
variable,  p  being  the  origin,  we  have 
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V — 1  v—l  V — 2 

for  the  iDterpolmted  quantity.  This  may  ewily  be  transformed  mU> 

hy  writing  for  p,  Ap,  and  A'/?i  their  values  ^— Ag+A*'^ — AV, 
Aq^A*q-\-A*p,  and  A'f— A^.  It  ia  usual,  however,  to  write  this  in 
the  following  form : 

to  which  it  may  easily  be  reduced.  This  formula  may  he  more  eon- 
venient  than  the  preceding  when  it  is  required  to  bisect  the  interval  of 
p  and  q^in  which  case  vssl^  2i7-^3=0,  and  the  last  term  vanishes. 

But  in  every  other  ca«c  the  second  involves  more  calculation  than  the 
first.  As  an  example  of  its  most  advantngcuus  application,  let  us  find 
the  logarithm  of  2  15  by  means  of  those  of  2*0,  2'1,  2*2,  and  2*3. 
We  have  then 

p=.301O300  .,,jj,,3  r=li.^-l=i 

7=-3222lM  .^2,^2034  ''^^^^^  .0000876  ('^'O  V  = 
r=*3424227  .^^^^^  --0008983  r-22r-3_ 
1=5*8617278  iP-^)-^-  "6"~^ 

Hence  the  formula,  when  A*q  alone  is  used,  gives  the  iirst  line,  and 
when  i  (A>+ A'9),  the  second, 

•  3222 1 93  +•  0 1 0 1 0 1 7  +  •  000 1 1 23  +  •  0000055 =  * 3324388 

•32221934*  '0101011+  OOOUId+Oc:  -3324388. 

Extensive  interpolations  may  be  facilitated  by  tables,  not  only  of  the 
vsluea  of l)t  &c,  hut  alfo  by  multiplication  tables,  in  which 
these  values  are  the  multipliers.  But  when  an  interpolation  ia  often 
wanted,  for  the  same  fraction  of  an  interval,  it  may  be  better  to  construct 
a  formula  hi  terms  of  the  given  values  themselves  th:iii  nt  their  differ- 
ences. T\\\x%  the  following  method,  deduced  from  that  in  page  542,  may 
be  {ipi)licd. 

Let  c,  6,  a,  A,  B,  C  be  values  of  a  function  au&wenng  to  Llic  fuiiowing 
valnea  of  the  variable,  m+l,  m+2,  &c. :  it  is  required,  using  fifth 
differences  inclusive,  to  interpose  four  values  between  a  and  A  anawerinK 
to  m+2|-,  m+afk  fli+2t»  m+2|-.   For  symmetiy,  let  m4-jr=m+2} 

which  amounts  to  reclconing  Jj-  from  the  middle  value  of  x 
between  those  of  a  and  A,    Hence  i;=r2x  — 5,  and  the  values  at  which 
the  interpolation  is  lo  be  nnide  are  r=z~|.,  or  — or        or  +-5. 
Again,  if  we  represent  the  iunction  required  by 

re+j6+i>a+PA+QB+KC, 

9,  Ac.  being  fonctiona  of  v,  and  the  whole  a  function  of  v  of  the  fifth 
degree,  (which  is  implied  when  we  speak  of  rejecting  all  diifiereneea 
after  the  fifth,)  it  ia  obvious  that  we  satisfy  one  condition  by  aupposiug 
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that  when  r=0  or  ?'=  —  5,  we  have  r=l,  q=0,  f>  — 0,  &c. ;  or  all  but 
r  are  divisible  by  r+ Similarly,  all  but  q  are  divisible  by  r  + 3,  all 
but  p  by  t7+ 1,  all  but  P  by  i>-  1,  all  but  Q  by  ©—3,  and  all  but  R  by 
t?  — 5.    These  coMiiitiuns  are  satisfied  by 

R=r(r-3)(P-l)(r+l)(r  +  3)(r+5), 

Qr=(i;-5)(t>-l)(i'+l)(iJ  +  3)(r  +  5), 

P=:(©-6)(t— 8)(t>+l)(i»+3)(p+5)  i 

p= (r -5)  (i?-3)(r-l)(i>+ S)(» + 5), 

9=  (tj- 5)(t;-3)(t)--l)(»+ !)(»+ 5), 

r=(t;-5)(r-3)(t?-l)(r  +  l)(r4-3) ; 

and  each  of  these  must  be  divided  by  a  coeOicient,  bo  that  r  may 
become  1  when  i;s:^5,  q  when  vss^S,  &c.  '  These  coeffidento  are, 
thai* 

For  R,     2.    4.6.8.10  For  p,  —  6.-4.— 2.    3.  4 

Q,  —2.    2.4.6.  8  ..   q,  —  8.-6.-4.-2.  2 

P,  —4.-2.2.4.  6  r,  -10.-8.-6.-4,-2 

whence  the  required  functioii  is 

(,■■  -Orr--^n)(r^5)  (P«^l)(r-3)(t;'^g5) 
2.4.6.8.10       ^  2.2.4.6.8 
(©-l)(l»»-9)(t>*-25) 


4.2.2.4.6 


a 


(i>4-l)(p'-9)(i?*-25)       (g'-l)(r  +  3)(i;'-25) 
6.4.2.2.4  8.6.4.2.2 

(C»-^l)(,«-.9)(^;4.5) 

10.8.6.4.2  * 
an  ezpreeuon  which  mfty  he  thw  Bimplified : 

(l-'r*)(9-p*)(25— 1>^)  f   c        C       56      5B      IQq  lOA I  , 

2.4.6.8.10         t5  +  i;"'"5— 1*''34-«    S-v**"!-!-!?  1— »J  * 

a  form  which  exhibits  the  law  of  the  result,  and  shows  us  that  a  change 
of  sign  in  v  is  merely  equivalent  to  an  interchange  of  the  large  and 
tnall  letten.  Hence  having  calculated  the  ooefficienta  for  vss +i  and 
vss-i-l^  we  hm  immediately  the  lame  for  «=  — f  and  0^  —  The 
general  theorem  ie  as  follows:  If  we  take  any  even  luimbcr  2/;  of 

terms  z,y,.  ■  •  •     A  Y,Z,  and  if  the  variable  Jrbe  the  independent 

variable  of  the  function  measured  from  the  middle  of  tlie  middle  uitcrval 
of  the  terms,  and  if  1,  r,.  .  .  .c,  be  the  coeflBcienis  of  tiie  development  of 
up  to  the  Brist  middle  term  incluaiTe,  the  fimction  imde  by 
rejecting  all  differences  after  the  (2«-  l)th  is 


2.4     ....  (47i-2) 

icja      c,A    fi..tft    c;,.,B  .        ^  £._+_?_ I 

11+; ■5+5~3=i'*'  2/i-l+t> 

To  find  the  value  of  the  function  anewering  to  the  mesnof  thevaloet 
which  give  a  and  A,  we  mutt  make  «s=0,  and  this  gives 
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9(A-fa)— (B+&)     150  (A4-g)-25  (B+6)+3  jC-j-c) 

16  '  256  *^ 

acoofding  as  we  stop  at  third,  fifth,  Ac.  differences. 
In  the  preceding  process  there  is  nothing  which  need  neccasarilj 

confine  the  values  of  x  to  the  form  m,  m  +  &c,  and  it  may 

therefore  be  made  to  produce  a  more  general  result,  tlioiiL'h  not 
simple.  Hut  at  the  same  time  another  and  more  elemeutary  method 
may  apply  when  the  values  of  x  arc  wholly  unrelated  to  each  other. 
Let  A,  C,  &c.  be  the  values  of  a  function  when  x=a,  6,  c,  &c.,  mid 
suppose  it  leqnifed  to  interpolate  for  intermediate  values  on  the 
hypothesis  that  all  differences  (made  from  uniformly  increasing  ndnes 
of  x)  after  the  fifth  are  to  be  neglected.  That  is,  we  aitppose 
that  within  the  limits  of  the  ohserved  values,  the  junction  inav,  w  ith- 
out sensible  iuaccuracy,  take  the  form  +  M.r4-Nx*+P'^'"|■Q•^*  +  K,''"*• 
Taking  six  of  the  observed  vahu  nvc  may  then  deduce  six  equations 
of  the  form  A— L+Ma-f  Na'-f  ^c,  from  which  the  six  quantities 
M,  N,  Ac.  may  be  d^ermined.  This  is^  in  fiu!t,  the  fundamental 
method  of  all  interpolation,  nor  is  the  common  and  easy  case  anything 
but  an  indirect  metiiod  of  obtaining  the  solutions  of  these  equations.  To 
illustrate  this,  suppose  three  values  only  and  second  differences,  and 
let  the  values  of  be  er,  a-f  1,  a+  2,  ho  that  those  of  t  are  0, 1,  2.  We 
have  then  (the  function  being  L+M^  +  NO 

A=L,   B=L+M+N,  C=L+2M+4N; 
whence  2M=:4B-3A— C,  2NsC— 2B+A, 

and 

which  is  the  common  fomnla  as  fiur  as  second  differences.  This  being 
the  case,  it  is  to  be  asked  whether  we  cannot,  by  a  similar  formula, 
methodize  the  solution  of  the  above  eqnationa  when  the  values  of  «  do 

not  increase  in  arithmetical  progression. 

Ijet  A^  or  Ai,  Sec.  be  the  values  corre?! ponding  to  xs^a^  or  Ot,  &c^ 
and  assume  for  the  required  function  the  form 

This  theorem  requires  the  use  of  an  extended  method  of  taidngdifti^ 
cnces»  or  rather  dmdtd  difierencea,  as  fcUows:  let  the  symbol  of 
operation  be  6, 


^^^ViA.  a.-Ob 
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and  so  on;  the  law  of  relation  beiag  fi^Ar  =  (0"~*A,+i— ^"'Arj  ; 
(jO^r'-ar) .    From  these  we  find 

A,=A.+(a,— «,)  eA^   A,s=  A|+ (a,-ai)  ©A. 
=A^+(«.-«.)  «A,+(fl.-«.)  {aA»+(fli-fl,)  ^A*} 

asA,  +  (a,-  o„)  0A«  +  (a,  -  a,)(a,-  a«) 
A,=A,+(fl,-aO  ^A,  +  (a,— OsXaa— a,)  e«A| 

+  «i)  {«.Ao+  (oa-^o)  Ao} 

= A«+(ak-a»)0AtH-(a»— ak)(a,- <O^A,+(a»— ai)(at'-'ai)(<ii-a«)a'A*  . 

aad  w  on;  whence  we  find  for  all  (he  valoes  of  «  specified, 

A.r=Ao+(T~flo)Mo4-  (x— fi,)(x-fl,)  a*A« 

which  may  he  need  as  an  approxiniation  to  any  value  of  the  function. 

Tti  ohservations  of  a  comet,  for  example,  which  cannot  be  made  at 
stated  interv&ls,  but  must  be  taken  when  opportunity  offers,  this  method 
or  some  other  equivalent  must  l>e  emj)loYed  to  interpolate,  and  also  to 
fiud  the  required  function  in  a  series  of  powers  of  x.  If  the  preceding 
he  called  M«+Mi  o'  +  Mi  r^-j-Ac.,  we  have 

M»=  A4— a  a A« + .  a ,  0^  A«  -  ao  fli Ao + &c. 

M, =0Ao — (oo+Oi)  ^  A«+(«o         «•+ (h(k)^  At— &C. 

McsaO*  A«- 6^  A«+Caiat+&c.)^  A,-&c. 

I  leave  it  to  the  student  to  show  how  these  formuUe  are  reducible  to  the 
common  ones,  on  the  supposition  that  Oo*  Oi,  Ac.  are  in  arithmetical  pro- 
gression. The  method  is,  in  fact,  an  extended  method  of  dtfierences^ 
rendered  laborious  by  the  number  of  symbols  which  occur.    We  may 

simplify  it  by  writing  (mn)  to  stand  for  a„  —  and  in  actually  working 
the  foregoing  theorem  eveii  the  parentheses  nuiy  be  uinutcd,  since  there 
are  no  numbers  with  uljich  mn  will  then  be  confouiKkd.  Thus  21 
may  represent  %  — a,,  and  10  may  represent  a^^a^  Tins  nuuuiun, 
like  that  for  diff.  co.y  described  in  page  388,  and  also  that  of  pa^e  454, 
is  only  for  the  actual  process,  and  the  result  should  he  then  written  at 
iKaiffSL.  Thus,  proceeding  one  step  fuither  in  the  theorem,  we  find 

A,=A,  +  41  GA,4--i2.41  0'A,  +  43. 42.41  O'A, 
=A«4-  ioOAo  +  41  (f)iVo  +  20^A<,)+42.41  ((^At4-3U(^'A,) 

+  43.42.41  (t^A,  +  40f)*Ao) 
s:A,+(10-|-41)  aAo-f 41  (20+42)  d'A. 

+42.41  (S0+43)0*A«+43.42.41.400«A«. 

But  10  +  41  =  40,    20  +  42=40,    30  +  43  =  40, 

A.S:  A, + 40eA»+ 40 . 41^A«+ 40 . 41 . 42d»A»+ 40 .41 . 42 . 43d«A« ; 

and  now,  writing  a^—a^  for  40,  &c.,  we  have  a  new  case  of  tlie 
theorem.  By  this  simplification  of  notation,  we  may  easily  give  a 
general  proof  of  the  theorem,  showing  that  if  it  be  true  up  to  x^a^  it 
IS  true  for  9^m^v^  For  if 
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A,=A  +'/<)  .0A,4-  «0.nl  0*A^-f-&c  ,  then  A,^»=A4-|-Cn+i)  lOA^-t&c, 
r=A«+  10.eAo+  (n+  1)  1  {OAo+  209^\,} 

+(n+l)  U(n+1)  2  {6*A.+&c.}+&c. 
=sAt+ {10 + <n+ 1)  1 }  «Ao+(«+ 1)  1 .  {20+ («+ 1)  2}  fl»A.+&a 
But  lO+(n+l) ls=(f»+l)  0,   ao+(n+l)  2=(ii+l)  0,  Ac,  or 
A,+,=A„-f  a«)  0Ao+(a,4.,— ao)(a.+i— a,)^A«+&c 

Tiic  itivided  differences  9A<n  0*Ae,  &c.  may  be  expressed  in  a  mHiiuer 
which  Will  throw  some  uew  light  ou  the  binomial  theorem.  For  wc 
find 

yj  *   A^"* Aq  A,  A, 

•  • — io^^io +oT 

30-»«A,=2j+j2    1,10  "^01/    •^•"■20.21  "^10.12  "^01.02 

^     1      1      10-12       20       e-  t 
^5^10  =  102  ^10^2- 

♦      "•^SO. 31. 32  "^20.21.23  ^10.12.13  ^01.02.08' 

Now,  if  00=0,  a,=:l,  aj=2,  &c.,  then  fTA^  — A"A6-7-2.3. .  .  «,  and 
mn,  as  liere  ubcU,  means  m — n;  tlieii,  from  nhat  wc  know  of  the  law  of 
the  coefficients  of  A"Ao,  it  appears  that  the  coefficient  of  jc*  in  the 
development  of  (1  -x)*  hat  the  iorm 

(TO-0)(m— l)(m-2)....(m-n+i)(m-«)'  ^^"5**" 

I  now  proceed  to  tome  pncticai  rules  connected  with  die  torotnation 

of  scries,  a  subject  already  considered  in  pages  82  and  311. 

We  shall  have  to  consider  separately  scries  in  which  all  the  term!^  arc 
of  one  sign,  and  those  in  wliich  the  signs  are  allernate.  Let  the  series 
for  consideration  be  A.-i- Aj-f  At+ . . . .  +  A,+&c.,  and  A« — Aj  +  A, 
—  • . . . ;  A«  being  a  given  fiiDctioii  of  end  tfaeierieehein^  convergent. 
It  It  then  to  be  remembered  that  A«  and  a3l  itt  diff.  co.  dimintth  with- 
ont  limit  at  x  it  inctLuscd  without  limit. 

When  the  series  is  of  the  first  class,  and  its  analytical  equivalent  not 
known,  tlic  limit  of  the  sum  must  be  found  either  by  actual  puinmation, 
or  by  transformation  of  the  scries  into  another  and  more  convenient  one, 
if  possible  one  of  the  second  class,  which  is  often  easier  than  one 
of  the  first.  If,  for  example,  the  series  have  the  form  6o+^i+6i:2 
+  5.:(2.3)+&c.,  we  tee  (page  240)  that 

and  the  required  transformation  is  made  if  the  differences  of  6  arc,  or 
finally  become,  alternately  positive  and  negative.  In  ihe  scries  l-f2~* 
+3'*+&c.,  we  liave,  calling  the  limit  S,  7t  being  >1,  and  «  being 
1-2-+3--&C., 

S=*+2»-S,  or  S«j^^t. 


Digitized  by  Google 


ON  INTERI^OLATION  AND  bUMMATIOX.  563 

Also  1  +3-'+  5-+&c.«S  (1-2-)  =^  s. 

From  page  811,  the  nun  of  bU  tlw  terau  up  lo  a«  inclusive^  or  Zas+a<» 
which  cul  is 

uhcie,  making  a  little  alteratiou  in  the  uutaiion  of  page  248|  we  meau 
by  Bi,  B„  &c.,  the  numben  of  Bernoulli,  as  follows: 

^'=^'  ^"^h  ^' 

The  constant  C,  which  depends  on  the  lower  limit  of  the  integral, 
nmy  be  made  to  represent  the  sum  of  the  series  ad  infinitum^  hy  Fup- 
posmg  that  Ja,clx  is  made  to  vanish  when  x=:  oc  :  for  Ja,dx 
must  be .  finite  when  j:  =  oc,  it"  tlie  series  he  convergent,  and  we 
may  so  take  C  that  it  shall  then  be  =U.  But  and  all  itsdiH.  co. 
YMUih  when  aras  oe ;  so  that,  C  being  as  above,  we  have  only  C  left  on 
the  seoond  side  of  the  equation  when  x=  a,  or  Sa.s=C.  'fhis  is  an 
innKMrtant  step  in  the  summation  of  aeries,  since  we  may  now  generally 
reduce  infinite  sumniHtion  to  the  summation  of  a  fiTihe  number  of  terms 
of  The  E^iven  series,  and  the  approximation  to  a  much  iii  nc  convergent 
series  whose  terms  are  alternately  positive  and  negative  ;  thus 

C  or  Sa^  =  Sa,-ya^c/j:— ^a,— ~a',+  &CM 

it  being  remembered  that  the  series  j^a^+^B^  a'«— Ac.  may  be  of  the  speciei 
discussed  in  page  326,  as  will  appear  in  the  next  ehapter.  As  an 
example,  let  it  be  required  to  sum  l  +  2""+3~*+4"*+&c.  ad.  Mif. 
Let  x=10,  we  have  then,  taking  the  reduced  series  from  page  311, 
obsenring  that  fir*  dx  in  its  common  form  Tsnishes  when  flc, 

1        1  2  :>.:K4 


10    200  '  12000  72 


1-*=  1  •  00000000  (10)-»=  •  10000000 

3-  ^=  -35000000  (6000)^=:*00016M7 

•11111111   

4-  «fi=  •06250000  •10016667 

5-  "=  '04000000 

6'"=  -02777779  (200)-'=  •00=SOfi(ino 

7-  '=:  -02040816      (3000000)-'= -00000033 

8-  *=  -01562500  

O''^:  '01234568  —•00500088 

lO-'s  -01000000  +*  10016667 


S  10-*=  1  -54976773  +  •09516684 

4- '09516634 


S(ec)-«  1-64493407 

And  this  answer  is  correct  to  the  last  place,  other  methods  givii^ 
1*6449840668*»*.   To  obtain  as  comet  a  lesult  by  actual  sumroa* 
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ttoii  would  rrquire  nt  1eR?t  10,001)  terniH  of  the  t^orie?.  The  following 
table  may  either  sen  e  for  exercise  or  relereuce :  the  meaning  of  the  first 
line  muiit  be  collected  from  page  312.    Let  1  -i- 2""+ 3~*-t-&c. 


71 

1 

•51121 

2 

1 • 64493 

3 

4 

1 '08232 

h 

1 ' 03692 

U 

1*01934 

f 

1*00B34 

8 

1 -00407 

9 

1  •On?f)n 

10 

1  -ooom; 

11 

rOU049 

12 

r 00024 

13 

1*00012 

14 

1*00006 

15 

1-00003 

16 

1-00001 

11 

l.oooon 

18  ! 

1-00000 

S(oc) 


595943 


•}r)75I  278180 


n 

19 
20 
21 

22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 


S(oc)- 

1- 00000  19082  127166 
roOiHJO  00539  ^'20339 
lM»OtMi{)  04769  329S68 
l-OOOUO  02384  505027 
1-00000  01192  199260 
1-00000  00596  081891 
1-00000  00298  03503& 
1  00000  00149  015548 
1  (tOOOO  00074  507118 
l  (H)fKir)  00037  253340 
ruUOUO  00018  626597 
1 -00000  00009  313274 
0000  00004  656629 
1-00000  00002  328312 
1-00000  00001  164155 
1-00000  00000  582071 
1  00000  00000  291038 


1 


There  is  no  other  genoril  method  of  any  note  or  utility  for  the  direct  ab- 
breviation of  the  actual  summation :  though  recourse  is  frequeiitly  had  to 
transformations,  either  into  a  finite  algebraical  quantity^  or  a  rit^fitiitc 
integral,  as  in  the  next  chapter.  If,  however,  it  should  be  found  more 
conveuieut  to  sum  ao+ff«-4-<Gtt.+&c.,  the  sum  of  a,j  +  ai  +  &c.  may  he 
found  from  the  formula  in  page  318,  makine  flo=:^oj  o^=yi»  &c.  Then 
flinoe  Tanishes  when  s  n  infinite,  and  alw>  its  diffeienoca,  we  haTe, 
making  ff«-l-<^+  &o.  ad.  inf.szA^ 


n-l  ^n*-l. 


I2n 


»«— 1 
24» 


where  Aoo,  A*ai»  fta  are  taken  for  the  series  a^,  &c.  But  it 
would  rarely  happen  that  this  method  is  preferable  to  the  preceding. 

We  now  pass  to  series  whose  terms  are  alternately  positive  and  nega- 
tive, inH\3<led  under  the  general  form  Oi  +  rtg— . . . .  The  symbolic 
Tcprebenlatiuii  of  this  is  { 1  — (1+A)  +  (1 .  •  }»fl«i0r  (2+A)~'<it, 
or  (1  +6^)"'  a»  (pages  164,  248).  Hcuce 


^  2 


0  .  A»a, 
4  8 


AX 

— r5-  +  &c  (see  also  p.  240) 

10 


^a.-(2«- 1)  B. y + (2^- 1)  B. 


2.3.4 


(2«-l)B, 


a: 


2.3.4.5.6 


The  last  follows  from  page  248,  by  the  principles  in  pages  164,  «}cc., 
altering  the  notation  of  Bernoulli's  numbers  as  above :  af'\^  &c. 
Btanding  for  the  values  of  the  diff.  go.  of  a,  when  »sO.  In  using  this 
last  series  it  would  be  advisable  in  most  cases  to  sum  a  few  terms,  and 
then  to  make  a*  the  first  term  not  induded  in  the  summitmi.  TUa 
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aeries  might  also  be  obtained  from  §112,  p.  311*  by  mftking  y  infinite, 

or  from  §114,  by  making  fl=r  — 1. 

Frevioufily  to  ueing  these  Beriee,  I  set  dowu  both  tlie  seriea  tor 
^-j.ai+&c.,  and  ao-  ai  +  «S:c.,  with  reduced  coeflBcient*.*  Let 

^•+01+ Ae.s:(a,+ . .  +a,)— / -i a,— P,  a',  +  Pa -  Pa  a;+&c. 


1:12 

1:720 

1 : 30240 

1 : 1209600 

p.- 

1 1 47900160 

691 

P„=s691:l301674368000=— :  [12] 

•7 

P„=:    1 :  74724249600  =— :  [14] 


1:4 

:=yX3:[a] 

1:48 

=ixl5:[4] 

Q..= 

1:480 

17 : 80640 

r=:ix63:[6] 
=^  X  255 :  [8] 

31:1451520 
691:319334400 

=^X1023:[10] 
691 

7 

Qu;=5461 : 24908083200=—  x  16383 :  [14]. 

o 

Let  it  be  proposed  to  detPTniinc  1— 2~*  +  3~*  — &c.  ad,  tnf.  Let  the 
terms  be  first  Bummed  aa  iui  as  +9~*>  whence,  o,  being  (x  +  l)"',  we 
have 

a'.=  -2(*+l)-%   «'",=  -[4]  a;=-[6](jf+l)-7,  &C. 

l-2-*+ae.s=(l-...+9-)-ilO-«-?I0-+^^  10- -5?l0-»+  Ac. 

•  Knoagh  are  bwe  gifen,  as  I  soppote,  for  every  pnrpuse ;  but  if  mora  b« 

required,  they  nv  1st  W.  .■al-ulatfcl  fi-om  thf  numbers  nt'  HrnmnlH.  These,  Up  to 
B^t  vill  Im  &uad  in  the  /'eimy  C$d(>f«edtaf  acticb  Ammbtrs  <^  ti<m<MiiU, 
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1"*:=  1-0000  0000  0000 

3-*=  -nil  1111  nil 

5-'=  -0400  OUOO  0000 
7-*=  -0204  0816  3265 
9^=s  -0123  4567  9012 


1*1838  6495  3388 


2"*=  '2500  0000  0000 
4-*=  -0025  0000  0000 
6-*=  •027'!  7777  7778 
8-*=  -0156  2500  0000 


—  '3559  0271  7778 
+  1*1838  6495  3388 


S9~'=*8279  6217  5610 


10-*-h2=-0030  0000  0000 

10-"  X  3-^6= -0005  0000  0000 
10-'  X  634-42= -0000  0015  0000 
10-"x  5  X  1023-^66=- 0000  0000  0775 
lu  'x  7x10383-7-6= -0000  OOOO  0019 


-*0055  0015  0794 


•8279  6217  5610 
10-»X  15-4-30= -0000  0500  0000 
10-»x  255-7-30= -0000  0000  Sr^Oo 
10-»x  691x4095-7-2730= -0000  0000  0104 


+  '8279  6718  4214 
—  •0055  0015  0794 


•8224  6703  3420 

By  the  theorem  iu  page  552,  n being  =2,  it  appeanUiat  l«->2~^+&c. 
=J  (l  +  2-*+&c.)  Halve  the  value  given  for  l+2-»+atc  in  the 
table,  and  we  have  '822467033424,  bo  that  the  preceding  veault  is 

wrong  only  in  the  last  place.  This  process  is  much  lees  conveigent 
than  that  for  a|-i-&c.»  owing  to  the  entrance  of  the  multipUen  3. 
15,  63,  &c. 

We  shall  now  try  the  same  aeries  by  the  formula  — lAa^-f  &c. 
(page  554).  If  we  finC  eiim  the  eeriei  np  to  ±a„  the  remainder  is 
then  +ias+\±l^.+i^&c.  Taking  the  series  as  sumnied  tip  to 
+9~*>  we  find  by  taking  10^  and  nine  following  terms,  the  results  here 
written :  it  is  not  worth  while  to  write  down  the  process. 


10-*-r 
-A  10-*-f- 

A'lO-'-f- 

-AMO-'-f- 

^no-'-r- 

.AMO-«-s- 
AM0-«4- 


2s*010000000000-£-  2: 

4=  •0017355371904-  4: 

8=  000415518824-?-  8: 

10=  0001227851394-  16: 
:^2= -0000422171884-  32: 
04= -0000162923964-  64: 
128= -0000068901164-  128= 
256=  •0000031395734-  2j6= 
512s  •0000015223374-  512: 
-A*  10'*-2-1034s  •0000007781 15^1024: 


: '005000000000 
: '000433884296 
: '000051939853 

: -000007674071 
•000001319287 

:  • 000000254569 
•000000053829 

;  000000012263 
•000000002973 
•000000000759 


—•005495141902 
Sum  up  to  9~*  -f  '827962175610 


Approximate  »um  ad  mjiiutum    •  822467033708 
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The  result  is  oaly  true  to  eight  places,  and  iavolves  much  more 

calculation  than  the  preceding,  which  is  tnic  to  eleven  places :  never- 
theless the  second  method  will  be  found  preferable  to  tlie  fust,  \vhcn  the 
differences  diminish  more  rapidly  than  in  the  ])rcee(l!nu'-  iubUnce. 

Dr.  Hutton  (Tracts,  vol.  i.  p.  176)  gave  a  reiuarkahle  method  of 
exhibiting  the  results  of  the  preceding  process,  and  added  a  proceia  by 
whidi  its  power  is  much  iocreased. 

If  we  take  the  successive  sums  0,  o^-^th*  ^  .  — ^•t  &nd 
substitute  values  of  Og^  &c«  by  means  of  the  differences  of  Og,  we 
shall  find 

Leave  out  the  symbol  Oo  for  brevity,  and  take  a  succession  of  means 
between  eaeh  of  the  consecutlve  pairst  and  repeat  the  same  process, 
wliich  gives 

4,  4(i-A),  4(1+ AO.  4a-A-A'-A*).  Ac. 

i-lA,    i-1  AfiA',    l-iA-iA»,  &C. 

i-iA+|A«.    J-]A+^A'-;A%  &c. 

4— 4A+4A*-^A%  «C. 

It  thus  appeals  that  the  first  tenns  of  the  several  rows  are  the  successive 
approiimatioiu 

If  instead  of  means  we  take  simple  sums,  neglecting  the  division  by 
2,  we  must  divide  the  several  first  terms  at  the  end  of  the  process  by  2, 
4,  8»  ^c.,  or  rather  we  ueed  only  divide  tlie  ime  which  is  correct  enough 
for  the  purpose :  the  following  g^hibits  tlie  process  iu  a  more  general 
form. 

Let  the  operation  I  +  A  be  called  £ ;  then  the  results  of  the  sum- 
mations give  ihe  performance  upon    of  die  several  operations  following, 

0,    I,    1~K,    1-E+E*.    1— E  +  E'-E',  &a; 

1+E    I— E«    1+E»    1— E^ 
^^'^  *  1+E'    1+B'   l+E*  I+E' 

mod  these  leaulte  are  allemately  len  and  greater  than  (1  +  E)~*,  the 
•am  of  the  whole  series.   Omit  the  oommco  inverse  operation  ( 1 + £)' 
to  be  replaced  at  the  end  of  the  process ;  the  first>  second,  third,  &c. 
aoceession  of  sums  are  then,  (l+£  being  2+ A), 

2+A,   2-BA,   2+E*A,   2-ErA,   2+E'A,  &c. 

4-A%    4  +  EA',    4-E'A',    4  +  E»A«,  &c. 
8  +  A%    8-EA«,    8+E'A«,  &c. 

Consequently,  when  the  rows  have  been  dNided  by  2,  4,  8,  Ac.,  and 
(1  +  E)~'  is  restored,  the  <th  in  the  rth  row  is  obtained  from  0«  by  an 
operation  signified  by 

( 1 + (  « 1  )•+'  Ef-»  2-'A'}  (1 + E)- » fli, 

or  (1 + E)-»  fl.+ 1     2-'  E-«  A'  ( I + E)-' 
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The  first  term  of  ibis  fepresents  the  whole  turn  in  question,  and 

If,  then,  the  terms  and  their  differences  diminissh  without  limit,  we  thus 
appruacli  without  limit  to  the  sum  of  the  series,  whether  hy  increasing  r 
or  or  both.  And  the  same  thing  might  happen,  and  be  due  soldj  to 
the  diminution  of  2"^. 

The  results  in  each  row  are  alternately  greater  and  less  than  the  sum. 
If  the  differences  A,  A*,  &c.  he  all  of  one  si^,  then  the  first  tcrma  of 
the  several  rows  give  results  alternately  greater  and  less  tliaii  the  whole 
sum.  But  if  the  differences  be  alternately  pobiiive  mid  negative,  this 
uuly  the  Cttbe  wiUi  oblique  columns  takeu  la  the  other  ducction;  as,  iur 
Instance,  4+E'A*,  Ac.   And  tbe  enon  of  any  audi  obliqua 

column  (the  iith»  for  instance,  2'-£A  and  4— A'  bong  the  fint) 
depend  upon  £"A,  E'^'A*. « •  *^**\  which  by  the  formula  finally  depend 
on 

2^(Aa.-&c.),  2^(A«fl^,-Ac>,. . ..2-«*^»>(A«*»fl»-Ac.) 

Now  il  may  happen  tliat  these  increase  or  decrease  from  the  begm- 
ning  to  tiie  end,  or  cone  to  a  mnzimum  or  minimua  in  tbe  mimk. 
This  point  can  only  be  tested  by  the  actual  operation ;  the  advantage  of 
tlua  method  being  that  we  can  always  find  a  set  of  results  which  are 
alternately  greater  and  less  than  the  truth,  and  the  degree  of  approxima- 
tion of  these  results  to  each  other  determines,  of  course,  a  quantiqr  greater 
than  the  error  of  either. 

This  method  succeeds  very  well  when  the  serxes  is  not  Loo  convergent : 
for  it  is  remarkable,  that  the  eaaiest  seiiaa  of  all  to  treat  by  it  is  one 
which  haa  no  conYergency  whatever,  or  a»^ao+ao— a,+&c.  This 
follows  from  the  method  representing  the  results  of  io*— ^Aa^+^c, 
which,  if  Ot^at^Ott  &c.,  is  reduced  to  ^o*.  And  by  means  of  the 
property  proved  in  page  22G,  it  even  ascertains,  exactly  or  approximntelv, 
the  algebraical  equivalent  of  a  divergent  series:  thus  Dr.  Hutton  hus 
verified  by  it  llie  known  valuQ  of  1  —  1  + 1 .2— 1 . 2.3+ &c.  Bui  li  a 
series  converge  too  rapidly,  this  method  will  give  approximations  but 
slowly.  All  that  has  been  said  will  be  illustrated  by  applying  it  to  the 
series  already  considered,  1—2  '-f-3  &c.  The  fint  column  contains 
the  sums  1,  1  — 2"\  1— 2"*+3r*,  &c. :  all  the  remaining  columns 
exhibit  the  sums  of  the  several  pairs,  in  the  manner  above  described,  the 
Roman  numerals  which  mark  the  columns  being  followed  by  the  figures 
common  to  every  row  in  the  column.   Decimal  pomts  are  onutted. 

L-i         IL— 3        in,— 6 


1000000000000 
750000000000 
861111UU11 
798611iiiill 
83861U111U 
810633333333 
831241496398 
815G1049():)!)R 
827902 1750 10 


750000000000 
611111111111 

650722222222 
637222222222 
049444444444 
0420748291)31 
040837993190 
643518673208 
645924351220 


361111111111 
270833333333 
296944444444 
286666666666 
291519274375 
288932823127 
290430005404 
289503023428 


631944444444 

567777777777 
583011111111 

5781  Sr'Vt>4 1041 
580452097502 
579369488531 
579939088832 
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I  v.- 131 

99722222222 
51388888888 
61797052152 
58638038543 
59821566033 
59309111363 


v.— 263 

51111111111 

13185941040 
20435090695 

l«r)9r>24.'>76 
19130703396 


VITT  — 2105 

70433830892 
49000850249 


YL-526 

64297052151 
33621031735 
S88941 15271 
31590381912 

IX.-42a 
19434681141 


VII.— 1052 

97918083886 

72515747006 
76485103243 


The  difierences  being  alternately  positive  and  negative,  the  )aat 
nnmhen  of  the  several  eolumns,  divided  by  2,  4,  8,  &e.,  will  give  a 
^iirceiaion  of  r^ults  alternately  greater  and  less  than  the  truth,  and  it 

will  be  seen  that  the  nearest  approximation  is  in  the  iniddle  of  the  set. 
If  we  had  commenced  with  1  — 2  *-f  ....  —  Kr",  and  proceeded  with 
the  summations  up  to  19"*,  not  only  woulci  the  upproximaliou  have 
been  more  rapid,  but  the  final  tennmatioii  would  have  been  the  most 
correct  result  of  all. 


1645924351220^  2: 
3289503023428-i-  4= 
6579039688832-f-  8: 
13159309177363-;-  16= 
26319130763396-r  32: 
52631590381972-i-  64: 
105216485 103243-f>128: 
210549000850249-r256: 
421119434681141^512: 


:  8229621 75610 
: 822375755857 
:822492461104 
:  8224568235*^5 
: 822472836356 
:622462S49812 
:82241253g869 
: 822457034571 
:822498895862 


Of  theiie  the  hfth  is  the  nearest  to  the  truth. 

If  these  results  be  taken,  and  used  in  the  same  manucr  as  the  original 
•uma,  a  dose  approximation  will  sometimes  result,  particularly  when  the 
ori^nal  .series  was  divergent.  No  role,  however,  can  he  given  as  a 
guide  when  to  expect  additional  advantage  froin  csrrying  on  the  process. 

.  Aa  a  more  simple  instance,  tnke  1  -  ^  +  t  —  •  •  •  •»  beginning  with  the 
sum  of  six  terms,  which  is  '744012,  and  tuking  meana  of  the  aumata 
show  more  clearly  the  degree  of  approximatiou. 


•144012 

820935 
154268 

813091 

760459 
808078 


782474 

787601 
783680 
786775 
784969 


785037 

785641 

785227 
785522 


78533 ^ 
785434 
785375 


785387 
785405 


'85396 


The  result  to  six  places  of  decimals  is  '  785398,  and  the  greater 
rapidity  of  approximation  in  this  example,  as  compsred  with  (he  last,  arises 
from  the  slower  convergency  of  the  series  treated. 

Any  given  result  might  be  attained  hy  one  process,  as  follows.  If 
Su  &c.  represent  the  several  sums  Oq,       At,  &C*9  it  ia  easily  shown 
that  the  (m+l)th  mean  of  the  cth  cohimn  is 
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Substitute  the  values  of        &c.,  and  it  will  he  seen  that     eaten  all, 
all  but  the  last,  4Iec.  :  also  the  sura  of  all  the  coefficieoto  ts  2*. 

Let 

and  the  (ffi+  l)th  mean  of  the  cth  columa  is 

.     i_C,  Cjfl«+,+  ±Ot«U^ 

or       a«~ai+«    •   q  

1  have  confined  mybclf  in  this  chapter  to  purely  ariihnielical  con- 
i»iUeratioi)i»,  but  in  the  next,  and  qIbo  in  tlie  one  which  fiAkm, 
definite  integrals,  the  reasons  of  the  marked  dilTerence  which  exists 
between  Ot+'^i+ftc*  and  a»— ai+&c.  will  more  fully  appear. 


Chaptbk  XIX. 

ON  TH£  TRANSFORMATION  OF  DIVERGENT  DKVELOl'MKNTS. 

The  theory  of  series  is  intimately  connected  with  that  of  definite  in- 
tegrals, insomudi  that  previously  to  proceeding  with  the  latter  subject, 
it  may  be  advisable  to  resume  the  former.  We  have  Idtherto  considered 
series,  pages  222 — 244,  with  reference  to  the  actual  arithmetical  sum  of 
an  infinite  number  of  terms,  and  luive  ffiveii,  pnc".'  the  test  for  distin- 
guishiiiG;  between  a  convergent  nnd  divergen:.  algebraical  series.  And 
tliough  wc  have  deduced  serres  wliich  arc  si/metimes  divergent,  it  has 
been  hitherto  u  matter  of  ti  ial  merely  :  nor  have  we  attempted  to  draw 
any  conclusions  by  means  of  divergent  senes.  When,  indeed,  it  happens 
that  the  divergent  series  is  known  to  arise  from  development  of  a  given 
function,  we  may  safely  use  it*  since  we  have  the  means  of  avoiding  the 
divergency  by  using  Lagrange*8  theorem  on  the  limits  of  Maclavirin*s. 
In  such  cn-^e  we  may  use  the  terms  of  the  diverging  scries  freely,  since 
those  wlucli  we  neglect  might  have  been  from  the  beginning  expressed 
in  u  liuiie  form  (page  73).  But  when  it  happens  tliat  we  do  not  know 
the  original  function  from  which  a  diverging  series  was  produced,  the 
use  of  such  a  series  has  been  considered  miauthorised  by  many  eounent 
mathematicians,  whose  opinions  should  be  caiefiilly  weighed,  whatever 
conclusion  may  be  adopted. 

In  aeneral,  a  series  of  the  ^orm  ^/o+ffi -r+f  is  convergent  for 

all  values  ol  x  less  than  a  certain  vahie  (page  222)»  and  divergent  for 
all  greater  values.  And  here  a„  \%  a  funcuun  of  which  we  may  call 
0/1,  so  that  the  scries  is  0(0)+.^  (l).a-f  g>  (2).x*-f  . . . .  Let  us 
consider  ourselves  as  led  to  this  series  by  the  performance  of  a  number 
of  operations  which  oliviously  lead  to  terms  having  the  law  in  question,- 
though  they  end  in  a  series  which  cannot  be  arithmetically  summixi : 
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and  let  us  ask  whether  we  might  not,  hy  putting  the  operation!  in 

another  form,  liavG  obtained  a  Convergent  series? 

In  llie  answer  to  tins  question  there  is  a  marked  difference  between  the 
cui^e  in  vvlucli  f,  //  nvav  become  infinite  for  a  finite  value  of  7»,  and  that 
in  which  11  c;inuuL.  Let  us  suppose  the  latter  case ;  the  transformation 
IB  then  rendered  very  easy  by  re()re8eQtiug  the  whole  series  as  one  of 
uj)erations  performed  on  a»,  whicli  givee 

1  1  1 


or  as  fo]h>ws, 

^(O)  +  0(i;.z+0(2).aM-...  . 
The  same  result  might  be  obtained  by  taking  the  aeries 

0(o)+«o).x+...=J;^  +  ^^'+.... 

.  0  (0)  A0(o)./ 

developing  the  negative  |>owers  of  x — 1  in  negative  powers  of  and 
remembering  that  0(— w)=0  (O)-;^^^:^  (0)  +  */*  0*4- 1 )  ^''P  (0)— &c. 
I  shall  call  each  of  these  series,  4>  (0)+&c.,  and  —0  (—1  ).«*"*,  Ac, the 
inverted  form  of  the  other.  If  0  (/i)  ,x'=^fn,  we  have  "^(0)4- f  (I) 
-f.«*«^ — Y'C"' 1)— C— 2)— . . . .  The  most  condensed  farm  «lf 
the  theorem  is  as  follows :  if  ^  be  a  fiinction  wliich  does  not  become 
infinite  for  any  vnUie  of  ;f,  positive  or  neeativc,  then,  5!«'n=0,  Z  extend- 
ing from  11  =  —  oc  to  +  oc.  The  theorem  is  to  be  understood  in  an 
entirely  algebraical  sense,  as  meaning  that  the  same  n])cration8  Nvhicii 
give  (0)  +  V^  (!)+•••  •  would,  differently  couducted,  liave  led  to 
(-l)-f  (-2)-.... 

For  instance,  let  us  take  ^og^j"^"^— .  • .        Here  the 

term  f  (ft).^  u     (1  -  (—1)")  a^,  and 

l-(-l)'    V         ^  .    — (-l)Mog(-l)         ,  . 

— i  i-,  when  nssO,  is  —  L.—S^ — —  log 

ft  1 

and  if  (O+Y'  (2)  +  ....  =  (-1)- . . .  M 

wliich  may  easily  be  venlied.  But  if  we  had  taken  the  general  term  of 
the  series  to  be  2  (2;/  +  1  )'~^         we  should  have  —  2  . . . ) 

for  the  inverted  form,  which  is  not  true.  But  here  observe,  that  in  pass- 
ing from  fisO  to  ft= —l,  we  pasa  through  a  value  of  it,  — which 

SO 
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malces  the  tenn  infinite.    Ai  tniodier  uittenOB»  taik*  tui'~^«a« 

it*  X* 

— —  +  -r— &c,  one  form  of  the  general  term  of  which  it 
8  5 

im  ^^tiii. '—zt  which  =: — ^whenn=  —  1, giving 
2      n+1  2  o  o 

which  holds  in  one  case:  for  J— ^x'  +  t^r   i?*  that  value  of  tan~'r' 
which  lies  ht  i  w  een  — iir  and  4-^^ ;  in  which  case  tan~'j:+taii"*  x~' 
=  — ir,  u  tuu"'x  iic^between  0  and  — J^jt. 

No  great  fltress  is  to  be  laid  on  thete  examples,  becauae  the  method  of 
supplying  the  Amotion  proper  to  make  the  e?en  terms  vanidi,  aa 
1— (  — 1)%  &c.  is  arbitrary,  and  might  be  varied:  and  though  I  Iiave 
taken  these  instances  to  show  that  when  the  proper  function  is  used,  true 
rP!»Tilts  follow,  yet  the  detcrminntinn  of  that  proper  function  is  not  at 
present  nK\  ayu  attainable,  nor  can  a  test  be  supplied  for  distiugumhing 
it  from  oiiicrs. 

fiut  in  the  case  in  which  ^  (it)  is  always  finite,  the  theorem  may  be 
freely  used,  as  showing,  without  reference  to  the  arithmetical  value  of  a 
series,  a  variation  of  development  which  might  have  been  given  to  ita 
algebraic  invelopment.   For  example,  let  the  series  be 

l  +  x  +  ar'  +  7x*+  17j*+41x»+99x'+  . . .  .  =  ZXj:"; 

of  which  the  law  of  the  coeflBcients  is  that  A„=2A„_i  +  A|^,  when<» 
A,.8=A,  — 2A„_,  and  A_,r=A_+,-2A  ir'.ving  A_,=  -  1,  A_,=3, 
A_»=— 7,  and  the  rest  of  these  coeliicieuU  are  17,  —41,  99,  &c. 
Hence  ibe  same  series  is 

,1     3   .  1     17    41     99  . 

Now  the  original  series  is  the  development  of  (1 — x) :  (I  —  2jf— xOi 
and  if  this  becomes  (t?— «^):  (l+2»— i)^.  which  developed  by 

common  division  gives  ti— 3t;*+t9* — &c.,  which  verities  the  preceding. 

As  another  example,  take  l4-.r  co80-f->r*cos20+&c.,  which,  by  the 
theorem  =«*:r^cos0— dr*cos20— &c.,  which  can  be  verified  from 
page  243. 

If  ^  (/i)  be  an  even  function,  or  if  ^  ("71)=^  (m),  wc  olniously  have 

a„+a,  (^*+^J+«t(j^+  ...  =0, 

or  2a,coB9+2a«cos29+fte.=:0., 

making  1  + r"'  — 2  rn^       Thus  if  <;^>»=:1,  we  hnve  1 -f- 2  cos  0  +  2  cos  *^ 
+ . . . .  =  U,  a  well  known  result    If  ^  (fi)=:cos  nO^  we  seem  to  have 

l+2cos*e+2oos*20+2cos'39+ . . . .=:0, 

a  result  Nviucli  wiH  require  the  foUowuig  considerations. 

Divergent  series  are  mostly  developments,  which  though  arilhnicu- 
Gaily  false,  as  presenting  infimte  arithmetiMl  values  for  finite  functional 
yet  present  specific  cases  in  which  ^the  fnnctioii  actuaUj  doca  becoma 
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iDfintte  as  well  as  the  Beries.   Thui,  thoiigli  l+2;r+3/+> .  •  •«  or  the 

development  of  ia  divergent  when  j->1,  the  invels  ^ment  is 

not  tliert'forc  infinite:  except  only  in  the  isolated  case  in  which  ac=l, 
■when  (1  —  i  )~"and  1  +  2  + . .  . .  airree  m  arithmetical  value.  In 
this  caae  we  must  guard  ourselves  from  the  fallacy  of  making  an 
miLiimetical  iutinite  the  suhject  of  reahouing,  and  aiuet  stop  at  tiie  first 
Step  in  which  it  appean.  This  fallacy,  in  ita  bsoadeit  fbnn,  ia  aa  fid- 
lowi :  there  ave  many  caaes  in  which  infinity  ia  canally  positive  and 
negative ;  that  is,  being  =  x»  0  ia+K)  ia  (k  beiDg  tmall)  great 
and  positive,  and  0  (a—h)  is  great  and  negative.  If  we  then  say  that 
cc  —  —  a,  we  liave  2  X  cc  =:0,  a  result  which  is  a  sufficient  caution  against 
thcu?eof  cc  ,  that  is,  iutinite  in  value,  in  the  manner  in  which  rational 
cousi(ieiati  entitle  us  to  use  that  which  appmrs  infinite  in  value  by 
divergeui  uf  (as  those  who  reject  divergent  series  ttay)  wrong  develop- 
ment. 

All  I  assert  in  the  first  insUnoe  is,  that  I-f  ooa*6.jr-f  C08*2d.j:*+&c. 

is  the  development  (whether  right  or  wrong  matters  not  here)  of  a 
function  which  may  also  be  developed  into  —  cos*  0.r~' — cos*  29.  . r  '-  .  . . 
Now  the  first  series  may  be  easily  shown  to  arise  from  the  develop- 
aoeot  of 

1     J       1  cos20.x— 
"^2         "^2  l-2cos2a.jr+4r^ 

^  2  1  — jr*+  2  jr*— 2  COB  2»,  1* 

Develope  the  second  form  in  negative  j^owcrs  of     and  vvc  have* 

1— i  (1 +^+«"*+ (1 20,ap-»+coB  4^.  0?-'+ ). 
or  — cos^6.«-'— cos«28.jr*-&c. 

as  asserted.  In  the  particular  case  I,  the  original  funcliou  becomes 
infinite  j  consequently,  though  we  may  say  that  whenemsr  we  meet 
with  l-hOQ«^0+*«. .',  we  might  by  a  different  ]»roceas  have  otalained 

— coa^O— co8*2f— Ac,  yet  we  may  not  say  1 +2 cos' 0+200^2^ 
-4- ....  =0,  for  by  so  doing  we  really  commit  the  fallacy  "  oc  =  —  oc, 
therefore  cc  -j-  oc=rO."  But  (lir  student  must  iH)t  imajjinethnt  it  is  any 
point  connected  with  ^prics  tiiat  1  have  rautiuned  him  upon  :  for  the 
8ame  care  should  equally  be  taken  wiih  finite  expressions,  as  to  these 
particukr  cases  in  which  they  become  infinite.  The  real  difficulty  is, 
that  in  uaing  a  general  divergent  series,  and  passing  to  a  particubr  case^ 
we  may  light  upon  a  divergent  series  which  really  represents  infinity, 
and  we  cannot  as  readily  ioxm  whether  this  be  the  case  or  not  aa  we 
eould  if  we  had  only  finite  expressions. 

If  or  ^  («)  be  an  odd  function,  or  if  ^  ( —  ri)^  —  i!)  («),  we  readily 
obUiin  (since  then  ao=0  or  cc,  and  by  hyjwthesi-.  we  are  not  speaking  of 
the  latter  ca&e)  (-r  — ') +aj  (x" — x~*)  +  . . . .  =0,  or  a,  sin  61 -l- 
i7t  Bin  20+.  • , .  sO,  And  if  E«  and  O.  represent  an  even  and  an  odd 
fimction,  and  if  (remembering  that  ^  every  function  is  the  aam  of 
nn  even  and  odd  function,  if  0  De  included  among  functions)  we  make 
a.s:£.«f     we  have 

SOS 
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This  sets  in  the  clearest  point  of  view  the  remark  in  page  321,  that  it 
is  not  allowable  to  make  two  series  of  the  fonn  2a,(4?"±ar*)  identinl 
because  they  arc  derived  from  the  same  function. 

The  two  forms  of  0(O)  +  i^  (l).a;-f- '  •  •  •  cannot  generally  be  bodi 
convergent,  iliough  hotli  may  be  divergent.    To  |)rove  this,  let  yft  (o) 
+        and  — VC-O-Y'C— 2)— be  the  two  ibnDf. 
The  eoovergency  or  diTergeney  defiendB  in  the  lint  instance  Qpoa  the 
values  of  —ft (log and  —  n  {l«g  V'  ( — when  n  is  iolSnite. 

These  are  —nynifn  and  :  y  (  —  w),  which  h«ve  different 
signs  whenever  yff'n  itj/n  &nd'^'( — n)  :  Y'C  — n)  have  the  same  limit  as  n 
increases  without  limit.  This  is  the  case  whenever  yj/n  is  nn  algebr.iiral 
function  of  or  one  multiplied  by  r" ;  and  Bincc  convcrgency  required 
that  Uie  function  here  treated  should  not  he  less  than  4-1*  this  necessary 
(though  not  sufficient)  condition  cannot  be  true  for  both  forms,  in  aay  of 
the  cases  specified.  But  it  is  possible  that  both  may  be  diveigent:  for 
instance,  in  l+4*jf+9*a^+ . and  its  other  development  — 
—4*  ....  But  extreme  divergence  in  one  form  is  frequently 
attended  by  as  great  convergence  in  the  other;  for  in8tance>  in  I-f  2'x 
+3'x"+  ,  and  —  x  '— 2-*.r-*-3-»  J-'-  

Since  we  have  — aiX-^Oti;^  —  , . .  .=a^iX~^ — ti_gi~*+....  we 
now  see  the  oonfirmatiou  of  a  fact  which  every  algebraist  observe g, 
namely,  that  in  every  series  the  terms  of  which  follow  a  law  ezpfesstble 
by  common  methods,  and  in  which  the  terms  are  alternately  positive  and 
negative,  the  function  so  developed  diminishes  without  limit  when  x 
iiH  rcnses  without  limit.  This  will  yet  more  fully  appear  in  the  next 
chapter. 

j« 

When  a  series  has  the  form  <%+a|f 'o*+^a7r~'Q  ***** 

n_,  can  be  assli^Mied,  the  present  theorem  fails  from  our  not  beiny;  able 
to  assign  the  vulue  of  the  function  from  which  2 .3. . .  .n  is  derived,  iu 
the  case  in  which  n  is  negatire.  It  will,  however,  appear  in  the  next 
chapter  that  these  inverse  values  are  not  finite.   In  algebraical  series, 

the  values  of  01,  Ac.  being  those  of  diff.  co.  generally  contain  1,  1 .2. 
&c.,  in  the  numerators.    But  in  several  remarkable  cases  the  theorem 

will  not  apply,  owing  to  our  ignorance  of  tlie  method  of  inversion,  in  the 
development  of  (l+x)*  for  instance.  There  are,  however,  cases  in 
which  we  may  invert  the  process  and  inter  negative  values  by  means  of 
independent  developments.   Thus,  n  being  a  whole  number, 

(1  -  j)-=  1  +  nx + « . , . .  =  (  - 1)-  {x-    « J      +  }  ; 

hence,  a,  being  tlic  coefficient  of  x"  in  the  first  series,  we  may  infer  that 
a_,=0,  fl_,=0,. ,  .a_.^,=rO,  a^=— (-1)",  a.^=— (— l)".n,  &c. 
I  leave  the  following  to  the  student : 

tfi+aax+«,ji»+ . .  .=a^(l-4f)-»+A<i.«(l-a?)-*+A*«-.  (I-*)-*. .  •  - 

In  most  of  the  cases  in  which  the  general  term  of  the  bcric^  is  of  the 
form  a,  a^:  (1 .2.3. . .  ./<),  the  denominator  insures  a  h^h  degree  of 
convergency.  To  eiamine  this  point,  remember  that  (page  293) 
1.2.3. tfi  has  always  a^finite  ratio  to  »*^f~",  as  n  increases  without 
limit,  so  that  (page  234)  we  need  only  eiamine  the  conveigeaey  of  the 
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aeries  whose  genenl  term  is  a^a^tTiit*^.  Let  thb  be  V^/i,  and  we 
bave 


The  only  ewe  in  which  tliis  series  caii  be  diver^ut  is  that  in  which 
— na  .u/.  is  —oc  when  «=  a,  in  sucK  manner  tnat  the  limit  of  the 
lint  two  tenne  is  at  lent  as  ama]]  at  lf>  for  instance,  a.=n\ 
whieh  is  a  Ainction  increasing  frster  than  1,2.3*  .•  we  have  for  the 
fvracediog       log  (m),  whence  the  aeries 

is  convergent  whenever  r  is  <is'~^. 

The  following  methods  wjU  often  convert  a  divergent  scries  into  a 

c(Uivcrgent  one. 

Let  0j=aj+ffi  jT+ffg  j'+ .  •  • and  let  5,+  6,  r + «, 6, x"  +  . . . . 
be  the  series  in  question :  then,  as  in  i)age  240,  tikis  scries  is  obtained 
by  a  train  of  operations  on  6j,  of  which  the  symbol  is  ^  (ix£)«6tt  where 
E  stands  for  1+A.   Assume  £=iii*f  F>  which  giTea 

ff.  ^4  a»  ^  4r+ . . . .      (sir)  .6,+^(ifiJp) .  jpF6.+-^-^~^^  P  6,+ • . . 

Now  £=m-hF  means  £d»=fii6.4-F6.,  or  F6,=:6^i— fn6„  which  gives 
F6»s:6i— m&o,  F» 2m6|+m* 6^   &c. ; 

the  process  obviously  bcinc;  an  extension  of  the  method  of  dilfercnccs, 
by  substitution  of  the  operations  — vih^^  bg—mhif  &c.  for  bi—b^y 
Z»g — 6„  &c.   We  thus  get 

iu  which  m  may  be  any  finite  quantity,  positive  or  negative.  Let 
jn=  —  1  in  the  first,  and  we  have 

 —  +      fi+i),     +  •  •  •  • 

If  6„  ^1,  Ac,  be  increasing,  ihis  aeries  is  conYergent  whcneTcr 
^+  26» »+ 46i*"+ ....  is  convergent,  v  being  * :  (1  +*).    I f  6,+, :  6« 
when  n=oc,  this  Isst  is  convergent  whenever  v<{2k)  \  or 
x<l :  (2A - 1).   If  2A=  or  <1,  the  second  side  is  convergent  for  all 

nositive  values  of  r 

If  instead  of  E  we  write  €^  by  the  theorem  in  page  307,  wc  have 

b" 

<i,6o+aiM+..=:^.6.+^ia(l  +  A)}.0.6',+^{j(l+A)}0«— •+..., 

where  b"„  &c.  are  written  for  D6^  D%  Ac.  Thb,  expanded,  the 
table  in  page  253  being  naed,  givea 
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h'" 

+  r-4  {f^'x .  X + 3^" .  X* + .  a;") 

n  result  which  might  easily  be  verified  liom  page  239  by  help  of  page 
The  remnant        Jr"+««+i6.+i'i"^'+ •  •  •  •  «Jay  often  be  ren- 
dered more  convergent  by  use  of  this  form  of  develupment. 

This  chapter  may  serve  to  throw  some  light  on  the  character  of 
diyergent  series.  Further  considerations  will  offer  themselves  in  the 
next  chapter,  previous  to  which  it  is  hardly  right  to  invite  the  atten- 
tion of  the  btudent  to  any  final  opinion  upon  tlic  ii?e  of  divergent 
series.  This  much,  however,  may  here  be  said;  the  history  of  aluebra 
shows  us  that  nothuig  is  more  unsound  than  the  rejection  of  any  nicihad 
which  naturally  arises,  on  account  of  one  or  more  apparently  valid  ca&es 
in  which  such  method  leads  to  erroneous  results.  Such  casea  ibonid 
indeed  teach  cautioui  hat  not  rejection:  if  the  latter  had  been  preferred 
to  the  former,  negative  qoantities,  and  still  more  their  square  rooU, 
would  have  been  an  effectual  bar  to  the  progress  of  algebra,  which 
would  have  been  confined  to  that  universal  arithmetic  of  which  Newton 
wished  it  to  bear  the  name  :  an<i  thos^c  inniiciise  fields  of  analysis  over 
which  even  the  rejectors  of  diver^eiii  hciies  now  range  without  fear, 
would  have  been  not  so  nmch  as  discovered,  much  less  cullivated  and 

settled. 


Chapter  XX. 
ON  1)£FINIT£  INTKQAALB. 

In  conimencing  with  a  title  which  may  induce  the  student  in  tliink  that 
he  is  already  master  of  the  principles  on  which  the  following  pages  rest, 
a  conclusion  which  would  not  be  altogether  correct,  it  will  be  necessary 

to  point  out  the  extension  of  views  with  which  the  snljecl  must  be 

looked  at,  before  the  objects  of  the  present  diapter  can  become  intel> 
licnble.  The  subject  of  definite  integrals  becomes  daily  of  more  import- 
ance :  and,  to  judge  from  a})])carances,  any  very  ilecideil  incn-n^e  <i?  the 
power  of  the  mathematical  sciences  can  only  arise  from  sm  cessiul  in- 
vestigation of  the  methods  of  obtaining  their  general  properties,  and 
'computing  their  numerical  values. 

A  definite  integral  is  distinguished  Arom  an  indefinite  one  by  the  sup* 
pusition  that  bo^  its  limits  are  specified ;  and  the  consequence  is,  that 
the  former  is  no  longer  a  function  of  tlie  variable,  but  only  of  the  limits  and 
of  such  constants  as  enter  into  the  function  integrated  previo\is  to  in- 
tegration. If,  therefore,  all  iiidcfuiite  nite<iratiuii  could  be  j»ureessrully 
performed,  all  definite  integration  would  necessarily  follow.  Thus  w  hen 
we  know  that  2x  is  the  diff.  oo.  of  x\  we  therefore  know  that  jl2tdx 
is  6^*4^,  whatever  6  and  a  may  be.  But  we  know  thai  iodeflnite 
integration  cannot  alwaya  be  performed;  and,  as  in  pages  109^105, 
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(which  the  student  should  here  review  attentively,)  we  may  sec  that  the 
iitiiculty  arisen  from  a  deBciency  ol"  means  of  expression.  To  carry  on 
tbe  same  mode  of  illuitntdoii,  remember  that  geometrical  recollections 
introduced  the  circle  end  ila  properties  into  algebra  before  the  differential 
calculus  was  invented.  Aa  algebra  waa  applied  to  trigonometry,  the 
^ne^  cosine,  &c.  of  the  latter  science  were  made  fundamental  modes  of 
expression  in  thp  former.  Thp  pon!«eq«ence  wns,  that  at  ln:^t  a  hroad 
distinction  was  drawn  )>etween  the  two  series  1— J^x*+j^H  r*  — (It,, 
tT — and  all  olhcrs.  The  student  linds,  on  his  Hrst  miro- 
duction  to  the:?e  series,  that  he  is  already  master  of  their  properties  by  the 
hundred,  is  provided  with  tables  to  mid  their  nmneiiMl  rallies,  and 
knows  how  to  make  them  of  continual  use.  But  if  he  had  been  com- 
pelled to  be  ft  pure  algebraist,  without  permiaaion  to  draw  si^cstioas 
from  any  other  science,  he  would  have  had  no  more  occasion  to  investi- 
gate the  properties*  of  these  scries  than  those  of  mnnv  others  fif  equal 
simj)licity.  And  on  the  other  hmid,  if  the  sii'/'-re^n  rns  ot  geometry  had 
been  more  extensive,*  he  might  iiave  been  lanwlmr  with  many  results 
which  are  now  to  be  presented  for  the  first  time,  and  might  liave  had 
common  and  well-known  namea  for  results  of  calculation  which  are  now 
only  expressed  by  symbols,  and  have  no  distinct  appellatives.  In 
geometry,  the  previous  treatment  of  the  curve  yaSi/(a*— J*)  made 
j>J{(i* — x'^)  (Ir  expressihle  in  known  function!!  as  soon  as  fxdr:  had 
the  same  science  directed  attention  to,  and  been  made  the  means  of 
developing  the  properties  of,  the  curve  y  =  g~-* the  inteijral  Js^^^t/r, 
to  the  consideration  of  which  we  shall  come,  would  perhaps  have  been 
already  known,  nsmed,  and  tabulated. 

If  lul  the  cases  of  /<^rdjr  were  written  down,  when  ^  stands  for  a 
function  in  common  use,  the  greater  number  of  the$=e  integrals  would  be 
inexpressible,  except  by  infinite  series.  If  all  infinite  series  were  con- 
vergent, the  difficulty  of  computation  would  not  be  insuperable ;  and  if 
the  generHl  properties  of  an  infinite  ?ericp,  for  which  no  finite  equivalent 
is  known,  were  as  easily  determined  as  those  of  a  finite  expression,  we 
might  satisfy  the  wauls  of  any  application  of  our  science  with  compara- 
tive ease,  though  the  labour  of  computation  might  be  considerable.  But 
it  ie  not  lAwaya  readily  practicable  to  reduce  integrals  to  convergent  series, 
and  it  frequently  happens  that  the  form  of  a  series  does  not  throw  any 
light  upon  its  properties.  At  the  same  time,  nothincr  h  more  certain  than 
th:it  the  results  of  most  of  the  problems  in  whieh  the  hiLrher  mathematics 
are  necessary,  muet  from  their  nat\ire  re([nirc  integration.  Do  we  then 
find  in  what  precedes  premises  requiring  a  conclueiuii  that  most,  or  at 
least  many,  of  such  problems  must  remain  insoluble  ? 

This  question  is  to  be  answered  in  the  negative,  and  the  reason  is  aa 
follows.  Every  particular  case  of  an  integral  can  be  found  by  common 
arithmetic,  whatever  the  function  may  be.  It  may  easily  be  that 
fltpxdr  may  not  he  CTprePfible  in  terms  of  a  and  with  such  modes  of 
expression  as  we  now  have  ;  but  specify  the  values  of  a  and  6,  say 
a=2  and  6=3,  and  by  the  definition  of  the  symbol  the  equation 

Jli^x  cfx=i  |f  (2)+^  (^'*"^)  "^^(^"^n)    • "  *  •  '^'^ 

•  If  the  hyperbuld  had  received  as  much  attention  as  the  circle^  itt  area  might 
have  suggested  the  notion  and  properties  of  logantbuis,  and  ths  attention  thereby 
'  "  ought  have  M  to  ths  calculatkm  9(  tablet. 
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muf  be  tnadc  as  nearly  true  fts  m  c  please,  hy  taking  n  sufficiently  great 
This  symbol,  then,  for  an  isulnted  nnti  specified  value  of  a  and  6,  is 
merely  the  limit  of  a  simple  arithmf^tical  conception,  and  every  case  of  it 
may  be  calciibiteil,  qxiam  jn-fnivir,  bv  a  jierson  who  knows  only  iiow*  to 
calculate  Liic  value  of  an  uigcbrmcai  expression  iu  any  particular  case. 
The  mora  uttficul  vapid  mediod  of  page  314  may  be  Mibatitutad ; 
wod  it  mint  be  obsenred  that  in  calling  every  deJmUe  integration  practi- 
cable, ire  apeak  of  poaaibility  only.  Shodd  the  actual  computation  of  an 
integral  occupy  twenty  computera  for  a  year,  it  might  well  be  a  qncstion 
(and  one  by  no  means  rtlvvfiv^  to  be  answered  in  the  negalive)wliethcr  it 
were  worth  while  to  employ  them:  but  thia  does  not  affect  my  asscr* 
tion. 

It  is,  then,  admitted  to  be  |>o&&ibk  in  every  case  to  construct  a  table  of 
the  ▼ahtet  of  an  integral  which  may  be  aaed  like  a  table  of  logarithma, 
80  that  reference  and  interpolation  ahall  give  any  value  we  please,  with 
aufficient  accuracy.  Each  integral  so  calculated  is  a  fundamental  table 
of  reference,  and  the  question  is  to  choose  such  integrals  as  will  admit 
of  the  l^fj^egt  nnmbcr  of  uses,  and  to  find  out  as  m^nv  u?ps  as  possible 
for  those  which  have  been  calculated ;  previously  usiu^  the  shortest 
and  most  convenient  method  in  tlic  actual  construction  of  the  table. 

So  much  fur  tlie  numerical  attainment  of  results  which  can  only 
be  exhibited  In  an  integral  form :  but  tbia  ia  by  no  means  the  only  nae 
of  definite  integrala.  It  frequently  happena  that  one  particular  «et  of 
limits  have  an  importance  which  distinguishes  them  from  all  others,  and 
renders  tlie  case  in  which  they  arc  used  perhaps  the  only  one  which  it  is 
of  any  use  to  examine.  Tim?,  in  thr  theorv  of  probabilities,  /r*(l — xydr 
is  of  the  most  frequent  occurrtm  e,  l  ut  only  between  the  lunits  ^=0  and 
•1=1,  and  also  belween  limits  wluch  lie  near  the  value  of  jt  which 
makea  ->^)*  a  mazimura :  it  would  be  only  wasting  time,  so  ht 
aa  the  moat  important  cawa  whieh  occur  in  that  actence  are  concerned,  to 
examine  any  other  limits.  In  anch  a  case,  we  learn  to  look  upon  the 
variable  x,  the  most  prominent  symbol  in  the  ordinary  integration,  as 
subordinate  in  importance  to  m  and  n;  the  first  being  necessary  only 
in  the  conception  of  the  manner  of  attaining  a  result  which  depends 
for  its  magnitude  only  upon  m  and  n.  It  frequently  also  happens 
that  the  isolated  cases  which  it  is  most  important  to  examine  are  also 
tboae  which  can  be  moat  eaaily  attained ;  and  that  we  may  thua  arrive  at 
a  pariicular  va/tie  of  a  function,  the  general  form  of  which  muet  be 
preaumed  to  be  an  inexpressible  transcendental.  This  happens,  for 
example,  in  J'f-'S/^,  which,  when  a  is  infinite,  is  J^-r,  (page  294); 
but  cannot  be  finitely  expressed  in  terms  of  a.  Another  important 
branch  of  the  calculus  of  definite  integrals  is,  tlien,  the  determination  of 
useful  isolated  cases  of  general  integral  forms,  of  the  complete  solution 
of  which  no  hope  can  be  given. 

Again,  an  integral  of  Uie  form  / 0  (r,  a)  dx,  between  specified  limita, 
whether  tboee  limits  be  function!^  of  a  or  not,  is,  generally  speaking,  a 
function  of  a,  and  of  the  limiting  values  of  jr.  If  these  limita  be 
nnmmcally  specified,  (say  they  are  .r=0  and  ^  ==1,)  fl  4"  «)  is  a 
function  of  a.  Say  that  this  integral  can  be  found,  and  that  it  i<<  yia. 
We  have  then  a  mode  of  expressing  i^a.  which  may  lead  us  to  proper- 
ties of  that  function  which  would  not  othewise  suggest  themselves. 
There  may  be  an  infinite  number  of  waya  in  which  fa  may  be  thvown 
mto  the  form  of  a  definite  integral ;  and  each  of  them  may  be  the  eaaiest 
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mode  of  eisprci»?ion  for  ?r>me  one  particvkur  purpose*  or  for  the  develop* 
nient  of  sonic  one  prtrticular  pro]ierty. 

Lastly,  by  loukintr  at  h  definite  intcexQl  aa  the  mode  of  using  a  variable 
betwtien  given  limitii,  to  obtain  mi  expression  for  a  functiun  of  a,  we 
mkj  not  omy  learn  new  properties  of  this  function  of  but  nay 
even  eaiend  our  views  beyond  what  would  be  possible  when  tfate 
fuQctioQ  retains  its  usual  form*  Thus,  ifl.2.3....nbe  considered  as 
a  function  of  w,  we  can  form  no  rational  idea  of  its  existence  except  when 
fi  is  a  whole  number;  but  when  we  come  to  observe  that  I,  1.2,  1.2.3, 
&c.  are  values  of  f'  r^s~'dx  answerini^  to  7j  =  0,  n=l,  n=2,  &c.,  wp 
see  no  ditbcuUy  either  in  the  conception  or  calculation  of  this  integral 
when  ft  is  a  fractiou,  and  we  have  thus  the  means  of  interpolating  values 
between  1«  1 .3,      answering  to  frsctional  values  of  ft. 

The  mode  of  obtaining  a  dSnite  integral  supposes  that  in  f  <f>T  r/r, 
^xmust  not  become  infinite  between  xssa  and  x^n-\-h  :  not  that  the 
vnlne  of  the  integral  is  lhe!i  iipcp^^firilv  itrfniite,  l)ut  tliat  we  have  no 
obvious  nieims  of  testing  whellier  u  he  so  or  not.  The  diniiniition  of  w 
(page  99)  may  more  than  compensate  any  increase  of  the  terms  of  liie 
6uni.  To  the  criterion  for  determining  the  result  m  ilus  case  we  firH 
turn  OUT  attention :  say  that  6  is  the  value  of  x,  intermediate  between  o 
and  aH-A,  at  which  ^  becomea  infinite ;  it  is  required  to  ascertain  the 
conditions  under  which,  in  f^^dx,  w  fiifixdxi-'  fl*^^xdr^  each  of 
the  two  portions  is  finite.  Sioee 

(px  dx—^ ,  b—i^a,a^  ft  rr/.r  d  i  =  611  (6  —  a)  +  6  (^b—t^a)  -  f';.  n^'  r  dx 
=fa  (6— a)+6 /if  xdx— Jijr0'j(ir=0a(6— Ji  {b-j:)<p'xdx, 

whenever  ^  and  0a  are  finite,  this  last  result  is  true  when  b  is  any  quan-  ' 
tity  (however  little)  less  than  that  which  makes 06  infinite ;  and  supposing 
b  to  increase  towards  that  value,  it  always  remains  true,  and  (page  22) 
is  therefore  true  when  x^h  makes  f>r  infinite;  ^^«,  A,  and  a  being 
supposed  finite.  Let  i/  —  (px  give  .r=r0-'y;  then,  since  y^<pa  and 
yzz^  GC  correspond  to  j:=a  and  j=6,  we  have 

Now  (page  325)  the  last  integral  is  found  to  be  finite  or  infinite, 
precisely  in  the  manner  which  dcteniiines  whether  the  series  whi  se 
general  term  is  b — <j'>~'^  is  convergent  or  divergent;  that  is  to  say,  let 
fy^b—4^''hjt  and  find 

p 2^  =.     ,  .  ,  aiMi      il6  value  when  y=z  a  : 

fy    A— 0"'y 

according  as  ff^  >1,  or  ^Ijtbe  integral  is  finite  or  infinite.  Jiut  when 
<r,=  l,  findaj  the  limit  of  log  (1^— I)  when  y=  cc,  iukI  the  integral  is 
finite  or  infinite,  according  as  >  or  <l.  But  when  Ci=l,  find  Ot 
the  limit  of  log  log  y .  (Pi — 1),  Ac.  This  seems  to  involve  the  necessity 
of  inverting  0r,  but  it  does  not  so  in  reality,  for 

y=4>4r'y  gives  y'=0'  (^"V) •  or  (0-'y3/=:  1 : 

whence  P«t=0x :  ff/x  (6— j*),  and  Og  is  its  limit  when  x^h. 

If  it  be  xssa  which  makes  0ar  infinite,  the  same  result  applies,  subati- 
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tuting  a  for  h,  snice  ji<^xdx^  ^fl4>ji:dJCy  and  —J^dm  and  J^dr 

are  finite  or  infiinte  together. 

Example  1 .    /J  (log  idi :  jc).    Here  3=:0  makca  ^=r  a,  and 

d)X  loK  X 

.    Po=Tr-^;  r         ^  =  1,  when  xzzO  (doubtful) 

whence,  since  — 1<1,  this  integral  is  infinite.  This  may  easily  he 
verified,  since  the  indehnite  integral  is  (logo;)'. 

tan  a? 

Example  2.        tan.r<ir.    P»g=,.       «  ...  r,  <:^s=l, 

J  0  (l  +  tan'j')(Jjr— x) 

So  far,  then,  the  result  is  doubtful,  and  this  case  is  more  easily  solred 

by  inversion.  We  have  fj'^  tan  r  r/rrr  f^ydy  :  i\-{-y'^,  y  being  tan  r, 
which  falls  under  another  rule.  Ft>r  the  preceding  rule  docs  n<it  :i]iply 
when  h—  oc  .  It  is  obvious  that  J^r/.y  '/y  is  inhiule  if  0y  W  finite  when 
y=  a.  ^  But  here  y  :  (l+y*)=:0  wlien  y=oc,  so  thai  llie  rule  to  be 
applied  is  that  whidi  determines  whether  :  (1  +y')  is  convergent  or 
divergent.  Here 

whence  the  required  integral  is  infinite. 

Example  3.  J'^r' x-^  dx,  n  being  positive.    Por=(.r+ ao=l  :n. 
This  integralis  then  finite  when  a;<l,  and  miimte  when  j>l.  In 
the  douhtful  casei  or  when  «ssl,  we  have 

P.=log(r-,-)  {,-1^-1)  =iMl2£).  ..=0; 

or  the  integral  is  infinite. 

Example  4.  flr"<i>x  dx.  Here  the  mediod  of  Ex.  2  also  applies, 
and  Po=x(a— 0'x:r/>x).    The  integral  is  therefore  finite  whenever 

0',r  :  r/;;  diminishes  without  limit,  or  tends  to  any  finite  limit  <a  :  for  in 
Buth  rases  a„  is  +  cc .    But  when  ff^'r  -.tpr  has  tiie  limit  a,  then 
takes  the  form  oc  x  0,  and  P,,  &c.  must  be  examined. 

Though  I  have  given  tliese  examples  at  full  leni^th,  in  order  to  illus- 
trate the  genera)  rule,  yet  it  must  be  remembered  that  any  factor  which 
remains  finite  throughout  the  whole  interval  of  integiation  may  be 
rejected ;  and  the  result,  as  concerns  the  simple  question  whether  the 
integral  be  finite  or  infinite,  may  be  obtained  from  the  rest.  Thus  in 
Jis'^x-^dx  wc  might  have  rejected  5"*',  and  used  iTx"" rfj  only. 

Resuming  the  irciieral  subject,  it  would  seem  at  first  Biglit  that  there 
cau  be  no  dahculty  in  any  case  in  which  the  integration  can  actually  be 
performed:  thus,  if /0x c/x=0,x,  /!;0.rrfx=:0,A-0,a,  which  is  huilc 
when  itih  and  ^taare  finite,  even  though  (px  be  infinite  between  the  limits 
But  we  shall  soon  see  reason  to  know  that  the  difficulty  which  arises 
from  the  definition  of  a  definite  integral  as  the  limit  of  a  tanmmtiaa  is 
not  thus  evaded,  for  iaataoce, 
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/4r*<lfa-«-»,  /:*-*<i«=a-'-6~»,  which  !•  finite; 


m 


The  reaaoQ  why  we  put  die  sigu  -f  bei'ure  oc  lu  both  cases  is  aa  follows, 
Wefind  thit 

c*,= -i-- +1,  /!U^4r«4<=  ^  ' 

fn— /I       m      "       •  1 


III — /i     m  m  —  h  m' 

Both  these  are  positive  when  k<in^  however  little  m — A  may  be: 
hence  we  call  their  Uiuitiiig  symbols  positives  whrn  h~m.    If,  then,  we 

couBtruct  the  curve  wiiuse  e([uation  is  y=x~*, 
and  it'OA=  -m,  OB=-j-«i,  we  fmd  the  areas 
PAOY.  *  • .  and  QOBY ....  both  positive  and 
iniiiiite,  which  agrees  with  all  our  notions 
derived  from  the  theory  of  curves.  Again»  if 
we  attempt  to  find  the  area  PYQB  by  sum- 
ming PAOY  and  YOQB,  we  find  an  infinite 
and  positive  result,  wliu-h  still  is  strictlv  intel- 
ligible. Bat  if  we  want  lu  fiud  the  urea  hy  int(\i^^rating  at  once  frDni  P  to 
Q,  we  find,  as  above,  -  (2 :  m},  a  negativf  n  mil  for  the  buni  of  two  positive 
infinite  quantities.  The  integral  then,  y  being  infinite  between  the  limits, 
takes  an  algebraic  character,  standing  in  much  the  same  relation  to  the 
required  arithmetical  result  which  must  have  been  observed  in  diveigent 
series.  Thus  l-|-24-4  +  &c.  ad  injiniium ^  ia  an  algebraic  representa- 
tive of  —  1,  though  it  only  gives  the  notion  of  infinity  to  any  attempt  to 
conceive  its  arithmetical  value.  Whatever  may  be  (inally  discovered  as 
to  tlie  interpretation  of  these  results,  1  ihuik  there  can  ,be  no  doubt 
that  the  student's  first  introduction  to  the  subject  of  definite  integrals 
should  he  kept  clear  of  them  and  it:  and  I  shall  accordingly  avoid  wem, 
at  least  tQl  further  notice ;  confining  myself  to  those  integrals  which,  if 
tlieir  subjects  do  becoDie  infinite,  are  not  thereby  rendered  infinite. 

There  ?till  remains  a  peculiar  class  of  definite  integrals,  in  which  the 
function  intei^rated  is  prrirxlic,  and  the  integration  is  made  over  an 
infinite  interval;  such  us  J  ^  sin  J  f/.r, /*cos  rfjr.  Such  integmk  are 
obviously  made  up  of  a  succession  of  elcmenia  of  one  sign,  followed  by 
a  succession  of  another  sign,  cui  injimtum.  Thus  we  have^ 

J^cos*dJp=J  J'cos*dr+J^^cosx<ijp+..  ,.aal— 2+2— 2+. . . . 

flsmxds:si    /;sin4f<l«+  /^sinxcfx-f . .ar2— 2+2— 2+.«.« 

Now,  as  explained  in  algebra,  2—2+2 — ....rrl  and  1—2+2  — 
....  =  1 — 1:=0:  are  we  then  to  assign  0  and  i  as  vulueti  of  these 
intaorala?  Eiamiae  the  grounds  of  the  algehraicai  aswrtion,  and  we 
ahall  find  them  to  he  as  follows.  The  series  o*— ai+a*^. .« 
— ^/ka»+ . . « • :  any  supposttiaii which  diminishes  Aao,  ^*a„  fto.  without 
limit  makes  — ff,-t-.  .  .  .  ricpronsly  approach  the  limit  \n^,  as  long  u 
Oo,  a„  &c.  really  dimmish  without  lunii.  And  thus  in  the  extreme  case, 
in  which  A^=0,  A'ao=0,  Ac,  or  ffo=r?,rrff,,  cVc.,  we  see  that 
must  be  the  substitute  which  a^—tto+a^—^ic.  ad  infinitum  T^quiveg. 
Similarly,  let  P  be  any  function  which  =0  when  jrs  oc,  we  have  then 
/Pooa«i(sssPBiiij;— /PsintfAr,  or  /;Pooex(fdrs— /jFiinjtfr. 
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Thh  is  ric:oroi]?ly  and  arithmetically  true  as  long  mf^Pcosxdris 
Imiie:  any  supposition,  then,  which  makes  P  approach  to  a  simple  con- 
Btaut;  that  is,  makes  P  vary  more  and  more  slowly  whatever  x  may  be, 
or  dimimsbes  P' without  limit  in  all  casea,  also  dtminiahes  fl  P'  sin  x  dx 
and  Petmxdx.  Consequently,  at  the  final  Umit,  or  when  P  is  a  con- 
stant, we  must  write  f^P coax  dx^G^or  f^coi  xdx:=0.  Again,  since 
/  P  siin  X  (/  r  =r  —  P  coa  «  +  J"  P'  cos  r  dx,  we  have  P  sin  jt  rfx  =s  {P) 
V  f'P'co?  r  f/r.  CP)  hcing  the  value  of  P  wlien  r—O.  By  the  same 
reasoninLj,  any  supposition  which  diminishes  P'  without  limit  brincr*  the 
truth  nearer  to  J"" P  sin  r  dr=  (P).  This  is,  then,  the  fiuai  limit  when 
P  IS  made  constant,  or  P=(P);  and  it  gives  Jl»nxdT=:\,  For 
inttaDce,  (a  being;  positive,) 

f^~^  cos  X  dx 
je"'  ain  jp  dx— 

For  every  positive  vnhte  of  a,  however  small,  the?c  cqnatio:  s  are 
nrithmeticaliy  true,  and  might  l)C  vcriiied  to  any  extmit  by  actual  sum- 
mation  :  when  rt=:0,  they  become  0  and  1,  and  is  reduced  to  a 
constant  and  =1. 

It  may  diminish  any  regret  which  the  ambitious  student  may  feel  at 
being  desired  to  lay  aside,  for  the  present,  idl  idea  of  considering  definite 
integrals  in  which  the  subject  of  integration  becomes  infinite  between 
the  limits,  if  we  show  explicitly  that  even  those  considerations  on  which 
ysc  ])roposc  to  enter  necesfarily  require  the  algebra  of  discontinuous 
functions;  and  that  those  whicli  wc  tlirow  aside  would  probnblv  intro- 
duce the  same  st)rt  of  difficulty  in  a  more  complicated  form.  Let 
f^x~^iimaxdx  be  proposed,  which  it  should  seem  must  be  a  function  of 
Op  and  the  more  so,  since  it  changes  sipn  with  o,  on  account  of  sin  (or) 
ss— >nn(^<u):  snd  when  asO  it  is  obviously  reduced  to  C— C  or 
0:  that  iS)  it  changes  sign,  passing  through  0,  when  a  changes  sign« 
Nor  is  it  one  of  the  excluded  integrabj  for  sin  or:  :r  is  finite  wbeo 
xszd^  being  then  s^o*  But 

r^dx=  r^^diax)^  r^dv, 

since  writing  v  for  ar  does  not  I'.hcr  tlio  limit?.  The  last  result  must  he 
iudcpendcat  of  a,  bo  that  we  have  u  coiipii^nt,  not  a  function  of  n,  which 
as  0  when  a=0,  aud  changes  sign  with  a.  Unless,  tlten,  this  integral 
he  always  sO,  it  is  a  diseontiauoaa  constant.  But  it  is  not  ahraya  bO^ 
is  will  be  afteiwards  shown.  It  must  then  be  a  disoontinuoQs  oonatast ; 
and  thus*  em  in  such  definite  integrals  as  we  do  consider,  we  euuci 
always  procure  trenernl  algebraical  expressions  of  the  results. 

Our  sole  restriction  being  that  in  J(pxrfr^ff>r  must  not  become  infinite 
between  the  limits,  unless  we  can  show,  us  m  page  570,  that  the  result 
is  arithmetically  tiuiie,  we  are  at  lUK'rly  to  substitute  for  x  any  funcUou 
whatsoever  which  does  not  invade  Uiis  restriction.  Thus  even  if  the 
function  substituted  should  be  impossible  in  form,  the  truth  of  the  resalta 
is  not  aftcted*  For  example^  take  /  tan~'  6  dd  from  6=0  to  6s  (w,  n 
bang  poettiye.  Here  fOsz  cc  whep  OsO,  and  we  teiefiHra  eiamine 


„  sin  .i~aco84? 

coajy+ttsin  J? 
l+o« 


i  s: 


Cosxdx:= 
sinxdirs 


1 
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<^y^^(Q^9}^  or  the  moce  eoDvanent  form  {(log0d)^(O~0)}~^ 
This  gira 

I  nd  I  ,  which  =/t~',  wheu  0=^0  : 

\       Una  / 

•o  tbal  the  integnd  it  finite  when  n  is  lets  than  unity ;  this  we  must 
thctefore  suppose^  the  ctte  of  iissl  hdng  led  doubtfbl,  as  unnecessary  for 
our  pietent  puipoie  (it  gives  the  inlegnd  infinite).  For  taa~*0  write 
itevihie 


which  it,  tay  ss;(-l)"t(A»+ A,r^'''-»+Atr^''-'+. . 

and  —I  being  «*^~>  we  find  for  integration 

of  which  the  inipubbiblc  part  must  vanish  by  itself,  since  the  required 
integral  must  be  possible  and  finite!   The  potstble  part  is 

{  An  cos  (  Jt;0  +  A,  cos  (}^n + 20) + A,  cos  (Jir/i  +  40)  +....}  cid. 

Now /cos(r  +  2A-0)  from  —  0  tn  6=}^^,  is  (^ky  {^'m  (r  +  kr) 
—  Pin^c}:  whence  this  integral  vauisht's  when  A-  is  even,  and  becomes 
^  '  sin  c  when  n  is  odd.  This  gives  for  the  integral  ret^uired  tlie 
series 

(A       A  \ 

We  might,  however,  obtain  a  finite  result,*  at  follows.   We  have 
(- 1)«7 tau- 0 (ie=/(A,+ A,  f-*'''^+ A.i-**^»+ . .  • .) de^ 

n 

and  (— I)*^  is  cosi ir/i+i^(— l).8in  Jir/i.  Now  integrate,  and  equate 
the  possible  parts  on  both  tidet  to  each  other :  the  possible  psrts  on  the 
second  side  being  all  of  the  form  A^Jcw2kd.JB,  must  vanish  when 
taken  from  j:  =  0  to  jr^Jn-,  and  we  find  (A^  being  =1,  at  appears  Drom 
the  function  to  be  developed) 

cosiirw  r^taa-^^</d=4ir,  or  f*' tan-dc<d=— ^— . 

A  fnrtlitr  examiuatian  (or  simple  substitution  of  ^-tt  — 8for6)  will 
thow  that  this  integral  is  true  for  negative  values  of  n  also  (if  between  0 
and  —  1).   Let  tan*  9=r<r^,  m  being  a  positive  integer,  which  gives 

.  2j  «    1  +  cosJt»  ^  ^  ' 

Let  (1 -w)~-l=rr,  or  J»  (1— ii)=ir(r+l) :m,  and  cas(isn) 
=sin  (  x-  (r  + 1) :  m).  Hence 

*  For  this  proof,  which  is  much  thorter  than  the  one  usually  giveu,  I  atn  incK  ltted 
to  a  wtittr  wbo  signs  8.S.  in  ths  Csnbridge  Msthemslicsl  Jouroal,  (vol.  i.  p.  1 7.) 
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LvS l-K'-^)'!"'  ('>-'<—>; 

It  will,  however,  aoon  be  observed  that  there  it  a  liability  to  fallacy  in 
an  incautiuus  use  of  the  preceding  method.  If,  having  dediuoed 
A+B^(— 1)=P+QV(-1),  we  infer  A  =  B,  P=Q,  we  are  justi- 
fied only  whnn  we  know  A,  B,  P,  ntul  Q  to  be  real.  Now  if  either 
of  these  quantities  be  an  infinite  series,  aud  divergeut,  it  may  represent 
an  impossible  quantity,  as  does  •  •  •  •  when  j>l.    Aud  even 

if  we  have  a  series  which  is  real  before  integration,  it  may  become  im- 
possible after  it;  thus  l+dP+Jc'+ . »  ml  when  «>1,  while  its 
integral,  beginning  at  j:=0,  represents  an  impossible  quantity. 
We  sbslly  ther^or«^  add  the  common  proof  of  this  result,  which,  though 
employinp:  impossible  quantities,  does  in  a  manner  ftee  from  the  pre- 

Cedin!z;  ohiection. 

h  w.  (1.  note  the  n  roots  of  the  equation  x*-f  1  =0  by  a*  iS,  &c.,  we 
find,  ab  m  page  216,  (m<f4-— 1), 

It  would  appear  as  if  this  must  oc  when  x  =  oc,  but  if  it  be 
remembered  that  2a""*^'=0  (page  319),  and  that  log  (  r— «),  log  (j?  -iS), 
eontinually  approach  tn  lug  x  as  jr  incresses,it  also  appears  that  the  limit 
of  the  preceding  is  that  of  2a"''''Mogr,  which  takes  the  form  Ox  €C 
when  X  i«  infinite.  In  fact,  since  log  jr  Scz*''"'  (m4-l'<«)is  s:0  far  all 
finite  values  of  jr,  add  it  to  the  integral  aa  found,  and  we  have 

which  diminishes  without  limit  in  every  term  as  jr  increase?.  The  value, 
then  t  irp,  of  the  above  form  is  0  when  ar=x,  and  the  recjuired  mtet^ral 
from  .1  — U  to  x=z  a  is  the  value  of  the  first  form  when  ji  =  0,  with  its 
sign  changed,  or  i  log  (  —  «) }.  Let  e  stand  for  £'^^"",  and  H  for 
ir:n;  we  know  then  that  (kSc*,  iSsse",  &c.,  up  td  e^*^,  and  since 
—  1,  these  roots  with  their  signs  changed  are  ftc.  Con* 

aequently 

i  I a"^Mog  ( -a)  }  =  (e -I- - 1 )  c^"-^    + (.'k?  +  T  ) 1  , 
+  {  (2a- 1)         V(—  1)  «ft-+»K-+'>* . 

For  c^*^*^  write  z,  and  0/1  for  if,  whence  the  preceding,  dii^ed  by 
»V(  - 1 )     («+ 1 )  r  +  (m-S)  «•+ . . . .  +(»+2n- 1)  «^».  We  ahow 

generally  how  to  find  a+(a+6)  jr+(a  +  26)  2*  +  . . .  +(fl+Mft-*)  ar— ». 

This  obviously  consists  nf  two  parts,  the  first  a(l+ 

or  a  (1— s")  !  1  —  2;  the  sec onrl  hx  xdiflf.  co.  of  (2+*"-h»  » H-l""'),or 

bz  X  diff.  CO.  of  (2 —«"):( 1  —  2) .    Thus  we  have 

a+(a+fc)      . . .  +(a+»6-6)  2-«=:a        +  J  — 

For  2  write  2%  multiply  by  2,  let  a=n+ 1,  ft=2,  and 

(»+!)*+.,  .  .+(3»-X) 
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In  the  initanoe  before  us,  ^rse^**'^*  and  **;se^"**'*'':=  1 ;  whence 
the  first  term  vanisbeB*  and  the  second  niuneralor  becomea  2n  {2P-*«k 
while  the  whole  becomes  ^2nz :  (1— Restore  the  lutor  1)» 
and  we  have 

r^dx  _2ir^(— _    2yV(--l)  e;  


nsm 


in{^^(m+l)} 


a  result  of  great  importance.  If  we  examine  the  limits  within  which  it 
is  true,  we  And  that,  as  far  as  the  lower  limit  0  is  concerned,  m  must  be 
> — 1,  while,  for  the  higher  limit,  m  must  be  <ii— 1. 

The  preceding,  though  it  employs  impossible  quantities,  is  yet  pre- 
cisely the  same  in  its  processes  as  the  lonu'f'r  methtxl  which  wmild  be 
followed  if  r"  (1  were  integrated  from  the  rational  form  found  in 

page  276,  §  89,  by  collectmg  the  impossible  factors  of  the  preceding 
process  in  pairs. 

It  would  seem  as  if  hitherto  I  had  given  nothing  but  cautions,  and 
ibis  I  have  purposely  done  to  impress  upon  the  student  the  idea  of  the 
very  slippery  character  of  the  subject ;  or,  which  is  the  same  thing,  of  the 
very  imperfect  manner  in  which  it  is  understood.  Some  further  hints  of 
this  kind  will  ?till  he  necps?arv. 

Every  integral  of  the  form  Jl^ixdx  may  be  thus  expressed: 

tfc,  ti),  fhy  &c.  being  a  series  incrensinc^  without  limit.  Every  such 
integral,  then,  is  really  an  infinite  series,  of  which  it  is  found  that 
the  divergent  case  i»  not  so  well  understood  as  that  of  ordiimry  divergent 
series.  Let  us  divide  series  into  four  classes,  sim^)le  diveraent  and 
convergent  series,  in  which  all  the  terms  are  positive,  and  utemately 
divergent  or  convergent  series,  in  which  the  terms  are  alternately 
positive  and  negative.  Besides  these  we  have  the  intermediate  series, 
of  which  the  terms  aie  or  become  of  the  form  aH-a-ftf+**..  and 
a— «4  « — .... 

When  the  above  infinite  series  of  integrals  is  of  the  simple  diver- 
gent kind,  we  have  rejected  the  consideration  of  Jl(/)x  tLi  as  being 
iiifinile;  though  it  might  reasonably  be  asked  why  such  a  diverging 
aeries  of  integrals  should  be  called  infinite,  when  a  diverging  series 
of  simple  terms  is  only  called  at  most  a  wrong  development  of  a  finite 
quantity.  About  converging  series  of  either  kind  there  is  no  qnestiOQ ; 
while  diverginc^  alternating  series  will  be  readily  admitted,  even  by  those 
who  rcTCt  them,  to  stand  upon  a  diffcrrnt  footuii;  fnmi  sinijilr  diverging 
series.  But  having  thus  pointed  out  iliat  integrals  iai<en  from  0  to  cc 
must  have  a  general  resemblance  to  series  in  their  properties,  or  at  least 
a  similar  classification,  I  now  show  that  there  la  decided  danger  of  errof 
in  any  attempt  to  apply  these  conclusions  to  series  in  general,  which  are 
demonstrated  in  algeora  tobetroeof  serieaofpowersof  the  aame  variable. 
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For  example,  take  /cos  xdx^O  from  r=0  to  x=a:.  We  see  (page  5*J2) 
from  wliat  this  springs;  if  uritc  br  for  which  dues  nut  alter  the 
liimih,  we  have  of  cob  hx.dr=:0,  or  f  cosbx.dx=0.  Now  it  is  a  luiiUu- 
meutal  property  of  any  intcgnil,  that  if  the  limits  remain  the  same, 

^jpdp  =  J^'<^p  im^  lyi)..  ..(P), 

provided  always  that  dP :  dq  doea  not  become  infinite  between  the  limits, 
in  which  case  the  second  side  of  t'u  e  quation  may  not  be  within  our 

present  conventional  boundary.  This  proposition  is  easily  proved, 
independently  of  the  page  refened  to:  for  since  (returning  to  the 
definition  in  page  99) 

^      ^^^=2  ^  Aft  for  any  number  of  terms, 

the  litnitiiig  proposition  must  he  true*  or  (P)  niu^t  be  true.  Take,  Uieu, 
/cos6jr.i£r=0,  and  differentiate  twice  with  respect  to  6,  which  gives 
— /cosix.j^drsO,  or /cos &x .1*^1=0.  We  may  readily  find»  as  in 
page  512,  that 

/;«-co8  6xdx=^^.  r*^"^^^'^^=-^{^^ 

whicli  verifies  the  prcceUiiig  wlien  c~i)  Also,  if  we  did'erentiate  twice 
with  respect  to  c,  we  have  a  conclusion  of  the  same  kind*  verifiable 
in  the  same  manner. 

Differentiate  again  twice,  and  so  on,  which  gives  /"  .  co»hs,^dsszO^ 
by  making  c=0.  Various  other  methods  coincide  in  the  same  result; 
surely,  then,  we  should  say 

/J cosftx (I .)(i»=0,  or  f  ^^-^=0. 

This  result  is,  nevertheless,  not  true,  and  we  may  see  that  we  have 

hoe  made  an  assertion  which  need  not  necessarily  be  true,  in  saying  that 
/  cos  hj  dx-{-  f  cos  bx.x*dx-\- . .  .  .  zrO,  because  each  of  its  terms  is  so.  If 
each  of  the  terms /^ cos 61*. f/r,  f "  cos  6r.  rWr,  &c.  iliniini<h  without 
limit  when  a  increases  without  liuiit,  it  by  no  means  follows  that  their 
sum  ad  iiijinUam  docs  the  same.    \i  wc  astiume  this  iti  tlie  ca&c  of 

0+ 6j+cjr'-j-  it  is  because  we  never  have  to  use  such  a  series, 

unless  as  the  development  of  a  function ;  and  this  function  may  alwap 
have  (aa  in  page  73)  all  the  terms  after  a  given  tenn  expressed  in  a 
finite  form,  from  which  it  easily  follows  that  the  series  is  comminnent 
with  X.  But  if  it  ever  should  h;i|>]ieii  that  wc  find  a  series  such  as 
a  +  6a;+....  always  divergent,  no  matter  how  small  jr  may  be,  and 
not  having  any  assignable  mode  of  invelopment,  I  then  say  that  we  have 
no  right  whatever  to  assiune  that  such  a  series  is  commiuuent  with  jl\ 
To  prove  the  preceding  assertion,  assume 

Ccosbxdx    cf  P        r^cos  bx,x*dji  .   .     ^  « 

whence  PsCs^+Cir*. 

Now  C  =0»  for  otherwise  this  integral,  which  is  always  finite,  bebg 
necessarily  not  greater  than /|^(<i«:(l+j;')),  or  iir,  would  Inctease 
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without  limit  with  b.  And  C,  must  he  tlie  value  of  ibr  intrcral  when 
^=0,  ur  ^TT.  Heuce  are  deduced  the  foUuwiug  results,  being  the  ahove 
aud  whil  ariiCB  from  differentiation  with  respect  to  b. 

«  r'wmbxdx    It   ^      r'smbx.xdx    it  ^ 

If  we  snppoie  the  sign  of  6  to  change,  cos  (6r)  remains  the  aame, 
and  the  integral,  while  its  eqm?alent  becomes  The  result  is 

evidently  not  allowable,  since  it  would  be  then  Ci,  which  is  =0,  and  C 
Avliirh  is  —-jf!"'  Consequently,  this  integral  is  represented  l»y  Wr~' 
wlu  ii  I)  is  positive,  and  by  Jrf*  wiicn  h  is  negative.  Similar  circnm- 
!-faMcc5  frequently  occur,  anil  they  aris^e  from  the  difference  of  trcutiuent 
of  series  uud  tlcliiiitc  iiitegrals.  If  wc  had  rejected  divergent  series,  we 
should  have  called  «+«+^+  •  •  •  *(j^>  l)t  a  mistake  which  is  to  be 
corrected  by  writing  - 1  —  or*— jT* — • . .  Both  series  have  the  proper^ 
ties  of  x(l  —  dr)"\  An  extended  theory  of  defioile  integrals  will,  I  con- 
fidently expect,  at  some  future  time  contain  tlic  same  distinction:  ex- 
hibiting results  in  a  form  wliicli  points  out  numerical  values  when  they 
exist,  and  algebraical  ecpuvalent?  when  the  numerical  values  are  infinite  : 
though  I  admit  that  there  are  some  circumstances  which  ap^>ear  to 
create  a  marked  distinction  between  integrals  and  series. 

Many  definite  integrals  of  the  form  fr^fvdw  from  vssO  to  «s=  oc 
have  received  particular  atteution.  The  most  celebrated  of  all  is  /r~*  tfdVf 
which,  bein((  1 .2.3. . .  .x  when  x  is  a  whole  number,  supplies  an  expres* 
sion  which  is  intcllitrible  and  calculable  when  *  is  a  fraction  ;  and  is  the 
same  extension  of  the  notion  of  1.2.3.. .  .x,  which  a  fractional  expo- 
nent is  of  that  of  u  whole  one.  This  function  f€~*'v'dv  is  generally 
denoted  by  r(x+l),  or  Tx^Js~^ff~^dv.  This  last  integral  is  finite 
(page  570)  whenever  x  is  >0,  and F  (x+  \)^xTx  ia  a  functional  equa- 
tion which  its  Tslues  satisfy.  For 

Jr'v'dvx  -r'.Vf'-^-xJe^lvi'-'  dv, 

which,  taken  from  0  to  €C,  gives  r(jr+l)=*]^I'>r>  since  t^tf~*  Tanishesat 

both  limits.  And  it  is  perfectly  possible  that  this  equation  may  be  true 
of  fractional  values,  or  any  other  of  the  same  kind.  Thus  if  0r  ^tand 
for  r  terms  of  the  series  l~"  +  2~''4-  .•■  •  we  have  before  us  a 

function  which,  when  x  is  a  whole  number,  satisfies  0(r+l)=0x 
+  (j:+1)"'',  and  as  to  which  the  mode  of  derivation  entirely  fails  when 
X  is  not  a  whole  number.  Nevertheless,  there  may  be  a  continuous 
function  which  satisfies  the  above  equation  for  all  values  of  x.  Thus 
^ssl  +2+3+ ....  +x  gives  ^  (jp+l)2=^+  (i+  1),  and  the  deriva- 
tion is  unintelligible  when  x  is  a  fraction ;  but  <;^x=Jx  (x+1)  satij^fies 
the  equation  fur  fractional  and  even  negative  and  imjiossible  values  of  x. 

Ijtt  us  now  take  (/).r  from  /(0)+/(l)+/(2)+  +/(r),  which 

satisfies  (r+ l)=0j+/(x+l)  :  required,  if  possible,  tlie  expaubioii 
of  <j)X  in  powers  of  x.  Let  yx=/(x+ l)+/(x+2)+ .  ♦  od  tn/I 
when  « is  a  whole  number,  and  let  fr  in  all  cases  satisfy  yx— (x+1) 
=:/(*+!).  Then  Y'Jp+0*=V'  (*+1)+^Cj^+  O  «r  Y^x+<^x  is  con- 
stant.   Now  when  x  is  a  whole  number,  ^x+^px  is  obviously  the  sum  of 

the  series /(0)-f-/(l)  +  o>l  inf.,  say  =2;  whence  in  all  cases 

YfX-f.(^T=2.   We  have  then  0r=i:— y-a-,  or  (0)  — V^'  (0).  J-&C. 

But  since  V^"U=/"\-r  +  A)  +  PX*4-2)+ ......  we  have  f^'^x) 

2P 
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....   This  equation  is  not  derived  from  diflcrentia- 
ting  with  respect  to  x  a  function  in  which     is  a  whole  number  only, 
but  IS  follows:  since      in  all  cases  satisfies  fx-^fise-^  l>s/(f 
we  have  y>jr- Y^"'(*+X>£=/^'^Cj?+  1),  or 

V.i"lr=/<">(j  4- 1 )  +  2)  + 

-f-*^  (*+  IHP"^  (« 2)  +y  ^-^Jf+S) + Ac; 

or  ><»>=/<«^(jr4*  1)4-  * . .  •  otf  tn/.+Y^'K  oe  )  (as  in  page  228) ; 

and  all  the  series  being  supposed  convergent,  we  have  "^^"X  oc  )=0. 
Hence  if  /<-'(l)+&c.=Z<">,  we  have 

Obsenre»that  it  matters  nothing  if  Z  be  difergent,  provided  Ac 

be  convergent,  since      1^*^  is  simply  <^  (0). 

To  apply  this,  consider  T  (1  +a*)  = -rF.r ;  -we  hnvc  then  log  T  (1  4--t) 
=  log  r^- loir  T'j,  but  since  both  i^log.r  and  are  divergent,  differ- 
entiate l)oih  sides,  and  let  0.r  be  the  diff.  co.  of  log  F*  or  F'x  :  T\r. 
Required  tlie  development  ol  4*  ( I  in  jKjwers  of  x,  having  <^  (1  +  a  j 
Let  V'J^=(-r+l)-'  +  (j:-|-2)-»+....,  or  yx-Y^Cx+l) 
8^(«+2)— 0(x+l),  and  ^(«4*l)+y4ra50onat;  whence ^^^x^-l) 
«  Now  yxs(x+ («+ 1)  gites 

or  s . .  +2-<-+»J+8-<-+»>+ ....)» which  odi  3h.i. 

0(x+l)=0  (1)+S,x— S|4^+S44J»-  . . . 

a  series  which  converges  when  x<l.  It  only  remains  to  find  (I). 
Since  0  (x+ l)=x-'+^x,  we  have  ^(1)=— 1-'+ 0(2)=— l"'— 2"' 
+0(3)=,  or 

E  0(l)=:-r   -2  -....-r-'+0(a4-l) 

=  -(i-'+2-'+. . . .  +»-*-logx)+0(x+l)-log». 

If  we  tske  the  series  for  r  (x+ 1)  in  page  312,  in  which  » is  a  whole 
nurobcTi  we  see  that  tliis  series  is  intelligible  when  x  is  fractioiia],  and 
therefore*  is  in  all  cases  the  fuDCtion  required.   We  have  then 

r(x+l)=:V(2»*).(f)«% 

or  logF(j+l)  =  iug^(2ir)+Jlog  j:+xlogx— x+R; 

where  R  is  a  series  which  diminishes  rnpidly  when  x  increase?,  nnd 
its  diff.  CO.  diminijih  rapidly.  Differentiate  both  sides  of  the  laj^t,  aud 
subtract  log  .i  ,  which  e:ives  0  (.r  +  1)— logx  =  (2i^)~' +  li  ,  whence 
0  ('!"+ 1 ) — log  X  diminishes  without  limit  as  x  increases.  Consequently, 
—0(1)  is thelimitof  I ~*+ 3^+.,,,  +x^^— log X as X increases, whicli 
was  shown  in  page  319  to  be  ^e  constant*  *  577215*7,  (more  correctly 
•57721566490158286060«5»)  which» betng'called    we  hate 

*  Another  iftoof  of  this  will  subts^tuntly  bt  givsa. 
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r  (Ji+l)  J  r  (*+l)a=— y+s,*-s,««+s««»- .  • .  . 

logr(«+l)=-Yx4-i  S,«*-iSia»+iS,**-.,.., 

no  ooBBtaDt  being  added,  since  log  r  ( r  + 1 )  vanishes  with  J.  This  series 
is  convergent  from  x=— 1  (exclusive)  to  djr=4*l  (inclusive);  but  we 
■ball  presently  show  that  still  more  convergeut  ones  may  be  used. 

Again,  since  r  (r+l)=J7«— r'rft?,  we  have  r' (*+!)=  f«''t;* 

log  r  r/r,  and  r  (1)= /c* log r  <f t s  while  r  (1)  =  I.  0)ii>»eqiient1y,  the 
constant  — '5772.  .  .  or  —  is  the  vahie  of  j*"e"*'1og  r  r/r,  and  thus 
this  (hitherto)  pure  result  of  computation  obtains  n  svm bo licul  expres- 
sion. The  student  may  now  try  if  he  can  uuike  tlie  preceding  process 
suggest  proof  of  tbe  following. 

1.        *=i +Q+iog  i)+(i+iog  ?)+ Q+.og  ?)+... 

Prove,  both  from  the  nature  of  this  series,  and  firom  ptige  326,  that 
it  is  not  only  convergent,  but  ultimately  aa  convergent  as 

ci'logrci+j)  _  1      I  J  

+i  (H^H^+i^)"^ 

nbeii^  >l. 

We  can  thus  calculate  log  r  ( '  + 1  )>  ant)  thence  Ing  Tt,  which  it 
logr(j-f-l)— lot;  r.  The  former  function,  which,  pince  r(l)=r!,vftni?he» 
when  1  =  0,  is  wliat  niiiv  be  called  the  i:'  nt  ral  functioTi  |()<f  J  -fluL'  2  + 
.  .  . .  -r  \o^^  T,  being  tlic  function  of  winch  Iol'  1 ,  log  1  +  iu^i  2,  log  I  -j-  log  2 
4-log»i,  &c.  ^are  the  values  when  icr:0,  i,  2,  mc.  We  proceed  to  some 
properties  of  the  fimction  r       1),  the  general  function  of  l.2«3. .  .x. 

Turning  back  to  page  388,  we  see  thai  / J(fw.yifW*dv*diP,  if  the 
limits  of  each  variable  w  independent  of  the  ouier,  is  j^doxffw  dw. 
Hence 

r(4P+i>  X  r(y  + 1 ) = y:*^     X  ftg-^u^dwszf;  f;  r — »•  nfdvd». 

It'  \vc  assume  7r~^r,  ^^e  may  jjcrform  this  nitegratioa  by  first  integrating 
with  respect  to  v  from  0  to  cc,  and  then  with  respect  to  t,  also  from  0  to 
ec.   For,  to  change  v  and  w  into  «i  and     we  have     Vi,  w:=^Vi  and 

dv  (he     dv  dw    .  ,         iN.  ^  . 

ia  the  integral  above  given ;  while  0  and  oc  aie  limiting  yaluea  of  and 
I,  answering  to^hoie  of  v  and  to.  Now,  integrating  first  with  respect  to 
Ot,  we  have 

/;t-''i('+'V+,-^i^,, since  /r"'tj'do=a— ^/f-'t^cir. 
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and  0  and  ob  are  tlie  limits  both  of  wad  Vi  (1+0*  Multiplying  by 
Pdif  tnd  rategntiDg,  the  original  form  compared  with  the  tranapoMd 
espffeHiOD  i^Tes 

•    f  r      i^'f^i  1 

/{(TT7)-(i  +7) 

Let  2=s<  (140~^  which  gives  0  and  1  ibr  the  limits  of  x,  and  we 
have  finally 

which  requires,  to  he  finite,  that  s  and  y  should  both  be  > — I.  Hitis 
an  extensive  cUss  of  integrals  is  made  to  depend  on  the  general .yZidorui/ 
function,  as  Tx  is  called.  Tf  r= — >vliich  requires  y  and  jptobe 
numerically  <lf  we  have,  r  (2)  being  1  x  r  (1),  or  1, 

r  c  1 +x) .  r  ( 1 -x)=/s    (1 -2)' 

Again,  let  a:+y=— 1,  or,  for  y  and  or,  write  ^i+^r  and  — J— Jr, 
uhicb  gives 

/;  2-*^'  (1-2)-^-'  dz-r  a  f  a ) .  r  (i-x). 

This  intci^ral  admits  of  being  found;  for  if  z:=^siTk*0,  it  is  reduced 
(\yn^e  57  0  t<J  tan** 0 rfO  orir; COS  (iror) ;  which  may  also  be  written 
thus,  by  writing  i— or  for  x, 

r*r(i-x)=-^--  (T>o<i).  . 

sm  xv 

Let  .r=  \,  then  T  (^)=^«',  a  result  found  in  psge  294,  though  in  a  very 

diHVrcut  form. 

lit  the  integral  T'^'e     '/^  let  l^szv^  which  does  not  alter  the  limits 
if  »  be  positive    We  have  tlien 

« 

/;fi-i-d/=^  J:  E-^  v^-'  dvszl  r  Q=r  Q+i)  in>o) ' 

Returning  to  the  seriea  m  page  579,  we  have 

log  r  (1  +  r)  =  -  y r  +  J  S. ^,       1  }  S4  J*- . . .  •  • 
logr(i-^)=  yJf+iS.x'+iS.x»+iS^x*+....; 
but  r(l  4-^)«r  (l^x)s:xrx.r  :  smirxy  whence 

log  r  (l+JP)=4  log  irx— i  log  sm  irx— y«— J  S.  j:*— 4-  S,  . 

Now  r  «+5).r  (i-ai)=r  r  (j+o .  r  a-*) 
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and  we  can  thus  calculate  r(l+i  +  «),  or  F where  x  is  >J 

by  means  of  F  (1+4 — 2),  or  Tl(l  +x)  where  J<J.  When  J<i  the 
preceding  teries  it  Tery  conrergent. 

If  we  difierentiate  the  Uet  series  but  one,  we  have 

(jr-»-ircot Tj)=2(S,T+S4.i'  +  .Sar'-f . .  ..)• 

Turn  to  the  5cnc^  for  cot  r  in  page  248,  and  \vc  find  (makini;  the  slii^ht 
change  oi  noiatiou  uUuUed*  tu  in  page  553,  that  Bi=  1 : 0,  B^—  i  :  30, 
B,=  l:42,  &c.) 

*3        •2.3.1        '2.3.4.0.6  * 
whence  *^*-*cotir*s(2i')*B| 5+(2ir)*B, —-—  +  ••.• ; 

Trbcnce       S*.  or  l-'-+2-*+3-*+ ...  =1  i^^l^^^;  : 

a  result  remvkable  in  itself,  and  useM  as  showing  how  to  estimate  the 
degree  of  couvergency  of  ecries  in  which  Bernoulli's  numbers  arc  among 
the  coefficients.  For  since  the  first  side  of  the  equation  has  the  limit  1 
as  n  increases,  if  we  write  for  1.2.3.  ...2/i  its  limiting  form  ^(2t). 
(2rt  )*"'*'*  ff~*",*we  find  tlmt  B^,_,  and  4rt'"**  Tr^"'"*^"*" continually  appro^* 
mate  to  equality  us  n  ia  increased.    Also  we  have 

B*.„    (2»+l)(2it+2)  ,  «• 

5^,  *        "^""^  ^i?* 

when  n  is  very  great. 

A  higher  degree  of  convergency  is  given  to  the  series  for  log  F  (1  +  .r) 
by  writing  it  as  follows : 

I0gr(l+.)=il0^(;;^)-il<«(l^^^ 

+  (1  - y)  x-i  CS.-  O  ^ -  ^  CS»- 1  . 

We  now  ptroeeed  to  other  properties  of  Tix),  If  ],*«,      •  •  .a**^ 

be  the  roots  of  t*-  -  1  rrO,  we  know  that  a,  a',   nrc  the  roots  of 

ji^-|-l=:0,and  1,  a",  a*t  nrr  the  roots  of  j:"— 1  =  0.  Hence  we  have 
(or— 1)( J— «•)••••  ^or  j;  write  x%  divide  both 

•ides  by    .a.a'*  •  •  and 

Now  a"  is  -1  :  divide  both  sides  by  2"  { 1)}" ;  makcx::rs*'^^-'>, 
and  for  a  choose  the  value  e''^^"'^,  w  being  —   :  n.    We  have  then 

sm  «sm^0+^^sin^O+~^. . 8in^0+^^^r^=2-^>8in7i0; ;  , 
and  various  other  of  iiuier's  forraulaj  of  the  same  kind  may  be  proved 

•  Or  for  Ba  in  the  page  dtsd,  write  B|  for  -B*  write  B„  for  B,  wrife  Bj,  &c.  A 
r  BenMulU  will  be  found  in  ths  article  Ntmber*  ^BtnmUi  in 
tiu;  t^auky  CydopacUa. 
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in  the  aune  wiy.  Now  divide  both  sides  by  linO,  and  make  0s 
which  gives 

.  TT   .  2ir   .  3«r        .  n-l  n 

MD-.un— .Sin — ••••  sm  »=s;rri« 

n       n       n  n        2"  ' 


Now  consider  the  t'unctioD 

y«rx.r(,+l).r(x+?)....r(,+2^) 

Change  «  into  «+n~S  and  the  second  side  becomes  whence 
Yr  (2+  n'O  =  rfx.  This  is  Batis6ed  by  n'"'  F  («»),  which,  when  the 
change  is  made,  becomes 

n'*"^  F  (fw+l),  or  n~"  .n"**.it4pF  («x),  or  jp^nr^F  (nr) ; 

and  on  the  principle^  explained  in  ])age  229,  there  can  be  no  other  solii- 
tiuu  uiilcbH  it  be  the  preceding  muliipUed  by  a  periodic  factor  ^x,  such 
that  x(^+^)=X^*  factor  having  been  rejected  when  Fx  waa 
taken  aa  the  aolution  of  y  («+l)=:«f'x,  must  be  alao  i«gectedhere: 
though  a  multipUer  P,  which  is  a  liinc^n^of  n,  may  be  requisite.  We 
have  then  yx=P.n~^F  (lur),  and  Pmay  be  determined  by  making 
drsn*^,  which  gives 

,..ro).P=r(i).r(H)....re) 

Now  F(it:  n)=F(l)  =1,  and  the  remaining  n— 1  factors  may  be 
xeaoWed  into  F#i-»,F(l-ii^*),  F2/r*.F(l-2«-'). ...  with  amiddle 
term  F  (^)  if  n  be  even,  vdA  none  if  n  be  odd.   Tiiia  gives 

(2«)-P={.-:(«„^,,in  £.....b:^ix)}xA 

  .  ^  -  _  /  .       X  *lrr  ,      m  T  \ 

(9m+  i)   P=5ir* :  sm  T — -r  sin  ^  r  • ...  sin  ;  }. 

Examine  the  value  above  given  of  n :  2^,  and  it  will  appear  that  it 

can  be  resolved  in  a  gimilar  manner  into  sin  .t/i"' sin  (ir  —  ir«~'),  or 
m\*.x}r\  sin.2w/f~' sin  (t  — 27r;i~*),  or  si!i*.2irn'',  &c.  with  a  middl* 
factor  sia^jr,  or  1,  when  n  ia  even,  and  none  when  n  i«  odd.  Ueooe 


nsSm+l 


n=2m 
in=2m+l 


.  ,     «•       .  ,    2*  .  ,    filir  2m+l 

wn  r — —  .snr  -. . .  •  sm'  ~  r  =  ^ 

2w+l        2/n+l  2m  +  l  2** 


Kxinict  the  square  roots  of  the  last  pair,  and  divide  the  preceding  pair  by 
them,  which  gives 


nsr2m,  P=«^.2r^(2m)*j   fis2m+l,  Pssir2"(2ii»+1)«, 

Both  are  contained  in  P=(2»-)*^''~'^  .n*,  whence 

Thi»  cquutiou  is  Ubclul  m  rtducai^  the  calculation  of  F 
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r(2:n),....r(A*-l;ii>  tothe  flmaUest munber  of  ipplicitiaiui of  tlie 
Krict  for  logFjr.  Suppose,  for  mstiiice,  we  want  to  Qetermine  Fi*), 
r^. .  .FHt  which  wt  oOl  Wefirrtha?er*r(l-x) 

=T  :  sin  TTX,  which  gives  A,  A.,,  A,  Ai,,  A«Ag»  A^Ag,  A^A^  andAJ« 
Making  n^2  in  the  preceding,  we  have 

r*  r  («+*)r=  (ar)*  2^r  2» 

(A,  Ar  A.)  (A,  A, AO  (A.  A,  A.)  ( A*  A„  A^)  (A,  A„  A,.) ; 

aud  those  quanlilics  aie  bracketled  togetlier,  between  which  equations 
are  thai  given.  But  only  the  two  fint  are  of  any  use,  for  A«  ia  known, 
andAtXA,;  again,  (A«Ah»A,)  is  only  the  same  as  {A^A»»A^  in 
another  finrm,  ftc.  Again,  make  ns3,  and  we  have 

rx  r  (x+ ^) .  r  (x+|) = stt  .  3i-**  r  3t,  (a,  a,  a„  a,)  (a,  a,  a„.  a^  . . . 

of  which  unly  the  tirst  is  of  use ;  thus  (A,  A^  An,  A^)  ia  the  same  aa*  or 
may  be  reduced  to,  (AiA,Ai,A«)*  CkiUect  all  the  equations,  and  we 
have,  w :  12  being  6, 

^^**==slsW  '^^=5i^'  ^^"^Sie 

A,A,=(2»)*2*Ato   A.A,=(2ir)i2iA«   Ai  A*A,=:2».3^  A,: 

nine  eqnalkiia  between  deven  ouantities ;  so  that  all  ean  be  determined 
by  meana  of  .two  only.  It  minit  appcw  at  first  as  if  we  might  carry 
the  main  theorem  one  step  former,  and  form  an  equation  (A,  A4  A^  A,o, 
A4) ;  but  if  we  do  so,  we  ahoold  find  that  the  new  equation  is  really 

contained  in  the  others. 

The  importance  this  function  Tt  can  hardlv  be  over-estimated,  and 
the  |)rogTe«8  of  the  mathematical  sciences  will  probably  render  its  use  as 
frequent  as  that  of  its  particular  case  1.2.3. ...  has  bccu 

hitherto.  Legendre  has  gi?en  a  table  of  the  values  of  oom.logr(l  +  t) 
for  every  thoueand  part  01  a  unit  from  jtsO  to  xsl.  Thia  is  all  that  is 
ncoeacary,  if  the  table  be  carried  to  a  sufUcient  number  of  figures ;  for 
rx=z  (j_  1  )r(j  -  1 )  =  (x'2)ix- i)r(jr- 2),  &c.,  whicli  can  be  continued 
until  r(x— //)  falls  between  1  and  2;  whence  Vx  can  Ije  found  from 
r  (x — n).  Again,  rj=:r~*  F  (I +J?)>  which  gives  Fx  when  j  is  less 
than  unity.  The  table  presently  given  is  an  abridgment  of  Legeudre's,  and 
the  last  column  wiU  enable  any  one  to  reconstruct  as  much  more  of  the 
origjnal  as  be  wants. 

The  value  of  For,  considered  as  fr'v^^do^  is  finite  as  long  as  r>o, 
but  infinite  for  x=:  or  <0«  But  if  F  r  be  considered  as  a  solutioii  of 
^  (t  +  l)=:j-</>r,  it  does  not  become  infinite  when  «  is  negative,  eicept 
when  J7  ia  a  whole  number.  Thus 

lsF(l)s0.rO=sO(-l).r(-l)=:0.(-l)(-2).r(-2),&c,; 

whence  F  (0).F  (  —1),  &c.  must  be  intiuitc.   hut  x  being  >0<1, 

rx=(x  - 1)  r  (x- 1)= (x-l)(«-.2)  F 
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80  tliatrCr~I),  r(r— 2),  &c.  nrc  not  infinite.  It  must  be  rrmpn\- 
beretl  tlin*  manv  of  the  propcrlies  of  Vx  have  been  derived  from  the 
equation,  not  from  the  intcgrnl ;  and  negative  values  given  to  x,  and 
used  in  the  series  for  log  F  (1  give  results  perfectly  coiucidiug  with 
the  fonnulffi  just  given.   This  point  requires  further  eac&ininatioii. 

Ffy  the  inte^aly  BBtiBfiei  and  to  does  Ix.Fx,  Ix 

1)eing  any  function  which  satisfies  for  instance,  Lr  rnay 

srco8  2ir7.  The  series  for  logr(x-fl)  was  derived  entirely  from  the 
equation ;  how  then  do  we  know  that  tlii«  cories  represents  Fjc,  and  not 
C0s2-r.r.r,  or  any  other  solution  of  the  equation? 

\V  c  should  answer  this,  if  we  remember  that  the  condition  Tx  V  (1 — J") 
s=ir :  sin  irx  is  derived  from  the  integral  alone,  if  we  could  show,  1 .  That  no 
other  solution  of  the  equation  will  satisfy  this  condition;  2*  Thai  the 
series  obtained  does  satisfy  this  condition. 

If  possible,  let  ix.Tx  satisfy  the  condition;  then  since  Tx  also  satis- 
fies it,  we  have  ^.r^(1  —  —  an  cqur^fion  which  can  only  be  satisfied 
by  the  form  P*'"',  where  F  is  a  synimetrical  function  of  x  and  1  —  r,  or  a 
fnnction  of  .r-f  1  —  r  and  of  ^^(1 — j),  or  of  x  {i — x)  simply;  so  that 
changing  j:  into  i—x  docs  not  alter  F,  and  changes  2x  —  i  luLo  1 — 2x. 
Let  logPc^  ;  then  since  (vs:^  (x+ 1),  we  have 

Change  the  signs,  and  both  sides  become  integrablc,  giving  0i  (J^— x*) 
sz^ii—x—a^),  which,  if  it  can  be  solved,  determines  ^iT,  and  thence 
0x,  and  thence  (2r— l)0(x— a*),  or  kg.P^'.  The  calculus  of 

functions  does  not  give  any  reason  for  supposing  that  this  equation 
cannot  be  solved,  though  no  solution  has  Ixcii  attained ;  and  theref<»Te, 
no  far  as  we  have  yet  crone,  we  fail  in  blio\^ing  that  the  series  for  I  d  is 
that  parlicular  solution  ui  (x  +  l)  =  x^x,  which  Legeudre  and  others 
have  assumed  it  to  be»  There  are  plenty  of  solntioaB  which  coincide 
with  ff^if^dvt  when  4?  is  a  whote  number,  but  not  when  «  is  a 
fraction.   For  example, 

nny  one  of  which  may,  for  anything  to  the  contrary  shown  in  the  method 
cpiuted  from  Lcgendre,  be  the  function  whose  values  have  been  tabulated 
for  those  of  /6~"r'"'rfr. 

By  the  following  method,  however,  I  fintl  iliui  the  series  for  log  Y  (1  +x) 
may  be  deduced  entirely  from  the  integral,  without  atiy  reference  to  the 
equation  ^(x-l-l)s:ji^x.  Take  r(x+l)=/r-*w'ifo,  (the  limita  O 
and  cc  always  understood,)  and  remember  that  is  the  limit  to  which 
(1  —  e"*")'  :  «'  approaches  when  a  is  diminished  without  limit.  If,  then, 
wc  find  f  f  (1— f/r,  and  then  divide  by  r?'  and  diminish  a  "with- 
out limit,  we  sec  r(.t  -}-l)  in  the  limit  attamcd.  Let  f~"s=y,  which 
changes  the  limits  to  0  and  1,  giving  (page  560) 

1  r(*+i).rQ) 

Let  1 :  a=:6,  whence T  («+  I)=r  (*+ 1) .  r6     :  T 1)  is  an 
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equation  which  approaches  without  limit  to  truth  as  6  is  increased  without 
limit;  or  rA,&^^r(jr+6+l)  haa  the  limit  unity.  If,  then,  6  be  a 
whole  number,  we  hafe 

(o— 1)(6— 2).,  ,.i,6*+*  ' 

or  log  r  (1  +x)=r*log  6-Iog (1  +.r)-logf  1+^)  -log (^1   

continued  ad  iiifinilum.    Use  tlie  lojijaiiLlimic  sciica,  und  we  have 


log  r(l  +  ^)=(log 6-1-1-..  ^    1  +  . . . .  -i 

-  ^1  +  •  •  •  •  +  .  • . . ; 

]iruviuL'd  b  be  increased  without  limit.  This  gives  (y  being  as  iu  page 
578) 

log  r (1 4-7)  = — yx4- J  Sax*  — I  SgT'+ •  •  •  •  before, 

Wc  also  find,  when  h  is  considerable,  the  means  of  calculating  ap- 
proximatply  (x-f  l)('r+2). •  •  .(jr+i)  for  all  values  of  a?  from  >—l, 
by  means  of 

(;r+ 1)  (.r+2). . .  .(x+6)=6'^— ^  very  nearly. 

It  will  be  cofiTenient  here  to  introduce  eome  theorems  by  which  the 
preceding  results  will  be  confirmed.    It  is  required  to  expand  s*+f"' 
and  ?  —  r"  into  products  of  an  infinite  number  of  iactors.  Let  mst  : 
and  it  is  known  that 

4^^a»*s:{jr»— 2ajr[coB*;]  +  a'}  [2w].[3i.»J. . . .  [/i-l.*»]  x  (x'-a'^  ; 

whereby  ['w],  &c.  we  mean  the  repetition  of  the  first  factor  with 
*M,  f&s  &c.  iniitcad  of  J^di,  &c.  For  x  write  2m,  and  for  a  write 
1  —  J ;  2/i,  and  we  easily  find 

remembering  that  (1 -f  cob6):(1— C08  6)=cot''i  (I.    For /t  write  s- : 
and  we  readily  obtain 

^  cot'^fl      P.        ,      r»     ,  ,         /.  1 

0=:aw  gives  -----  =r-r-5 ;  where        ( :  <ii^)  :  (tan 

And  for       <^  write  (l  +  —Y  -  (1  - ) ,  or  2  ^ 

Substituuou  gives 
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f  ly  (  .x-_pf'-"»"i>i'-iB.i..fifi-]^ 

in  which  one  factor  of  each  set  is  written  down,  and  the  part  which  it 
altered  in  the  other  fiicton  bein^  in  Inrackets,  liie  elterattonB  Decessuy 
to  make  the  other  factors  are  adjoined,  also  in  brackets.  This  notation, 
with  which  I  do  not  feel  quite  satisfied,  is  here  need  merdij  to  show  how 
much  some  such  notation  ii  wanted.  We  have  ako 

Let  jc=sO  in  the  first;  2— 2"  {1— cos[iw]l  [H-  •  •  [^^5"*'J* 

Divide  the  second  by  j,  and  make  x=0,  which  gives 

lsi2"->{l-CosM}  [2(u]  [3(u]....[it-l.ti], 
ft 

Subatitute»  which  makes  the  tint  and  second  become 

"i-^[TOi[a[a;-[^} 

Iticrcu&<j  iiy  and  diminish  oj,  witliovii  limit,  and  t'quate  the  limits  of 
equal  quantities  w liicli  ^ives  uu  miiiuLe  number  uf  faclotH  in  buiii  pro- 
ducts, and  the  results,  restoring  the  common  notation,  are  as  follows : 


-<'-S)('-S)(-£.)('*^>- 

'--=K'*7)('+5')('+^)('+i&)-- 

For  X  write      — 1),  and  we  deduce 

(-¥)(-S)('-£)('-^>- 


d.».(i-^)(i-ii.)(i-^)(i-i').. 


results  which  can  be  easily  proved  by  the  theory  of  equations,  provided 
it  be  lirst  sliown  that  sin  x  and  cos  x  have  no  impossible  roots,  to  intro- 
duce other  iuclortf.  This  can  be  readily  shown,  fur  if  sin  x  imd  aa  im- 
posnble  root,  €*— fi**,would  have  either  a  possible  root,  (which,  except 
jr=0,  it  cannot  have,)  or  an  impoisible  root  of  Ihe  form  a-f  6  ^(  —  I) 
which  it  cannot  have,  a  and  h  iieing  finite.   I  know  of  no  remits  better 
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calculated  to  eitablith  oonfidenoe  in  widely  extended  diAini  of  algebrai- 
cal deduction  than  these  formulee,  which  can  be  Terified  to  any  eitent  by 
actual  calculation.  Take  the  logarithms  of  both  sides,  and  expand  by  the 
oommon  kg^riUunic  seriet»  which  readily  eivea      beins  l+^+S'^ 

+....) 

logcoB««— aPi,  ^- 2* —  - 2« 5.  —  - 2- — - , . , . 

Write  Tx  for  jc  in  ihe  second  series,  which  thcu  agrees  with  that  in  pa^jc 
580,  deduced  from  log  F  (1  +  x)  :  compare  the  hrst  with  page  253. 
The  valuea  of  Tx  are  found  from  the  following  table : 


a.  CominonlogrCl+a).         A(-).  A*(+). 


00 

000 

000 

000 

000 

250 

324 

559 

713 

343 

1039 

841045084 

01 

997 

528 

730 

659 

243 

237 

587 

703 

070 

1014 

884288229 

02 

995 

127 

871 

989 

23r) 

252 

129 

693 

065 

985 

327511762 

03 

\m 

796 

420 

889 

229 

365 

528 

683 

323 

961 

764805228 

04 

990 

533 

400 

409 

222 

575 

220 

673 

830 

935 

409732884 

05 

988 

337 

858 

790 

215 

878 

738 

6(i4 

580 

9!  1 

194228633 

06 

986 

208 

868 

556 

209 

273 

702 

655 

562 

887 

86028631! 

07 

084 

145 

525 

635 

202 

757 

818 

646 

770 

866 

531955216 

08 

982 

146 

948 

534 

196 

398 

874 

638 

197 

848 

328963018 

09 

980 

277 

540 

1R9 

984 

731 

629 

829 

824 

249654297 

10 

978 

340 

673 

962 

183 

723 

330 

621 

667 

806 

419954217 

11 

976 

531 

319 

409 

177 

542 

679 

699 

787 

43()(  185220 

12 

974 

783 

415 

092 

171 

440 

853 

6():, 

919 

768 

631998532 

13 

973 

096 

181 

165 

165 

415 

996 

598 

322 

749 

973419865 

14 

Oil 

468 

856 

086 

159 

466 

309 

590 

901 

732 

016644088 

15 

969 

900 

696 

012 

158 

590 

056 

583 

652 

717 

251788331 

16 

968 

390 

974 

219 

147 

785 

556 

576 

567 

700 

874339984 

17 

966 

938 

9P0 

539 

142 

051 

1S3 

569 

642 

684 

490873511 

18 

965 

544 

020 

828 

136 

385 

362 

562 

870 

()66 

055210976 

19 

964 

205 

416 

457 

130 

786 

570 

556 

249 

652 

428975520 

20 

962 

922 

503 

814 

125 

253 

332 

549 

775 

642 

7772500U6 

21 

061 

694 

633 

839 

119 

784 

217 

543 

439 

627 

514U06S62 

33 

960 

521 

171 

565 

114 

377 

841 

537 

240 

613 

209675240 

23 

959 

401 

495 

687 

109 

032 

859 

531 

172 

600 

876523199 

24 

958 

334 

998 

144 

103 

747 

971 

525 

232 

586 

653227176 

25 

957 

321 

083 

716 

521 

914 

519 

417 

575 

522105863 

26 

956 

359 

169 

640 

93 

353 

463 

513 

723 

563 

U 1778333 

27 

955 

448 

685 

234 

88 

241 

427 

508 

146 

;)j4 

988955233 

28 

954 

589 

071 

553 

83 

184 

656 

502 

680 

539 

988652429 

39 

953 

779 

781 

029 

78 

182 

029 

497 

328 

531 

868535038 

30 

958 

030 

277 

ISO 

78 

232 

457 

492 

081 

519 

988724129 

31 

952 

310 

034 

141 

68 

334 

883 

486 

937 

508 

964562398 

32 

951 

648 

536 

655 

63 

488 

283 

4S1 

897 

501 

775732149 

33 

951 

035 

279 

481 

58 

691 

656 

476 

951 

487 

083844304 

.34 

950 

469 

767 

254 

53 

944 

033 

472 

102 

4S() 

680545349 

35 

949 

951 

514 

191 

49 

244 

477 

467 

349 

472 

060846540 

36 

949 

480 

043 

8U 

44 

592 

065 

462 

684 

462 

299896544 

Digitized  by  Google 


m 


DIFF£RKNTIAL  AND  INTEGRAL  CALCULUS. 


ff» 

Common  log  r(l 

37 

054 

888  602 

39 

985 

38 

675 

500  223 

35 

425 

'39 

341 

30 

908 

'40 

046 

771  411 

III  ^AX 

26 

436 

►41 

947 

808 

.375  789 

22 

006 

•42 

Q47 

VIVO 

17 

G19 

'43 

Q47 

483  S42 

13 

273 

'44 

1  'VR  474 

8 

967 

•45 

267 

707  4"^2 

4 

702 

'46 

Q4'7 

734  430 

— 

476 

■47 

041 

RSO  3A!2 

+3 

711 

>48 

941 

309 

672  726 

7 

861 

•49 

406 

825  0'i6 

11 

974 

•50 

041 

040  683 

10 

050 

•51 

947 

723 

653  862 

20 

090 

•52 

Q47 

042 

608  57'> 

24 

095 

•53 

048 

28 

065 

»54 

490 

644  642 

82 

000 

'55 

948 

Rill 

441  441 

35 

903 

'56 

040 

<^  1  •) 

010  410 

39 

772 

'57 

040 

023  078 

43 

608 

'58 

0^0 

1  ^6  *^S0 

47 

413 

•59 

o^n 

•i7^ 

202  0^8 

51 

186 

'GO 

0^1 

1 119 

017  4'40 

54 

928 

'61 

Q^l 

uoo 

024,  4i^1 

58 

039 

•62 

62 

320 

'63 

67  =\  409 

65 

972 

'64 

'SKA 

7'>7  Tn*^ 

09 

595 

65 

0^4 

73 

1 89 

'66 

046 

S  W  71  9 

76 

754 

67 

397  93S 

80 

292 

•68 

07l  r.QA 

83 

803 

'69 

99 1 

ftOQ  406 

87 

286 

►70 

301 

94 602 

90 

743 

71 

v»  J  i/ 

11  4 

100   0  J  ^ 

01 

174 

72 

22 1  ^06 

97 

578 

73 

937  906 

100 

958 

'74 

9ft6 

039  741 

104 

312 

75 

yjjo  0  i*x 

107 

641 

'76 

360  616 

110 

946 

'77 

^60 

623  260 

114 

227 

•78 

7 1 7 
J  1  1 

fi80  322 

117 

485 

79 

On  7 

[)\)\  412 

120 

719 

80 

969 

128 

6(i()  241 

123 

930 

•81 

970 

382 

333  711 

127 

118 

82 

971 

607 

781  804 

130 

284 

63 

972 

964 

787  816 

133 

427 

'84 

974 

333 

131  699 

136 

549 

b5 

!j7' 

712 

596  590 

139 

019 

•86 

977 

122 

968  499 

142 

728 

'87 

978 

^4 

036  225 

145 

766 

).     A«(+).  A'(-).  ' 


CiC\A 

4 

1 

J  Uf) 

A  t^A 

Oi  il  AmA  IR 

2uiuy7y4D 

1  Q  1 
iJi 

c  1  \ 

44  i 

0  AO  OA  (\i 

3222U y087 

oyy 

120  y 

430 

R.  A  ^  OOA  t  Q 

tiOO 

AAA 

o7o 

Do754o43SI 

iyo 

in 
44U 

03U 

421 

2o  /oo0i>44 

o4o 

4oO 

4.)7 

1  1  1 

4 1  4 

U4()y  1  bbO  < 

010 

/loo 
4o2 

'j/i  A 
30U 

40  1 

A  AO  4<^  \  i  lAfl 

44342 lOOy 

014 
o44 

42o 

00c 
3.50 

A(M\ 

400 

o5o47 2032 

000 

4z4 

000 
38  J 

OOOooyoT J 

4y8 

MO" 

3bo 

34320 l2bo 

O9o 

4l0 

coo 

oo409443l 

con 

412 

o74 

AA/MlOMUUt 

UUUooUQOO 

244 

4uy 

f-4 

30.1 

j43314o2y 

405 

()J0 

3oy 

y  (  ')'!:,'.> 

4  on 

A  An 

402 

ACT 
05  i 

3;)  3 

4  ■  '111    L    ImLill^a  lib—'' 

Qno 

c  1 

:)  rt-* 

7o()4443l  1 

1  ti 
I  <5 

III"' 

.-i4J 

2oyyyb770 

vol 

o9l 

IfkA 

7^20 

337 

/t<Z/4  0CI 

1 1 1 
111 

388 

000 

331 

738959074 

173 

385 

327 

330 J  31 22y 

000 

381 

881 

ol  A 

3iy 

UO  h8  m)o7 

o78 

TAX. 

•i  1  0 

313 

375 

oil 
31 1 

0  <898j  iO.J 

A*^ 

3U5 

3^43221 10 

369 

481 

302 

y616oi874 

00/1 

S>U1 

20VD 

94o3I432v 

ov.i 

jy  1 

109 161 758 

00  1 

dou 

078 

287 

0054  53432 

loo 

Jd7 

QOO 

833 

2y23  J 8297 

C  4  I'  l 

b4U 

U31 

2/9 

0  J 8507334 

271 

274 

333 1 303IW 

Q/l  A 

i)o3 

209 

199806 I30 

90V 

Q  lit 

o<«f 

940 195304 

«5yo 

^1 

AOAI  fkOAnt 

02U1 11009  f 

341 

035 

201 

040756550 

TQ  1 

QQA 

009 

ATA 
070 

252 

614502311 

uyy 

o3o 

r.  4  K. 

250 

018007878 

11 A 

334 

Ui)t> 

219 

450534034 

331 

245 

2a3l3ll0l 

yui 

1  on 

241 

990889787 

VdO 

237 

576494445 

QAA 
OUO 

1  1  'J 

44«i 

232 

342140111 

1  -J  4 

2301008088978 

201 

319 

836 

226 

857575361 

386 

317 

58U 

224 

343322212 

140 

315 

354 

221 

019009970 

784 

313 

158 

217 

886694756 

598 

310 

992 

214 

554433431 

881 

30  s 

856 

214 

022119118 

920 

30G 

747 

210 

999789865 

995 

304 

667 

209 

576556363 
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a. 

Common  log  V  ( I  fa). 

). 

•88 

980  035  591  388 

148  824  384 

334?:?3121 

981  537  428  333 

151  841  355 

oilU  no3 

203 

•IK) 

983  tJ69  344  080 

IT) 4  838  173 

Jill 

797968396 

•91 

984  631  138  300 

157  815  101 

755645453 

•92 

986  222  613  211 

160  772  391 

on  4  A^O 
i5y4  Day 

iy4 

334141222 

*93 

987  843  573  586 

163  710  296 

£9^  loo 

1  on 

481108271 

•94 

989  493  826  676 

166  629  061 

989868785 

•95 

091  173  182  172 

169  528  92G 

288  957 

187 

577554545 

•96 

91>2  881  452  156 

172  4lU  131 

287  103 

184 

434333222 

•97 

994  618  451  003 

175  272  906 

285  273 

182 

2039218 U 

•98 

996  383  995  632 

178  117  481 

283  464 

177 

271616069 

•99 

998  177  904  868 

180  944  079 

281  679 

177 

694956665 

1*00 

000  000  000  000 

183  752  920 

279  916 

175 

The  expUoiatioii  of  ihis  tabic  is  as  followi:  it  is  nn  abbreviation  of 

that  of  Les:endre,  in  which  the  values  of  common-log  F  (1 4-^)  are  given 
for  nil  v.ihir?  of  a  differing  by  "001  of  a  unit  from  <7-t  "OOO,  through  '00], 
•002,  &c.  up  to  1  'OOO.  Out  of  tills  table  every  tenth  value  has  been 
rvtmcted,  namely,  thnno  for  "00, '01,  (^c.,  up  to  I '()();  and  tiie  Ueci- 
luala  of  the  Idgarithnis  urc  given,  omiiaiig  the  chiiructeristic,  which  is 
•Iwava  ^1,  or  9,  if  *  10  be  understood.  But  the  differences  attached 
are  uioaeof  the  original  table;  significant  figures  only  being  retained, 
and  twelve  places  understood.    Thus,  opposite  to  a=:*22  we  find 

—  •000  114  377  841,  not  logr  (1-23) -log  r  (1-22), but  log  r  (I -221) 

—  log r  (I '220).  Since  the  fourth  difTerenres  in  Lc-rendre's*  work 
(which  is  not  very  commonly  met  witii)  only  dilFer  in  the  last  places,  the 
rosv  uf  (igures  fuiluwing  the  third  tliilcreuctii  has  been  added,  which  gives 
the  last  figures  of  the  fourth  differences  for  the  omitted  rows  of  the 
tttUe.  Thus  opposite  to  *  46  we  have  385,  say  *000  000  000  385,  for 
the  fourth  difference,  followed  by  3»  4,  3,  2,  0, 1.  2,  8,  8,  which  means 
that  the  nine  fourth  dltterences  next  following  385  are  383,  384,  383, 
aS2,  380,  381,  382,  378.  378.  Thus  the  decad  which  begins  with  "460 
may  b^  recons^tructed,  as  it  is  in  Legendre,  and  the  row  which  follows 
"46  iu  the  preceding  table  verified,  as  follows: 


—365 

420  498 

—  476  052 

947  239  734  430 

•460 

383 

420  113 

—  -55  554 

947  239  258  378 

•461 

384 

419  730 

+  364  559 

947  239  202  824 

•462 

383 

419  346 

784  289 

947  239  567  383 

•463 

382 

418  963 

1  203  G:}j 

947  240  351  672 

•464 

380 

418  581 

1  622  598 

947  241  555  307 

•465 

381 

418  201 

2  041  179 

947  243  177  905 

•466 

382 

417  820 

2  459  380 

947  245  219  084 

•467 

378 

417  438 

2  877  200 

947  247  678  464 

•468 

378 

417  060 

3  294  638 

947  250  555  664 

•469 

i  416  682 

3  711  698 

947  253  850  302 

•470 

*  Tr..ite  des  Fonctions  KUii'tujuiH  vt  des  lut^gtalss  ICttl^risams*  Paris,  1826 
Alao  i:Uiercic«s  do  Calcul  laiegral.   Fi^sis,  1917. 
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I  have  chosen  this  decad  for  rccaiiBtruction,  as  it  contains  the  mini- 
mum value  of  r(14-«),  which  answera  to  1 +o=l '461^  nearly,  or 
t*  1-4616321451105 ;  the  logarithm  is  9 '947239 17439340* 

The  values  of  Fa,  when  the  denominator  of  a  is  12,  being  frequently 
UBefiil,  their  logaril]ime  aie  here  inserted,  with  those  of  F  (1  +  a). 


n. 

M2th 

2-  12thb 

3-  12Lhs 

4-  i2Lh& 

5-  13thi 

6-  I2ths 

7-  12th8 

8-  12th8 

9-  12th8 
10-1 2th8 
lM2th8 


log  Va. 

I  1-06067  62454 
;  0-74556  78577 
'  I) -55938  10750 
U'4271>U  27493 
0*82788  12161 
0< 24851  49363 
0-18432  4S7S4 
0- 13165 
0-08928 
0-0j2bl 


0  -02347 


G491() 
37954 
20100 
73%7 


1387 
5330 
4347 
1426 
8496 
4101 
0648 
8402 
8265 
0482 
1089 


logF 

9-98149 
9-96741 
9-95732 
9-95084 
9*94166 
9*94154 
9-95024 
9-95556 
9-96334 
9 • 07343 
9-98568 


49993 
66073 
10837 
141)45 
99144 
49406 
16723 
52326 
50588 
07045 
8835b 


6025 
6966 
1551 
9460 
1338 
8309 
7311 
2834 
7435 
5719 
2149 


^'  When  in  the  integral  v"  dv,  the  Bupcrior  limit  is  not  a,  but  a, 
■eries  or  emitiniwd  finkctioiis  must  be  h«a  reoourse  to.  The  following 
series  may  be  easily  obtamed  from  integratioD  by  parts : 


-^ 


a* 


n+2  Cn+2)(tt+3) 


(w-F2)(/i+3)(n-|.4) 


• « t  • 


} 


"  I     a  a* 


/»(/i-l)  .  n(n-l)(/i-2) 


'  •  •  •  •  ^« 


The  first  is  always  convergent,  the  second  always  divergent ;  bat  the 

convergcncy  of  the  first  is  slow  if  a>l,  and  the  terms  of  the  second 

(which  gives  the  intctrrnl  in  finite  terms  when  n  18  a  whole  number) 
hcconic  filtciuately  jiositive  and  negative  if  n  he  fractional;  so  that,  if  n 
be  great  enough,  the  principle  in  page  22()  may  be  applied-  One 
method  of  reducing  the  latter  integral  to  a  continued  fraction  la  as 
follows. 

Assume  ft  f-  V  dv=i€-'  t;"V,    /j     v"  rfr = F  ( 1  -|-/0  -  C  V. 
Diflerentiation  gives  f vTsx  -^nr*  iT**  V + f  *    V— V, 
or  »Vss(o— fi)V— 

Consider  the  equation  t^V'=(r— a,)  Y— v+^iV*,  divide  by  and 
make  1 :  V  =  H-^,  V, :    which  gives 

Let  ai,  6g=*4,  at=— (Oi+l),  and  we  have 
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an  equation  resembling  the  preceding,  in  which  if  we  make  1  :  V, 
r=  1  +i5r,Vt;  tJ,  we  shall  get  another  equation  of  the  same  form  by  maldnt^ 
k^—L  —  K^ktf  —  (at+ 1).  Go  on  in  this  way,  and  it  is  obvious 
that  we  have 

y_      1  l_      k.v'     _  1    fe, !?-'  AJ!L1. 

l+*i«-»V»  "1+  l+j^«-*V.  "1+   1+    1+  1+&C.' 

using  a  recognised  notatioii  for  the  contiDited  firadioii;  that  wbieh 
foUom  each  +  in  any  denoniinator  being  printed  as  a  faetor,  to  aave 
rooni«  To  determine  the  law  of  ki^  kt,  fte.,  remember  that  lh=^>^ 
whence  we  have 


1 

2 

3 

4 

5 

6  7 

8 

a 

n 

-(n+1) 

n 

-(n  +  1) 

n 

-(n+1)  n 

-(«  +  !) 

&c. 

h 

0 

I 

1— n 

2 

2— »  3 

3— n 

&c« 

k 

—» 

1  1 

— n 

2  2 

— n 

3  3-n 

4 

&c. 

-    mn  I—  1+  1+ 

1+&C. 

which  converges  rapidly  when  r  i?  Iflrge. 
I  leave  the  foUowini^  to  the  student : 

t:,-i'n='—  -L  ^  il  ±/  -i^  f,=-L^  • 
'*         ao  1+  1+  1+  1+  i+«w,     V  a*"-/ 

rj:.-kg«*.=iog«+—  _____  4c ; 

Before  proceeding  further,  T  touch  upon  the  general  question  which 
the  consideration  of  Tx  has  raised,  namely,  that  of  the  intcrpolutiou  of 
form,  as,  according  to  the  suggestion  in  page  543,  it  axight  be  called. 
When  any  proceaa  is  conitructed  by  anccessive  operationsj  n  in  number, 
the  reaolt  u  a  lunction  of  n;  that  ia,  depends  for  its  value  on  n,  and 
changes  value  with  iu  Nevertheleis^  this  function  is  not  imaginable 
when  n  is  fractional,  for  there  is  nu  such  thing  as  going  through  a 
process  more  than  n  times,  and  fewer  tlmn  n-\-  \  times.  Students,  how- 
ever, are  apt  to  confound  going  tlurough  a  process  with  a  fraction,  and 
going  through  a  fraction  uf  a  process  :  and  many  figures  of  speech  favour 
the  misunderstauding.  Thus  it  would  not  be  a  violent  use  of  language 
to  apeak  of  multiplication  by  10  as  behig  tiie  operation  of  multiplication 
liy  4  performed  twice  and  a  half;  whereas  three  multiplications  are 
performed,  two  of  them  using  4,  and  the  third  of  4 ;  this  third  multi- 
plication is  not  the  less  a  multiplication  becauFC  its  multiplier  is  one 
half  of  preceding  ones ;  just  as  a  house  is  not  the  leas  a  house  because  it 
has  only  half  the  size  of  another. 

*  The  valusf  of  the  first  of  these  iatesrals,  though  all  impoitant  in  the  theory  of 

probabilities,  are  of  little  use  for  general  puriioset.  They  will  be  found  (l  eprinted 
bom  Krsnp)  in  my  article  on  that  «tl^|eet  ia  the  Knqrclopadis  MetxopoUtaniu 
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Lft  there  be  a  function  of  a:  which  is  1  when  rrrl,  1+2  when  j-rrS, 
1+2  +  3  when  vr=3,  and  so  on:  what  is  it  wiicn  jr=3j?  Here  x 
means,  when  x  w  z  whole  number,  the  mmber  of  terms  in  a  series ; 
we  have  no  right  whatever  to  say  that  1  +  2+3+8|  is  the  value  of  the 
function  when  x=3st«  for  the  additional  term  is  not  the  less  a  term 
because  we  make  it  instead  of  4.  Tliere  is  not  then  any  direct 
mode  of  deciding  upon  the  value  of  ff>x  when  :r  is  a  fraction,  Ixrcaiise 
9J"=r  1  +  2+3+  ....  +x  when  x  is  a  whole  number.  If,  however,  we 
write  Jt(x+1)  for  I +2+3+ . . . . +x,  we  see  that  the  new  form  is 
intelligible  when  x  is  a  fraction.  The  question  now  is,  how  far  we  arc 
justified  in  asserting  that  <^r=:j^jf(x+l)  must  be  true  when  «  is  a 
fraction,  because  it  is  true  when  « is  an  integer  ? 

The  sole  condition  necessary  to  determine  0r  is  0  (r+ 1 ) =(/..r  +  (x -I- 1 ), 
nor  even  this  universally,  hut  only  when  ris  integer.    If,  then,  >f  r  and 

be  two  functions  the  first  of  which  is  always  uni^  and  the  second 
zero,  whenever  a?  is  intet^^er,  avc  have 

(x+ 1)  «+F^jr, 

where  P  may  be  any  fuQCtiou  whatsoever,  provided  tliat  Px*  \^ 
vanish  together.  For  instance,  (x  + 1 ) .  cos  2irjp + P  sin  2tfx  satisfies 
every  condition.  Nor  is  this  the  most  general  form,  for  the  followiug 
will  do  equally  well : 

^=:/(Jjf(j?+l),jr), 

provided  that/(z,x)= 5  when  X  is  a  whole  numl)er.    For  instance,  * 

0xs={  J«  (x+ 1 )  Ifiaf+Px** 

where  yffyX  is  of  the  same  kind  aa  yffx  above  described. 
Again,  if  0cr=:  1—2+3 — 4+  . . . .  ±  x  when  x  is  a  whole  number,  we 

have  for  one  solution  i>x—^  { 1  —  (2.L  +  T)  cos  rx]  —  and  for  n  ^enrml 
solution  y=/(z,  j  ),  where /(',  =  -  when  .r  is  integer.  The  general 
problem  of  interpolation  of  form  is  therefore  do\ibly  indefinite,  every 
solution  involving  two  distinct  sorts  of  arbitrary  iuuctions. 

The  ends  of  mathematical  analysis  are  best  answered  by  aelecting  from 
among  this  mass  of  internolated  forms  certain  of  them  for  particular 
consideration.  The  first  limitation  is  made  by  requiring  that  the  forrn 
selected  shall  not  only  satisfy  the  functional  equation  when  x  is  a  wln-le 
number,  but  also  when  j  is  a  fraction.  This  reduces  the  two  arbitrary 
functions  to  one:  thus,  in  tlie  first  exani[)lc,  takinix  0  (r+ 1 )  =:<^  (r) 
+X+1,  and  asbuiiiiug  <^z  =  4r  (x+l)+^jr, bubatiiulion  gives  ^(x+1} 
stY'x  as  the  sole  condition  for  determining  yx.  The  most  general 
answer  which  the  present  state  of  algebra  will  allow  of  is  yxs=/(cQS  2rj), 
where  fx  is  any  function  of  which  the  operations  do  not  require  the 
inversion  of  co-  2-  r ;  any  function,  in  fact,  which  remains  periodic  as 
lont^  as  its  stibjcct  is  periodic.  It  seems,  then,  that  every  sohition  of 
such  an  ecju^tion  as  0  (r+ l)r=^j.r +  ar,  ur  beini^  a  given  function  of  x, 
may  be  separated  into  twf)  terms,  one  not  generally  periodic,  the  finding 
of  which  is  the  only  dilheulty,  and  tlic  other  periodic,  its  period  being  a 
unit :  the  latter  may,  without  hurting  the  solution,  be  chao^d  into  any 
other  of  the  same  kind.  This  non-periodic  part  of  the  solution  is  some- 
times treated  as  if  it  were  the  only  solution;  that  is  to  say,  all  series  or 
developments  derived  from  the  eqnntion  ore  considered  ns  eqtiivalent 
forms  of  the  non-pehodic  solutkui,  which  way  or  may  not  be  the  case. 
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Let  this  non-periodic  solution  be  called  the  principal  solution.  It  must, 
however,  be  remembered  that  this  principal  solution  altered  by  any  etui- 
Btant  (Iocs  not  cease  to  be  a  principal  solution;  fo  tht\\  luuliing  but  the 
accession  of  the  variable  and  periodic  term  c.ai  deprive  it  of  that 
character.  If  thou  P  and  Q  can  be  shown  indi  ndcntly  to  he  principal 
•olutioDB  of  ^  (a:+  l)=r^+ax,  we  may  not  nHiim  tiiat  P=:Q,  but  that 
PsQ+C,  whcm  G  IS  a  constant 

The  fimction  a(l)+a(2)+«***+a(«'l)«  »  S>«aP  (page  82) 
which  may  be  conaidered  as  the  general  representation  of  the  function 
which,  when  a  is  a  whole  number,  and  then  only,  represents  the  sum  of 
the  scries  above  given :  it  is  a  principal  solution  of  the  C(juation 
0  ( r+ l)=^j*4-6ejF;  and  we  consider  2.^  as  a  common  functional 
symbol.  It  is  then  easily  shown  that  (]Sa)'j;  is  a  principal  solution  of 
0  (jT-f  l)=0»c+a'r,  and  so  on.  Having  shown  then  that 
fe^'t^-^  dv  is  aprineipal  solution  of  0  (t+  1  )=iipj^  we  now  know  that 
log  Fx  is  aprineipal  solution  of  0(r4-l)  =  0jr+logT,  and  must  there* 
fore  be  the  general  form  of  Xlog(jr).  Simihiriy,  lug  being  written 
A  r,  we  find  that  A'r  is  the  general  form  of  ^  r~',  —  \"x  of  Sj?"*,  J  A"'j: 
of  nnd  generally  (— l)"'*'*(r»)''*.A^">jr  of  2"  being  any 

posuisc  wliule  number. 

Let  lis  nuw  consider  independently.    It  is  easily  proved  by 

expansion  and  integration,  that  (x  being  a  whole  number) 

f'l 

l-»+2-"+8-'+ ...  .+(x-l)-»r=J  ^^j^dv, 

and  the  integral  is  intelligible  when  x  is  fractional.  This  Integral  is  a 
principal  solution  of  ^  (x-H  l)=(px-\-ar\  and  ao  is  T'x :  Fx  or  A'g, 
whence  we  have 

To  detenniae  C,  make  «sO,  which  gives,  by  the  series  in  page  580, 
A'(  1)  s  — 7,  and  the  integral  obviously  becomes  nothing*  whence  we  have 

A'(l4'»)s  f  y      (ys •5712156649. •..); 

which  affords  a  ready  mode  of  finding  the  last  mentioned  integral,  since 
A'(l-+-x)can  be  found  from  the  table  by  means  of  the  differences ;  it 
beincT  Tcmcmbcred,  however,  tliat  as  tlie  logarithms  of  the  tabic  are 
coniiiii*!!  uiies,  tlie  result  niusl  be  divided  by  the  modulus  '43429545..  . 
lategriite  the  last  equuliun  with  respect  lu  d  iVuui  x=U, 

Make        and  A  (I  +x)r=:log  r(2)s:0»  whence 

a  form  frequently  need.  I  leave  the  following  to  the  student : 

1        1    1    a:— 1  «--2 
A'(l+x)«x-5*— +3*-2-  -3   

SQ 
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Since  A'(j)  is  n  principal  solution  of  0  (r-|- l)=0x it  foUon-s 
that  —  \^T,  A  'r:2,  —A*\r:2.3,  &r.  nrc  principal  solutions  of 
0 (x-t- l)=0i  +  J""  for  ?i=2,  n  =  3,  /i=:4,  &c.  But  2.x~"  is  a  prin- 
cipal solutioa  uf  this  equation-;  whence  we  find  the  general  functioD 
ijr*  by  the  equation 

2.3. . .  (n — 1) 

Write  1+x  for  r,  and  for  A(l4-ir>  write  Stt  Talue  *-yJr-|'iS|ji^ 
— -i-Sfcy+dfCM  which  gives 

2  (1  +^)-i=c-s,+«s.^,      5±is^     ...(»>  1 ) 

Make  jr=0,  then  since  2  1*2=0,  we  have  C=S,»  or 

Let  j;=:l,  which  gives,         Ijcing  J, 

1  —  n — ^  o.^t-T'* — 2^  —  

But  2~"=:1— i?*  («+  i)— &c.,  whence 

Thosr  Inst  iw.)  cc|Uiition»  may  he  vended  in  various  wajb.  i*roiu  the 
iiiUgial  Junn  ior  A'(l  +  a)  vvc  also  obtaiu 

and       on.    Tlie  scries  for  A'(14-^)»  &c.  maybe  verified  iu  a  par* 

ticulur  way,  na  follows. 

Let  Sour  be  the  g(  neral  form  of  the  function  which  when  « Is  ft  whole 
number  becomes  a(>i')+a('+l)  +  &c.  ad  injinitum.  This  fnnctiim 
IB  then  a  principal  solution  of  ^  {x+iy^yifx  —  otx;  again,  2otf  being 
a  solution  of  0  (x+ 1)=:0j:+ar.  we  find  that  0  (x+l)+y  (x+l) 

=  0.r4-V'.r  has  2ca:-f  St/x  for  one  of  its  priucipal  solutions.  But  thi? 
equation  Iu  uil;  of  the  form  £  (j-f  l)=:£r,  can  have  no  principal  solution 
except  a  cuu^tunt,  all  its  variable  solutions  hoincc  periodic.  Wc  have 
then  2!csa-f  Su.r=:=C  ,  and  C  may  be  icadily  determined  when  a(0)  + 
a  (1)  +  •  •  •  •  is  convergent,  by  making  x  any  whole  number ;  in  which 
case  2cur+Scrx  becomes  a(0)+or(l)-f. .  ad  injimtum:  so  that> 
representing  this  series  by  Sa  (0),  we  have 

2ar+Saa;=Sa(0). 

But  when  the  series  is  not  convergent,  still  lajc  and  Sox  may  be  finite 
fimctions :  thus  when  cc.Tr=.T~\  Sa(0)  may  l)c  the  constant  y  (page 

57^^)  which  occupies  the  plucc  of  I +  i  +  • .  ad  iiijinihtm^  mid  looks 
like  !i  sort  of  nlpclnaical  r([i!ivalent  of  it.  This  point  may  be  further 
elucidated  h»  foUuvMi.    Lci  ud  lake 
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s(i+,r=-l^+-l-^+J-+  

Tlie  arithmetical  value  of  tlie  second  side  is  unquestionably  infinite, 
whatever  the  value  ot'  x  may  be.  Now  let  <r  he  less  than  unity^  and 
expand  each  of  the  terms  in  powers  of  x,  we  have  then 

S  (l+»)''=l+i+T+.  • . s,«+s»««- .  • . . 

The  first  term  of  which  is  infinite,  but  all  the  others  finite;  and  even 
(if  J^l)  forming  a  convergent  series.  Now  since  Sr~'  altered  by  any 
Gonatant  is  still  a  solution  of  y  (u;+l)=:-^x — a:"',  and  since  the  value 
of  that  constant  is  altogether  immaterial,  strike  off  the  constant 

1 +i+  and  it  appears  that  — SiJF+8s<i^-~    •  •  is  also  a  solution, 

whence 

2  <1 +*)->-.S.  »+Si «« -  sC. 

And  since  X  i  '  =  0,  we  find  by  making  .rsrO  that  C=0,  or 

2(l+*)-*=Si«-aia*+S»«^— • . . . 

If,  however,  wc  choose  A'(l+a)  for  the  principal  solution  of 
4>  (j+l)sr^wr-i-x~',  we  have  A'(l+>r)=2j:~'  — y  (page  593),  whence 
get 


A'(l+j:)+y-S,a?+S,a:«-..,.=0,   A' (1+Jf)+S  (1 -y; 

in  which,  if  the  distinction  between  principal  solutions  differing  by  a 
constant  be  forgotten,  wc  might  imagine*  we  sec  2  (l4>«)'~*+S(l-hJ?)'^ 

— y;  that  is,  — y  in  the  ])lace  of  1 -f  ^  +   +  .  .  . . 
Let  it  now  be  required  to  generalize  the  function 

p-\-qx       J)     p  +  q     p+2q     *"  P+qi^—l)* 

supposed  to  vanish  with  x.    This  is  obviously  the  integral  of  ai^~' 

4-(rt  +  t)   +  {fl+6(x— Ulr'+'f-'^-'  from  t-ssO  to 

This  last  series  heing  sunuued,  gives  for  the  function 

J  0  l-JP*  J  «  (l-tJ^ 

For    write  t  ,  which,  q  being  positive,  does  not  alter  the  limits,  and  we 
have,  writing  &  for  1 : 9, 

The  miiltiplier  of  dv  in  the  second  integral  is  easily  lound  to  be 
p^xditl.  CO.  of  («— tj*) :  (1— r);  integrate  by  parts,  taking  the  in- 
tegrated term  between  the  limits,  and  we  have 

*  I  think  Legendve  hu  very  obviously  iallen  into  this  miscoiieeptioD  (FoM^imw 

EUiptiqurs.  vol.  ii.  p.  42'J%  Imt  it  has*  led  him  to  no  falso  losnlts.  Tn'li  rdJt  is 
obrious  that  confotm'liug  <  A  may  be  written  for  witlt  '  A  ia  e^ual  to  B/  though 
it  must  afi^ct  the  logic,  may  aot  afiect  tiie  result,  of  a  process/ 
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id  (4?- 1) +«^'J**  13^"^*  '^^^^P^Jy-^ 

If  we  eontkler  Sjt*  as  &  known  functi(m»  we  haie  ; 
Apply  thi%  and  the  preceding  becomes 

Par  2  (pe+ 1 write  its  value  S  (pO)"'  +  (p^)^,  which  gives  finaUj 

(There  is  a  remark  which  it  \&  here  essential  to  make,  to  prevent  the 
student  from  transforming  expressions  of  the  ferm  Sax,  genefally  con- 
aidefed,in  the  same  manner  which  he  would  have  done  when  they  stood  for 
no  more  than  simple  summations.    If  we  consider  2  .px  and  p  Zjt,  we 

see  that  hoth  mean  the  same  thing  if  2  ./^r  merely  stand  for  p .  1  +  p  -  2  + 
•  •  ••~f-p(r — i)-  In  this  cape  r  i>  {he  iiidox  of  the  extciu  ol'  summa- 
tion, and  ;)  a  nniltipher  in  each  It  rin.  Hul  if  ^  ./'r  he  a  ciiae  of  2^,  and 
if be  a  whole  numlntr,  the  byiubol  means  1+2  +  ..  ..+(px — 1), 
which  is  ahogether  a  different  thing.  We  might  easily  make  them  di»> 
tinct  either  by  appending  the  index  of  the  extent  of  summation  to  the 
symbol  2,  which  would  make  ^,;>x  =  p2,  x  evidently  trae,  mid 
Zfgfus^pi^v  evidently  fake,  or  else  by  pntting  the  index  of  aitnimation 
in  parenihesea.  Thus,  x  and  a  being  whole  numben) 


^«  +  (a)"-a^**'^a+x-l*    *  (a+x) -l-^Q^*  *•  ^a+x-l* 

'1  1  1  . 

which  then  gives    2 — rT^—^T". — r~2r-r.  , 

Bath  methods  have  inconveniences ;  a  tiard  is  to  u^e  a  spet  itic 
symbol  for  each  form  of  as  we  have  done  in  making  A(l+x)  or 
lugr(l  +  x)  the  representative  of  the  generalized  function  of  log  I 
+log2+. . .  .+log(i-  — 1).  Thus  Abel  uses  I»r  to  signify  the  func- 
tion which,  when  x  is  a  whole  number,  becomes  l~'+2~'+ . .  +(x- 
We  liave,  however,  r  symbol  for  this  function  iu  A'x— y.) 

If  iu  the  last  equation  wc  wake  ast  1,  b^O,  we  have 

;i  +  V(j>      q      \q       J      q  \qj 

When  V-r  satisfies  0  (4;+ l)=s0jt+ajf|  it  is  obvious  tint  f^nijc 
satisfies  0  (j + 1  )=:^+/aur cij.  Consequently,  multiplying  by  ^,  mnd 
integrating,  we  have 

2:  Oog  (i^  +  ^/  (  0  i  +  C) = A  (^-^  +  ar^  -  *A'       A  -2-  +  C  „ 
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ill  whicli  the  second  side  is  corrected  for  the  supposition  that  the  value 
of  tlic  ^ciicial  function  may  become  Ci  when  jT^O.  It  majf  here  aiipeur 
difficult  to  see  why  the  constant  is  retained  on  the  first  side,  while  the 
aeoond  is  comcted;  but  remember  that  the  last  equation  was  not 
obtained  from  the  preceding  by  integration  only  ;  but  that  there  are  two 
distinct  introtUictious  of  arbitrary  constants.  !f  Y' r  ^a'i:  fy  0 (r4- 1) 
z=:(px-^aXy  then  J*t/^  J'It,  tl\at  is,  fi  J+Ci,  satisfies  (jj  ( i  4  1 )  ^<^.i  +  uiX+G, 
Here  C,  may  be  determmcd  without  reference  to  C ;  for  it  disappears 
entirely  when  C|  is  substituted  for  while  Cieniaina  dependent 
upon  the  manner  in  which  ^Mve  dilMned.   Now,  renem- 

bering  that  J.C  in  its  most  general  form  la  C(j:— 1),  the  preceding 
givea  for  the  function  which  beoomea  pOi4-9)*««(p+<{(«'^i)}  when 
OP  ia  a  whole  number^  the  value 

For  ainoe  the  first  ia  to  be  p  when  drssl,  and  p         when  d;=2> 

^c,-c^yZ  ?  (t^  1^^^  (^  +  ^),  or  C.-C^2A'  ^=2los^; 

whence  C\+C=0,  C+A'£= -log  g,  from  which  the  asserted  result  ia 

9 

easily  obtained. 

This  conclusion  mi-l^  apparently  have  been  obtained  more  easily,  as 
MlowB.    Let  X  be  a  wiiole  number,  then 

 .r(p:?+j) 

'^^  r(p:9)  * 

Why  not  then  assume  that  t!ic  prroTid  ^=idc,  ^vhlch  is  always  niteliigible 
when  r  i?  fractional,  is  ihc  function  wliich  gives  tlie  first  side  when  x 
is  a  whole  number?  With  our  present  knowledge  of  the  function  T, 
and  applying  the  doctrine  of  principal  aolutkma  to  the  equation 
0  (j+l)=0x+log(p+9r),  I  doubt  if  there  would  be  any  solid  ob- 
jection agatnit  auch  a  proceeding ;  but  I  prefer,  ha  the  first  instance,  the 
actual  deduction  of  a  deffaiite  integral  which  rvpro^eiits  the  fnnction 
required  when  x  i?  n  who!(^  nnmWr,  for  T  think  tlic  habit  ot  makmg  the 
passage  from  whule  to  fractional  vahies^  a  i^irely  arbitrary  process  is 
likelv  to  lead  the  beginner  to  do  it  when  lie  should  not.  ^    ,  ^ 

The  most  striking  use  of  the  interpolation  of  fonn  is  m  ita  aMt- 
cation  to  the  symbol  of  differentiation.  1  do  not  intend  to  go  fully 
into  thia  unsettled  sulject,  but  only  to  aupnly  some  general  considcra- 
tiona  which  may  be  useful  to  the  atudent  of  tins  work  in  reading  the  dia- 
cussions  which  have  been  written  on  the  subject. 

Jjci  an  rqufition  0  (n+ 1,  r)  =  1)0  cxi<^t,  where  I)  means  the 

operation  of  ditierentiaUon  with  r..-j.(  ct  to  J:,  and  icl  liiu  e^ualiou  be 
true  fur  all  values  of  n,   hoi  instaucc, 
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Let  n  be  a  whole  number;  then  0  (1,  r)  =  D0 (0, j),  0  (2,  j) 
=  D0  (1,  .r)  =:  D'0  (0,  j),  ttiid  so  on;  %vhcncc  (;/  being  uiLci^cr) 
0      j)=D''0  (0,  x),  ur  0(n,      is  nothing  but  the  /ith  dilT.  cu.  of 

0  (0,  with  respect  to  Are  we  then  to  iofer  that  it  wodld  be  proper 
to  define  the  ■oiutioD  of  ^  (n+lt  jr)ssD0  (ft, ^r)  to  be  for  all  values  of 
j*^  the  difoential  coefificietit  of  0  (0,  x) ;  ate  we»  for  inetance,  to  take 

On  the  answer  to  this  question  there  has  been  some  difierence  of 
opinion,  such  as  we  have  seen  might  arise  if  different  solutions  of  the 

same  functional  equation  were  represented  by  one  symbol. 

Let  tr,  r),  &c.  be  solutions  of  0(n  +  l,x)~nK"  r\ 

and  iQt  £iW,  4,71,  &c.  be  jiLriodic  functions  satisfying  l(n-\- 1)  — c//,  itiid 
vuuishing  when  n  is  a  whole  uuiuber  (such  as  sm  2t/0«  Let  x  ^) 
be  another  solution,  and  let  be  a  similar  periodic  function,  which 
always  becomes  1  when  it  is  a  whole  number,  such  as  cos  2srn.  If  then 
we  examine 

X(n,j:).Xn4-ai(rr,x)4i  w  +  a,(7i,   (x)' 

wc  readily  see  that  a  change  of  n  into  ?i  +  l  is  equivalent  to  tiuiereulia- 
tion  with  respect  to  t,  or  the  preceding  satisties  the  functional  equation. 
Also,  if  71  be  a  whole  number,  the  preceding  is  always  reduced  to 
x(n»T),  or  D'xC^*^)*  Which  of  the  infinite  number  of  cases  con- 
tained in  the  preceding  solution  is  entitled  to  be  celled  D*x(^«'^  when 
ti  is  fractional?  arc  all  to  have  that  title,  or  some  only,  or  none?  But 
the  preccdina;  (x)  rnny  not  ercn  be  the  widest  form  of  the  soluiiun, 
though  fettered  by  the  condition  that  0(0,  x)  is  to  be  a  given  function 
x(0,  t).  Ijet  x(''>  ^)'  solution,  have  been  found,  and  let  it  be 
asked  whether  A,,  ,x  (^*»''^)  t^awnut  be  a  solution,  where  ,  is  u  func- 
tion of  n  and    subject  to  the  ooodition  A^,     I ;  such,  for  instance,  as 

1  -t*m«  xfi,  where  x  (0)s50.   We  have  then  to  solve 

K^C*  X  (»+ 1»  ■«)=J'^  { X  C»>  *)}= A'..  ,x  (»».  *)+ A^,x  C«+ 1» 
Ae  accent  meaning  diffierentiation  with  respect  to  x\  whence 

A..._CA,+|.,-A,.,>  ^^^^^ 

an  equation  which  in  all  probabiUty  has  an  infinite  number  of  solutions, 
containing  arbitrary  functions  and  constants,  the  proper  values  of  which 
minr  mate  A«.,sl. 

The  essential  properties  of  the  symbol  D  are  D*.D*m  =  D*.D"w 
=:D*;*"*M,  and  D*  (it  +  r)— D'w+D'V,  and  these  relations  should  be 
required  to  remain  true  for  all  values  of  the  symbol  iu  It  may  hnrf  en 
tliat  niauy  sohitions  of  tlic  form  (y^  fulril  these  conditions  :  and  e('r- 
tahdy  no  function  can  be  absoluuly  afserted  to  l)e  tlie  i^eneral  did. 
CO.  of  x(j^iX)i  unless  it  can  be  bhowu  that  no  other  solution  of  (x) 
whatsoever  satisfies  these  conditions* 


Digitized  by  Google 


ON  DBFIHITB  INTEGRALS.  599 

Several  modes,  reducihlo  to  two,  have  been  proposed  the  first  pro- 
ceeding npon  the  finidamenlal  properties  of  t,  the  eecoud  upon  those  of 
Wc  shall  lake  the  second  of  Uiese  first  in  order. 

Let  P  (n)  represent  !)•«•  for  all  fducsof  j:  ;  and  since  D'x^srM  r^* 
for  all  whole  Taluea  of  n,  let  nt  extend  this  to  fractional  values.  If  wc 
perform  the  operation  D"*'"  upon  both  aidea  (aaanminir  fi»  the  present 
that  D—  MsO)  we  have  0-  oTarMD— jT-,  or  MsrP  (m) :  P  (m-  fi), 
whence 

"       P  ^~  r  (m-»+ 1)  ^/ 

The  (|uestiou  then  is,  what  is  P  (m).  When  m  is  a  whole  number  it  is 
m(m— !)• .  .3.2. 1,  say  =r  (m+1),  or  a  solution  of  ^  (m  +  l)=m0ffi. 
Let  it  atand  for  this  same  solution  when  m  ia  fractional  or  negative,  and 

let  m  choose  the  sohition  which  contains  no  periodic  function,  which  is 
found  when  m  is  positive  by  F  (m)=J7  Ji\  Hnd  extended  to  the 

ruse  where  m  is  negative,  as  in  page  583.  We  have  then  the  second 
expression  given  ubovc. 

The  hrat  inenuoned  mode  is  as  follows.  Since  D' s"^  — m'f**  for 
every  whole  value  of  n,  let  this  expicasiuu  be  ^cncrulized  and  made  to 
hold  good  when  it  is  fractional,  as  the  definition  of  D*  s"'.  Now  when 
s  is  positive,  we  have 

whenever  n  ia  a  whole  nomber.  If  thia  formula  he  generalized,  we 
have 

r  (m + n) .  (- 1)"= Tm . D*       or  D- . 

Vfn 

a  forimil;!  which  has  been  assertedf  to  be  universal,  and  denioutttrated 
iu  u  muuuer  to  which,  on  the  usgumptiuus  laid  down,  I  am  not  prepared 
to  ofier  any  objediMi.  Bnt  according  to  the  first  avatem  D"jr"  ia 
r(— m+l)4r*~*:r(*-m— n-t-l)*  Now  as  hoth  these  expressiona 
are  certainly  true  when  n  is  a  whole  number,  the  one  becomes  the  other 
after  multiplication  by  a  factor  similar  to  Xn  (page  598) ;  namely, 
which  becomes  unity  wlien  ft  is  a  wliole  numbtT.  Both  these  systems, 
then,  may  very  pussibly  be  parts  of  a  more  general  system;  but  at 
present  I  iucliae  (and  incline  only,  in  deference  to  the  well-known 
ability  of  the  bupporters  uf  the  opponent  h^btems)  to  the  conclusion 
that  neither  ayatem  haa  any  claim  to  be  conaidered  as  giving  the  form  of 
D"^,  though  either  may  be  a  form. 

The  following  consideratioas  may  help  to  explain  my  meaning.  In 
common  numerical  interpoUtion,  we  proceed  witnout  the  introduction  of 


•  The  subject  has  been  mentionofi  hy  Leibnitz,  Kuler,  ftc,  ami  has  been  syslem- 
•tized  by  M.  LiouTille,  ia  the  Jmrnui  dt  fEcote  l^olytcchmqut  fur  1832,  and  after 
him  hy  S.  S.,  in  the  fiitt  aod  third  munlwra  of  the  Cambridge  Msthsaifttieiil 

Journal:  and  still  later  hy  Profossor  Kcllainl,  in  vol.  \iv.  of  thi- TraiiHaction>4  of  the 
Royal  Society  uf  Edinburgh.  Professor  Peacock  htu  proposed  another  and  a  dis- 
tinct syBtem  in  his  well-known  report  on  the  8tat«  of  Boaly^iii  (Proceedings  of  the 
British  Anociation,  third  meeting).  T<>  ivoid  perpetual  reiteration  of  names,  we 
may  hcru  stat<*  that  the  system  of  MM.  Liouvilk^  &c.  takes  s*  as  the  funda* 
mental  fuuctioa,  and  Dr.  Peacock  takes 
t  13y  Mr*  Kdtaiid  in  the  msnoii  citsd* 
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any  periodic  Aiiictiou  (as  rtpreseuteU  in  page  543).  When  we  know 
that  the  ^ven  valius  aie  those  oC  a  gim  fuiiclioD,  as  logx,  ottr  vcmhri 
f(nr  this  is,  that  we  absolatdy  know  the  function  to  he  of  a  uniformlj 
increasing  or  decreasing  character,  without  the  vnduUUunu  of  a  periodic 

function. 

But  if  a  question  were  to  arise,  in  which,  from  the  nature  of  the  cusc, 
we  could  only  make  our  first  approach  by  liniitmg  the  value  of  x  tu  a 
whole  number,  and  if  the  result  of  this  first  approach  always  gave  logx, 
we  should  have  no  assurance  whatever  that  logx  was  the  function 
required ;  it  might  he  log«.coii  2irir,  or  log  jr+sin  2wt,  or  log  x.coa  2w£ 
4-siD2rj;;  all  of  which  are  reduced  to  log  jr  whenever  x  is  a  whole 
number.  Those,  therefore,  who  would  prefer  either  of  these  to  the 
other?,  or  to  all  the  rest  of"  the  infinite  numlier  of  cases  wliich  might  Lc 
cited,  must  sliow  some  very  cogent  and  direct  reason  why  tlicy  take  the 
one  which  they  prefer. 

A^uiij,  when  we  interpolate  between  valms  derived  from  observed 
phenomena,  we  eidude  functions  of  intervening  undulation,  because  we 
know  in  the  first  place  that  it  must  be  impossiUe  that  times  of  ohterra- 
tbn  arbltrsrily  chosen  should  always  fall  preciselj  at  the  epochs  of  dis- 
appearance, &e*  of  the  undulating  terms.  But  even  this  must  be  taken 
with  rcjrtriction.  Suppose,  for  example,  that  a  planet  had  been  observed 
only  at  one  place,  and  could  only  be  obst  n  cd  when  on  the  meridian,  the 
general  laws  of  planetary  motion  being  unknowu.  It  might  be  satis- 
factorily deduced  tlmt  the  planet  always  was  in  a  great  circle,  or  in- 
sensibly near  to  it,  at  those  times,  but  it  would  not  at  all  follow  that  it  waa 
in  that  great  circle  at  intenrening  times.  How  wonld  it  be  known  but 
that  the  place  of  the  planet  was  connecte<l  with  the  earth's  dioml 
motion  by  a  law  wliich  allows  of  periodic  departures  from  the  great 
circle  on  one  side  and  tlio  other,  the  whole  period  being  the  interval 
between  two  transits,  ond  the  time  of  coincidence  with  the  great  circle 
being  precisely  that  of  transit.* 

I  now  quit  the  subject  of  interpolation  of  form,  and  proceed  to  modes 
of  determinmr  the  talne  of  deinlte  integrals  by  approsiSmation.  Amoog 
thete  one  of  the  most  celebrated  is  that  of  Laplace,  which  applies  when 
an  intei^ral  contains  a  large  number  of  factors  or  large  exponents. 

liCt  V  !)('  a  ftinrtion  of  0,  nnd  B  n.  function  of  f,  it  is  required  to  find 
the  8«cccJ»sive  dillercntial  coefficients  of  V  with  icfsprct  to  t.  These 
might  he  easily  expressed  hy  means  of  the  derivation  m  pages  331,  &c. ; 
but  by  a  direct  process,  denoting  differentiation  with  respect  to  i  by 
accentuation,  and  with  respeet  to  9  by  subacript  numerals,  we  have 

V=6'«Y«+  6e"rv,+(3r*+4fl^yTv,+e»'v; 

*  The  queatiun  of  the  iuteipolation  of  diikreatial  iomu  is  embarrassed  with  cun< 
tideratioDS  of  a  natitrv  precisely  similar  to  the  pieeeding  Qnen.  I  am  DOt  wiHui|» 
j'ositivfly  to  asKcrt  that  Ihrrc  exists  no  reason  for  one  tyKtein  in  preferenn'  to  the 
ott)«r,  uur  eveu  that  such  rutison  has  not  keen  shown  by  the  Msenon  ot  vm  ox  the 
other  lyBtem.  I  can  only  nay  fn  certain  that  I  cannot  tee  tile  ivaeott  in  tbeif 
writing;  and  I  am  sure  that  they  themselves  will  admit  that  the  dtubt  I  bare 
raised  is  one  thut  requires  sulutioi*.  The  reason  why  it  sliould  strike  me  uiure 
forcibly  thau  them  is  perhapii  ih^i  1  liave  wiitteu  on  Ihe  Cdlculusof  fuiictiuns,  and 
havs  had  my  attention  particularly  drawn  to  the  widf  shtfMHr  of  ths  MlulMHtt  of 
even  ths  nstk  8i0|<ls  fuactioBaLaqustieaii  ^ 
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V'=fi'*v,+  ioo''rV4+(i5a'r«+io0''r')V3+(iOiiV'+^i^' 

+ isa'^e")  v,+ (150"^' + 10^"^ + Go'flO  v,+ e '  v, 
v''»==^,+2i^»r\r.+(i05^'fl^'«+35e^r)V.+(io5^a'^+2ioe'«t/'^^^ 

+ 350  ^0'^ )  V, + (1 05e''«e"' + loW" + 105  +21^^*)V, 

The  law  of  this  ^pparenUy  complicated  process  (which  slimihl  ho  per- 
formed by  common  differentiation),  rtkI  verified  as  now  explaiueU)  is  au 
folluws.  Suppose  we  would  form  tlic  coefficient  of  m  \*".  ^"ycsti- 
ttatc  cvcrv  way  in  which  T  can  be  ^ubcHvukd  into  three  parts;  wtadl 
till  hr  found  to  be  1  +  1  +  5,  1+2  +  4,  1 +  3  + 3*^- ^JJ 
tcnu.  ill  the  required  coefficient  bave  then  WO',  «'0'e%  BSre\  and 
e^e"!^'".  And  the  coefficient  of  each  of  theie  is  the  number  of  distinct 
ways  in  which  seven  counters  dinVrently  marked  can  be  j=o  V^r^f^^^ 
into  (I,  1.  and  5),  (I,  2,  and  4),  &c.,  that  all  the  parcels  sha  not 
be  the  same  in  any  two  modes.  This  coeflicient  is  found  as  toliows. 
Let  m  =  a  +  6-Hc+  . . . .  ;  then  the  number  of  ways  in  which  m  counters 
can  be  parcelled  into  a  set  of  a,  a  set  of  6,  &c.  is 

J_  l  '2-^'-1^  ^""^ 

T*  (1.2. .  .o)  (1.2. .     (1.2. .  .c)' 

If  a,  &c.  be  all  different,  then  P=l :  but  if  there  be  /  parcek  of 
one  and  the  same  number  in  each,  ^  parcels  of  another,  *  of  anothCT,&c.^ 
thenP=(l.2  .  ./)(1.2...i7)(1.2...A)...  Thus  1  being  1+8+3, 
the  coefficient  of  a' is 


1  7.6.5.4.8.2.1 
172  (1.2.3)  (1.2.3)  (1) 


» or  70,  as  in  the  fimnala. 


Given  = A£- required  the  expmlon  of  0  in  powers  of  U  This 
equation  eaimot  exist  nnkss  ^  be  a  maximum  when  e=0;  and  we 
shall  suppose  that  4^'0  is  =0  (and  notot)  in  that  case  Utw  more, 
over  suppose  that  0-0  at  the  maximum;  whence  0(O)-^A,jiua 
<j(,'(0)=0.  Let  \og<i.O-y;  then  V— log  A  +  ^  =  0  \  +  2^  -  U, 
yr/^Qr-O,  V"'=::0,  V'*=U,  &c.,  from  wliich,  ns  obtained  by  the  pre- 
ceding proccs*,  we  are  to  calculate  the  values  oi  o  ,  Q"t  ^  suMtiUi- 
tiuu  in 

e»fi:(0)+(O^.<+(O|^+(«'")  ^3^^ 

parcntlvcses  denoting  values  when  <=0.  Let  r,  r„  &c.  be  the  values 
ofV,  V„  V.,&c.  when  <=:0,  then  r=log  A,t;,=0,  aincc  V»=^0;^?>«, 
and  4ie  vanishes  with  a ;  that  is,  witli  I. 


+2=0  gives  r,0'»+2=rO,  or  (a')=V(-*T*) 
V'"=:0  gives  a'•r,+3e'a''^^,=0.  {ff*)^\  - 

V-  =0  gives  (0  0=  -^T^  \J\rjy 
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and  so  on.    Hence  (pd=zA£-t*  gi?es 

•=V(-S-'-s5«^V(-iW  

where  i^,  i'^,  t%,  ^c.  arc  values  (fur  0=0)  of  the  second,  third,  fourth, 
&c.  cliff.  CO.  tf  log^b  with  respect  to  6  :  the  coutlitiuik^  ln-niLr  that  (pd  is 
a  fttDedoii  which  »  ft  maximum  when  00  =  A,  ami  that  i«  is  nut  =u. 
If  v^Ot  and  generally  if  m  di£  co.  of  log  ^  vaniah  when  es:0,  (and 
m  muat  be  an  odd  number,  or  there  could  not  be  then  a  maximum,)  we 
must  use  the  equation  ifid^As-t^^^  in  the  same  manner. 

Tt  would  be  a  work  of  great  labour  to  calculate  as  far  as  the  aixth 
power  of  M)y  the  preceding  method,  and  an  expression  of  the  gcner-d 
term  of  the  scries  would  be  altoj^ethcr  out  of  the  question.  The  powerful 
method  of  Arbogast,  however,  (pages  328— 3i5),  will  enable  us  to  ^ive 
the  general  term  with  very  little  trouble,  and  to  deduce  more  coefficieuu 
than  those  given  above. 

Having  given  /=y(log  A-V),  where  u=logA,  p»=0,  it  is  required 
to  cx])nnd  0,  of  which  V  is  a  function,  in  j)owers  of  t.  We  have  then, 
by  liurinuiiirs  theorem,  page  305,  the  marks  {  }  denoting  that  and 
tlierefore  ©,  =0, 

="■'■'  "-"■4^.  (f  )■}  -obi; 

Write  «  for  -v^-rS,  b  for  ~0b4*2.8,  Ac.,  and  we  have 

aiteO:  V(log  A-V)=e :  V(a^+6fl*-f . . .  .)  =  ia+W+ .... 

Develope  (rt+ 60 +....)  ■  by  Arbogast's  method  into  Z.P^©-,  which 
gives  for  P,^,  the  following  series  of  terms,  m :  2  being  n. 

If  (a+66+...,)-*  be  diflFerentiated  m— 1  times,  and  d  be  then 
made  :sO,  the  lesult  will  be  P«xl,2. . .  .(w-l),  which,  divided  by 
2.3.... f?t  nrues  the  with  part  of  the  expression  (A)  for  B.  the  co- 
efficient of  r  m  the  development  required.  We  have  then  the  folbwinr, 
the  lirst  of  which  is  independently  obtained  (title,  page  331) ; 

*"^4  i       a»        a*      a*j"  C»  

B  =-  I-  ^  —  4-~  -  —  -5        2??    5  7  9  11  ft«l 
*5l    24/*'*"2  4fll^     246aP*'*"2  468"5*J 

_a^{7.9.U6^~7.9.B.3a6\-f7.(>.8g«(a6e-fc')>-4.6.8gyf 
"  3.4.^78^^ 


Digitized  by  Google 


ON  QBRNITB  INTBGEAIiS.  608 

Now  write  — i;t:2,  -i;g:  2.3,  2.3.4,  &c  for  a,  6,  c,  &c.,  and  we 
have 

B,=  -  {385rJ-630iJ,i?It;,+21t4(8i?,p,+5tO-24i^,}^^-^^ :  21G0 

The  use  of  this  method  ii^  as  follows.  Let  ii  be  required  to  (levelo|5e 
Jydx  belwtuu  any  given   limits  ar:**,  y  being  u  luiiction 

ffith  factors  having  exponents  of  oonaiderable  magnitude,  such  as 
y rrp"  gt*,  where  m  and  n  are  considerable,  and  p  and  ^  are  Unctions  of 
X.  Let  there  be  a  value  opssa  which  makes  p"*  a  maximum,  and  let 
/4'and  V  lie  between  two  roots  of  y  preceding  and  following  the  value  of  x 
which  makes  y  a  maximum.  If,  then,  A  he  the  maximum  value  of  7/, 
and  if  we  assume  f/=:Af  — there  aie  ical  values  of  t  fur  every 
value  of  T,  from  oc,  which  gives  x—  the  first  root,  to  f=+  cc, 

which  gives  x=  the  seoond  root;  and  when  <=0,  we  have  ^=A,  or 
Tssa.  Let  «=X,  jrsp«  be  the  vahies  for  which  y  vanishes,  so  that  X, 
^  f ,  p  are  in  order  of  magnitude,  X  being  the  least.  Let  xts:^  and 
x=ry  give  <=/3;   let  r—a^Q  and  y=:<p{x).    Then  0  and  I 

vanish  together,  and  4)  {a-\-())  —  \s-t*  gives  ^?=B,  Z+B^ , ,  m 
just  determined.   From  this  tiud  dO,  which  is  dr,  and  we  have 

f^ydx^k  {B,/f*-i«4tt+2B,/!«-<*<<ll+3B,/!fW«^»rf<+ 

If  we  examine  B„  iij,  tic.,  we  bhall  find  liiat  if  cacii  of  Uie  set  tv,  I's, 
lie.  had  a  large  uuincrical  multiplier /<,  thei«e  coefficients  would  severally 

have  the  multipliers  w  w^*,  w  %  »SiC.,  which  would  make  tiic  series 
convergent  enough  for  use  if  n  were  oousiderable.  A  further  reduction 
may  be  made  as  follows.   Let  fs-^r  dl=G„ 

Take  limits,  and  substitute,  which  gives 

-r  I  s A  |2B,+«.3B»+  («•+ 1)  4B*+(^a»+       5B.+  .  • . } 

-if-A^A  {2B,+iS-8B,+(A»+l)4B4+^/i^4|/8^5B*+  ...}. 

If  the  Hmttsbe  ft  and  two  valneaat  which  y  vanishes,  one  preceding 
and  the  other  succeeding  that  at  which  y  is  a  nuudmum,  (that  is,  if 

fi=z\  v=p,)  it  follows  that  a  and  /3  arc  —  cc  and  -f  cc,  these  being 
the  only  values  at  which  'Af-''  vanishes.  But  f +'5-/"  dt~2f^s-i^dt 
(page  294)=Vir;  whence  (as  in  this  case,  the  two  last  lines  vanish) 
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For  ii  "^anc^.  lot  it  be  required  to  find  an  approximate  expression  for 
1 .2.3.  .  .  . /i,  \*lit'rc  n  is  a  large  munber,  or  generally  for  r(n  +  0» 
where  n  is  a  hirire  number,  whole  or  iracuuual.  Iq  f^e  '  s^tU,  it  will 
be  obberveil  liiai  vanishes  when  :r  is  0  or  oc,  and  that  Onm  it  an 
intermtdtate  vdue  of  x,  namely  xzzn,  it  whidh  r^4(*  is  a  nuaimuni. 
We  hare  then 

y=rr"j",   /A=0,    yssOC,   a=n,  A=r^7r, 

19*  Id* 

v«lflg(r'«^=!-(n+e)+»iog(ii+»)=i»lo([ii-i»-j  -+- 

'  r(«+i)=VC^-").r-«-(l+^+^.+  ...);  ■ 

a  result  which  may  be  made  to  agree,  as  far  aa  it  goes^  with  page  312. 

The  Btndent  ia  now  prepared  for  the  higher  class  of  investigations 
connected  with  the  theory  of  ptohabilities.  The  integrals  which  are  of 
most  importance  in  this  science  are  r(j),  already  treated,  fe—'*4iC,  and 
J'j"* (1— x)*dr.  It  Avill  bo  wnrtb  ^^b^c  to  malcc  the  calcuTatioaa  nooca* 
aary  in  the  latter  cnse,  r/i  and  n  bcnig  considerable  nnmbers. 

Here  y^x"  (I  — a.)",  which  vanishes  when  j=0  or  1,  and  is  a  maxi- 
mum when  x=m:(m+w),  1  —  j=;i :  (m+n)  :  let  the  first  be  ta  and 
the  oeoond  p*   We  hare  then 

logyr=V=mlog  (t3  4-6)-j-/i  log(p— 0) 

tf=J(m?a-«+wp-*),  Isi-^imis'^^vp-*),  c=:J(mi!i'*+np-0.  &c 
or  «=|.(ta-i+p'»),  cal(«r*+/i-).  *c.; 

where      uszk.    Hence  we  find  by  aetval  reduction 

_    //2^_(l-©)\         _  13sT«-13cy+l| 

^^'Wk   r~>  _^--97i2^(r^^T 

(1-T)  C/X-V^  J  

very  nearly :  which  might  he  verified  by  applying  the  value  of  T  in) 
just  foimd  to  the  result  in  page  580. 

When  y  has  high  exponents,  but  docs  not  arrive  nt  a  roaximnm 

between  the  limits  ;  or  rather  when  it  is  not  rcfpiirpd  that  ei'bf  r  of  the 
lirmU  uf  HitcgraticHt  iild  l)e  near  to  ihat  Vrtln:  -t  r  which  niiikes  y  a 
lauximum,  the  fuiiunia  ni  page  290  will  give  a  cuuvergeui  :»cucs,  iuui 
even  for  the  iudefimtc  intcgraU 
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y  ^=u, /jrir:=y«  |l « - + -  (^« j  .  ^^^^^  ^ 

For  example,  let  ytssx^t  or  uss^r :  n.  We  have  then 

~= —  <1  Kvhich is  eaaily  verified. 

The  preceding  is  taken  from  xssO  on  hoth  lideSt  but  any  limits  may 
be  taken  in  the  usual  way.  Thus 

J.  ^2a+n  I     (2a+«)*'*'(2ri+/iy    (aa  +  w)**^  "  **  J 

I  now  proceed  to  the  doctrine  of  periodic  series,  one  of  the  most 
important  applications  of  definite  integrals ;  the  results  arc  of  a  ue«v 
nnd  cxtrnordinary  character,  on  which  account  this  part  of  the  subject 
will  be  treated  in  detail,  and  by  two  di^tnirt  molhods. 

From  page  21)1,  §  121,  the  following  is  ca&ily  proved  :  if  a  and  /i'  be 
two  whole  numl^rsj  and  m  and  n  two  other  whole  numbers,  positive  or 
negative, 

cosofl.coa o'tf.dO,  and^  hiuaO.binfl'0.d6  are  =:0  or  (/i— w)~  : 

namely,  0  when  a  and  a'  are  unequal,  ^  (n— tn)  x  when  a  and  a'  arc 
equal. 

This  property  is  applied  to  the  expansion  of  ordinary  algebraical 
quantities  in  series  of  periodic  terms,  a  subject  which  vrill  require  a  close 
examination  of  its  6rst  principles. 

If  we  tnkc  ^wch  a  series  as  Ai  sin  j-f  A.^  sin  2r  + A,  sin  3r+ .  . .  .  ad 
in^mhun,  we  sec  that,  whatever  its  algebraical  equivalent  may  be,  it 
must  go  lliioti^li  a  siKCt'ssion  of  values  from  X'=0  tox=27r,  wbich  sue- 
cession  is  repeated  iruui  ji:==.2r  to  jr=:4T,  and  so  on.  It  might  seem, 
then,  as  if  we  could  affinn  a  priori  that  any  fiinction  which  admits  the 
preocdins  development  must  itself  be  periodic  and  trigonometrical ;  but 
we  should  be  mi^ken  if  we  drew  any  such  conclusion ;  at  least  we  can 
only  drawn  such  a  condosion  with  some  extension  of  the  term  trigoiio- 
metrical. 

If  we  integrate  both  sides  of  (l+ad'')~*sl— aO'+o*0*— . .  we 
find 

^ tan->  (V«-^)=C+tf Y  a+  —  «*— y      . .  •  • ; 

the  first  side  of  which  is  indefinite,  since  tan"'  (a  given  quantity)  has 
an  infinite  nmsber  of  values ;  the  second  side  is  also  indeBnite,  con- 
taining an  arbitrary  constant*  Nor  do  we  avoid  fhie  indefiniteness  by 
integraimg  from  a  given  commencement,  say  from  0=0,  which  gives 
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^  {tan"»  (4/<».e)-t»n-'  0}  a+  y  a«- y  a»+ . . . .  j 

for  tan~'0  is  >wt,  where  m  is  any  whole  number  positive  or  negative. 

For  given  values  uf  0  and  the  secuiul  side  has  one  value  onlv,  the 
lirst  side  (but  for  restrictions  imposed  by  the  e^uatiou  itselQ  has  an 
infinite  number.  Consequently,  whatever  valoe  may  be  taken  far 
tan''^  iija*9)t  such  a  value  of  tan'^^O  must  be  taken  aa  will  give  that 
value  of  the  first  side  which  is  equal  to  the  aeoondaide.  Let  a==i, 
and  let  6  be  tan   then  one  of  the  valoea  of  tan~*  (tan  0  i*  ^  whence 

/-tan-*  (0)=tan  /— |  tan*  t+iUnH- 

Now  as  we  begin  from  tan  /  =  0,  let  us  choose  for  the  correspond- 
ing angle.  We  must  not  then  carry  our  bcries  of  integrations  (of 
Ixc^'tan  /,  tan* /.(/tan /,  &c.)  up  to  a  limit  higher  than  F=mir+it, 
nor  might  we  Imve  begun  before  l=mx—}^v^  since  taut  is  iuliuite  in 
both  Gates.  But  between  mv+ir  and  m-K—^w  the  equality  of  the  two 
sidea  is  nnobjectioiiably  dedaoed,  and  the  answer  to  the  queatum,  what 
value  of  tan'^O  must  be  taken  la,  mc,  whenever  i  Uea  between 
m9±iTi  80  that  tan  t-^^  tan*  <+....  ia,  for  a  given  value  of  tani,  that 
one  of  the  corresponding  angles  which  lies  between  — and  •i'i** 

Let  us  now  consider  the  equations  (pages  242|  243) 


1   «coa0  ^^g2ei+&c 


1^2«ooea+«' 

X  sin  0 
1  — 2x  cos  «" 


=:«8in  0+^ain2O+&c. 


•  •  •  •  (-A)* 


Here  the  periodic  character  of  one  aide  ia  a  counterpart  to  that  of  the 
other,  and  when  .r<l,  these  equntions  nre  nrithmetically  true  in  all 
cases.    When  xsl,  we  have  the  limiting  equatu^s 

1  I  sm^ 

SI  3  1— COSO 

The  series  are  no  longer  convergent,  but  arc  of  that  cliiru  tcr  tlie  simplest 
ins^tance  of  wlach  is  seen  in  1  — 1  +  1  — 1  +  , ..  .  it  is  easily  showu  by 
the  methods  oi  Chaplcr  VII.,  that 

ii        At        «A  •  .  «     1      008  71^  — COS  (n+ 1)  0 


BiuU+ain2d+.*«.+sm/id2 


2  2(1— cos6) 

sin  0  + sin  nO — sin  (n+ 1)9 

2(1— COB  $ 


Now  we  have  J^,  sin  .rc/j=  1  —  sm  </,  j*o cos  j-rfi  —  cus a,  and  w  lieii 
fl=  OC  these  have  been  found  to  be  1  and  0,  which  maizes  it  seem  as  if 
ain  OD  and  coa  oc  should  both  be  taken  aa  £=0.  If  we  take  thia  aaaump- 
tion,  and  make  n  infinite  in  the  preceding,  we  find  ^  and  ^sinO: 
(I— COS0),  being  precisely  what  we  have  before  found  for  the  series 
continued  ad  infinitum.  Many  more  instances  occur  in  which 
sin  oc=0,  coa  oc=:0,  give  results  Nvhich  can  be  otherwise  obtainc^J; 
but  I  nm  not  aware  of  any  proof  that  these  are  to  be  considered  as 
universally  true. 
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LetcosdssI;  then  the  first  equation  becomes  ^=1 ... 
which  is  oertainly  false.    This  ariaet  from  omitting  to  notice  an 

isolated  conception  to  the  truth  of  the  p^cneral  deduction.  Our  first  step 
was  to  make  r=l,  our  second  to  make  C0&6—I.    Invert  the  order  of 

thcge  steps,  and  we  have  first  (1— '.r)  :  (I  —  j-)*=14-jr4.j'4*»  •  •  •» 
0C=:l4-14-l+t.«,,Avhich  is  true.    If  we  write 

I— j:  cos  6         ,    .  1— XCO8  0 

m  the  form 


we  see  that  x=I  j^ves  J  in  every  case  except  that  in  which  1  —  rcosO 
aUo  =0,  in  which  latter  case  the  form  ^  is  produced,  and  oc  is  the 
result  Conseejuently  l  +  co8  0+co«264-«**=i  in  every  case,  unless 
0=3sin,  in  which  ease  it  is  infinite.  The  second  equation  remains  true 
when  COS0S1;  divide  both  sides  by  sin  0,  and  it  becomes  ocsl 
4'3+84*«»**  In  both  cases,  however,  there  is  a  bar  to  integration; 
no  even  niulti])Ie  of  t  must  He  between  the  limits. 
If  we  make  jc=  —  1,  we  iind 

1  1  sin'O 

C0Bd+0Qs2d— ...  -  =-  '^ssind— sin2&-fsin30—.«*. : 

J  2  i-^cosv 

the  exce])te(i  case  similar  to  the  preceding  is  when  cos  0=  —  1,  in  which 
case  the  tirst  sicries  is  infinite,  nnd  the  second  may  be  treated  as  before. 
There  is  here  also  u  bar  to  integration :  no  odd  multiple  of  t  lumt  lie 
between  the  limits.  If  we  integrate  the  second  and  fourth  series,  deter- 
mining the  constant  by  means  of       and  9s  0,  we  have 

.    /    .    OV*  cos  2f)     cos  30  .  cos  4a 

>«g(^2ttn-j  =ooa(^+—  +—  +—+.... 

log^Scos^^  =:oos0 

series  wliich  happen  to  he  true  at  the  limits  at  which  we  conld  not  !>e 
n«enred  of  their  being  true  from  the  method.  And  it  may  ])e  noted  that 
swell  tern  ?  will  generally  he  universally  true,  when  the  perioilir  form  of 
tlie  second  side  is  uccumpuuied  by  one  as  e^pUaily  periodic  ou  the  llmt 
side.  Also 

-logOOt-=GOS0+— — 

Take  the  eipressions  (A),  change'j?  into  — subtract,  divide  both  sides 
by  2x','and  then  write  s  for  x\   We  shallJOius  obtain 

-r  V  —.—cos  a-f  COS  30.«-f  COB  50.0^+  . .  •  . 

1     2ros2U.j;  +  ,a:" 

1 — »    \Z  ,  =aine+sina9..r4-«m5g.jt«+.. 

Os«oo  0+coad0-hcos59<f  • .  •  •      Ossin  9— sin  39+8in  50* .... 

1  1  • 

1;  ;=:coa9«'-«Ni80+cos&9...       7«sin«+sinae+sin50+,.. . 

2suiU 


COBflg  ^ COS 30  ,  C0840  , 


«  9  •  •  f 
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In  the  first  and  fourth  cos  20  must  not  =1,  or  8  must  not  be  any 

multiple  of  n't  or  any  even  multiple  of  :  in  the  secuiid  and  third 
cos  20  must  not  =  —  1 ,  or  6  must  not  be  any  odd  niuUipk  of  ^v.  If  we 
integrate  the  first  pair,  wc  have 


9    .  ^  .  8in30  ,  ainS^ , 


7=:coBe~ 

4 


ooa39  .  ooa50 


'*  •  • « f 


the  constant  being  determined  from  0  =  Jt  in  the  first,  and  from  6  =  0  in 
the  second.  These  results  are  ccttainlv  true,  the  first  from  0=0  to 
0  =  T,  both  excUisive;  the  second  from  0=r  — Jt  to  +  hotii 
exclusive.  This  we  may  briefly  express  as  follows  :  the  restrictions  of 
thete  aertei  are  0  (0)  t  and  — (0)  ^  t. 

If  we  suppose  0  to  lie  between  v  and  2t  in  the  first,  and  between 
and  \w  in  the  second,  we  niust  take  the  value  of  the  constant  after 
intci^ation  from  0=f  in, the  first,  and  from  6=«  in  the  aecond, 
which  gives  "  | 


T    .  ^  ,  stn39  .  lin&a  ,  t       ^  coa39.om5d 

^-^sine-i--— +—  +  ...  _-cosfl-~+— 


and  so  on;  each  of  these  scries  being  -\-ir  or  —  ir,  according  as  the 
value  of  0  makes  the  first  term  positive  or  negative. 

All  the  series  which  we  have  yet  had,  which  have  their  deiioinin  aors 
inereaaing  without  limit,  are  really  convergent,  and  arithmeticBDy  equal 
to  the  quantities  found  for  than.  And  the  dtacontinnity  oboervable  in 
their  values  is  of  a  curious  character,  which  admits  of  complete  illuatia* 
lion  from  geometry.   If  we  take  ^any  finite  number  of  terma  of  the 


first  series,  and  draw  the  curve  whose  equation  is  y=:8in«+iain3ijr 
+  ^sin5r-4- . .  . or  OPCQF,  the  greater  the  num1>er  of  termswe  take, 
the  more  nearly  will  the  curve  coincide  with  the  5?ucccsi>ion  of  discon- 
tinuous strai^^ht  lines  ;:OABCDEFG,  &C.,  to  which  the  whole  scries 
couiiuued  cul  ittjiniiym  is  therefore  the  equation ;  OA  being 

We  now  resume  the  equation  1— coBO+coa20—  =  or 

)scos0--cos20+  which  is  true  for  all  values  of  0  except 

(2m+ 1)  T.  Integrate,  and  determine  the  constant  by  0^0,  which 
gives 

sin  2d    sin  30  ,  ^ 

+ — s  ••••        —  t((^>t. 


-=sin0 


3 


But  if  wc  dotermiiie  the  constant  by  0=:2t,  we  find  Jtf  — t  for  titc 
preceding,  with  the  restriction  ?  {^0}  37,  and  so  on :  whence  the  value 
of  sin 8in3ii4- ....  is  i  0  — wit,  the  value  of  m  being  that  which 
will  make  tlie  preceding  lie  between  — and  In  the  same  way, 

we  might  prove  from  ^=1  +cob  0+ooa  20+ .  # .  •  that 
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It  win,  liowever,  be  notieed,  ibftt  thtt  it  nothing  but  the  preceding 
■eri(^  w  ith  T~-9  written  for  r.  both  in  the  eqnalioii  and  in  its  testriction. 

We  shall  now  proceed  with  the  r(  '^ults  of  the  fifst  series.  Let  *i» 

&c.  be  particular  values  of  s,=  1""  — 2~*+3~"— . .  .  niul  hx  K,  stand 
for  sin  2~"sio20+ <S:  : .  when  n  is  odd,  and  for  cosO— 2~"coh2i  +  &c. 
when  n  ia  even.  Continual  infegraliou  with  determination  of  the  con- 
stants from  6=0,  begininng  with  Jb=Koi  or  i=-cosO — co820-f-..,, 
will  give  the  following  results,  with  the  restrictbn  -  s-  (0)  ir : 

e*  0*  „  0>  n  l.^ 

•2.3.4    "2  *       2.3.4.5    *  2.3  * 

nnd  10  on :  from  which  it  readily  follows  that  each  of  the  divided  powers 
of  6  can  be  expressed  in  terms  of  K,,  K|,  &c.,  whence      if  it  can  he 

expanded  in  a  series  of  whole  powers  of  d,  can  also  be  expressed  ni  a 
series  of  the  form  Ao+  A|  cos  0+  B,  sin  d  +  .... ,  which  shall 

hold  good  for  all  values  of  0  from  — x  to  +ir,  both  exclusive.  Having 
thus  shown  the  7?o?c«7i?7//7/ of  this  expansion,  we  shall  presently  arrive 
at  a  more  couveiueut  \\  iiy  of  doiiiir  it.  In  tlic  mean  wlule,  let  us  observe 
that  we  have  thus  fsilicn  upuu  ua  eleiucntary  mode  of  determining  the 
Tilaes  of  5s,  TbQi»  if  in  Kt»  we  make         we  find  it  becomes 

/«-f-2*,  whenoe  we  baye 

a  result  which  niight  be  verified  from  pages  553  and  581. 

In  the  same  way,  by  begnuiinu;  with  the  pro])er  value  for  Kt,  it  might 
be  shown  to  be  possible  to  make  a  similar  expansion  fur  00,  which 
should  be  true  for  any  value  of  0  lying  between  (2m+l)  vand  (2m+3)  t, 
m  being  any  whole  number  positive  or  negative. 

We  have  seen  that  every  function  of  x  which  is  itself  neither  even  nor 
odd  (page  295)  can  be  made  the  sum  of  an  even  and  odd  function. 
From  the  character  of  A(,+  Ai  cos  0+  ....  and  B,sin  fi-f  i^c  ,  it  is  tiie 
even  part  of  the  function  which  is  developed  into  tlie  formt  r,  and  the  odd 
part  into  the  latter.  But  we  shall  see  that  an  odd  function  can  be 
developed  into  cosines  or  an  even  one  into  sines,  between  given  limits. 

Let  there  be  a  function  ^d,  the  development  of  which  has  the  form 
B|  sin  0 + Bf  sin  29+ . . .  •  Multiply  both  sides  of  the  latter  by  sin  m6, 
bnd  integrate  from  6=:0.  This  gives,  from  the  term  B«,sinjnd,  the 
loliowing  pair  of  terms : 

"  2      "  2,2m  * 
and  firom  each  of  the  other  terms,  a  pair  of  the  form  following; 
^    n   •  ^         B,  /ttn(m-A)e    sin(m-i-A:)  e\ 

2  R 
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each  of  these  terms  vanishes  when0=».  But  we  have  had  warn mg 
against  supposing  an  infinite  series  of  such  tenns  to  vanish,  or  sup- 
posing  the  equivalent  algchraical  expression  to  vanish.    If  we  make 

d=» — a,  we  have  sin  p0=  ±8inpa,  according  as  p  is  odd  or  even; 
begin  from  k=m  4- 1,  and  we  have  for  the  whole  series  irom  and  after 
the  term  B«8iu  m0  the  half  of  the  following  series : 

_     /sin*  aiD(2m+l)g'\    ^    /singg  amOm+2>a\, 

2»»4-l     r^'^K^  SlHh2"  -^^^ 

neglectiag  the  previous  terms,  wliirh,  hoinL''  finite  in  number,  vanish 
with  a,  leaving  only  k  B„,  (t  — a).  Ii  would  not  be  easv  to  give  a  direct 
proof  of  the  commiuueuce  of  this  series  with  ct,  aud  auoiher  meUiod 
muBt  be  had  leooune  to ;  if  we  could  aasume  that  €oimniinieiioe»  we 
should  have,  observing  that  kB^B  is  the  only  term  whidh  does  not 
diminish  as  0  approaches  to 


a  result  wluch  may  be  established*  though  the  preceding  method  is  in* 

complete. 

Let  it  be  required  to  tind  a  function  winch  agrees  in  value  with  00,  (a 
lunctioii  which  vanishes  with  Oy)  when  xib  0,  T:n,  2T:n,. .. .  up  to 
(n— l)v  :  n.   Aasume  for  this  purpose 

<pe=k,  sin  (^+ A«8in  2d      sin  30+ . . ,  •         sin  (n  - 1)  d ....  (1)  ; 

a  function  which  fulfils  the  first  condition,  nnoe  it  vanishea  with  0.  Let 
wi  nsr,  then  we  muat  have 

<f)yz=kimkv+ . . ,  .y    02v=A-,  sin2v  + . . . 

0(n— I)  >'=^i8in(M — 1)  y  + . . . . 

Multiply  successively  by  ainiiiK,  ainflmy,...  .ain^n— l)m}'»  whick 
will  give  on  the  firat  aide 

0i'.idn«}y4-02y.8in2my+<* .  +0(n— 1)  v.siu (n — l)mi>, 

and  on  the  aecond  a  set  of  terms  of  which  Che  one  containing  ia 

A;{ani  w.sin  my+ain  2»r .  ain  2my  +  • .  •  4-101  (it*«l)    .ain  (n — 1)  mr}. 

The  cocOicient  may  be  resolved  into 


i{eoa(o^4n)y}-|-]^.,  ,+^08{ii«-l     my}- ico8{(«+m)y }->..•• 

— ^8{n — 1  v+m.K}. 

cos  (w — 1)  Jf — COS  nx  1 


Now  cosar+co8  2jp+ .. +COS       1)  j= 


2(l*cosx) 


If  ftx  be  a  multiple  of  r,  as  in  the  preceding  cases,  we  find  for  an  odd 
multiple, 

—  COS^T+l         1         ^  ,      C08X— 1  1  , 

— ,  or  0;  and  —  -r  -x,  or  —1, 


2(l-.cos«)     2*  •      —  2,(1 -cos*)  2' 
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for  m\  even  multiple.  But  when  j:=0,  the  series  lu'comcs  //  —  1.  Now 
wheu  v-^-M  aad  v  —  m  are  uuc(|ual,  tiiey  are  either  both  eveu  or  both 
odd;  so  that  (o— m)iiv  and  (v+T^OftK  are  (iiy='r)batlic?eii  orbolJi 
odd  muhtplet  of  t:  in  this  caie,  then,  the  picoeding  coefficient  is  either 
^(0^0)  or  J{— 1— (— 1)}*  *^at  is,  ^0  in  both  cases.  But  when 
r=m,  in  which  cMe  v+m  iseven^  it  beooines  i{ti— 1— (— 1)},  or  Jn- 
We  have  then 

2  ,  ■ 

A«=-  {^y.ain  mv-^<p2v,sm2mv+ . . .  +^  (n-1)  v.siu  (/*— l)mv}; 
fi 

from  which  the  several  coefficieuts  in  (i)  inuy  L»c  found.  If  we  increase 
n  without  limit,  to  as  to  make  ^  and  the  series  of  periodic  terms  coin- 
cide at  smaller  and  smaller  interTsls,  and  to  as  finally,  at  the  limit,  to 
make  <f)6  and  the  series  (which  then  becomes  an  infinite  series)  coincide 
altogether  firom  0sO  (indusiTe)  to  0s  v  (exclusive),  we  have 

2 

iL=-  y  {0»'«sinmi'+ ,  •  •  •  +0  («—  1)  y  .sin  (»— 1)  my} 

It 

=-/;#.  sin 

as  already  suspected. 

We  might  now  .suppose,  perhaps,  that  we  are  at  liberty  to  infer  that 

the  series  (B)  does  vanish  with  «,  since  the  immediate  consequence  of 
such  supposition  is  true.   Bat  stUL  we  are  to  remember  that  we  have 
not  proved 

(/;^«sin0(i0).ain0-f(/:i^Bin2dd&).sina0+.-*-  ^ 

to  be  <Ae  devebpment  of  00,  subject  to  the  restriction  (0, 6)  r,  bnt 

merely  one  of  its  developments,  of  which  there  may  be  any  number. 
In  fact  we  have  shown  (page  563),  if  0^  be  any  odd  function  of  m  which 
never  becomes  infinite,  that  d  sin  0 -j-Oa sin 2tf -|- . .  ..=0,  iimvuled  that 
20^0.-*  be  a  continuous  funciiun.  Consequently,  the  preceding  deve- 
lopment Bisin0+....  is  only  one  of  the  proper  developments;  an 
hlfinite  number  of  others  is  included  under  (Bi+Ot)  sin  0-h(Ba+O<) 
ainaO+.. and  it  is  not  possible  to  aflfirm  that  there  may  not  be 
others. 

If  we  exclude  the  limit  0,  in  the  preceding  process,  we  fuid  there  is 
nothing  in  it  wliich  i^rcvents  our  allowing  <pO  to  be,  not  merely  an  odd 
function,  but  any  luuction  whatsoever  which  does  not  h^'e  ttnp  )nfi!\ite 
between  0=0  and  B—w.  Thus  we  find  from  J^cosx.sm  m£djc={)  or 
2/n  :  (m^  ~  I),  according  as  m  is  odd  or  even, 

T  2  4  6 

-  cos  jr=-  sin  2x-f-~  sin  4r,+5r  sin  6i  + . . .        0  ( j)  t, 
and  fl^mnmxdxsrm(i'^^eoBm9y  :  (i^+m")  gives 


»         sin  x     2  sin  2x 
a'+l  o'+4 


/sin  J     2  8in2i*  \ 


Change  a  into  —a,  and  sobtnet,  which  gives 

»  r^-g-*"     sin  X     2  sin  2r     3  sin  .  .  ' 

a  o^+l      a«+4  ^  o«+9  ^ 

8R2 
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The  reason  of  the  tiUeralion  of  the  Tcsti  iction  i?,  that  is 
odd  function,  so  tluit  tlie  equation  remnins  true  when  x^O.  ami  l)o;h 
wdes  being  odd  fuuctions,  it  ia  true  from  x~       to  « =0,  becau&e  ii 
tnie  from  xsz + v  to  x=zO.   I  leave  the  following  lo  the  studoit : 

Change  X  iulo  t— and  wc  have,  by  this  and  Bub&equcnt  integration, 

2-TF=J^=?+T+TO-+-^T+  

»  »>       X         cosjr    .  cos  2.1"  ^, 

The  constant  1 is  determined  by  making  .r  — »,  and  using  the  last 
series  but  one,  from  which  we  find,  after  rcductiun, 

C=:<r«0-1  +  1— .••.)=!  s2a«. 

In  a  similar  way  might  be  proved 

Returning  to  the  main  result  let  ns  now  examine  fl<lt$,winmB*d$. 

IK  lit  fft 

wlucb  taken  from  0  to  *  gives 

^>coim»— ^  ^  #/^it.coa  my— 0"y.ooamy-^0"O  , 

+V"~3  8^  +  »  j'"'^" 

which  is  convenient  in  the  case  of  raiiuiiul  an  !  integral  functions.  Bttt 
if  06  be  an  odd  function,  so  are  v>"6,  »itc.,  and  00=0,  <^''0=0, 
&e.,  whence  ihe  {ireceding  becomes,  with  the  leatiiction  — «  (d)  r,  lor 
leMona  abofe  given, 

j0*a(0»-0*«+ . . ,)  wne-^y  •  •  •  •  • 

If  we  xcqidre  «  peiiodic  leiiea  which  eheU  be  equal  to  00  with  the 
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TCPtrictiiin  2mT'(fl)(2m4-l)  the  shoTtc-*t  way  istoput^s:^ (2w«4-9), 
aad  lo  expand  Y^(2wT  +  fl)  with  the  rp«trictum  0  (0)  t,  m  above. 

Ill  the  cfumtion  Jt<^  =  2  {Ji,4>>s%m  ttu  dj^.eiujna)  write  for 
and  integrate,  which  gives 

I  ^=C-/; tin « rf^.cos  0- /; 0** lin  3* dir. . . . .  , 

!  =C<^/;^«rccwf  <ir.cosd+/;^co8  2j;<(j.c(»20-|-.«*.» 

But  C  is  not  J'Ct  determined,  and  it  would  not  here  be  easy  to  find  the 
coustant  from  a  particular  case  of  the  series,  ia  a  satisfiictory  mnnncr : 
«o  that  we  thalt  find  it  necessary  to  institute  a  ncwpruccs's  similar  to  the 
one  almdy  adopted. 

Jx^t  it  be  required,  having  decided  t  into  n  equal  patla^  each  sy,  to 
determiiie     ki,  k^,  &c.  in  sach  manner  that 

^s=^0+ *i  COB  0+ oos  20+  . , . .  +      COB  (n— 1 )  B 

is  true  for  0=y,  or  2i',. .  • .  up  lo  (n — 1)  v.    Substitute  these  several 
values,  and  multiply  the  equations  by  cosmr,  C08  2mv. .  .cos  (»— 1)  mv 
for  all  valuea  of  m  fitmi  1  to  n— 1  both  incluaivet  ^Ct  and  add, 
beriag  thaf»  aa  may  eaaily  he  proved,  in  the  manner  of  page  610. 

cos  tr.CU8m»'+  ,  .  .  .  +  C08  (n — 1)  VV.COS  («  — 1)  WyrrO,  or  —1, 

according  n»  v-^m  and  r—m  nre  odd  or  cvi^n  ;  but  when  Dsrm,  the 
perics  becomes  4(n— 1  —  1)  or  in  — 1.  Jf,  then,  fpy.CQbfy-^  ••••  +0 
(/i — 1)  *'.cos  (n— 1)  pyz^Ky^  we  have 

K,s::(it^  1)  A,— A-,— Ai — A,— - . . . 
K,=(4n-1)*,-Ab-A,-Ay--,...  (K) 

K,=  — A\,+  (J«— 1)*,— A*— .  • 

and  fo  on,  n  equations  in  all.  Soppoae  m  to  be  an  eren  number,  and 
addf  which  give* 

For  n  write  ir :    and  v  (K«+Ki4*  •  •  •  •  Proceed  aa  before  to 

increaae  n  without  limit,  and  we  have  / 0e  (1 +0080+008  20+ . .  .)de 
stk^kr  The  liasita  of  thta  integral  require  some  attention  :  it  will  be 
observed  that  however  y  may  be,  we  hnvc  s«Mmmod  vahies  relative 
to  K,  2^.  . .  (»» — 1)  J  ,  niid  never  relative  to  0  or  t  absolutely.  We  do  not, 
tberefi  rc,  include,  but  t  \- elude,  the  case  of  0=0  or  »  absolutely,  or  we 
integrate,  as  it  were  ironi  a  to  w — where  «  and  fi  are  infinitely  small. 
We  may  then  eonaider  1 +cob  0+  • .  • .  (page  606)  aa  being  =  i  through- 
otil  the  whole  extent  of  the  mtegieataoD,  and  thua 

ijr^=Umit  of /r'i#c/a=i/;00d6;  ^k,^J;<pode. 

The  student  must  take  care  to  observe  that  this  sort  of  reasoning 
would  elude  no  difliculty  if  I  +co8 &+  ....  increased  witliont  limit  as  e» 
diminishes:   it  applies  because  1  +  COB0+*..*  is  absuiuteiy 
except  ^vlun  0  is  absolutely  ^0. 

Wc  might  from  (K)  verify  the  other  cocfEcients  already  obtained. 
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The  first  now  gives  vK^— r/-^:=  v  (/rg+/r«+/rg+ .  . . . ),  and  i  K^  bas 
J4>&d^  TT^'o  for  its  limit,  whence  vik^-^k^-^- ,  . .  .)  diminishes  without 
Thnit.  Hence  from  the  third,  fifth,  &c.  e(iuatioiis  we  Karn  thai  ^-k^ 
^ifk^  &c.  are  the  hmiiB  of  >'Kf,  yK^,  &c.,  which  give  the  integrali 
already  obtained  for  kt,  k^,  &c.  Now  adding  together  the  aeooiid,  fourth, 
Ac*  equatinDB,  we  find,  supposing  n  an  odd  number,  in  which  cue 
Uieie  are  ^  (n—  I )  of  these  laat  equationa, 

K,  +  K8+  ....  =hi  CA,  +  Ara+  . . . . )  -i  («-l)(A-i+A,+  ...  0 

but  V  (K,  +  K,+  • .  • .)  has  for  its  limit  the  limit  of  fi^e  (coe  0-\-  cus  36 
+  ....)  rf6>  from  a  to  v^fi^  reasoning  as  hefore :  and  this  (page  607)  is 
rrO  ;  whence  r  +  . . .)  diminishes  without  limit,  and  the  remain- 
ing coefficients  can  be  verified.  We  assume  here  tliat  the  '•nmt:  result 
will  be  attained  whether  wc  increase  n  without  limit  Liiruu^ii  odd  num- 
bers only,  or  even  numbers  only. 
We  thus  have,  with  the  restriction  0  (6)  r> 

-       (/;  ^  ain  (£r)  sin  9+  (/•  ^  sin  2x  dx)  ain  29 

+  (/o     8*'^     ^•''■) .  sin  30  +  . . . . 
^  00= /;  cix4-(/ ;     cos  J?  (£<v).coB         0jr  cos  2jr  dx).co8  20+ . . . ; 

in  which  jr  is  written  under  the  symbols  of  definite  integratiuti  (]»ai'e 
5(»8),  merely  to  luakc  the  parts  which  vary  with  0  more  pruaiHiiuu 
Altio,  if  00  be  an  odd  function,  the  restriction  on  the  first  may  be 
extended  to  — r  (0)  t  ;  and  the  same  extension  may  be  made  'in  the 
second,  if  ^  be  an  even  ftmction  (the  valtte  0sO  posinbly  excepted). 
As  examples  of  the  second,  take 

»  .        1     cos  2x     cos  4j:     cos  6x  ^  ,  ^ 

-«ii*=- —  — ....  0(*). 


»    _^     1     (icosx    aco8  2jr  /I     a  cos  j?    o  cos  So-  \ 

2  25    a«+I'"S»+4     ••''*'^\S~i^+T"^^^K  '/ 

»  r^+g*"  _  1     tfcoejp  ,  acosgjp 

5  g^-r*  ""55  'S+T  "^"5qT 

Funiier  to  verify  tlic  ])rcccding  niclhorlF,  T  add  one  which  is  of 
freijvient  use  in  the  wntiugs  of  Poi<son,  aiul  \shich  I  cunbidcr  much  the 
be«t  uuupLed  ol  any  to  give  a  sound  view  ol  the  subject,  as  t»oou  as  tiie 
new  and  difficult  considerations  which  it  introduces  have  become 
familiar.   Let  ua  consider  the  equation,  derived  from  page  242, 

-+C0S  -  (j-u) .  A+cos  2  J  (cc—p) ,  A»+  • . ,  • 

1  1-A« 

*2  r  

1—2  cos  r  (x— r)  A+A* 

I^A=1,  the  preceding  becomes  0  in  every  case  except  when 
COB  {  V         :  /}s:s  1 ,  in  which  case  it  ia  infinite.  This  isolated  exception, 
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which  fccms  only  the  cnibnnafBment  of  preceding  theorems,  is  in  fact 
the  sclc  cause  of  their  existence  :  were  it  not  for  this  we  ?houkl  have  a 
right  to  infer  tluvt  the  preceding  series,  multiplied  by  </>rrfr,  and  in- 
tegrated between  deBniie  limits,  would  always  give  0  when  A=  1 :  and  so 
it  does  anlm  «  fttt  between  the  limits  of  integration.  Let  this  be  the 
cate,  and  kt  —  j  and  -|-/  be  the  limits.  Let  A,  instead  of  being  1,  be 
1 — where  g  it  supposed  infinitely  email.  Consequently,  "^jfvdv  is 
infinitely  small  ns  compared  with  ^r,  except  only  when  the  denominator 
is  also  infinitely  small.  Let  xszv'^z ;  that  denominator  is  then 

•  ••«••/•••<  taA  art  \  —8 

1-2(1—2^ + ....){.i-g)+{i-gy=-ji  x'+g»+ . ...  s 

the  remaining  terms  being  of  the  third  and  higher  orders.  The  portion 

of  the  integral  /(^r .  Y'l' f't' "which  belongs  to  the  infinitely  small  deno- 
minator (namely,  when  z  is  infinitely  small)  is  (dx  being  ssdv  and 

,  r^dz,  or  gl*4>x  -7177— .—  ^/'^J?  -T7rni+»««» 
g«r+ar«  ^  ^  J  g**'+s*  J  ir^/^+at* 

Now  ns  long  as  z  ia  infinitely  small,  liic  second  and  following  integrals 
will  he  infinitely  small  us  com^urcd  willi  the  lirbl,  uud  may  therefore  be. 
n^lected.  Again,  in  the  first  integral,  anv  portbn  in  which  « is  not  in« 
finitely  small  may  be  introduced^  for  all  wul  be  rendered  infinitely  ^msll 
by  the  final  value  of  except  only  the  required  portion.  Integrato  the 
first  then  from  ^  cc  to  -f  a,  and  ve  have 

'im-^' "{ (^-«-  G-(-i))='' 

wbenee  1^ '»  >U  that  tenuiin,  or  we  have 

The  sign  }L  extending  frum  m=l  to  ?n—  cc. 

This  reason  in  u;  reriuirea  some  alteration  when  j  is  either -|-/or  — 
In  the  tirst  case,  fur  instance,  t  (/—  i;)  ;  /  approaches  to  0  or  —  2t,  acGOid- 
ing  as  V  approaches  to  +/  or  — /,  and  in  both  cases  the  cosine  ap« 
pioaches  to  unity.   We  must  then  repeat  the  preceding  process  at  both 
limits,  but  as  we  must  keep  within  both,  we  have  as  a  result, 

and  the  same  if  j=z^t;  consequently  the  preceding  series  is  </)r  for 
every  value  of  x  between  — /  and  -f/,  and  \  (0r+0(  — t))  for  - 
or  T=r— / ;  but  it  is  =0  if  x  do  not  lie  between  —  /  and  +/. 
The  preceding  rcnsoning  will  require  the  fdlowing  remarks: 
1.  Tiiough  it  is  expressed  in  the  language  of  infinitely  small  quan- 
tities, yet  this  is  only  abbreviation.   If  we  had  expanded  Tfn>  in  powen 
of*  and  g,  those  terms  which  we  throw  awa^r  as  being  infinitely  small 
quantities  4»f  an  inferior  order  would  have  diminished  without  limit  ill 
the  fully  expressed  result,  as  compared  with  those  which  are  kept. 
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2.  If  in  the  result  (1 :  xl)  tan-*  (rz :  gl)^  we  wew  to  eboMft iliNNtl^ 
smtll  limiti  between  tvhieb  to  take  tbc  milt,  we  AovXd  not  anave  at  uny 
determtoate  fenilt  whatcrer.  But  seeing  from  gffdz  :(f*r+»*x') 
that  all  that  pan  of  the  integral  which  nrises  from  finite  values  of  z 
Vust  vaDieh  with  -nrc  take  any  finite  limits  vhatever,  (not  DeoCBMR^ 
and  -f    ,)  say  — «  and  /i,  which  ^ive 

—  ( tao"'  ^+tan~*  ~\  which  =.1  w  hen  g=0, 

whatever  a  and  fi  may  be. 
The  functioii  ^  Deed  not  be  out  oooturaoiti  toctiim  betieeen  llie 

lirnite.  By  a  diacontiiitioiia  function  isMUit 
~        "  such  an  one  as  the  ordinate  of  the  curve 

ABCD,  composed  of  branches  of  difTerent 
jl)    curves,  joiiiing  or  not.    If  a, /5,  7,  ^it' 

abscissn;  of  A,  B,  C,  and  D,  and  if  ^=:£^,  j, 
^  y^xs^x^  y=t?,j  be  the  equations  of  . the 
complete  curves,  of  which  AB,  BC,  and  CD 
are  parts:  then  to  be  the  ordinate  of 
ABCD,  must  be  a  function  which  ia 
from  i~a  to  t— ^,  w.^t  from  J=)S  to  x—y^  and  t^^T  from  r— y  to 
ar=3.  To  find  tlie  area  of  this  curve,  by  one  operation  of  integration) 
^ve  must  assume  t/t=ra, .r-|-««''^»  J  +  f^s  cJ'rt -r,  and  find  fydx  from  a  to 
fit  from  fi  to  y,  aud  from  y  to  c  :  tin  n,  in  ihe  llr^L  result,  make 
ii|S:0.  as=0;  in  the  second  a^=0,  ai=0;  in  the  third  «t=0, 

?,s:0,  0^=  L  It  would  of  course  bemoie  convenient  in  practice  to  find 
itHijdx,  fJVfXdx,  v^xdr,  and  to  add  the  results ;  but  for.rqBe- 
fci:tfition  nnd  conception  of  results,  it  would  be  desirable  to  hf\ve  recog- 
nized symbols  of  discontinuity.  These  mit2:bt  be  either  mnde  conven- 
tioiiiilly,*  or  obtained  from  the  limiting  forms  of  algebraical  expressions  ; 
thus  J«  miglit  represent  a  constant  which  is  unity  whenever  x  hts 
between  a  and  h  both  inelnaiT^  and-  nothing  in  eveij  other  cm.  The 
ordinate  of  the  preceding  curve,  (that  in  which  value  ia  oontinuonaO 
between  snd  a-^«,  would  then  bc         Jr •^4- 1 y 

Again,  y{y)  is  =0  when  y=0  if  a  be  negative  or  0*  and  spi  if  a  bQ 
positive.   If»  then,  we  represent 

+3f»-  when  ysO  by  (fi^-k-^"  or  O^C^. 


we  have  nn  algrlM-airHl  symbol  which  is  1  when  x  lies  between  a  and  6^ 
(both  t  jclunve^)  uiid  0  ni  all  other  case^  There  would  bc  no  particular 
advantage  in  this  symbol,  which  would  certainly  require  conventional 
abbreviation  if  often  used ;  our  object  here  is  merely  to  aid  the  student's 
conception  of  a  discontinttous  function  by  showing  him  how  he  may 
accustom  himself  to  its  representation. 

If  we  further  a^ee  to  denote  by  I"  a  constant  wbirb  is  unity  when 
jr?=«,  and  0  for  all  other  values,  then  1*  — IJ— dtnotrs  n  constant 
which  is  always  0  except  when  x  lies  between  a  and  6j  (both  c:^clu8ivej 
in  whieh  case  it  is  unity. 

In  the  theoiem  kst  proved,  there  is  no  oocarinn  to  luppM  that  fpx 
ii  oontinttouB,  and  it  ia  true  whatever  the  limits  maybe:  if  ^  on  one 

reacock'H  Report,  p.  248.  Dg^PsAcavk  pfoposas  jtD!,,  init  D  i«  iA  Oiii  wsdl 
tdo  often  ussd  in  another  seats. 
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mdc  of  the  equation  be  rliscontinuotis,  so  0r  on  the  other.  And  even 
if  me  imftgine  nli  tlic  values  oi  0t  to  be  unconnected  by  any  law,  save 
only  Uutt  wlusn  v^a  means  the  same  quantity  as  0x  when  x=a,  the 
tbttofcm-  flilt  fttmiiis  true.  If  then  eappeee  tiie  function  ^  to  be 
00  finm^ss**/  to  JKsX  (exduBite)  to  have  mny  vtloet  from  j»s=X  lo 
xsXt,  (both  inclueive,)  end  to  be  equal  to  0  fiom  »sz\  (exclusive)  to 
;r=/,  0X  will  be  given  as  bere  described  by  ugiiti^  0t',  subject  to  the 
eeme  couditieQs^  in      sexiesm  l^ow  in  sack  ciuse,  it  m  evidtut  thet 

fti  ^P4lr=/j^>  ^Mv^  if  P  be  ncTCr  infinite ; 

and  it  would  actually  be  found  by  compuUitiou,  if  the  &cd\^&  be  con- 
vergent, diat 

im  ssO  irom  s^'—t  to  ^rtX,  =r0jf  from  x=X  to  x:=:Xu  and  sO 
fitwn  x=Xito  x=r/:  except  only  mhea  x=X  or  Xi,  at  which,  X  and  \. 
bcine  v.req'vd  without  reference  to  sign,  the  values  are  not  (p\  ai  d 
but  VM  and  ^0X|,  as  appears  from  the  process.  But  if  X  mi  l  A,  be 
numerically  equal,  and  have  contrary  signs,  the  value  butli  for  a— X  and 
jasXi  is  4  (0X+0X,). 

Saj  thit  X=iO  end  Xi^/,  we  have  then 

*x=ri-/i^e<ft+j2|/^»«m^(4P--r),^»dt»}  0(4p)f 

0;=^/;^(fp+y2{/;coBm^(r-t).^rf»} 

Change  x  into  m  the  ■eeond^  then  the  mtriction  beoomet,0(ff)  I, 
emt  the  feitiitftaeM  of  both  beeome  the  seme,  whOe . 

€oefit~(X'o)  becomes  cos^— m^(j+r)J,  or  co8m^(x+i?). 

Add  and  subtriict  the  second  equation,  thus  altered,  to  and  from  the 
tirst,  and  we  have  (extracting  the  constants  from  the  sign  of  iute^ru- 
tiou) 

#jr=  y  2 1/;  Bin  dv.nn  -y- j. . 

I 

If /=».  wc  have  the  theorems  already  proved,  with  Eompthinq^more, 
as  follows.  When  jr=0,  the  preceding  series  (^)  are  each  =:i<M>.  so 
that  their  sum  iS  ^0,  and  their  difference  0.  But  when  x=l,  e<i(  li  is 
equal  to  ^0/,  and  their  sum  is  fi  and  their  difference  U.^  Hence  liie 
series  for  4>x  in  cosines  is  true  when  sszO  end  n/;  while  in  that  for 
iinee  the  series  becomes  0  both  when  x^O  and  when  x=/,  and  oon- 
sQ^nently  will  not  then  x^esent  ^  uiileM  and  f^ssQ.  Thus 
we  can  now  inier  from  page  614|  that 

'  +»«..ri:-i-,  whidi may  be  verified; 


2»— 1  '  4*-l  2 
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9i^+r^_l        a  a  a     ,  ^ 

«  ^1       a        a  a 

RettiTTiinjr  to  the  originul  formula,  let  ttjii  :  l=t»,  whence  in  passing 
from  term  to  term  by  alteration  of  we  have  w :  i=i£uD.  We  baft 
thea 

uliicli  being  true  for  all  values  of  Ik  true  at  the  limit  when  /  is  infinite. 

Now  f(hr(fv  in  the  first  term  may  increase  without  limit  with  and 

f^vdu:  21  may  in  such  case  cither  increase  with  mi  it  1m^.u,t  have  a  Tnite 
liinit,  or  diniiuish  without  imiit.  If  the  latter  he  tlie  ca^e,  winch  it  cer- 
tainly will  be  whenever  ftZ<l>vdv  is  finite,  then,  ol)8erving  thft  ir 
increases  by  continually  diminishing  gradationa  from  0  to  a,  we  liiive, 
by  the  definition  of  a  definite  integral, 

wfJB^  Jl {fiZ  ooa w  («— »)  fv  <fo}  dw^Jl  J w  («— «)  fodwd»i 

a  result  which  is  usuaUy  called  Fourirr^s  Theorem.  We  aball  presently 
have  to  tonsider  the  proposed  limitation  iiirther ;  in  the  mesa  whik  lie 

shall  see  an  apparrnt  nee:lec^  of  a  corresponding  limitation  in  evcrs-  one 
of  three  methods  which  liuve  heen  employed  to  verily  it,  or  else  iiu  in- 
version of  tlic  order  of  integration.  It  is  to  be  remeinhered  that  the 
theorem  was  obtained  by  integrating  first  with  respect  to  v. 

•  1.  Consider //cos i/'(x-r).£-*- ^orfw A?,   We  easily  find 

,  COB  «?  (a?  -  vy.e-^'dws^jTT^  rj  and  rrri  

i«  to  be  determined.  Now  since  k  is  to  be  diminished  ^vithnut  limit  in 
the  result,  we  iniiy,  by  reasoning  similar  to  that  ot  page  G15,  consider 
only  that  portion  of  the  integral  at  which  v  is  nearly  =x.  Let  z, 
then  the  preceding  becomes 

taking  this  from  —  OD  to  +  oc,  or  from  ->a  to  +  /S,  as  before  explained, 
we  find  v^r,  which  verifies  the  theorem,  apparently  without  limitation. 
But  what  are  we  to  say  to  this  verification  in  those  numerous  caseein  whidi 

•  *  Ths  ttudeuk  muit  partiettlarly  observe  that  the  theorem  in  Chapter  ana.  doee 

QOt  Dt'CfBiianly  apply  to  sertt'ti  deduced  from  discoutinuous  eapiessioos,  or  from  Wf 

eonsideratioiiN  tn  which  dikcontiuuity  is  involvrd. 

"  f  The  reasouiug  of  Poissun  ueglccts  this  limitation,  thoueh  obfious  enough.  aAd 

Fourier  makes  a  aimitar  Apparent  error.   FoImob  makes  / ped»t2i  alvaye  vsrali 

whi-n  /  is  infinite:  rourier  has  n]i>sed  this  term  by  writing  a  series  P, ciwjr 
+Pj,  tOH2j-+ which  shtMild  have  Wtrn  F +PiCosx+P^coH2jr+ . . . .  Buth 
are  cvrtaiuly  wruu^  in  exptes&iou,  though  the  xemaiks  to  which  1  bhuU  ^M-ntly 
come  remove  the  limitation,  and  show  uie  theorem  to  be  uoivmal. 
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Jjpv  cir  :  \k*-^  (v  —  a  )-}  is  infinite,  taken  from  r——st  to  rnr  f  )8? 
This  (|uei»uou  requires  more  answer  thau  it  can  receive  irom  Uie  pre- 
ceding reasoning. 

2.  /;cc8V(f-v)atps=  ^  and  I   ^  ^^dv 

fe  to  be  deterinined)  a  being  made  infinite  in  Che  result.  Let  jp=d  —  xa~*, 
which  gives 

I  J<i*,or^j  I     —  dar,  orir*r, 

as  will  be  afterward s»  shown .  It  is  here  asBumetl  that  since  a  is  to  be 
made  infinite  in  tlu  result,  all  finite  value"  of  r  produce  nu  effect,  while 
the  iufiuitc  ones  arc  compensaleii  by  the  iurmittly  fcmuU  value  of  bin  2  :  z. 
But  it  is  well  known  that  does  not  diminish  fast  enough  to  coniuen- 
sate  the  increase  of  any  function  whatsoever.  This  verification  I  hold 
to  be  decidedly  unsound,  though  it^i  results  are  true,  unless  that  meaning 
of  sin  a  should  be  admitted  which  has  been  already  hinted  at,  and  will 
hereafter  be  further  discussed. 

1       /ir  ^"^^ 

3.  /;co6ii;  ix-v)  r'^dw=^  ^-.r— , 

Rp  Mill  lie  >'hown.  Multiply  by  t^vdvy  and  make  vtzi-^-z.  Then 
since  k  J3  to  diminish  without  hniit,  it  is  easily  hhown  tliat  the  function 
to  be  integrated  diminishes  without  limit,  except  when  z  \&  inliniiely 
imaU ;  and  reasoning  as  before,  we  have 

or       since  fs''^dt  from  Iss  —  ee  to  fs  +    is  jjw. 

This  seems  to  be  subject  to  the  same  objections  as  before,  for  if  0v 
increase  wi'httut  limit  with  r,  when  the  latter  increnses  positively  or 
iie'j;iitively,  it  may  be  that  tlie  conversion  of  into  (px  is  not 

allowable.  1  now  go  on  to  point  out  what  1  conceive  to  he  the  manner 
in  which  the  theorem  is  to  be  proved ;  and  I  do  not  regret  the  space 
apparently  wasted  upon  the  incautious  phraseology  of  some  of  the 
analysts*  to  whose  brilliant  labours  we  owe  these  truly  remarkable 
views,  because  the  preceding  considerations  will  serve  the  better  to 
enable  the  student  to  sec  this  new  point  of  the  integral  caleuhis.  nothing 
approfiching  to  which  has  appeared  in  the  preceding;  ])art  of  this  work. 

Reluming  to  the  expression  (A)  (page  G19),  fa-i  observe  that 
J'Ai  (/a.  r,+J'iV,iia.ag+  .  . .,  or  ^  (jf Ada.x)  is  identical  with  f  (Aj.Xi 
4-  Ac.x,+  . . .  • )  cfa  or  J{1Aj:)  ,dffy  provided  only  that  «i,  &c.  are 
independent  of  a,  ^  Write  the  expression  (A)  in  the  form 

*  The  greatnt  writsn  on  matlMiBstiad  subjects  have*  gvaitw  whidi  savM  tbMi 
ftem  tbeir  owa  slips,  and  guides  them  to  true  rfsultii  Uiroi  ^'li  inaccuracies  uf  ex^ 
)>rr<sMion,  ajad  vometirnvs  through  abtiolute  eiror  (see  that  ol  Legendre,  ^lags  5^6). 
Xiui  thtif  humbler  folluwers  must  uot  permit  themselves  such  Uceiisef  nod  thoif 
ihovtf  all  who  write  tor  studeots  must  rurrect  that  as  an  error  of  reuooing, 
wiUch»  in  the  guide  they  foUoir»  was  little  more  than  an  error  of  the  pen. 
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{i^W COS.  0  (X-^V) 4*       009.  i^lD  (if 

I 

4-  At0  cot.  2Aio  (T*r)  4-  •  •  •  • }  ^  dp^^. 

Tin's  expression  is  absolutely  true  for  —  /  (r)  /,  whatever  the  values  of 
/  may  1>(%  and  the  series  it  contains  is  the  iiiust  of  a  set  of  couvei^eot 
sericb  muUc  by  dimiuishing  k  without  limit  ia 

4-  Ait  cos .  2Ait?  (x—v) ,  ^ . ,  ^ 

Let  i  have  any  posidTO  value,  hoireTer  amall,  and  let  the  preceding; 
be  multiplied  by  0v  and  integrated  with  respect  to  tv  from  /  (o 
ns4-/;  that  is,  from  r=— (tiAit)  to  vs-f(v:A*<0;  M>d,  if  j  h'c 

between  these  limits,  the  result  will  be  as  near  as  we  please  to  0t,  if  ^  be 
taken  small  enough.  Since  the  scries  is  convergent,  this  might  be  veri- 
fied by  actual  arithmetical  operation.  Now  since  tlie  individual  terms 
of  the  preceding  diminish  without  limit  wiili  Azi,  uny  one  or  more  of 
them,  m  fact  an  j  finite  and  fixed  number,  might  be  erased  or  altered  m 
any  finite  ratio^  without  ai&cting  the  rmlt  If,  then,  in  tht  first  term 
we  change  J  into  ),  {or  if  we  erased  the  first  term  altogetherv)  fhefimit 
of  the  result,  when  Aie  ia  diminished  without  limit,  ia  strictly 

+•'0 

where  «  and  k  are  comminuent.  Diminiah  k  without  limit,  and  we  hafu 
Fourier*B  theorem  as  given. 

Now  for  tlie  first  verification  (page  618).    If  we  begin  by  integrating 

with  respect  to  tr,  we  have,  as  before,  f  cos  ie{x~v)  s'^*  dw:=k: 
(A* -f  (  r— ?•)*),  which  vanishes  with  A,  or  is  =0.  Consequently,  com- 
pleting tlie  process,  it  knight  appear  that  we  must  have  JO.<pvdv  (from 
—  o:  to  -l-  a),  and  divided  by  t,  or  0,  for  the  result,  even  though 
/ <pv  dv  were  infinite.  But  here  it  must  be  obsenred  that  if  an  int«^* 
tion  with  respect  to  v  is  to  follow  our  last  conclusion,  we  are  not  entitled 
to  say  that  k :  {k'-\-{v—x)*)  always  vanishes  with  h.  Among  the 
coming  ca?es  to  which  this  conclusion  is  to  he  applied  is  the  case  of 
r=jr;  in  tliis  ra^e  the  preceding  fraction,  instc  ul  of  vanishing,  becomes 
infinite.  But  this  we  have  gained,  namely,  that  we  have  a  right  to  use 
the  results  of /c~0  as  to  every  value  uf  v  except  v=.x^  or  iufmitely  near 
to  X.  And  we  might  have  applied  all  tbia  process  to  the  series  bc^rae 
Ato  diminished  without  limit,  or  /  increased  without  limit,  ss  is  actually 
done  in  page  615.  Hence  we  have  no  occasion  to  consider  more  of 
J*lxA  <ijvdv  :  (r  — 7')*)  than  is  involved  in  those  values  of  v  which 
are  infiuitely  near  to  Jr.  The  rest  of  the  verificatioa  nesd  not  now  be 
repeated. 

In  this  theorem  oi  i'^ourier,  as  well  os  in  the  formula  from  which  it 
was  derived,  ^  and  ^  may  be  discoDtiBUoiii.  Ihe  same  thing  may  be 
said  of  the  formulm  in  paee  517,  or  of  their  particular  esses  in  page  614. 
We  shall  now  ask  what  these  last  formulie  represent  forjMher^uea  of' 
not  included  between  0  and /?  If  we  write  tbcm  thus, 
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2  1  I 


621 


/ 


we  see  that  while  v  changes  fmni  0  to  2/,  tti*  :  /  changes  from  0  to  2t,  or 
completes  n  whole  revoliiti<>in  ;  and  the  same  while  vclianeres  from  2/  to 
4/,  from  4/  to  6/,  &c.,  or  from  —21  to  0,  from  —4/  to  —2/,  &c.  From 
the  periodic  cbaracter  of  iht  teries,  it  is  plain  that  the  ▼alueo  of  one 
interval  recur  in  «n  the  rest;  iwnr  in  half  the  interval,  from  0  to/, 
Iffii  :2  ia  the  valae  of  Ibe  aeriea;  what  t»  it  in  the  other  half|  from  /  to 
21? 

Since  Bin(2mT— 2)  = — sinr  and  cos  (2m»— «)— cos  ?,  it  is  obvious 
that  if  we  make  either  series  the  coordinate  of  a  curvi ,  and  measure 
equal  abscisssc  from  the  beginning  of  the  interval  21  forwards,  and  ironi 
the  end  backwards,  the  ordinates  will  be  altogether  equal  ia  the  series 
of  cosines,  and  equal  vith  diffnrent  signs  in  the  lenea  of  sines.  For 

mum  y  (2^'-»if)sH«i^sin  -y      ossm  y  (2/— D)sjose-j-»i 

no  that  all  the  terms  of  the  cosine-series  temein  the  same,  and  all  the 
terms  of  the  sine-eeries  only  change  signi  -  l£f  lhm$  OLscLLto  &c.s=/i 
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nnd  if  f<fyT'.  2  be  from  x—0  to  x—l,  the di^icontinnnus  curve  ABCD,  tlie 
cnsmc-fceriea  is  ahvaya  .the  ordinate  of  the  upper  figure,  and  Ou- sine 
senee  Umt  o£  the  lower.  According  to  the  last  iuveatigations,  ho\v(  ver, 
(page  Gil.)  the  points  A,  D,  £,  F,&c.  in  the  lower  figure  do  not  htlmig 
tathe  seriesi  hut  the  eonjugate  points  O,  L,  Lt*  &o.  take  their  places. 
Bat  if  we  took  for  ordinates  snceossiTely  Aisintf,  Ai  sin  94*Atsin20^ 
dec  (Os«r:0»  we  should  have  a  set  of  curvea  which  perpetually 
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appniach  to  the  cuutinucd  line  ABCDLDKLiE,  &c.,  and  all  the  lines 
DLD)  EL^E,  &c.  form  parts  of  the  timiting  figure. 

Let  it  be  required,  for  instance,  to  find  the  equation  to  a  set  of  simple 
isosceles  slopes,  as  dotted  in  the  upper  figure.  Ftom  jr=:0  tu  x=|^ 
let  y=:aj ;  then  from  Jf=  to  x^l,  ya=— «  («— 0»  «f «  We 
are  then  to  find 


B. 


J     av  COS  — J —        J  —  — J — 

2  cos  —  1— COS  mr  I 

which  is  — 4«i*:i»*«*  when  m  is  of  the  form  4^+2  and  0  in  every 
other  case:  except  only  when  m=0,  in  which  case  it  shoukl  be  1^1*. 
Hence,  multiplying  by  2 :  /,  and  puUiiig  |^Bo  lor  the  ikst  term,  we  have 
for  4»x  the  ordinate  required* 

Verify  this  when  x=0,  ^— i/,  and  x=:/;  and  also  verify  the  diflfcr- 
ential  coefficient  by  page  608,  showing  it  to  be  «  firom  tszO  to 
and  —a  from  Mss^l  to  jp=/. 

By  the  same  process  which  gave  Fourier's  theorem,  the  equations  in 
page  611  may  be  made  to  give 


•"in: 


COS  ttw.cos  ior»0v  (<9  cfac' 


sin  W9  sin  IPX  ^  tftq; 

the  first  of  which  is  true  when  i;csO,  but  not  the  second,  unless  ^0=0. 
Both  are  true  for  all  positive  values  of  x :  and  if  0x  be  even,  the  first  is 
also  true  for  negative  values^  and  if  ^  be  odd»  the  same  may  be  said 

of  the  second. 

Poisson  has  applied  the  fundamental  equations 

^=y^0ud.+l2{J^cos!!5^  -/(x)^ 

in  many  remarkable  ways,  from  which  we  select  two* 

Let  the  funetiim  employed,  which  for  any  diing  to  the  contrary  im- 
plied in  the  demonstration,  may  contain  /  aa  well  as  x,  be  0  (x+/ + 2ki)y 

k  being  0  or  a  positive  integer.  Let  r4-/^-2^/=2,  then  tlie  limits  of  z 
(answering  to  v:=  —  /  and  v^-\-l)  are  2kl  and  (2i^+2)  /,  and  we  have 


1  ru/+« 
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Take  k  lUOoestiTely  sO»  1»  2,  &c.»  and  add  the  multa,  wliicli  givei 

0(^+0 +</'(''+3/)+^  (X  +  50+ .... 

But  if  jrs/  or  —i,  the  pieoeding  ezpresaion  represents 

J  (00+^20+4(^2/+*^/)  +  ....;  or  4^0+^2/ +  ^4/+ ... , 
For  I  write  j^/*  and  we  have 

0O+0/+^2/+  ...=:i^O  +  y /J^zdc  +  yS  |/;cod?^.^2(ii|  (A). 

By  using  ^(x+2A/)  instead  of  0  (x+/+2A/),  the  followiug  may  be 
deduced  from  the  previous  results  of  Poisson, 

^ + 0  (X + 20  + . . .        A  0»  d-^  +  i  2:  { cos  2li^>  ^dz] 
which,  when  «c:  -i!  or  +^  becomes        /)  +  0/-f-02/+ .  •  •  • « 

+y  2  |/1,C08  — -  ^zdz  I 

+  "y  ^  (/•  COB  j   02  dzj. 

If  in  the  expression  for  0O+0i  +  &c.  above  m  v  i  n,  we  change  the  sign 
of  If  snd  add,  we  haye  2^0 + 0/ + ^  (  /) + ^  ( 2/;  +  0  (  —  2/)  + . .  •  =^0, 
or  .  •  (^O+0O-|-0<+  •.  •  ssO,  which  verifies  the  theorem  in  Chapter 
six.  And  if  in  the  last  result  we  change  the  sign  of  (  and  add,  we 
have 

1 

..•-0(j-/)4-20Jf~0(.r  +  O  +  </>(f  +  2O—...=:2j   I  ^^cfas 

or       ... -0 («-0  +^-0(*+O+0  (x+Stf)—. . . .  s=0, 

which  is  nnotlter  verificatiou  of  the  same. 

To  verity  one  of  these  formube,  take  that  for  0O-|-0/+  •  • .  »and  let 
0<=r^.   Then  J^cos  (!2mwz :  0  0z  dss  :  ((»+4m*  t*)  gives 

write  (1— for  the  first  side,  and  show  that  this  agrees  with  the 

series  deduced  in  page  612. 

A^ain,  nuiUiplv  the  formula  for  00  +  0/  +  ....  by  2,  then  for^  vrrite 
2/,  and  subtract  tne  original  equation.   This  gives 
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Hht  second  application  may  be  made  to  have  reference  to  the  following 
point.  We  have  now  gone  through  ft  number  of  new  and  strange  ex- 
pfeationS)  involving  the  remarkable  new  form  of  an  integral  which  has 

only  instantanfOMs  values,  a  term,  tlie  meaning  of  which  the  studeiit 
will  gee  if  he  understand  the  prccediug  jingcs.  The  following  must  Ixi 
made  to  furnish  verification,  or  something  to  show  that  these  unusual 
expressions  Jiave  some  atTinily  with  others.  I  shall  now  point  out,  fur 
^if  purpose,  not  only  how  to  reeover  thetheorema  in  pa^26dand  311, 
hut  to  complete  the  conception  of  them,  by  givinff  values  for  all  the 
rest  of  the  series  they  contain,  from  and  after  any  given  terra. 

In  (A)  make  0(7i/+2)  the  subject  of  the  equation,  whence  we  find 
for  the  value  of  the  aeriea  0(nO+0  /i+0JC«+2;/}  +  .... 

the  following : 

or  \<hi^^r-4^dz      + 1 X  j/;co.H2iI<p^  ^,d.\, 

in  which  remember  that  2m  t  (z — nl)'.l  and  2mTz:l  have  the  same 
cosine.   Subtract  the  preceding  from  (A),  which  gives 

....  +0(/i-l)i=^(0O-^rtO+j/;'0«<i« 

Now  integrating  by  parts,  we  find 

J I  coa  ax,(pz  dz=^ —  J  J  cos  az,v  z  dz, 

if  ka  be  a  multiple  of  2t.  Carry  il  is  on,  meaning  2«7n :  /  by  n,  aud  ni 
by  k,  remembering  that  m  and  n  are  whole  numbers,  which  gives 

JlcoBaz(pzdz^ — 5""""  2<  ^  

^ fi  coa  az^^**^zdz. 

Substitute  1,  2,  3,  &c.  ad  iiijiiulum  successively  for  write  fur  a 
and  k  theur  values,  and  add,  making  S„=  1"*+  2~*+  3""+  ....  This 
givea 

0O+0i+ .  • .  +0  (n-l)  tei-  /J»0a  dz-^  (0„/^0o)+|ii  (^nZ-f 0) 
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For  Sj,  S«,  &c.  write  the  v a hiea  deduced  in  page  581,  and  we  tlien 
see  the  theorem  in  page  2GG,  ^  61);  tliat  is,  if  in  that  theorem  we  make 
y.=:^/t,  we  have  wnat  tlie  pteoeding  becomeB  when  /al.  And  we  here 
Me  roore»  naoaely*  that  all  we  rett  of  the  aeries,  from  and  after  any  term, 
can  be  represented  by  a  definite  integral ;  and  from  that  definite  integral, 
that  the  error  made  by  stopping  at  the  term  which  contains  Sy,  (inclusive) 
is  not,  gcncnillv  r^peaking,  so  great  as  that  term  itself.  For  that  error 
i?s  tho  (lefuiito  inUgral  last  mentioned:  throw  out  cos  (2Tm2  :/),  and  we 
certuuily  get,  a  greater  result ;  for  by  so  tloiug  we  uoL  only  incre-ase  all  the 
elements  of  the  integral,  but  we  make  them  all  of  one  sign  (that  is,  i£ 
he  of  one  sign,  bom  xseO  to  zssuit  aa  slmoat  always  happens)* 
Henoe  the  eiior  in  question  is  less  than 

which  is  the  last  term  included.  And  even  though  (ft^**^  should  change 
sign  liet'-vofn  the  liin-ta,  yet  if  A,  be  a  conj^imit  quantity  numerically 
greater  than  any  value  it  Immi  between  the  Imiits,  it  is  easily  shown  that 
the  error  is  less  than 

j~j^.S„./o'Ati;r,  or  than  j^^^S^A. 

Again,  the  above  series  gives  the  definite  integral  J^0zdziu  terms  of 
/(^^0+^/+....4'9(n^l)^+if»O  uid  diff.  00.  of  ft^  so  that 
approximation  may  be  made  by  it  to  a  deBnite  integral  in  a  manner  re- 
sembling that  of  page  314. 

The  series  (B),  paj]je  624,  might  in  like  manner  be  made  to  give  the 
series  in  page  311,  but  moat  e^ily  by  writing  ^r  tlie  integral  its  equiva- 
lent form  , 


r     mrz  f  ^      1      z  \  ^ 


I  here  finish  the  account  of  the  manner  in  which  periodic  integrals 
are  made  to  connect  the  mathematics  of  oontinoous  and  discontinuous 
quantity;  but  it  is  still  necessary  to  make  a  few  remarks  upon  the  very 
new  species  of  results  at  which  we  have  arrived. 

The  impression  which  ordinary  algebra  leaves  upon  the  mind  of  the 
student  is  that  he  has  been  studying  the  science  of  continuous  quantity, 
represented  by  expressions  which  always  vary  according  to  regular  laws. 
And  he  learns  to  imagine  that  every  equation  which  is  true  for  all  values 
of  a  variable  within  certain  limits  must  be  true  for  all  other  values.  The 
first  excq>tion  to  this  rule  occurs  in  the  passage  from  the  arithmetical 
to  the  afgebraical  view  of  series,  in  which  we  see  that  a  series,  as 
. . .  may  be  the  representative  of  the  arithmetical  value  of 
a  function,  (1  — a:)"S  when  x  lies  between  —1  and  +1,  and  infinite  n\ 
every  other  case.  We  soon  learn,  however,  that  the  series  still  reuiins 
all  the  algebraical  properties  of  the  expression  to  which,  when  fuiite,  it 
is  au  arithmetical  equivalent  j  so  thai  the  use  of  the  series  for  the  finite 
function  is  allowable.  A  series  of  the  form  a+6:r4-cjt*4*  •  •  -  •  seems^ 
if  I  may  use  the  expression,  to  escape  discontinuity  by  having  recourse 
to  divergencv  (pagca  230 — 234) :  andevenin  seiies  of  other  forms,  those 
which  can  become  divergent,  or  aa  near  divergency  aa  we  please,  never 

2S 
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are  discontinuously  connected  with  different  functions;  that  is,  never 
represent  one  function  for  a  value  of  x  between  one  pair  of  limits^  and 
another  for  values  between  another  pair.   And  hy  a  series  as  near 

divergency  as  we  please,  I  mean  one  which  cannot  diverge,  but  of 
which  any  given  number  of  terms  may  diverge,  Budi     the  development 

of  f*.  But  if  we  take  a  series  uliicli  never  diverire?,  nor  appears  to 
diverge,  we  almost  universally  fiiul  (a?  in  page  230)  that  discoutiimity 
is  the  repiilt.*  Sometimes,  liowever,  di^-continiiity  is  more  apparent 
than  real,  aud  of  this  character  is  all  that  arises  from  the  introduction 
of  (^1)*.  Tltua  an  odd  number  of  terms  of  1— • .  •  ±^'* » 

and  an  even  number  is  (1— 4^):(l+x):  both  ate 
represented  by  (1— (— There  is  here  no  real  discon- 
tinuity :  if  we  suppose  »  to  vary  continuously,  and  i^Tite  the  preceding 
expression  with  the  numerator  1  — coswT.  r*,  we  find  a  perfectly  con- 
tinuous change;  for  instance,  from  1— to  1 -f-^S 'when n changes  firom 
4  to  5. 

In  the  theorems  we  have  just  left,  however,  we  see  the  roost  complete 
discontinuity,  not  obtained  by  aiiy  new  or  arbitrary  process,  bat  fairly 
derived  from  the  limits  of  continuous  expressions.  Some  notion  of  the 
manner  in  which  this  arises  is  given  in  page  615,  hut  as  it  is  most 
essentifd  that  the  student  should  fully  see  the  meaning  of  such  expres- 
sions as  we  have  obtuiiird.  1  now  enter  more  at  length  into  that  matter. 

Through  any  given  number  of  points  (page  231)  a  purely  algebraical 
curve  can  be  drawn;  from  which  it  is  possible  to  draw  a  curve  which 
shall  (page  621)  firom  «:=0  to»/,  resemble  as  nearly  as  we  please 
the  discontinuous  line  ABCD.  The  reason  wby  it  is  more  oonvement 
to  take  a  series  of  sinc^  or  cosines  appears  in  page  610,  in  which  it  is 
shown  that  the  actual  determination  of  the  equation  of  a  line  passing 
through  the  contignou'-  ]ioints  is  easy  when  compared  with  the  cor- 
responding purely  ;i1l<  I  raical  jirocess.  And  if  by  a  finite  number  of 
terms  in  the  ordinate,  we  can  nuike  a  curve  as  nearly  coinciding  with 
ABCD  as  we  please,  it  follows  that  by  increasing  the  number  of  terms 
without  limit  the  in6nite  series  thus  attained  actualljr  represents  the 
ordinate  of  ABCD.  This  series  is  one  of  sines  or  of  cosines,  at  pleasure, 
and  having  noted  that  hitherto  series  which  are  always  convergent  seem 
to  be  those  which  arc  discontinuous,  it  may  he  interesting  to  showt  that 
all  the  geries  of  sines  and  ce)8ines  to  w  hich  w  e  have  come  must  be  con- 
vergent.   Their  coefficients  are  all  cjf  (Ise  form  J"' cos  r j  0t  r/ r  -.mA 

biu /a*^  dz,  and  these  must  diminiish  a^  r  increases.  For  u  Uie«e 
int^;rals  were  so  taken  that  the  negative  elements  should  be  made  jioaitive 
and  all  added  together,  still  each  would  be  less  than/;^d!»y  since 
cos  rop  and  sin  t9  never  exceed,  and  are  generally  less  than,  unity.  But 
in  the  actual  integration,  there  are  successive  positive  and  negative  por- 
tions, the  halnnre  of  which  is  the  integral  required  :  moreover,  the  larget 
r  is,  thnt  is,  the  more  rapidly  rx  goes  tln^Mi  jb  n  revolution,  the  nu  re 
nearly  e(|ual  is  each  portion,  numerically  speaking,  to  thoiC  which  arc 
contiguous.  Hence  the  integral  is  iii  each  case  of  the  form  Aj— A,+ . . . 
± A.,  in  which  Ai+ Ag^  •  •  •  • + A,  cannot  exceed  /;  4ix dx,  and  A|,  A« 
Ac.  ill  diminish,  approaching  to  equality,  as  n  increases.  Heooe 

*  The  ^^cediag  sentences  contain  matter  of  obaervaiton,  not  of  demoDstraiion* 
f  This  II  a  mere  sketch  of  a  proof,  and  Mqaircs  some  MilSTgeiiiSllti  bat  wsttss 
«C  mors  inpoitauca  ptartat  mt  from  giving  the  re^oisito  spseti 
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and  At+A«+ ....  m  finite  qnantities,  alwaya  femaining 

finite,  and  ultimately  equal,  or  A, — A,+  ....  diminishes  without  limit. 
With  regard  to  the  siguB  of  thciie  integrals,  it  is  obvious  that  when  r  is 
even,  rr  goes  through  a  complete  number  of  revolutions  from  t=0  to 
XT=:r;  nnd  when  r  is  odd,  through  a  com])lete  Tiiimber  of  revolutions 
and  hfdf  a  revolution  besides.  There  is  no  reason  to  ufi&ume,  then,  that 
JcKtsrjCi^x  <Lv  and  Jcos  {r+l)  d  .ipxdx  mu&t  have  the  same  signs 
when  r  »  great;  hut  hy  the  law  of  continuity  Joos r«.^d!a?  and 
foos  (f*<f  9)  civ  are  obtained  in  the  same  manner,  and  must  at  last 
nave  the  same  signs.  Consequently  the  only  leries  we  need  enmine 
are  of  the  forms  AiCos  t+ AbC0s2t+  • .  •  and  A,  cos  x— A,co«  ?r-i-  . . 
and  the  same  serieR  with  sinep,  it  bcinc^  supposed  that  the  coellicicnts  A,, 
At,  &c.  beitin  to  (iiniinish  without  limit,  sooner  or  later.  Take  any  case 
of  these  kinds,  and  suppose  a:  any  quantity  comuicuiiurablc  with  sav 
HI*:  ff,  and  owing  to  the  recurrence  of  the  values  of  sin  rx  and  cos  rx, 
it  will  he  found  diat  each  series  can  he  subdivided  into  two  other  series, 
esch  connsting  of  altematdy  positive  and  negative  diminishing  tenns. 
If  we  now  take  the  curve  whose  ordinate  is  (1  — p*)  { 1 — 2/?  cos  (9 — v) 
i]^^,  abscissa  r,  x  beini^  a  fixed  quantity  and  we  shall 

find  it  to  consist  of  a  teries  of  sinular  undulations  on  the  positive  side  of 
the  sxia  of  >%  the  least  ordinate;^,  answeriuL'  to  7"=r+ (2m  +  l)  ir,  being 
each  =  (1  —  p) (I  + and  the  greatest  ovdmutcs,  answeriug  to 
9^x±2mT,  being  eaih  as(l-|-p)  :  (1— p),  as  in  the  figure,  in  whii^ 

0Xs=J7.   If  1— p  he  exceedingly  smsll, 
ilic  ordinate  is  cvcrywh^e  small  except 
when  co8(r — r)  is  very  nearly  =1,  in 
:^      which  case  the  denominator  is  also  very 
_  small,  and  much  smaller  th.iu  the  nume- 

Jq  - ^  —  '■         rator.    If  we  hud  the  area  of  this  curve 

I  fromt?=JC— » to  v=j4-»»or  indeed  from 

«=:jr— &  to  vsa?+A,  nrovided  k  he  sen- 
sibly less  than  Sr.  we  see  that  (I— p being  very  small)  no  portion  of  the 
abscissa  contributes  sensibly  to  the  area,  excciit  for  values  of  v  very  near 
tox.  Letl -pdiminish  without  lnnii,and  the  curve  becomes  more  and  more 
near  to  the  axis  of  r  in  every  part  excefji  uhcre  r  =  .r  nearly,  so  that  the 
limit  of  the  curve  is  the  axis  off  and  the  positive  parts  of  a  set  of  straight 
lilies  perpendicular  to  it,  atdit»tauces  j:d:2mTfromthe  axit»  of  ^,  in  hcing 
auy  whole  number,  0  included.  The  whole  area  seems  to  vanish,  but  it 
is  not  so  in  the  formula,  for  on  examining,  as  in  psge  615,  the  value  of 
Jydr,  it  is  found  that  the  dimmution  iu  breadth  of  the  parts  adjacent  to 
j:2miris  compensated  by  the  iuerease  of  the  ordinatef,  so  that  2w 
gqnarc  units  are  left  as  tlie  limit  of  each  portion,  one  portion  being  from 
t;=jc+ 2mT— T  to  r  — j^  +  2//it  +  «'.  If  a  new  curve  be  formed  by 
multipl)  irtir  every  ordinate  of  the  preeeding  by  the  nature  of  tlie  final 
limit  wdl  iiuL  be  altered  as  long  as  ^i;  is  finite,  and  tlic  limit  of  each  portion 
oi  the  area  above  described  wiU  be  2t  ^  square  units.  Hence  the  theorem 
m  page  615,  and  also  the  reason  why  extension  of  die  limits  gives  sums 
in  page  623.  When  we  suppose  x  to  vary,  we  pass  in  thought  from  one 
Bucn  system  of  undulations  to  another,  and  there  is  no  reason  why  x 
should  vary  continuously,  or  why  4*x  should  be  a  contintious  function. 
We  arc  thus  able  to  lav  down  the  formula  for  any  ordinate  varying  con- 
tinuouslv  or  discoiitimiously,  wiliun  the  limits  x — x  and  x-J-ir.  By 
msiiig  T  \v  -  jc)  :  I,  wc  uie  able  to  introduce  the  limits  jr— /  and  ^ 
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Finally,  by  increasing  /  witliout  limit,  we  arrive  at  Fourier's  theorem, 
an  expression  for  any  ortliiiatc  varying  continuously  or  discontinuonsly, 
in  any  manner  whatever,  from  j=  —  cctor=:-fa.  I  now  show  haw 
that  theorem  furnishes  a  com^IeLc  uud  natural  expression  of  discon- 
tinuity of  any  kind. 

We  have  dw  [flZ  c<m  ^  (J^ — J^)  dv], 

where     may  undergo  any  number  of  changes  of  law,  sad  ^jr  would  be 

found  by  actual  calculation  to  do  the  same,  tiet  us  suppose  4>i;=0  from 
v=  —  (x  to  vma  ;  <j>ty^y{fv,  a  continuous  function,  from  v—a  to  v—b ; 
and  0r  =  O  from  r  =  6  tor=CC.  Obviously,  then,  that  part  of  the  first  inte- 
grulioit  which  '\&  made  from  —  gc  to  a  gives  nothing,  and  the  same  of  tiiat 
nom  6  to  X  ;  whence  a  and  6  may  be  substituted  for  —  x  and  +  ,  and 
we  tee  in  tT^f^dw  {/« cos  w  (v — .  }  a  funcUon  which  is  fv  from 
v^a  tov^h,  and  0  everywhere  else.  But  at  vsa  and  it  only 
gives  i^ffa  and  ^ifb.  Thus,  if  Y^sl>  we  find  that 

i     Jii?  I J^coB w  (©— Jt)  •    j , 

is  0  from  x=  — oc  to         J  when  ^=:a,  1  from  j:=a  to  x=6,  i  when 
and  0  from  Jissb  to  Jr:=  oc  :  a  prolixity  of  expression  whidi  might 
be  more  briefly,  and  sometimes  usefully,  represented  by  —  oc  (0)  a  (^) 
A  (O  ^  (i)  .    And  if  we  would  express  that  the  function  is  1  at, 

as  well  ns  l>p!wcen,  the  limits  a  h,  wc  might  ^vrite  it  tlius,  —  oc  (0) 
{ff(l)6}(0)cc  ;  or  perhaps  —  oc  (0)  («,  I,  6)  (0)oc  uiiglit  l)c  proler- 
able  :  the  value  of  the  function  beit»g  in  all  cases  in  the  middle  oi  a 
parenthesis,  and  limits  being  written  outside  or  inside  the  parentlieMs 
aooordii^  as  they  are  included  or  excluded  in  the  description. 

The  pKceding  expression  maybe  actually  verified,  cither  absolutely 
by  analysis  or  approximatelv  hv  computatbo,  for  both  the  integrals  are 
finite  and  convergent*  We  shall  presently  arrive  at  the  result  fl  sin  kw 
d«7 :  ?r—  f -^T,  or  — ^T,  accordinp^  k  is  positive  or  nc2::ativc.  Now, 
a  l)cing  the  less  of  the  two  quantities,  h  is  positive  ur  negalive  in 
both  the  preceding  integrals,  according  us  n  is  <rt  or  >6;  thcise 
integrals,  then,  destroy  one  another.  But  if  i'>rt</>,  the  first  is 
and  the  second  — .^t,  so  that  we  have  ii^+i'r}  or  1.  And  when 
«=0,  the  second  vanishes,  and  the  first  is  r'^.j^vor  ^ ;  when  xss6,  the 
first  vanishes,  and  the  second  is  —  v~^(**iv},  or  dso  j^,  whence  the 
result  is  viTitied.* 

Ohserving  tliat  in  t~' f*<^?r  [J*  cos  7r(r^ — r).4>rrft'}wc  can  always 
construct  the  expression  when      a,  and  b  are  given,  we  may  denote  it 


•  It  win  thus  appear  that  the  vcrificAtinn  (2'^  In  pa{;e  619  «liou  s  the  force  of 
the  theorem  exceedingly  well.  It  wan  fiiit  seen  by  the  late  M.  Dt'flers,  profetaoc  of 
the  Bourbon  College :  and  Poiseon  ha*  shown  hit  opinion  of  tbis  verifieathitt  by 

citing  it  whenever  he  proves  Fuurier's  theorem,  wt»ich  he  dots  in  four  or  fi»e 

different  plan's.  But  the  dt Tort  alhided  to  in  pagt*  fil9  cmuut  he  rleni«»fl,  nrtd  I 
have  no  doubt  that  miu  z:z  should  be  Kaid  to  make  the  iunctimi  lutegriited  vnutaib, 

not  merely  bceaute  (co)"  vaaisha^  but  becaose  lin  (oo  )  is  of  the  tune  dimeatioa 
at 


Digitized  by  Google 


ON  DEFINITE  INTEGRALS.  629 

by  Fi  <{»r,  nnd  Vt  1  is  «it  rninvnlent  of  this.  If,  then,  WC  Wi»h  to  cx- 
prcfs  a  function  which  is  4"^  ^^f<''"  «  ^'"'^^"^  ^  to  c,  x>r  from  c  to 

r,  &c.,  &c.,  we  have  it  in  FJ4>.rH-l"r  V'T  +  1''X'^+  • . . with  this  excep- 
tion only,  that  j=a  gives  ^*j^cr,  x—b  gives  i(<}'6  +  y^6),  j=c  gives 
iS^c-^xc),  and  so  on. 

To  take  another  example :  suppose  it  required  to  find  a  function  of  « 
which  is  from  x=0  to  jrsi,  and  =0  everywhere  else.  First  we 
have 

/V  coa  19  x) 

cos         a;),  tdysr — sin  1(7  (1;—*)+  ^, 


from  which 


■i-J^   ''^^{j    cos  U7  (0— «)  t  do  I 

>inic(l — jr)     C08ip(l  — j)— cosM?!-] 


and 


1  r*  j  sin  10(1— jr)     C08ir(l  — j)— cosM^i-l 

^vj  .1 — — +  5!  

/COS  (I  —  j)  IP — COS  XW  COS  (I— j)  W — COS  JtO 

ID 

'(1  —  4;)Bin  (l-dr)io — xtinxw 


w 


dw; 


and  the  first  term  vanishes  at  both  w^O  and  ids  oc  .  Hence  if  P« 
denote  ir*'/8iniho(fv:ip,  we  find  for  the  iunction  in  the  second  line 
(wbieh  Fourier's  theorem  shows  to  be  that  requured,  and  wbidi  we  are 
now  vcfiiying) 

Pi-.-(l-*)  Pi^+«P«  or  »<P.+P,.,). 

If  ar<0,  P,  =  — jj,  and  P,_,=^,  or  the  preceding  vanishes;  if 
j"=0,  it  alsu  viuiishcs ;  if  a>0<l,  P,=:Pi_jj=|,  or  it  becomes  :=zt;  if 
*>  1 ,  P»-*=  h  or  it  vanishes  again ;  when  jtar  1 ,  P, = Pj^=0, 

or  it  becomes  i«  or  i.  The  geometrical  escplanation  of  this  is  as 
fiillows :  if  we  take  the  curve  whose  equation  is^  for  any  point  {Stff), 


k  being  a  small  and  positive  quantity,  we  should  find  it  to  have  a  form 
resembling  1  2 OCR  34  :  the  smaller  k  becomes, the  more  nearly  does 
OCB  coincide  witli  Q]^,  nnd  B3  with  BA,  while  the  undulations preccdintr 
and  fullo^YjIlg  tiimuiibh  >\ithout  limit  in  every  ordinate.  Finally,  'when 
ArrrO,  the  limit  of  ihc  curve  is  the  durk  line  10BA4,  but  when 
j;=:OA=],  the  formula  does  not  become  indeterminate^  but  gives  only 
iAB,  whereas  every  point  on  AB  is  in  the  limit  of  the  curve.  This  is 
by  no  means  the  only  instsnce where, when  one  side  of  nr  cc^mtion  takes 
an  indefinite  value,  the  other  gtves  the  mean  of  sU  the  vslucs  denoted  by 
the  first. 
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I  now  proceed  to  another  branch  of  the  subject,  mmely,  the  transform- 
ation of  integrals  which  arises  from  giving  impossible  values  to  con- 
stants contained  in  them.  It  is  a  matter  of  some  difficulty  to  say  how  far 
ibis  practice  may  be  carried,  it  being  most  certain  that  there  it  an  exten* 
ttYe  class  of  cases  in  which  it  is  allowable,  and  as  extensive  a  class  in 
which  either  the  transformation,  or  ne;^'Iect  of  some  essential  modifica- 
tion incident  to  the  Tn;inncr  of  doin^  it,  leads  to  positive  error.  It  is 
aUo  certain  that  the  line  which  se})arate.s  the  first  and  second  class  has 
not  been  distiiictly  drawn.  The  best  plan  will  be  to  exanniie  some  case? 
of  the  transformuliou,  both  in  tlteir  retsults  and  iu  the  verihcatiun  of 
those  reralla,  talring  those  instancea  which  are  valuable  in  themselves  as 
the  subjects  of  examination. 

Let  US  take /Je~"cos6«j:""'dx  and /Jr^sin6xaf~'<ii,  where  u 
and  n  are  both  positive,  and  h  is  a  real  quantity :  these  intq[pra3a 
must  then  be  finite.   Now  j*^     af'^  dxsip^  Tfi  givea  as  follows ; 

let  rs=V(a*+*').  «=tan*»(*:o), 

then  ^'^^  V<-«>.  g^i  dxss{a±  6       1 )  }""•  rn 

sif-'  {  cos  Tie  +  sin  jiB  >y/(—  1 )  }  F/i ; 

whence,  adding  and  subtracting  the  two  equations  here  written,  and 
dividing  by  2  and  2^(— 1),  we  find 

These  results  can  be  obtained  without  the  introduction  of     —  1),  by 

n  process  similar  in  that  in  pnge  .'i76,  and  can  each  he  verified  in  two 
distinct  ways  by  differentiation.  Let  the  first  of  these  be  C«,  and  the 
second  S.,  which  gives 

d6— 15" — df^^-^"  d5 — ^-^-^ 

We  migiit  verify  either  of  these,  but  tlie  following  will  be  better.  For 
a  and  6  write  rcos^  and  rsinO,  and  taking  r  positive,  then  cos0  must 
be  positive,  since  rcosteo.   We  have  then 

Bin  ir«n0,x),Jf^'dx^r-*Tii  l^{nS) 
^srsineC^+i— rco8«S.+,= 
{sin  e  cos  (n-f  1 )  0  -  cos  «  sin  (n  + 1)  ^}  ^^^^^^ 

gs—nVnr^amnO^  the  same  as  from  the  second  side  of  the  eqoatioQ. 
In  a  similar  way,  dCn'dr,  dS^'dB,  and  dS^idr  might  be  verified. 

Consequently,  if  the  two  sides  of  the  preceding  equation  differ  at  all,  it 

must  be  by  a  function  of  7i  and  constants  not  depending  on  r  and  0 : 
but  this  cannot  be,  for  in  such  a  Cfe^e  C»  and  S ,  would  not  be  redact  d  to 
Jt^j^^dx  and  0,  or  r~Tu  wid  0,  by  making  OzzO^  lo  these  they 
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arc  rrditcpd  rvs  the  equation  Btandi*  bul  would  not  be  if  a  function  of  » 

wcro  ;i'l'led  to  the  second  siile. 

VViiut  vulue  ot"  0  is  to  be  taken,  of  the  infinite  number  winch  satisfy 
rcmOz^Of  rain  6= 6?  It  must  be  of  the  form  t^i  lyitur  between 

— and  for  otherwise  cos 9  would  not  be  positive,  when  n  is 
integer,  it  matters  nothing  what  value  of  ft  is  taken,  the  second  side  not 
being  altered  by  aony  change  of  k  from  integer  to  integer;  when  n  is 
fractional,  the  cnsc  is  different.  But  the  integrals  must  be  rc(hiee(l  to 
r  "  Tn  and  0  by  sin  flrrO,  whether  n  be  whole  or  fractional,  but  in  the 
latter  case  r"""  F// C(>s  (2ftnir+w^i),  which  l)ecome8  r"*  F/t  cos  2A*ftir,  is 
nut  so  reduced  unless  hn  be  a  whole  number,  in  which  case  ^tnv  may 
be  suppressed.  Consequently,  is  the  value  required,  or  0  musk  lie 
between  end 

The  following  are  ranarkably  particulir  cases,  end  deductioitt  from 
them :  6  ia  supposed  positive. 

J7cos  ix.  jT^drrsft""  Tn  cos  Jnir,  /* sin  bs,jr^dxssb'^  Tn  sin  (nv 

Write  Tn  sin  h^w  in  the  form  T  (/*  + 1)  {sin  ^tit  :  n},  and  let  n  diminish 
withoui  limit. 

55^cix5BCC,  J  2^^dx=iT*    (pages  572  and  628). 

Let  71=1,  which  gives  J^cosbj.dxz^O,  sin  bxdx:=:b''\  results 
already  noticed. 

If  all  the  preceding  process  be  carefully  examined,  it  will  be  seen  that 
there  is  nothing  in  the  change  of  possible  into  impossible  quantities 
which  either  m:ikcH  tlie  subject  of  inteirration  become  infinite  between 
the  limits,  or  prpM-ntsus  from  expanding  the  possible  i'omi  j  s'"  ,x''dx 
into  an  niliuiic  sici  K-s,  then  making  b  become  b  1),  and  conclndini? 
that  the  ictiull  i»  identical  with  ihe  impo&»iblc  fuim.  But  if  the  cliauj^c 
should  make  the  subject  of  integration  infinite  between  the  limits^  it  is 
by  no  means  to  be  inferred  thi^  the  results  of  the  change  are  true* 
ikgain,  if  the  change  should  turn  a  convergent  series  into  a  divergent 
one,  in  the  subject  of  integration,  it  is  not  to  be  inferred  that  the  results 
wdl  agree  after  integration  ;  for  it  bus  happenedf  that  discontinuitv  is 
introduced  by  the  integration  uf  divergent  series,  and  there  are  no  means 
of  knowing  when  this  happens,  and  when  it  dues  not : 

Thus  /ifrdj=(/:-/:)fri*=/;{^(*+a)-^(«+6)^il*. 

Write  kx  for  x  in  tlie  last,  which  does  not  affect  its  limits,  and  we  have 
fi^JidjB^kj;  {4>(4r+a)— 4>(ifc*+6)ldj:. 

*  It  is  obvious  that  a  change  of  sign  in  b  changes  the  axffx  of  the  letailt. 

t  One  uf  Poi:>son's  objecuons  to  divergent  wruni  (JoiitB.  Be.  Folytedi.  Osh*  19* 
p.  484)  iiutis  ttpoit  this  point  It  seems  to  me  that  the  objection  hws  is  nai  to  tha 
divsigsot  lenasy  sssncb^  but  to  iii£»c«ac«t  drawn  lioin  its  iutsgxsttfNk 
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■  Let  k         1),  and  first  let  ^s^tT^  we  bave 

=V(— 1)C^"— «*)•  and  this  multiplied  by  v^(  — 1)  gives  e*— €*,  the 
obvious  result  of  /^x     from        to  So  if  wc  take 

/.  ?=^<-'^JI  "(6+*j<-l)y} 

we  j^hnuld  find  as  the  result  of  both  j-ides.    But  let  us  now 

apply  A=^(— 1)  to  the  theorem  H^x  dx^kj^^  {kx)  djc,  where  4>j  it, 
aay  We  luiTe  tben  /;  ( 1  +j^)-*djt=^i - 1 )/;  (1  -«»)-'d:r, 

an  equation  which  we  cannot  either  affirm  or  deny,  since  the  subjeet  of 
integration  in  the  aecond  aide  becomea  infinite  between  the  limits. 

I  now  proceed  to  give  Bome  account  of  the  me  hod  of  conFidering 
such  integrals  propofcd  by  M.  Cauchy.  I>et  (1  — r')~'  =  V,  then 
Ji"*  Vrfj:  =  Jlog  (2--A")  — 4  log  A,  a  calmlable  result,  ll^^^^.ver  snmll  ^ 
may  be  :  and  J  r+i  Vrfa=Jlog/— J  lug  (2+/),  also  a  calculable  result. 
Hence  fWdx  nim  0  to  a ,  with  the  exception  of  the  part  from  I  *  A  to 
l+Zia  ilog(/:it)-ilog{(2+/):(2-Ar)},  of  which  the  ktter  term 
diminishes  without  limit  with  k  and  / ;  but  the  former  entirely  depends 
on  the  ratio  in  which  /  and  k  vanish.  If  we  now  talcc  the  part  from 
l-k  to  1+^we  find  it  to  be  J  log  (— A:  :0+41og  { ('2  + 0  :  (2-A')  }, 
which,  if  /  and  k  are  diminished  so  that  k:l  has  the  luiut  a,  has  ^  log 
( — er)  for  its  limit.  If  a=l,  thiii  becomes  ilog(  — 1),  or  ^  (2/i-h  1)  » 
^(  —  1) ;  and  if  we  multiply  by  ^i^l),  which  givea  —  C^+i)  one 
of  the  Tslnes  so  obtained  (unr  nss  —  1)  certainly  is  j  "  ( 1  +  x^'^  dr,  or  ^v. 
But,  at  the  tame  time,  we  cannot  form  a  distinct  idea  of  f{tk  Vdx  by 
summation,  as  in  page  100,  because  V  becomes  infinite  when  jt=:l. 

If  <t>x  become  infinite  when  j=a,  and  if  (jr— a)0dr  be  then  finite 
and  sxAy  the  value  of  flti^djt,  or 

I      ^jc  (x — a)        must  approach  to  A  j  — — ^,  or  A  log  \^~~  k 

as  /£  and  ^  dnniiHsli  wiiiiout  liniit:  that  is,  assuming  tbc  ordinar}*  rule 
of  integration,  iii  spite  of  the  inliuue  intermediate  value  of  (jp— a)~'. 
In  the  ssme  way,  if  ir  (x— a) . 0  {x—a)  be  finite  and  =A  when  jr=ir, 
-fx  being  the  dimetient  function  (page  324),  which  satisfies  this  con- 
dition, AfOfixy^djt  is  the  limit  towards  which  ffxdx  a))proaches, 
under  the  same  cxtcnpion.  Many  results  may  thus  be  obtained,  and 
many  incontestably  true,  Imi  all  labouring  titider  tlie  Sfume  difficulty, 
namely,  the  want  of  detiiuUon  for  J*J<^jdr,  w lien  0t  becomes  infinite 
between  tlie  limiu.  It  will  certainly  not  do  to  de/ine  it  a8^/>~0,a, 
where  <t^^j=4}r,  for  such  a  definition  would  give  the  tame  result,  no 
matter  how  many  times  s  becomes  infinite  between  a  and  6,  which,  in 
the  developed  theory  to  which  we  have  alluded,  is  not*  alwaya  the 
case :  and  tlie  summative  definition  of  page  100  is  unintelligible. 

There  are,  however,  some  results  obtained  with  reference  to  thts 
subject  by  M.  Cauchy,  which,  though  ^not  quite  complete  in  thdr 

*  M.  Cauchy  Ims  bhown,  as  in  the  remits  we  Khali  priseutly  obtain,  that  every 
place  in  which  the  subject  ef  Integratkm  becpines  infiiiite  gircs  a  term  to  Iw 
icmlt,  geaeially  ipeaking. 
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Itiiidaineiitftl  explanation,  ooglit  not  to  be  omitted.  A  function  of  the 
form  0  (a+0)  —  0  (a— 0)  is  continuous,  and  vnnishcs  with  (?,  when  0a 
18  finite:  but  if  0a=c:;,  there  mnv  be  nn  pvident  (Hscontinuity.  Tiuis 
log(a+6) — log(a— ^)  vanihlics  Nvith  0,  except  ^v}^en  a—Oy  in  which 
case  it  is  Jog( — 1)  fur  nil  values  of  0.  If,  then,  we  have  J*l^  i ~*  c/o", 
which  represents  the  area  of  an  hyperboU  from  x—  -  w  to  j"=/r,  wc 
find  log  n— lt)g  (  — m),  which  can  repretent  no  aiea.  But  if  we  Temove 
the  jportion  /IS  dx^  B  being  infinitely  ainaU,  we  also  remove  that  dia- 
continoity  ^N  hicli,  though  euential  to  the  function,  has  no  geometrical 
interpretation.  We  thus  get  log  n — log  (  — m)  —log  (  —  1),  or  lug  (n :  m), 
^^hi^h  -.n  nlircbraically  InteltiLnMc  Thn?,  if  n  —  m^  wc  1i;\vo  0  for  the 
area,  wluch  is  visibly  true,  since  its  positive  and  ncLcativc  |Hii  tii>n«  nre  then 
ab::uiuteiy  equal.  But  if,  instead  of  removnig  the  portion  I  rum  —0  to 
•+0,  wc  had  removed  J" tj^,  *r~' dlr,  ^  and  y  bein§  any  given  finite  i^uan- 
tities,  we  ahould  have  had  leg  (rA :  /»m),  which  we  may  make  any- 
thing we  please.  It  teems,  then,  that  if  we  wish  to  accommodate 
our  notions  of  J0jr(fx,  when  0j:=  gc  between  the  limits,  to  those  which 
we  derive  from  npp1i cations,  we  must  consider  ff^Krdr  as  divested  of  the 
part  fllf,<pjcdx,  where  4>a=:cr.  .  And  if  (i— <0  0-c  be  finite  and  =A, 
when  x=CT,  we  find,  as  before,  Alog(  — 1)  fur  the  eff*ect  of  discon- 
tmuity  which  is  to  be  removed.  When  this  result  of  discontinuity  has 
been  removed,  M.  Cauchy  calls  the  renuunder  the  principal  value  of 
the  integral.  Now,  if  the  limits  of  the  integral  be  and  X|,  and  if  Irom 
fy4^dry  we  remove  the  portion there  remains  f'^ipxdx 
-\'fl\,<tixdx.  If  the  portion  removed,  namely,  J**1J0t  r/jr,  diminish 
without  limit  with  d,  then  the  limit  of  the  remaining  juirt  is  fyrprdr. 
But  if  the  p  it  icmovcd  have  the  limit  L,  then  /'» 0  r r/j  — L,  and  not 
yjJ0i  dr,  is  the  value  of  the  portion  of  area  of  the  curve  y—(pr. 

Leaving  for  a  moment  the  case  in  which  the  subject  of  nue^ruuun 
becomes  infinite,  take  the  identical  equation 

and  integrate  both  sidea  with  respect  to  x  and  namely,  from  jc^  to  x„ 
and  from  y,  to  y,.  Let  x^yff  ix,y\  md  let  Y^andy^  denote  reanlts 
of  differentiation  with  respect  to  x  and  y. 

- Jfa  {/>    y)  V'lC^n  y) -ff  ('•. y)  f*    y) }  dy. 

This  equation*  is  absolutely  identical,  whether  the  function  be  pos- 
aible  or  impossible,  for  any  degree  of  approximation  maybe  made  to  it, 

n«  in  page  2S9,  niul  the  first  side  represents  the  limit  of  n  J>rore^^s  >vhirh 
cout'ibts  in  snniniing  rnws  otuI  adding  the  results,  each  one  m  the  row 
thus  becoming  tt  column,  %\  hilc  the  second  con)»ifets  in  summing  the  same 
columns,  and  adding  the  results,  each  number  in  a  column  thus 
becoming  one  of  the  first  rows.  Thus,  if  {^ty)  =  ^-\-y  —  we 
ha7e(A=rV(-l)) 

/»  {/(J^+y*  A)  j  c/x=A/ji  {/(xa  i^A)-/(<r,+yA)}  dy  (I). 

•  This  should  he  called  Catichy's  theorem,  an  accouoi  of  the  t«»ults  which  that 
eminent  mathematician  haa  deduced  from  it* 
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For  iiwtauce,  let  /i=s^,  w/Ca'+y*) = r^*^  (co«  2axy—k  ain  2axjf) 

/:i{coi2tMyi-*iio2aiy,}r^djf 

~«"yo/^S  {cos  2aiy^—k  siu  2axyJ 

sa*f / ft  {cof  aoor^y — tin  aar,y  }  <k 

— /ji  (cos  2aj^—  /i  siu  2aa^}  6"  '  dy. 

Let  jr|S:-)-ao]  the  first  term  of  the  second  side  vanubes  utd  the 
equadoQ  of  poaaihle  and  impossible  parts  gives 

•  cos  2aiy,  rfr— f^yi  /i'ff^"  cos  2i/xy,  t/j 

r=—f- Bin2<u^c^ 

W J  /i*       sill  2aTi/,  rfr  -  i^nl  /+»      siu  Taxy^  dx 

= «^  cos  2aar^  dy. 

Let  jr.sO)  yo^^ ;  we  have  then  (page  619,  mification  3) 

cos  2axyi  dx^i-^'A  f*  yir.a"* 

ft      tin  %U!yx  ctest—y?  dy. 

Mauy  uihcr  bucIi  lraiir«)ruiations  iiiuy  be  made,  and  with  the  utmo&t 
certainty,  as  long  as  fit  does  not  become  infinite  between  the  limita. 
But  let  us  now  suppose  that/  beoomes  infinite  once  only  between 

the  limits,  namely,  when  x=a,  ys:6.  Av(}id  the  point  by  integrating 
from  x= jr«  to  x=.a^O^  and  from  xtsa-^Q  to  also  Irom  ysz|f«  to 
y=:yi  in  both  cases.    We  have  then 

/r  {f{^+y.k)''fis-\-y,h))dx 

A*  {/(*+yi  A) -/(j^+y.*)}  rf* 
=*JlS  {yt'.+y*>  -/(<»+»+y*) }  dy 

If  we  add  these  together,  and  then  tlniiiui&h  i)  without  limit,  the  first 
side  presents  no  singularity,  since  neither /(a: A)  nor  fi-r+y^k) 
becomes  infinite  from  jrr=x,  to  x=j'i;  so  that  the  limit  is  the  complete 
integral  from    to  jti  :  but  on  the  second  side  we  see 

-*/ft  {/{(a+e+y*)-'/(a«0+yA:)}  dy. 

The  first  term  being  what  we  should  get  in  an  ordinary  case,  and  the 

second  an  integral  which  would  vanish  with  0,if/(r+yV— 1)  did  uoi 
become  infinite,  but  which  may  have  a  finite  value  when  9s 0,  as  in  the 
instance  given  (page  638).  Again,  since  all  parts  of  the  integral  just 
named  must  vanish  (when  0=0)  for  any  limits  which  do  not  include  ele- 
ments adjacent  to  y=ft,  wc  may,  without  altering  the  value  of  the  limit, 
take  y  from  —  gt  to  -f  x  if  6  lie  between  ?/„  and  t/iJ  but  if  yo=h,  we 
iiuibt  only  allow  ihusc  adjacent  elemeais  tu  cnti  r  in  which  y>/>,  after 
which  we  may  go  on  to  y=oc ,  so  that      and      may  be  the  limits. 
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Similarly,  if  6=y„  we  mu^i  take  —  x  nnU  y^  for  the  limits.*  Con- 
sei|ueuil),  ilie  cuirectiuu  lur  diacontiiiuity  described  in  page  633  is  the 
•ublraction  of 

^  /  {/Ca+0+3r^-)— /(a— 0+yA)}  dy,  with  limiu  as  just  shown. 

Let  iz—a-bk)fz=:^z  be  finite  and  s=A  Avhen  z^a+M^^  lihen 

since  only  values  infinitely  near  to  zssa-^bk  affect  the  preceding 
integral,  we  may  write  instead  of  it,  drst, 

J  I  0+(y-*)  *    -«+(y-6)  ki  ""^^ 

'Sow  Jyl/x.xrdTt  between  limits  infinitely  nenr  top,  cannot,  if  y/^>  be 
iijiite,  diflcr  from  Vi'/X''^^-^  *  licnce  we  may  in  Liic  preceUiujj  write  A 
(m  y(a4-0+yAr),  ana  for  f(a—d+yk),  and  the  rcaitU  ii»  making 

When  this  is  taken  from  —  cc  to  ,  it  gives  2n-AA;  but  when  from 
—  a  to  0,  or  from  0  to  a  ,  it  gives  irkA.  And  if  there  be  any  number 
of  auch  roots  of  between  the  limits,  and  if  A  be  determined 

for  each,  the  conection  for  diacontinuity  ia  the  turn  of  the  individual 
cairectiona,  bo  that  we  have  — H) 

in  wfaichy  however^  j^A  is  to  be  written  for  A  in  every  term  in  which  h 
is  yo  or  y„  j=a  and  y=6  being  values  for  which  f{x-\- yk)  is  infinite. 
It  might  also  be  -^hown  that  ]^A  is  to  be  written  for  A  if  x^cna  or  x,=a 

Now  A  is  the  vuhie  of  (r^ — p) yir  when  x:=p  and  fp^^  :  let  be 
^  r :  «/i  t ,  ftnd  let  V'^'=0,  being  finite.  The  value  of  {x—p)  fx  is  then 
(Chapter  X.)  that  of  0r  :  ^^t,  when  j:=p. 

Let  4r,ss4-ac,  yo=0,  yi=a,  and  let /(jp+y*)  be  a 

fbnction  which  vanishes  when  — oc  or  +<c  independently  of  y,  and 
when  y=x  independently  of  x.  We  have  then  /C^  +  yj^}  — 0| 
/ ('i+y^)=0,/(jr«4*yAr)s=0,  and  the  equation  (3)  becomes 

/^:/rdar=:2»it2A  (4)5 

in  which  all  the  roots  of  /r— x  iiuisL  ht  ukca  wliich  c^ive  pobitive 
cueflicients  o{  k  (0  included)  since  the  Imiitb  of  y  are  0  and  co ,  but  fur 
every  real  root  (6sO)  must  he  written  for  A,  aince  0  ia  one  of  the 
Umita  of  y. 

Example  I.  fxnt^x:  (l  +  i^)«  ^xssoc  having  no  finite  roots.  Hern 
the  only  admissible  value  of  b  is  1,  the  root  of  being  kl  the  COT- 

respooding  value  of  A  is     :  SA,  and  we  have 

^J±-^,4^,  (5). 

*  This  is  a  new  applicatioa  of  what  may  be  called  instantaaeous  inte^rataoo,  oa 
wliich  I  do  not  thittk  it  iWMSMij  to  dwoU  afttf  what  has  boea  said  ia  psgss 

615  aad  627. 
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I/Ot  0r=:f"*,  a  being  positive,  0  (a-+yA)rr  (cos ar+^  gin  a  r)  f"**, 
Triiirli  viiiiishcs  when  jr=ao  or  — oo ,  and  when  y=co  (N.  B.  s"** 
would  not  admit  of  the  preceding  demonatration  being  appbed).  Alto 
fp\{k)=s",  and  i?e  htre 

of  whicb  the  first  term  is  twice  the  tame  integral  from  0  Co  «o ,  aod 
the  lecond  vanishes,  which  gives  the  same  result  as  in  page  5*71  for 

But  it  must  be  noticed  that  if  in  (5)  each  of  the  portior*:  of  tlic 
integral,  from  —  od  to  0,  and  from  0  to  <r5 ,  be  infinite  and  ot  dili'crcnt 
signs,  there  may  be,  as  in  preceding  instances,  anetiect  of  discontinuity, 
for  the  removal  of  which  no  provision  has  been  made.  Let  fx 
whence,  if  m<3,  sattefiea  all  the  conditions.  We  have 

then 

whence  J 

T 

^2cos{ii^+l)j«»} 

where  k  may  be  any  odd  number.  But  since  this  integral  cannot  become 
infinite  until  fR=:l,  we  must  have  2iir+lsl  or  T:2ca6(}mT)  is  the 
value  of  the  integral  from  0  to  oo » whieh  agiees*  with  page  575.  If 
itis=),  wu  have 

The  two  firbt  nrc  correct ;  the  third  is  a  Bingukr  value,  and  should  be 
rrO.  It  can  only  be  obtained  by  rtincniberiiis:  timt  log^(l  +  j')  is 
the  indefinite  integral,  and  using  the  negative  sign  of  the  square  lOut 
when  X  is  negative. 

Example  2.  Let  yjf«^«:(l—a^),  where  0(1)  and  <^(— 1)  are 
both  finite,  and  ^ssco  has  no  finite  root  Here /x  becomes  infimte 
for  and         1,  and  in  these  cases  ^:(— 2x}  becomes 

*  The  very  great  oure  vhieli  this  method  requirrd  nay  be  innstnted  by  the  fad, 

that  its  «liscovcri'r.  M.  ('aucliy,  in  ii  most  elulxirate  mfiiiuir.  (i^Irm.  Sav.  Kfranp  r», 
vul.  i ),  hardly  ventured  it  ujiou  an  iutttance  which  could  not  be  verified  by  otiier 
means.  This  very  wise  precautiou,  in  pn'»«ctiug  io  nevr  and  difficult  a  method, 
waK  misunderstood,  I  8U»>{  ect,  by  the  vembei*  Of  the  I nftittite  vho  reported  upon 
it:  Ihey  notice  the  fact  tf  llie  examples  prescuti»l  l»in<x  prcvi  Vnuwn,  and 
seem  to  infer  M^iuthinf:  against  the  power  of  the  tiu  tliud.  M.  Lucruix  has  quuted 
thfir  rqort,  ond  I  think  it  possible  thti  many  may  have  been  deterred  from  the 
hUidy  of  this  n  ilhoil  hy  tla-  imprt'«!virii  ]noduced  by  the  remarks  iilhu!fd  to.  Tho 
•tudeotmust  take  it, not  us  a  method  which  lie  can  yet  utej  but  as  one  which  he  must 
learn  te  ute,  and  in  whieh  he  ie  very  liable  to  error.  I  em  not  aware  that  it  has  yet 

appfared  in  any  English  warV  :  the  dtin  iistr  itinn  in  iht'  text  it  dnWB  fteni 
Cauchy's  Jientmi  det  £tg<ms  ttir  it  CoiciU  If^icnmai,  ji^aris,  lt923* 
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-  and  i<^(--l),  and,  both  roots  being  real,  we  have  vklX  or 

4»Ar     (— 1)— 0  (1) }  for  the  iutegial.  Heuce 

Let  ^s4^;  reaBoning  as  bef<Mre»  we  bave 

T.M  r'=:2%  which,  n  being  positive,  does  not  change  the  limita,  we 

have  then 

Let  it  be  lemembered  tbat  by  the  symbol  /t,  wben  the  fimetion 

integrated  becomes  infinite  between  the  limits,  say  at  x=c,  we  mean 
nothing  but  the  limit  of  /r'  +  Jf-*  ^^hen  8  diminishes  without  limit. 
But  whether  this  is  always  the  meauiug  of  the  symbol  when  it  is  at- 
tained in  the  usual  way  is  another  question.* 

Example  3.  Let/x=^x :  (l-fx^"),  where  0x=:oo  has  uo  finite  root. 
The  TOoto  of  j!**+l=0  are  cos»i0±^(-l)sinifid,  where  9sv:2ii» 
for  all  odd  ▼aluea  of  m  from  m=l  to  m=r2/t— 1 ;  the  value  of  A  cor- 
lespondiug  to  each  fosiHve  coefficient  of  V(  — U  is  of  the  form 
^:2iijc*^»,  or  — «0lr:2fi,  where  ssscoinne+^Ji^l).tiiimQ,  We 
have  then 

(^x  dv 

^1        ^«-»  {  (cos  mQ + >/^sin  m9)  ^  (cos  mO+V^  sin  m^)  }  J 
n  * 

the  sumination  being  undentood  of  odd  values  of  m.  Let  f  r=<"\^-»> ; 
we  have 

(COS  md+^  sininfl) 
sse-*-*"'*  { c  08  ( +«  cos  iii6) + V — 1  sin  (m04-a  eos  wSj), 

If  wc  |>;ur  the  values  of  m  thu«,  1  und  2n— 1,  3  and  2rt— 3,  &c.,  we 
shall  liud,  if  n  be  odd,  a  middle  term  //,  giving  for  mOy  and  for 
x^x ;  but  if  II  be  even,  tbeie  is  no  middle  term.  And  if  the  last  be 
P..+Q.  V(— 1)»  it  will  be  found  that  P«+P*-»=0,  Q.+Qi»^=2Q„ 
whence,  summing,  and  multiplying  by  and  proceeding  as 

in  Example  1>  page  636,  we  havet 

X  ficven,m=l, 
or  a  -2{r^'^"^sin(infl+iicosme)}  3^5...wl. 

•  We  have  seen  that  substitution  of  fiJ  and  for  t  m  tlie  tw )  Infcfrrals  would 
Kivo  a  different  rt-olt.  Win"  i>»  it  that  all  the  rcsul'.s  uf  the  method  agree  with 
tliose  already  kuuwa  when  /^«».  and  not  in  any  other  cai»e  ?  To  this  question  no 
ftnswer  h*"<  be«u  given,  at  far  at  I  hste  aeen.  ^       ^  ,  \  i 

t  Thi'se  resulta  agree  with  tho^e  of  Poisson,  (Journ.  Ec.  1  olyt»'cH.,  c.iri.  xvi., 
p.       &c),  sllowing  for  the  i»Uj)tioiiiig  of  -  for  +  before  2  lu  hii  ii«t  foimula. 
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Now  return  to  the  formula  (3),  nnd  let  the  whole  process  he  per- 
formed on  the  supposition  that  A'= — 1).  If,  then,  we  take  the 
function /(x— y  ^{  —  i-))  w  tt  to  vaiikh  whfD  y=  +  ,  and  construct 
SB,  the  sum  of  the  correctiont  for  ditconthiuity  ior  til  roots  of  the  fionn 
0-6  ^(-1),  wheie  6is  0  or  positive,  we  hsve,  supposing/(jf4-y^(-])) 
to  vanish  when  arssoo  or  — oo ,  the  eqfuation 

/±:/a?<fifs=-2»ft  2B  (5), 

Adding  (4)  and  (5)  together, 

/i:/jpdr=»*2(A-B)  (6). 

Now  observe  that  XB  ami  XA  hoUi  contuin  the  same  terms  ior  ever)' 
retU  root,  eonsequently  the  real  roots  vmish  altogether  aa  to  their  efiects, 
and  ve  have  the  following  theorem.  If/r  he  a  function  which  vanishes 
when  X  is  -foD  or  —  cx>,  independently  of  y,  and  when*  jfis  4>«D  or 
^OD,  independently  of  Xy  and  if  for  every  pair  of  imaorinnry  roots  of 
/r-=  00 ,  p=a+ ft  v'(— 1),  9=a — ^VC""!)*  constructed  thf  values  A 
nnd  B  of  (t— p)^x  and  g)/rf  when  x=zp  and  q  respectively,  the 
integral  f±Z      dx  is  =:irV(— 1)  ^  (A— B). 

Example.  Let /rr: sin ojt : shift j?  (1 +a:*).  The  imaginary  roots  in 
question  aie      ±  and 

_Bin  gr  (g^+  r^^)  +  cos  ax  (g""^  -  r  )  :  ^   1^  

This  vanishes  for  y=  +  ao,  when  a<  or  =6,  and  also  (aa  we  shall 
presently  see)  when  jrsr^ao.  Hence  we  easily  deduce,  «j=  1  it  heing 
the  imaginary  roots  of  1  -)>i*=0, 

/*•  sin  ajp    rfx  ^  ^/siuf//«:    1      ein  (    aA-)      1    \        f* — 
_  sin bx                \sinftA  2/f  ~BmV--ft^  *— 'e'-g"*' 

a  heing  <  or  s6.  The  same  from  0  to  oo  has  evidently  half  the 
value. 

Generally,  let  U9  have  fxsi^x :  (l-f      with  the  same  conditions. 


r: 


=5i0(^-A)+0(-V-l)}. 


—  l+4f«  2 

We  liave  hitherto  supposed  that  (.c— is  finite  Avhen  .r=;)  and 
^soo,  but  let  us  now  suppose  that  {x—p)"'fx—fi  is  finite,  and 
also  its  diff.  go.    ReturniTig  to  the  expression  ^/^  {/(a  +  d+^A> 
®+y*)}  <^y»  substitute  yftx :  («— a— W)"  for  fx^  whence 

J  •.U«+(y-ft)^r  "{-"o+Oz-ft)*}"]  ^* 

For  y  write  2+6,  changing  the  limits  into  Sf«— ft  yi— ft,  and  expand 
Y»  («+ftA+2ft±0)  in  powers  of  writing  p  for  a+M,  and  v.  and 

for  y«— 6  and  yi — 6.   Thia  gives 

•  M.  Csuchy  deducei  that  the  functicm  need  only  vanish  for  y  — +  »  .  hut  nf  it 
happeOi  that  in  all  his  examples  the  functiuus  do  vaniKh  Sor  tf—^-co  aa  well,  I 
•oppote  that  thia  condition  it  inadvertently  onittdl,  at  some  »tej)  of  ths ' 
tioD,  which  is  a  vsiy  kwg  sns  (Mim.  8sv.  StMUL»vol.  i.  p.  «86*717> 
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The  first  tenn  of  which,  when  integrated,  has  Y^/i  multiplied  hy 

Cl-m)-'{(i,4A+0)'-"*-.UA:  +  6)^--(,;.A-t>)'-«+(»?,A-<^)'-}; 

while  the  succeeding  terms  have  2~m,  3  — &c.  (or  1  —  m.  Now 
wiicn  ^  —  m  is  not  rrO,  the  precediii;^;  ccrtuiuly  diminislics  without  limit 
with  0,  lujwever  great  the  values  of  i/,  or  j/,  may  be.  If,  therefore,  m  he 
a  positive  whole  number,  the  coeCQcient  of  ^""'^i;  becomes  indeter- 
minate.  The  yalue  of  A,  treated  aa  in  page  635)  win  he  the  limit  of 

2.3...(m-l)  J  ^U«+e    ib-er**^      2,8.  •.(m^' 

anhject  to  the  same  liahility  to  be  halved  when  y«  or  ^,=6. 

It  might  seem  at  first  as  if  the  preceding,  applied  to  a  fractional  value 
of  m,  \v()\il(l  iil\va\  ?  give  0  as  the  value  of  A.  l3ut  when  J*V"*rfx  is  to  be 
taken  hetwoeu  limits  which  give  diffcfpnt  ficris  to  V,  m  being  fractional, 
there  arises  adillicully  as  to  which  valiirs  ot  tlic  /nih  powers  of  the  posi- 
tive and  negative  quantities  correspond  to  each  other.  Thus  (  —  l)'  =  " 
and  (+  I)'  "  have  each  n  value?,  but  there  can  be  none  but  a  conven- 
tional teat  aa  to  which  value  off— l)*'*iatobe  uaed  with,  say,  the  value 
1  of  (ly  If  a  and  b  be  the  limits,  and  if  the  change  of  sign  take  place 
at  x^c,  and  if,  moreover,  /•  and  be  finite,  we  can  choose  our  own 
values  of  the  powers,  and  c«1cul;itinpr  each  integral  separately,  we  can 
put  the  two  results  tosrethrr.  But  when  tlios^e  srjiarate  integrals  are 
infinite,  I  know  of  no  attempt  to  ascertain  the  meaning  of  the  complete 
integral. 

The  results  of  the  preceding  theorems,  and  of  many  others,  have  been 
methodized  by  M.  Cauchy  into  what  he  calls  the  Caicul  des  RStidtig^ 
or  residual  calculus.  The  notation  he  uses  requires  a  symbol  for  which 
a  new  type  must  be  cut,  a  nccc??ity  which,  not  liking  the  symbol  itself, 
T  prefer  to  avoid,  hcl  />=:  a  when  rrrp,  and  let  (jr— /O"'  ;.V  be  then 
finite.  The  residual  of  fx  with  respect  to  /;  means  the  coellicicnt  of 
(when  there  is  such  a  teini)  in  the  development  of  / wliieh 
can  generally  be  expanded  in  negative  powera  of  a:  if/)>=  cc.  It  is 
easily  ahown  that  this  residual  is  what  has  been  railed  A,  when  m  is 
unity  or  any  whole  number.  Let  BJ^fa  represent  this  residual  for  the 
root  p,  end  B^fit  the  sum  of  all  tne  residuals  belonging  to  all  roots 
between  p  and  q  :  nl?o  let  R^'.^/or  represent  the  sum  of  all  rci-iduals 
belonginsr  to  roots  of  the  form  w^fiji, —  1),  when  a  lies  between  p 
and     and  /J  between  t?  and  w, 

1.  The  fundamental  theorems  of  this  method  are^  then,  k  being 
1)  aa  before, 

/^i  {/(^+y»Ar)-/(x+y.*)}cir 

which  is  uuiverfnlly  true  if  t  be  written  for  2t  in  t^very  term  in  whieh 
jpQ  or  T,  is  the  possible  part  of  the  root,  and  or  the  coefficient  of  the 
impossible  part.  Also 

9.  If/(±  cc+y*)=0,/(»+  «ft)asO.  fiZfidxzzHwkKtZr^fif- 
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.  If  fit  oc-f5^A)=0,/(x±«i^)=0, 

4.  Let/(»+  oci()ssO,  Jp,=0,  y«s50,  jpi-scc,  then 

5.  Let/(x+  tt*)=0,  x.=  0,  y,=0,  y,=  oc ;  then 

6.  Let/(±a+yA)=0,  a-o^— «,  x;=+  oc,  y.=0;  then 

7.  Lct/(0C  +y/t)  =  0,/(x4-  cc  A>=U,  i^o=:U,  Xj=  oc,  y.=:0,  y^soc; 
then 

8.  Tjet/(~oc+y^)=0,/(x+ocA)sO,  .r,s5— a,  JTjasO,  y,srO, 

I  bhuil  conclude  ilie  subject  of  Cauchy's  furmulic  (uu  which  A  grett 
deal  more  might  be  said)  by  an  example. 

ExAMFLB  1.  JtZ  1^''' {a+xky^t  ^  heing  a  whole  nnmbcr^  and  a 
and  b  being  poaitive.  The  only  root  which  makes /x=x  is  x=akf 
which  occurs  m  times.  Now  (x  -  ('A)"" />  is  ( — i^)"*  wli'u  h,  difftr- 
entiated  m— 1  times,  and  divitUd  by  FiT?,  gives  (— 1  /r"*"' 6""' e*^, 
or  6"*"*  5*^,  which,  imilfiplied  bv  2^t,  and  ak  hciiit;  substituted 

for  Xt  gives  by  the  second  theorem  above  (wldcii  appUes  here} 


J 


This  theorem  may  be  verified  by  dulcienUaLiou  with  respect  to  a, 
and  it  holds  gpod  when  m  is  fractional  and  poaitive  ;  but  it  ia  not  true 
when  a  is  0  or  negative.  The  student  ma j  deduce  the  following  for 
himaelfy  uaing  either  tbe  second  or  third  theorem 

(a + xky\b - xkr -^^^^'^ TmA'n  ' 

If  the  second  theorem  he  used,  xsak  ia  the  only  root  of  fj:  =  cc 
wliich  applies;  but  if  the  third  be  used,  xszak  and x='—6ikboUi  apply: 
a  and  b  hcing  positive  cjuautilies. 

Before  proceeding  fuiiher,  I  shall  finish  what  remarks  are  necesfarv 
on  the  singular  symbols  sin  a  and  cos  oc .  Tlic  continental  mathema- 
ticiana  with  one  voice  pronounce  these  symbols  to  be  indeterminate  in 
value,  which  ia  strictly  true  as  far  as  d  priori  oonaiderationa  are  con- 
cerned;  for  a  periodic  function  of  x  cannot  be  said  1o  be  in  one  part  of 
its  period  rather  than  nno  her  when  x  is  iufiuite.  If,  however,  we  assume 

tf>x  to  staiKl  for  .r  terms  of  1  -  1  + 1  —  ,  wc  might  equally  conclude 

that  <f>x  is  indeterminate  when  x  is  infinite,  no  reason  existing  to  pref  r 
0  to  1  or  1  to  0 :  nevertheless,  there  exists  no  doubt  that  this  scries 
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re[)resent8  half  a  unit.  And  in  many  dillcn  ut  ways  (some  of  which  are 
shown  in  page  571)  siu  cc  and  coh  oc  a|)j)ear  in  lomiuhi?  which  can 
only  be  made  true  by  supposing  tliem  buth  to  vanish.  It  must  also  be 
observed  that  eyerj  mstance  in  which  the  eaee  can  be  clearly  tried  by 
anything  reaeroblmg  an  u  priori  method  confirms  the  conclusion  that 
indeterminateness  of  value  is  to  be  removed  by  taking  the  mean  of  all 
the  results  between  which  the  doubt  arises.  Two  remarkable  classes  of 
instances  are  as  follows  : — 

L  Take,  for  example,  «  -|-  6  ;  +  rs"  4-  aj:^+  bT*  +  cu  -\- . . . or 
(a+^JT+cj:')  •  (1  —  1' )•  This,  il  ti-t-^+c=0,  )>ecomes  0:0  when 
and  its  value  is  —4^(5  + 2c),  or  o+6+c  —  i  (6+2c),  or 
4-  (3a+264*e),  the  mean  of  a,  a+6»  and  a+6+c.  Now  when  xsl^ 
the  successive  summation  of  terms  of  the  series  gives  a,  a+fr,  a+5+c> 
0,0+ h,  a-^b  +  Cf  &c. 

2  In  applying  Fourier's  theorem  (page  629)  to  discontinuous  func- 
titniy,  we  find  that  at  the  point  where  the  digCDntiuuity  takes  place,  and 
a  function  which  generally  can  have  but  one  value  might  be  expected 
to  have  two,  it  takes  neither,  and  gives  only  the  mean  between  them. 

If  we  ask  for  the  mean  of  all  poestble  values  of  sin  or  cos4p,  we 
find  0  in  both  cases,  since  every  positive  value  is  counterbalanced  by  a 
numerically  equal  n^ative  value.  This  affords  an  additional  confirma- 
tion of  the  general  principle.  T^nt  it  would  not  be  safe  to  apply  this  to 
tan  x  or  rpc  ,r,  &c  ,  or  to  any  function  in  which  cc  is  one  of  the  values. 

Unquesiuiiiahly  the  clearest  way  of  considering  Ruch  indeterminate 
results  is  to  make  them  the  limits  of  others  which  are  determinate  up  to 
the  limits,  whatever  they  may  be  at  the  limits.  Thus  1— 1+1— ...ssj^ 
is  the  limit  of  1 — op+jf**- (!+«)"*,  a  result  which  is  arithme- 
tically intelUgible  whenever  x  i&  (no  matter  how  little)  less  than  unity. 

It  must  not,  however,  he  dissembled  that  this  difficulty  still  remains, 
namely,  that  we  can  have  no  ]K)?itive  proof  tl)at  every  result  of  in- 
determinate form  will  give  tl)e  same  value  wliatevcr  rnay  be  the  fiuictiau 
from  which  it  is  deduced  as  a  limit.    Thus,  though  we  can  show  from 

 =^ 

that  J  must  be  the  limit  of  o  — . . . .,  whatever  law  e?,  ft, 
c,  &c.  may  follow,  ])rovidcd  thev  approach  to  equalitv  when  x  approaches 
to  unity,  it  is  not  demonstrable  that  in  all  cases  suj  oc ,  considered  as  the 
limit  of,  say  J**0x.cos x.rfj.  (the  limit  of  being  unity,)  is  =0. 
Difficulties  of  this  sort  must  occur  as  the  ideas  on  which  anslysis  is 
Ibimded  are  widened,  and  there  are  so  many  on  which  we  now  look  as 
completely  removed,  that  the  occurrence  of  new  ones  is  matter  of  hope 
and  not  of  discouragement.  In  the  mean  while  it  is  of  some  importance 
that  the  student  should,  at  the  proper  time,  be  made  aware  of  their  exist- 
ence. 

Those  of  the  continental  writers  who  reject  divergent  series  seem  to 
have  no  objection  to  retain  those  cases  which  separate  divergency  from 
convergency ,  such  fts  I  - 1 4*  1 — .  • .  •  They  sometimes  express  them- 
selves as  bcin^  willing  to  consider  this  series  as  being  1— x+x"— . . 
in  which  x  is  mfinitely  little  less  than  unity.  But  this  principle,  taken 
alone,  would  seem  to  me  to  be  vary  unsafe.  For  inj>tance,  jr  is  the  limit 
of  r*',Xy  when  c  diminishes  without  limit.   However  small  c  may  be, 
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this  function  vanishes  when  r  is  infinite ;  it  nui^t  be  said  to  do  the 
same,  then,  when  c  is  iutmitel)  bmalL  Whence  jc  lUeU'cuuuut  he  treMled 
m  r^'»t  c  being iofinitely  small :  and  were  it  not  for  what  we  know  of 
1  — dr-|*jE^-». .  • «,  when  x  is  greater  than  imitj»  I  am  indioed  to  Meit 
tliat  we  ahould  gain  nothing  by  the  fictitious  repreaentatioii  of  1*+ 1^1 
+ . . . .  above  alluded  to. 

I  now  procpfd  to  another  class  of  questions  depending  on  the  funda- 
mental intpcrals  in  page  605.  It  will  he  observed  that  the  U8e  of  these 
has  been  avuided  in  pages  610,  ^c,  u:i  likely  to  lead  to  the  use  of  the 
nneatablkhed  propodtioD  that  a  diffeigent*  eeriea  vanidiea  wlun  all 
tenna  Taniah.  If,  however,  we  haye  a  aeries  of  the  (jsno  A«4- A|  eoo  s 
■f  •  •  •  •»  where  A«+ A(+  ....  is  itself  a  convergent  series,  we  may  than 
be  sure  that  multiplication  by  cos  and  integration  from,  say  0  to  t, 
makes  the  whole  series  vanish,  witli  the  single  exception  of  tnc  tenn 
A^/coa'nixdr.   Now  take  the  two  equations  (Ji  bemg  V(— 1)) 

A*  cos  *2t) 

1  {^(*+A«-)-^(ap+/tf-^)}=s      0 Aaio  . . . ; 

which  nray  be  easily  deduced,  as  in  page  244.  Let  av  and  pv  be  any 
functions  which  from  a:=0  to  are  the  same  as  Ao  + A|  cos  A, 

co82p+....  and  j|J,8int;  +  i3,  fcin  2y+ . . . .  Multiply  the  tirst  equa- 
tion by  aro=A«+ ...» and  Uie  second  by /3«sbBi  sin  9+  . and  integrate 
with  respect  to  v  from  v=0  to  Evirj  term  then  (page  oOS) 

vanishea,  except  thoee  which  are  retained  in  the  following  remits, 
which  are  only  to  be  relied  on  when  the  series  am  conveigent. 

A« 

=:2A«  fs+ Ai  f'jp  A-h  At  ^''x  -r-  +  •  •  •  * 

i  P     (x+Af**)— ^  (jr+Ar^)}  fiv  dv 
*  h* 

Vtom  which  may  easily  be  deduced  (pages  242-3),  making  (p  {x-i-iu^'*) 
sV^  and  a  lying  between  ^1  and  + 1, 

— V_)8ini;d»  ,     ,  , 

=r^(T-hAa)-^*  (2). 


wkj.  1- 


2acosi;-|- n* 


Make  ^  ^  0  in  the  first,  which  ^tcs  Te~^f  (V,-f  V_J  mblvact 
the  half  of  this  from  the  fiist  equatton  itielf,  which  givea 

*  PoissoD  (Jo.  £c  Pol.,  torn.  xiL  p.  484)  has  made  the  enon  which  ouy  axist 
from  roeh  nsa  of  ditergency  an  argument  against  all  divorj^nt  serws.  There  weia 
two  f{>ii:inc  ri-a-sons  why  hb  particular  uae  of  divergent  series  should  hftTe  ther«  led 
to  error:  the  (iret  noted  in  the  text  above,  the  second  thai  pnviotisly  mentioned  im 
page  G31  of  this  work. 
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,  1  —2a  coa  »+a*         1  — a« 
Let  and  make  «sO  in  the  rwaHi, 

COS  cr .  dv  ncf 


(3). 


j: 


This  equation  ii  only  true  when  e  is  a  pontive  whole  numher,  for  it  is 
only  in  that  caae  that  can  he  expressed  in  integer  powers  of 

when  jri=0. 

Let  0j:=5".  tlirn  V,  +  V_,=:f"^'*/"' 2  cos  (c^  sinr)  and  V, -V_ 
sin  (r/i  sill  r).    Make  jrrrO,  A=:l,  which  atVccts  neither 
the  convergeucy  of  the  series  nor  the  generality  of  the  result,  and  we 
have,  from  (3)  and  (2), 


l-g'  p g'^^'cos (csing) 


f'^' "  sill  (c  sin  ?;)  sin 


Now  (1— d^):(l-3aoo8v+<^sl+2acoso+2a*eos2v+....  and 

asino:  (1 — 2(xco8i?+(^=a8in  t;  +  ^ain29+  . . . . :  expand  both  equa^ 
tioim  in  powers  of  Op  and  equate  the  corresponding  terma^  which  gives  (i» 

being  integer) 

2  ^ 

-/J  6**^*  COS  (c  sint))  coswcdu 

2  - 

ss- f;f**°"'sin(csini>)BiniH?tfp^^'  ; 

2.3. ...fi 

except  only  when  7j=0,  in  which  case  the  first  integral  =2,  and  the 
second  =:0.  These  may  be  easily  veritied  by  differentiation  with 
reroect  to  c. 

The  following  result  is  obvious,  Jt;  (cos  7ur+>^(-»l)  siniur)  ibrsO, 
where  n  is  any  integer,  posidve  or  negative:  but  when  n=0,weob- 
▼loiislyhave  2t  for  the  integral.    Making  1)  as  before,  we 

have  then  (2ir)'"'J' s***  (ir  is  0  when  n  is  any  integer,  and  1  when  n 

is  nothing.  The  following  theorems  are  then  obviously  true,  whenever 
the  series  which  must  be  employed  in  producing  them  are  convergent. 

^/;;«  «i*=M    l/-*la+i-)..— Ar=5^|??2^ 

« 

and  sD  these  theosems  maybe  sltered  tn  fiirm  by  turning  /t;0;rdi 
into  /;{<^x+0(— dr)}ce».  Again,  If  ^=5A«+A|«+«*. end  if 
Y^«s:B»4-Bi  ;r-|-  • . .  • ,  we  have 


2TS 
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JL 

''2v 


A,— A.+I+ 


-1  f""' 


1+i 


Let  X'r=A<,+AiJP+  *nd  develope  yf-*'x(«^/«~*')*«'*'=V» 

We  have  then 

V=Aoyr*.r*+A,yr*'/f-*-+A,yr*'(/r*)*<*'+.... : 

whence,  rememberiiig  that  jxiT^ dx  from  —  x  to  +t,  and  divided 
by  2»r,  gives  the  value  of  y^'^x :  2.3. . .  .n  when  j=0,  and  that  — » 
written  for  n  would  give  0,  we  find 

i V«fa=A.  (v-V-f)  +  A.f^^  {^'x  (/.)•}) 

(/-)•})  +3^ (it*'' (/-)*})+ (V)  : 

parentheses  denoting  that  «  is  made  =0  after  differentiation.   Let  «r« 

be  a  function  which  has  one  root  sO,  and  write  xixax  for  fx.  It  then 
appears,  from  Burmann's  theorem,  page  305,  that  if  A,  =  1,  A  ^rr^,  A«=^, 
&c.,  the  preceding  series  is  nothing  but  the  value  of  fx — >/>0  for  that 
value  of  X  which  gives  tax=z\^  or  solves  the  equation  xr=fx.  But  '^t 
being  now  0:4-^^*+  • .  -  •  is  — log(l  —  J"),  whence  we  find  that,  a  beiug 
some  one  of  the  roots  of  x=:fjt  tlic  following  eq^uation  is  true, 

ya-  yO=        /I;  {f'£-''  log  (1  -6*'/6-*')}  e-'  dx. 
Let  I— /rsr^j,  whence  I  -£*'/€^=fi*'05~*%  whence  we  find  that 

The  theorem^  noted  in  page  828  may  be  now  proved  in  an  extended 
form,  and  without  the  objection  there  advanced.  It  is  dear  that  the 
mode  of  developing  log(s'^^£'~^)  assumed  in  the  theorem  is  as  follows. 

Ttie  function  </>r  entered  in  the  form  x — fr  I— x"*^  waa  to  have 
the  logarithm  developed  into  — x"^ fx  —  — without 

any  process  which  can  introduce  the  series  which  made  the  difficulty  in 
pa^e  327.  This  being  done,  the  function  to  be  integrated  amounts  to 
writing  for  »  in  — ^'r  log  (^^x :  j?)  .x,  which  being  dooe»  and  the 
integration  and  division  made,  aU  the  terms  arising  mmi  powers  of  m 


*  The  firtt  case  of  this  theorem  (namely,  where  '4>x=x)  was  |p«Hl  by  Parseval^ 
(Sav.  Etr.,  vol.  i.  p.  570.)  in  1805,  and  the  definite  inte^^  just  given  was  found  by 
}\>is!><m,  (Jo.  Kc.  TuU  vuL  xii.  p.  4U7.)  Mr.  Murphy  found  the  whole  thearem. 
independently,  (Camb.  Phil.  Trans.,  vol  iv.  p.  125,)  and  bts  ueed  H  to  an  esteat 
«h:cyi  was  not  contemplaleil  ritlifr.by  Parsival  or  Poisson,  the  latter  of  whom,  it 
may  be  noticed,  though  he  deduced  the  integral,  either  did  not  see^  or  let  no  r&lue 
nOf  the  dsductioa.  , 
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must  yanisli*  Icftving  only  the  coe£Scient  of  d^,  or  the  ooeffieient  of  ^  in 

the  development  of  —  i/^'  r  log  (r/»r :  j?). 

If  wc  make  V.ssyr^xC^^/O'^^f  wefind  in  the  fame  manaer 

(£=^^.{*''0i)'})+  

None  of  these  theorems  are  altered  by  changing  k  into  —  and  if  this 
alteration  change  V  into  W,  we  easily  find  that  Ji;  \(ix= fi  (V  +  W)  c/r, 
a  result  in  which  A*  will  not  appear.  And  thus  wc  nuiy  in  many 
dtiferent  ways  hud  definite  integrals  which  sliall  express  given  series. 
Choose  forms  for  fx  and^x,  and  let  the  series  in  (V)  then  become 

A|0,+A«0a+|A.O,+  ,  io  which  Oj,  a,«  &c.  are  known.  We 

then  find  a  deHoite  integral  for  B|4-B«+  by  making  Ai=fiiOr\ 

A«aBtOi^9  Ac,  provided  we  can  find  a  finite  form  for  Atdr+AaX* 
+  or       Ao,  when  A,,  A,,  &c.  are  thtts  assigned. 

Lety>=:l+J,  fx^jc,  we  then  find 

For  iiKiny  curious  applications  of  the  theorem  deduced  from  (V),  the 
advanced  student  is  referred  to  Mr.  Murphy's  pa])er  already  cited. 
Much  more  luiffht  be  said  ou  tiie  su^ect  ui  uUegrals  oi  the  preceding 
finrm,  but  the  objeet  of  this  work  ts  nilfiUed,  so  far  as  th^  are  con- 
cerned, when  attentbn  has  been  called  to  their  leading  properties. 

The  student  can  hardly  fail  to  have  noticed  the  manner  in  which 
fi>r.€"^(^v  preponderate?  in  importance  over  other  forms,  and  par- 
ticnlarly  when  the  limits  are  o  and  cc.  In  any  case  the  result  must  be 
a  luiKtinn  of  .r  which  diniiuislie-.  \vithout  limit  as  x  increases  without 
limii;  and  such  functions  cuu  iret^uently  (not  always,  witness  be 
expanded  in  negative  powers  of  x.  Let  be  such  a  Ainction,  namely, 
of  the  form  A^^+  Bx~*+ . . . . :  required  to  thai  fl4^ r^d»=^» 
Take  the  equation  j7^f^^^'(ivs;^:(r--y),  supposmg  j>yand 
V  the  only  variable. 

If  then  we  write  this  as  follows, 

j:«,r..^"«v=(^+|  +  ...)(i+l+...) 

SB—  +  .       "I  •  •  •  •» 

y 

together  with  a  series  of  positive  powers  of  y.  If  then  we  expand 
♦y.f*"  in  ]>oHitive  and  negative  ]>owers  of  y,  and  if  we  assume*  the 
identity  oi  the  two  sides  ol  tiic  equation,  we  see  that  if  0i;  be  the 
coefficient  of  in  «y£'^  we  ba?e  f<pv.r^dvssi^  as  required. 
Thus,  if  for  ^x  we  take       n  being  integer,  we  find  y~*s^  has 

tf"':(2.3  n-1)  for  the  coeflBcient  of       whence /J  i^"*!^  do 

=2.3.  •  • . (ft-*  1)  jr%  as  is  well  known. 

•  This  ss8iioi|ition  is  by  no  mssas  a  satisfactoiy  oass  sss  psgs  ^7. 
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If  ^  can  be  developed  into  At  v4-A«i^+. . « •»  we  hate 
and,  hy  petti. 


pvofldcd  4^ve~^f  4>'vt"'',  &c.  vaniah  ^hen  t7SQe.  We  have  thus 
of  repreicnting  in  a  finite  form  many  infinite  serif*?  of  the  most  difcigent 
ehazacter.    For  example,  let  which  |(ives 


j: 


The  operation  by  wluch  we  pass  from  fi~"'dr  to  {<pvt~'*dv,  between 
the  game  iimits,  cau  be  represented  as  iuUuwa.    LiCt  0t;=:A^4- A^v 
wbich  gives 

J^w—  dv=k^  jtT*  dp+ A,  / €—         . . . 
ssA«  / £"*•  di? — Ai  ~  ft~**dv-^ . . . .  ; 

whence,  D  stand mg  I'or  ditlerentiatiou  with  respect  to  J",  A« — AiD 
•f  A,D*— . . . .,  or  0 (— D)  is  the  operation  performed  on  ft^dv,  so 
that 

Now  01og(L  +  A)  cjin  be  developed  in  powers  of  A  by  Maclanrin's 
theorem,  or  as  follows.  Since  0x=e'"0O  is  the  representation  of 
Maclanrin's  theorem  in  the  calculus  of  operations,  we  heve,  putting 
log(l+jf)  for*, 

^log (I  +*)-(!        0OSS0O+D0O .H-D  (D- »     ^  +  •  • . . ; 

which,  performing  the  operations,  gives 

And,  aimilarlyt  writing  —log  for  x«  we  luve 

-(^^'-'o+j^^'o+a^^o)  .... 

Subatittttiag  A  for  x»  and  taking  fe'^do  from  0  to  oe, 

*  .  00  1     l6"O+0'O  1 

/,*iir-dr=^-0^OAi+2Ji+2i;A« 

<*  Jw  S  ''^ 
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_0O        ^0  0^^0  +  00  0^^^O  4- 30^^0  +  20^0 

This  lenes  must  be  the  preceding  icries  (1)  in  a  dififeient  fSmn,  and 
from  it  we  therefore  learn  that  if  A.,..  represent  die  ium  of  the  products 
of  every  aekction  of  m  niimben  out  of  1,  2»  3,«  •  •  .n, 

T7  ;  TTi  '  r  i —  iTrrT  •  •  •  • 


1  now  proceed  to  some  modes  of  calculating  definite  integrals  by 
series.    Integrals  of  the  form  (^x''-\-ax*~^  ^  . . . .)  (fx  (sometimes 

called  FresnePs  integrals)  arc  useful  in  optical  researclies.    It'  we  call 
this  /  €tm^»ihi  and  if  we  take  two  near  limits,  a  and  a+A,  we  have* 

J:+*co8fj.(i»=/Jco8^(a+x).(ix= /{c(»{fa-i-fa.a:}<iaf,  uearly, 

since  « is  always  small.  This  gives 

Jl*^  cos  f9  ^^"^  {'"'^  (^+ f*^ .  A) — sin  ^a},  nearly. 

Thus,  by  proceeding  from  0  to  A,  h  to  2/t,  &c.,  we  might  approxi- 
mate to  y^cos0jr.c/r,  providefl  ^'x  vanishes  nowhere  between  t=:0  and 
j:=nA.   But  a  better  appruj^imutiun  would  be  obtained  by  writing 

COB  ^j?     ill  the  form  /ift  ^®  ^     + ^  ' 
which  gives,  proceeding  as  above,  and  making  a+yi=fi, 

*  COB     *P=^  {sin  ^^'Z* + ^  -on  ^♦/i  - 

2c(is  c^i  .gin  (ji^fi.h) 

This  method,  though  of  an  enticing  appearance,  is  not  very  sufe,  and 
is  not  Hi  rculitv  correct  tu  mure  llian  terniB  of  the  second  ordex,  ihe 
flawing,  whidi  is  pieferaUe,  will  show.  Take  0(a+|A+x),  or 
0  O^H-^)  A0^+0V*'+  *  •  *  ^  integrate  from  f  :=  —  ^4  to  a;s+iA» 
wlueh  gives 

J.  irr      ^''2.3x4      '^2.3.4,5  Xl«  . 

fur  0x  write  cos  0x,  and  we  have  * 
/S+*ODS  ^  .drscOB  0fi.A— (cob  0ft  (07*)'+sin  0fi ,  + . .  • . 

If  we  now  expand  sin  (i0'/i.A)  in  the  preceding  resultt  we  shall  find 

in  it  the  term  depending  on  cos  0/i  and  on  cos <^ft .  {(i/fi)*^  but  that 
depending  on  sin  <f^^t .  <f>''^<  will  he  missing.    Two  terms  of  this  latter 
series,  therefore,  will  be  more  correct  than  the  method  which  preceded  it. 
If  the  limits  be  0  and  oc ,  a  convergent  series  may  be  obtained  as 

*  See  the  Cembridge  HeiheinetiBel  Jonraal,  voL  ii«  p.  81. 

if 
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follows,  whenever  <|>x  is  a  ratioQal  and  mlegral  iunclion  of  x.  Let 
+jfaseij^+Ajt^*+  • . . we  have  then 

coe^^scoeojf  {I «•)*+•  • 

which,  arranged  in  powers  of  j,  shows  that  the  result  contains  two  series, 
arising  from  terms  of  the  form  Aj'co8ar".j:*dr,  and  AJ'8mttJ?".j:*  Jx. 
Now,  from  the  result  iu  page  C31,  we  have 

n  2«        \  »  / 

For  inatanoe,  let  ^xs=a^+&r,  apply  these  fimnulaB,  and  m  baTe 
(a'isA)  3j7coaas*oo86x<i«s:Acosiir.r^ 

3  5X4 

3/^  sin  oj"  sin  6x  dxzzk*  6  sin  ^  r .  F 1 
AH"8in|7r.r4.  A«i*8inir.r2 


2.8         '  2.3.4.5 

By  subtraction,  using  the  properties  of  the  function  P,  we  have 

j,«.V,»*^-«-««^"   3'  I'-Tg  2.3^8  3  2.3.4.5.6^ 

A„2      »  J,.   2   /i'6'    5  2      A'6'  \ 
-3^3"*'6  2:3:4+3  8  3.8...6.7-^-  -f- 

This  series  might  be  more  briefly  and  symmetrically  deduced,  as  fol- 
lows. Let  it  be  lequired  Vn.ieoA  jl^^t^^^  ds»  We  eaaily  Uirow 
tins  into  the  fonn 

m  in  \  m  y 

wbenoe,  oT"  being  A,  tbe  required  integral  becomes 

mlm*'"  m  I'  m  1.2*"  m  l.i2.3  j' 
For  0  and  6  write  oVC"*  1^)      ^^(''O*  wbicb  gives 
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0  being  an  odd  multiple  of  it,  to  be  detennmed.  Let  A  be  as  before, 
and  we  have,  equating  the  poesibie  and  impowible  parts  of  the  integral, 
and  dividing  the  latter  by  — 

m  \    m      2m  m 

m  I    171      zm  m 
,  fi—m  +  l  ^A*+»6  .  „2n  +  l  .    2  (n-m)  +  l    A*'^'6«  I 

-aS- +^-^    -Si— • -172- — •  •  }• 

The  value  of  0  is  found  to  be  by  making  ^=0,  and  comparing  the 
reiuU  with  the  limnula  already  obtained  for /ooaoiT.dx.  If  m=3, 
nas  1,  we  find 

■•■^  3  1.2.3       3  1.2.3.4"*'*'-  f 

4   A^6»  1     1  JW  .     A'6»  1 

■"■^8  iXs"*"***'!  "  IT  ■^2X4:5'*" 

The  leriea  last  subtracted,  written  at  greater  length  to  show  its  law,  is 

1  U'y       1.2fc»6!     1.2>8A"6»  1 

51  2   ''■2.3.4.5  "*"2.8....8'^  2. 3. ...12 

The  last  forms  are  more  symmetrical,  but  the  precoding  ones  are  fitter 

for  calculation. 

The  gerits  at  which  we  arrive  in  the  vahiation  of  detinite  integrals  are 
frequently  of  the  kind  coueidered  in  page  226,  which  have  terms  alter- 
nately positive  and  negative,  and  diminismng  for  a  while,  after  which  they 
incresse.  This  very  remarkable  class  of  series  has  the  uroperty  which  is 
shown*  in  the  page  cited  whenever  Maclaurin*s  or  Taylor's  theorem  can 
be  applied,  namely,  that  the  successive  apprtiKimations  derived  from  the 
use  of  the  cuuvcrging  terms  are  n«  cro  -cl  ipproximatious  as  if  the  tt  rins 
continued  to  diminish  ad  ii^nUum^  uuiwithslauding  the  buh&ec^uent 

*  Dr.  Peacock  refers  to  a  proof  by  Krchinger,  cited  in  Sehisd«i*f  CommentaHOy  &c., 
M  relating  only  to  totne  largeclAKsesofseries,  the  chief  of  which  \h  the  well-kuowa 
d«?velopment  of  2^,  in  iermi  of  dtff.  co.  of  fx.  Such  a  proof  is  furnishtnl  by  the 
formula  m  page  624,  as  there  given.  I  pr^ume  from  this  reiVretice  that  Dr.  Pea- 
cock would  imply  that  be  his  never  met  with  a  gensrsl  pioof^wbiehissuiBcisBt 
apology  fbr  my  Mi  audnag  say  Msich  sflsr  one. 
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divergency.  This  property  is  proved  in  page  226  to  belong  to  every 
development  of  a  function  of  x  which  is  made  hy  Maclaurin's  theorem, 
a?  long  as  the  difl.  co.  of  tlmt  fuiictiou  retain  liie  sip^  which  they  have 
when  J=0,  but  1  am  liut  iiware  that  a  perfectly  gential  proof  has  been 
given.  It  will  require  bome  examination  to  point  out  the  cases  in  vhidh 
this  theorem  it  certainly  true,  and  thoie  in  which,  till  prouf  ii  grKo,  it 
may  be  imMined  to  be  lometimes  falie. 

Let  <f>x  it  n,  function  which  is  positive  from  x=a  to  x=x»and 
diminishing  from  i=a  to  T=a-\-k.  Let  >//r  be  the  algebraical  expres- 
sion from  \\h\ch  01"  — 0  ( r-f  l"* (x-f  2)  — . .  . .  is  devcl  pcd,  and 
which  must  tiierclore  satisly  ^fx-i-f  (x+  l)=^x.    We  have  then 

^a=:^a-0  (a+l)4-^  (a+2)-0  (a+8)+ .... 
Now,  acooidiDg  to  the  theorem  ^a<^>0a  -  0  (a+ 1)«  &c.  But 
(«+ 1>=:0<I,  ^a— (a+3)a!0a— 0 (a-^  1),  Ac, 

which  requires  that  ^a,  V  («+ l)i  V  (^^"  2),  &c.  should  be  positive.  The 
rest  of  the  theorem,  however,  may  be  made  to  follow  as  soon  as  it  is 
proved  that      is  necessarily  less  than  0a. 

I  aee  no  proapectof  a  g^Mnd  furoof  of  this  theorem,  audi  ttmk  die 
following  conaideration,  while  it  eatabliahca  it  in  ordinary  caaes,  may 
throw  a  doubt  upon  others.  As  long  as  0f  is  poeitive,  "fx-hf  + 
must  be  positive :  if,  then,  0x  be  always  positive,  which  is  the  case 
supposed  in  the  series,  "fx  can  never  continue  negntivc  through  a  whole 
unit  of  variation  of  x,  since  in  that  case  V'J^+Y'  (or-f- 1)  would  have  n^a- 
tive  values.  Hence,  if  yx  ever  become  0  or  cc,  and  change  sign, 
becoming  negative,  there  muat  be  auch  another  circumstance  for  a  value 
of  «,  not  differing  I }  a  unit  from  the  former  value.  Conaequently  the 
theorem  may  be  positively  asserted  whenever  Y^x  it  a  function  such  that 
"^x+yjf  ix-{-l)  is  always  positive,  fx  having  no  pairs  of  vanishing  or 
infinite  values  correaponding  to  valuea  of  Jt  which  difiier  by  leaa  than  a 
unit. 

Take  as  an  iuBlunce  the  scries  x'^—nj''*"*  +  n  (/t-f  1)  ... . 

We  may  easily  show  that  this  senes  is  t'Jt"x~*dx,  from  x  to  oc,  so 
that 

f  i-'dx^rw  r(n-f-i)  .  ro/+2) 

Let  rn.  r~"  =  0n,  and  the  prcccdini^  becomes  0n — 0(«4-l)+.... 
The  right-hand  side  has  no  fuiitc  roots  at  all,  whence  the  theorem  is  cer- 
tainly true  of  the  preceding  series*,  and  if  x  be  considerable,  a  few  terms 
will  give  a  good  approximation  to  the  value  of  tlui  integral.  Thus  we 
have  the  remarkable  relation 

ej  ^-■^»  J  ^^1"^:^=^— ''  +  «("+l)-'>(«  +  l)(«-t-2)-t-••• 
which,  when  nsl,  has  been  found  = '59634'; 362324,  lying,  as  might 
have  been  expected,  between  1  and  1  —  1. 

Divergent  aeriea  of  thia  hyperffwmeirical  character  (tnch  haa  been 
the  term  given  by  Euler)  may  generally  be  immediatdy  reduced  Hi 
dehnite  integrala.  Thus 
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the  value  of  which  is  -621449624236;  and 


1—1.2.8+1.2.3,4.5— (  V" 

J  0  1- 


the  value  of  which  is  •343279002556.    It  is  sin^kr  that  the  values  of 

these  serie*',  such  as  iire  derived  from  tlie  equivalent  definite  integrals, 
mav  be  i  obtain <  d  fro/n  fht'  divergent  seriis  thefiinelves  by  cootiuued  ap- 
piicaliuuii  oi  HuOuu's  luuiiiud,  page  557.  Generally 


It— HI  aiid  k  being  whole  Dumhers. 

I  shall  give  one  more  instance  of  the  way  of  reducing  factorial  series  to 
definite  intcgnli.   Let  the  series  be 

g  (g+6)     («  +  A) ( a  +  2/> )       (a-f26)(a  +  36) 

Let  a:tem,  aifi^fh  And 

Jm(m-l-l)  ^(m+l)(m  +  2)  1 

**'*"/im/*(a*+i)  "•0*+i)(m:2) 

Multiply  both  ndet  by  and  difaentiate  twice,  observing,  Uut  in 
the  reverae  intagiation,  we  begin  from  xsO, 

'  =^{«(«+l)«^'±(«»+l)(m+2)ji^+...}. 

Multiply  by  aT"^,  and  integrate  twice  from  «=:0, 

'  To  vetnm  to  die  theorem  which  gave  rise  to  what  precedes :  a  proof 
of  it  mny  be  given,  inchiding  eveiy  aeries  A^— Ai  +  A,— . . . in  which 

A,„  '2  A,,  2.3  A,,  ,!^:c.  nre  the  values  of  01,0'1,  (//'l ,  <^c  ,  0.r  being  a 
fuuctiou  which  does  iiot  change  si^rn,  nor  any  of  its  dili.  €o.,  iruin  j:=0  to 
«al.    This  follows  from  Bcruouili's  theorem,  (page  16S>,  since 

from  which,  01,  <p  I,  6cc.  being  positive,  and  the  other  suppobitions  just 
mentioned  being  made,  it  appears  that  the  error  arising  from  stopping 
at  any  tam  ia  of  the  aign  of  the  first  reiecled  term,  which  is,  in  other 
waida»  piiciaaly  the  thaeiim  to  be  proved.  Agaui,  from  the  theorem 
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we  may  easily  see,  tliat  if  0r,  0  i^,  &c.  be  alternately  posiuve  and  uega* 
tive  when  vs:0»  and  retain  their,  signs  from  «ssO  to  «=  ec«  the  tame 
theorem  is  true  of  00+^0+ ••  ••    But  the  preceding  reqoiret  thti 

r .     should  vanish  when      oc,  for  all  Ttlues  of  ft. 

This  theorem,  being  true  in  cases  so  extensive  as  those  of  page  226 
niul  f)'24,  mid  tho«e  obtained  in  the  present  chapter,  might  l>e  suspected 
tu  be  universal,  and  is,  in  tact,  treated  as  such  by  some  writers.  I 
believe  it  would  be  impossible  lo  iind  an  instance  among  those  series  to 
which  it  has  been  applied,  in  which  it  is  not  true ;  bat  it  mutt  be  re< 
merobered  that  most,  if  not  all,,  of  theee  are  casea  in  which  a  fimction 
which  never  vanishes  for  any  positive  value  of  ia  developed  into 
f^x—4>  (x  + 1)  +  . , . .  ,  and  in  such  cases  the  theorem  can  be  proved. 

It  niav  lint  here  be  out  of  place  to  give  what  is  perhaps  the  rno«t 
direct  and  satii^t'actury  mode  of  n^^igning  the  remnant  of  the  senes  m 
Taylor's  theorem.    We  obviously  iiuve 

^  (o+*)=:0a+/i^'  (a+A)  dh; 

for  h  write  h^i^  and  let  f  he  the  variable ; 

Successive  integrations  by  parts  then  give 

and  so  on :  whence  the  value  of  all  the  terms  after 

^•O*  ••IS  «aO«*«*S 

If  C  and  c  be  the  greatest  and  least  values  of  ^^'*'*'x  between  x=  a 
and  x—a-\-h,  the  last  differential  must  lie  between  0^"^'^  C.  fc// and 
f/.'"^  c.  tr  dty  wheace  the  integral  must  lie  between  0^"+'^  C .  h'^' :(«  +  !) 
and  0^"+'>c.A"-»-':  (71-f-l),  or  must  be  {a  +  Bh)  h'^^ :  (n -\-  \), 

where  0  is  less  tlian  umty.  But  if  we  throw  the  integral  into  the  form 
h**'^fl<f>^'"^^^{a-\-ht).rdt,  and  pursue  the  same  reasoniDe,  taking  0 
and  1  as  the  greateat  and  least  vuuea  of  I,  it  ia  ibund  tiiat  &  the  tcnns 
afker 

«  -  are  equal  to      («+«*)      J"  "  . 

wh^  0  is  also  less  than  unity. 

I  now  proceed  to  consider  some  more  casea  in  which  definite  integrals 
are  expressed  by  series.   And  first  let  us  take  fife,  wYaOi^  s 

being  positive,  is  alwaja  finite.   Thia  is  eatity  expanded  into  the  aeritt 

jat    V  ao=:C   I   

71  +  1  ^n-f2     2(/i  +  3)     2.a(n+4)    " ' 

in  which  C  to  be  determined.  If  n  be  >  -1,  we  may  make  jrsO* 
and  the  first  side  becomes  T  (n-fl),  or  C:^F  (n+1).  And  the 
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on  the  sfcond  side,  (n  +  1)  —  x""*"* :  (n  +  2)  + &c.,  which  it  must  be 
observL'U  is  nlways  convergent,  does  n^u  increase  witliout  limit  as  jp 
increases,  but  approaches  the  limu  1  +  ;  ^or  the  first  side  must 
eOwben  xsoc.  AU  this  might  be  proved  by  calcolatian*  in  any 
pirttcalar  em,  the  rettriction  being  —  1  (ft)oc,  and  «  being  anylhmg 
whatever,  poiitive  or  negative.  But  let  ut  now  snppoie  ns— 1,  in 
which  caee  r  muat  be  >0.   We  have  then 

in  wbidi  C  cannot  be  determined  by  the  aame  mode.  A  very  t^imple 
process,  however,  will  do  what  is  required.  When  n>— 1»  we  have, 
oy  the  preceding  series, 

SU-v  d»=r  („+ 1) -—^  +;^- . . . . 

When  «=  —  1,  the  third  term  is  lo;^  j,  the  fourth  term  is  x,  &c.,  so 
that  it  only  remains  to  find  the  limit  of  the  two  furst  terms.  Now 
(Chapter  IX.) 

i«— *  •  or         ,  or  —  

z  z 

is  r'l,  or  — y,  (page  580,)  when  s=0.  Hence  we  have,t  in  the  Isst 
series,  C~— y.  Now,  let  v  he  a  neg:ative  fraction,  and  •<  — 1,  say 
71=  —  m  —  A,  m  bcinp;  a  whole  number,  and  k  a  positive  fraction  less  than 
unity.   Integrating  by  parts,  we  have 


C±  -e- 1  -!  +  L  1 


(m-r«  —  1)  . .  .^'^ 


the  last  integral  of  which  falls  under  tlie  first  of  the  preceding  series. 
And  if  ft  be  a  negative  whole  number,  and  <  —  1,  take  m,  fo  that  k—l, 
in  which  case  the  integral  here  obtained  will  fall  under  the  s^econd  of  the 
preceding  series.  And  if  in  this  second  series  just  mentioned,  wc  use  ax 
instead  of     we  find 


e^dr  ,  a*x^  a*j* 

=  _y_loga,+ax— j;- +  — 


*  Thi  common  series  for  cos  jt  sad  tin  x  would  (if  the  study  of  analysis  wsra 
made  to  end  u  littU'  oftener  in  computation)  huve  habitiiati'd  the  student  to 
series  of  this  class,  which  are  always  couverj(ent  and  calculable,  and  which  do  not 
lose  tfiait  eliaractar  by  ttie  inerease  of  «.  la  my  **  BDementi  of  Trigonometiy* 
(pagi'  99  ,  these  seriia  are  actually  rt-rifit  d  when  x=  10. 

t  These  integrals  have  been  fully  considered  by  two  excellent  Italian  analysts, 
Jfaacheroni  and  Bitlune.  The  methods  by  which  they  have  eonlrivsd  to  do  without 
tiis  uM  of  ths  fnnetion  V  (whkh  was  not  so  veO  knowa  then  as  now)  an,  though 
pmli]^  vwy  isfsnious  sad  sutceaf ul. 
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wbicb  introdacei  no  wmy  of  maldng  the  ftmction  tategrtttd  infinite^  tad 
does  not  destroy  the  convergeney  of  the  aeries :  for  a  write 
equate  poMiUo  and  iffipottible  poila  on  both  udoi,  and  we  haf«^  ainoe 
logo*  beoomea  logojr+logVC— i)> 

*ctmavdv  .        .  . 


'%\nav»dv     log*/( — 1)  a*a5*  fl'af* 

„  2.8*  2.3.4.5«^ 


Now  logV(— '  ^ 
page  631  it  appears  that  we  muat  make  /=0»  or  write  ^  Ar 


~^  dv 


9 

For  m  mite  successively  — m^(— 1)  and  which  giTOa  fbr 

the  two  integrals 

V(-«>^ y-log  om-log  {  - VC-  0} -am  V(- 1) 
^V(-»)  ^-y— log  am-log^(-l)-^am  V(- 1) 


For  logV(-l)  write  and  for  log(— 1)) 

— 1)/Y&lues  which  will  be  justified  by  subsequent  TerificatieB; 
add  and  divide  by  2;  aubtraet  and  divide  by  2m  tj  (— !)•  We 
have* 


J 


—  =  ~  sin  ma«-  (y+log  am)  ooa  m 


r'^dv     *  I 

coBfiia-l —  (y+log  am)  fin  ma 


cos  ma 


Biffsrentiate  the  second  of  theae  with  leapect  to  a»  and  it  will  give  the 
•  These  nsuitsagiM  with  thoN  of  Bidoat^obtaiaad  by  aaiilfaarBMlfa^ 
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first  with  its  siga  changed,  «s  it  ahoold  do:  the  detaih  of  this  veiifica- 
tion  win  be  fowid  instnietiTe. 

For  a  write  successively  —aJi  —  \)  and  +a 1),  lubtnct  end 
add,  dividiDg  by  2  V(~*^)  ^  ^*        then  heve 


/m^+B^  ""2iii       2      Tai  2.aV(~l)  '^2m  ' 

icsidto  which  ere  eaiily  deduced  from  thoee  in  page  577.  We  also 

Csinav.dv  /  \ 

J.^ir=-^s-C""^2:3-+-J 
— +o:t«+  •  •  •  •  j  — ST-  ^^+^'~> 


Tim 


C'co&av.vdv   ,  wi'iiP  ^  \ 

I  -   fflg-i-  ■     -"i  +» » «  »  I 


2 

Let  mssasl*  and  remember  that,  by  common  ezpeneion, 

areseveiaUyri-r2+r3-.....,  ri-i3+r5-. . . . ,  and  r2-r4 
+r6— . , . 10  that  we  have 

1-1+1. 2-1. 2.3-r  J +2!5'"'2X4*'*"  •**•) 

I— 1.2+1.2.3.4— .•.=co»l  ^^-1+^-...^ 

+iinl^7--~.+2X?"---0 
1— l.a.3+1.2.3.4.5-  ..  .a=«nl(^~l+2^.-. 

the  values*  of  which  have  been  given  in  pages  650,  6W.  Theie  floriei 
may  alao  be  expreeaed  aa  foUows : 

dv      f  sintHip      f*S2i^:f?5 . 

•  There  is  a  mUpriot  C»m  for  cos)  in  two  places  in  Bidone,  which  ndgliileea  to 
^^n,  ^w,.^^  hi-««.  llbd  that  tto  MSttiti  aw  coorsct. 
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the  two  latter  of  wkich  may  he  shown  to  coincide  with  their  series  by 
expant^idii  of  (1  +r)~'»  aiid  by  page  631.  Agaiii,  if  r — 1  ho  written  for 
V  111  the  twu  last,  aud  the  limits  cliatiged  accordiiigi^,  uiid  li  cua  (i? — 1) 
be  written  cos  ti. cos  1  +uii  v  tiB  1,  ftc,  the  second  side  of  the  {necediiig 
equations  may  be  obtained  by  taking  f^cMitdvzv  and  f^uavdozv 
from  the  series  in  page  654.  And  all  the  preceding  trigonometrical 
integrals,  as  well  as  the  case  in  which  m=a=l  might  have  been  bhort- 
ened  bv  tli^^  fnme  process :  l)vit  the  preceding  is  valuable  as  an  instance 
of  the  iegitiiDaie  passnge  from  possible  to  impossible  quantities. 

Various  otiier  ways  of  reducing  definite  integrals  to  series  might  be 
proposed,  but  in  the  preceding  will  be  found  enough  to  gi?e  an  idea  of 
the  most  important  of  them.  I  have  now  given  a  sketch  of  the  principal 
methods  of  definite  integration,  meaning  by  a  method  anything  which 
applies  to  a  numerous  class  of  instances.  There  remain  yet  two 
particular  branches  of  the  subject  to  be  considered;  fir?t,  the  cases  in 
which,  owing  to  the  impossibility  of  expressing  a  genernl  lutcgjal,  its 
values  arc  nrraiigod  in  table:* ;  secondly,  the  large  number  of  miticel- 
laneous  definite  integrals  which  have  been  found,  each  as  it  could  be 
done,  and  out  of  which  it  may  be  advisable  to  make  a  small  selectkm. 

The  tabulated  integrals  with  which  it  is  most  necessary  that  the 
mathematician  should  be  familiar,  may  be  divided  into  those  which  ate 
generally  useful,  and  those  which  have  been  computed  for  some  particu- 
lar purpose,  or  ilio  latter,  it  will  merely  be  necessary  to  ^ay  that  the 
student  who  reads  this  cb^q^ter  w  ill  have  no  difficulty  in  mastering  any 
method  hitherto  proposed  lu  works  un  mechanics,  optics,  &.c.  for  the 
formation  <^  a  table  of  any  definite  integral.  Of  the  former^  that  ia«  of 
integrals  tabulated  for  general  use,  the  moat  important  and  the  most 
accessible  are 

1.  Elliptic  integrals,  tabulated  by  Legeudre. 

2.  fZe-t*dl,  tabulated  by  Kramp. 

3.  Tj,  or      t~''  v'~^  (I  J\  tabulaicd  by  Legcndrc. 

4.  Logarithmic  transccadeuts,  tabulated  by  Spence. 

J*  (ir 
Y- — ,  tabulated  by  Soldner. 
0  log  Jtr 

1.  The  subject  of  elliptic  integrals,  if  entered  into  to  the  extent  neces- 
sary to  explain  melbods  of  determining  their  values,  would  occupY  more 
space  tliaii  we  have  to  give.  In  accordance,  then,  wiili  the  plan  pur- 
sued throughout  tliis  chapter,  w  iucii  ib  to  enter  on  the  discussion  of  no 
integrals  except  those  of  which  tbe  actual  numerical  values  are  calcu- 
lated by  algebraical  formulae,  or  are  given  in  tables,  I  propose  only  to 
state  in  few  words  the  nature  of  these  fVinctionB,  with  references  to 
sources  of  information.  Important  as  elliptic  integrals  are  in  certain 
classes  of  prol)lem8,  and  numerous  as  have  been  the  properties  of  them 
which  have  been  investigated,  it  cannot  yet  be  said  tlmt  eitiier  these 
problems  or  methods  lie  so  close  to  the  grand  route  on  wlucii  a  student's 
elementary  course  should  be  marked  out,  as  to  require  a  detailed  treatise 
on  them  to  be  inserted  here. 

An  integral  is  called  elliptic  when  it  has,  or  can  be  made  tohave^  the 
form  fPdx :  Q^H,  where  P  and  Q  are  rational  and  integral  functiofis  of 
<r,  nnd  R  is  a  rational  and  integral  function  of  tlie  fi>tirth  degree,  or  of 
the  form  a  -f-  6i- + cj«   ex"  + fx*.    And  it  is  shown  that  the  actual  calcu* 
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Ution  of  all  such  iute^als  is  attainable  at  soon  as  tables  of  tbe  following 
integrals  are  constructed. 


dd 


V(l-c»gin«fl)* 


in  which  c  h  less  than  imity,  and  a  Hoes  not  exceed  ^t.  These  are 
called  elliptic  functions  of  ihc  first,  sccund,  ami  third  8])ecies  :  extensive 
tables  of  tlie  first  two  kinds  have  been  gxvcu  by  Lcgcndre,  wilIi  methoUs 
of  approximating  to  the  Talues  of  functions  of  the  third  kind.* 


2.  The  values  of  /If-^'d^,  or  ^J"(lo«^)  ^ 


(Lc  from  jb^^O  to 


x=f— may  be  calculated  from  pages  590-1,  and  the  following  ia  an 
abridgment  of  Kramp'sf  table.  But  it  must  be  noticed  that  the  moat 
important  use  of  this  function  is  beat  aatiafied  by  tabulating 

of  which  any  value  may  easily  be  obtained  from  the  following,  the  value 
of  a  being  m  the  first  column,  and  that  of  f^e^^^cU  in  the  second : 


•00 

•8862 

•90 

•1800 

1-80 

•0097 

•05 

•8363 

•95 

•1587 

1-85 

*0070 

•10 

•7866 

1-00 

•1394 

1-90 

•  0064 

•15 

•7373 

105 

•1219 

1-95 

•0052 

•20 

•6889 

rio 

•1062 

^•00 

•oou 

•25 

•0113 

115 

•0921 

2*05 

•0033 

•30 

•5950 

1-20 

•0795 

2-10 

•0026 

•35 

•5500 

1-25 

•0683 

2-15 

•0021 

•40 

'506(1 

1-30 

•0585 

2-20 

•0017 

•45 

•4648 

I  -35 

•0498 

225 

•0013 

•50 

•4219 

1-40 

•0423 

2^30 

•  00  ]  0 

•55 

•3870 

1-45 

•0357 

2  35 

•0008 

•60 

•3511 

1^50 

•0300 

2  •40 

0006 

•65 

•3172 

1  •  55 

•0251 

2-45 

•000 J 

•70 

•2855 

1-60 

•0210 

2*50 

•0004 

•15 

•2560 

165 

■0174 

2*55 

•0003 

•80 

•2286 

1-70 

•0144 

2'60 

•0002 

•85 

•2082 

1^75 

•0118 

*  The  newest  and  most  accessible  sources  of  informatioD  on  elliptic  functions  ara 
as  foUowi.  Legendre,  Traill  ties  Foncttont  Ef/tpHques,  2  vols.,  4to.,  1825  and  lb26, 
with  tbtee  supplements,  (182S,)  in  which  the  subsetjnent  difccoveries  of  Ahel  and 
Jaeoln  avs  added.  Alvers  p.ip»'rs  wore  originally  sc  ottered  tl>rtMi^jh  Crelle's  journal, 
but  are  now  collt-cie-i  in  tin  i-tlition  uf  his  works,  2  vol^..  4to„  Chrtstiani.i,  lH39. 
Jacobi »  wurk  is  Fundamenta  nova  Jheoriof  Functtunum  EUiptirarum,  Koui<;Kbvr^, 
1829.  In  English  tlisn  is  an  aceotuit  of  Lep:endi«'t  earUer  method,  in  Leylourn'is 
Repository,  vols.  ii.  and  ill. ;  the  suIiJl  t  is  also  treated  in  Mr.  Ilymtr's  Intej^ral 
Calrulus,  and  Mr.  Moseley'i  article  on  Elliptic  functions  and  Definite  integrals  ia 
the  BncyclopedU  MettopoliUiw. 

f  Anahjse  (let  Refraetioni  AUrmamif^,  8lra&hurp,  1799 ;  reprinted  in  the 
Kncjrclopsedia  MetropoUtana.  in  the  article  Theury  of  P/obabUuiet.  in  the  latter 
aiiiel«  ia  found  the  Hecoud  tahlu  aiiuUed  tu  m  the  tL-xt,  a»  also  in  the  treatise  OB 
F{nb»Ulitisi  and  Life  Cuntin^eucies  ia  the  Cabinet  Cyclopedia,  and  in  theftitidt 
«a  fht  SMM  sabject  in  the  edition  now  pnblishiDg  of  the  Kncyclopadia  Britaonicn. 

•2  U 
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3.  On  the  function  Tx  or  j  ^  t~'  i-"^  dx  enough  has  been  said,  and  a 
table  hns  been  given  (pages  ."wT — 5!)1.)  I  only  add  here  a  few  words 
oil  the  facuUks  of  numbers,  as  the  German  analysts  call  them,  all  the 
properties  of  which  are  really  included  in  thoM  of  Fx. 

The  use  of  the  term  powers  of  «,  to  ugDify  xdr»  xxx^  Ac,  niggoted 
to  Kramp  the  application  of  the  kindred  term  faculties  of  r,  to  denote 
ar(cr+a),  x{x-\-a)  (j  +  2fl),  &c.,  x  being  called  the  base  of  the  faculty, 
a  its  difference,  and  the  number  of  fartor?  its  exponent.  Others  have 
called  these  functions  factorials*  of  x.  ii elides  the  notation  exemplified 
io  page  254,  the  following  has  also  been  used : 

(x,  +  a)"=s*  (^H*  a)(«+2o) ....  (x+n— 1  a). 

Many  properties  of  algebraical  functions  have  been  expressed  in, 
and  even  suggested  by,  these  notations;  and  the  extension  of  the 
system  to  faculties  or  fkctorials  with  fractional  or  negative  exponents 
has  been  made  in  several  i^erent  ways,  ending  in  the  same  results. 
These  may  all  he  obtained  by  generalizing  the  equation 

{«^+a>^  or («+n— I a)s5«'.  - (-+ !)...( 

a  lesult  which  sdmits  of  interpretation  when  n  is  fractional  or  negative. 
In  all  cases  the  notation 


x"'"  or  (x»  +a)*  may  be  translated  by  a* 


Thus  rn=l"-',  or  (1,  +l)-». 

4.  The  logarithmic  transoendcnte  of  Spence  aie  included  under  die 
formula 

3?     ^  ^ 

L-(l±x)=±x--  ±-^--±....; 

the  first  of  which,  or  L  is  obviously  log  (l+o:).  and  L°  (l4--c) 

srCl-j-jr)-".    We  have  then 

C'  dv 

L*(1+*)=J   -L»(l+»),  &c. 
Into  the  theory  of  these  ftinctions  the  authorf  has  entered  at  greit 

*  This  tera  wss  snggsilsd  by  Aibogiil,  sad  Kranp  hisuelf  «ilniiqiifiitly 

adopted  it. 

t  WiUiam  Spence,  (bom  1777,  disd  1815,)  of  GimbocIk,  was,  at  the  tiawvliaa 
hs  Hist  MianA^  one  «r  ths  veiy  finr  owd  in  Brilshi  whs  acquiied  a  liassls^e  sff 
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length,  and  has  deduced  values  of  L*  ( 1  -f  r)  and  L*  (1  +jr)  for  integer 
values  of  x,  from  xsO  to  ar=:9d.  He  has  also  inYeatigited  the  pro- 
perties of 

X*  J* 

C- +-  -~+&c. 

Mr.  Spence  hat  given  two  formulse,  by  which  9 — 2"*  J^+3r«^B^Ac., 
or  the  liinction  from  which  it  is  develop^,  can  be  calculated  when  diver- 
gent,  by  means  uf  tbe  case  in  wliichit  ia  convergent.  These  torrouUe 
are  as  follows:  let  t«sl  — 2~"4-3^~«  and,  according  at fi  is  even 
or  odd,  we  have 

I.  (neven)  +—-...  j= 

II.    odd)       +  3.- ...  J  -(---V 

a^v*iog*+«^  2.»  ^•••+'*a.3...»-3j  +2:8:;:;- 

By  a  different  method,  which  is  simply  m«kin!»  *tise  of  the  remnant  of 
Taylor's  theorem  as  given  in  patre  (jr)2,  I  have  vcrilied  these  formulae, 
aud  found  others  analogous  to  them,  as  follows.  Let  S,=  l  4-2~*  +  3^ 
+         and  according  as  n  is  even  or  odd,  we  have 

(X*  N     /        x"^     x~*  \ 

.«     (log^)',  o     (»og*V.  (log^N  (log*)- 

2^S,+S.^  — 2~ ^  "2 . 374     •  • '  +  ^  2.3.  ..n-2 )  ~  2T37r:7» 

IV.     («0dd)  y  +-3,+  -. 

2jS^.log«+S^,^3-+.--+S.5-3— — 2^ -jXTTn 

By  the  name  method  the  following  are  also  found,  Q«  and  9*  repreicnt- 

jngl  +  3"  +  S^+  ond  1  — 3— 4-5— —  .. 

When  n  is  even  (using  Q«,  Q«-n  &c.,  and  ^^|,  <kc.) 

the  works  of  the  continental  maihetnaticians.  Uis  essay  on  the  ▼arions  orders  of 
logarithmic  transcendents  would  have  nade  his  name  wtter  known  if  its  inbjeel 
had  be«n  of  more  general  interest  to  mathematiciaus.  It  is  an  original  work,  full 
of  methods  which  any  inquirer  who  is  occupied  in  the  investigation  of  the 
numerical  values  of  integrals  would  do  well  to  consult  for  hints.  The  first  edition 
VIS  published  in  1809;  the  second  (edited  bv  Sir  J.  Herschel,  with  namsrous 
additions  from  Mr.  Sp  lue's  papers^  ivns  printed  in  1820,  htit,  owing  to  the  impres- 
mou  boing  almost  entirely  forwarded  to  the  publishers  in  Bcotlaud,  (Messrs. 
Olivw  a^  Boyd,  Edinburgh,)  and  other  eiiciiiiistaiice«,  it  wss  nerer  known  in 
England  as  a  work  on  sale  nil  tfat  year  1840,  and  was  ahrays  spskan  of  as  a  book 
of  yio  gssatsit  scaicsniML 

•2  U  2 
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When  n  »  odd,  (uaing  Q^t,  Qm.9t  &€.»  aud  9.,  &C.)> 

VIII.     . .        .      •  • 

In  VL  the  eucecesive  is  of  terms  having  q„  q^t^ 

5.  The  integral  Jldx  Ai^Xf  or — fs—fdtity  from  frr  — loga  to 
/r-rcc,  ir  f^dt:f^  from  (=  — a  to  /=logff,  has  ht'cu  tabulated  by 
Soidner  in  the  iir&t  ut'  the  preceding  forms,  and  iti  the  key  tu  no  large  a 
class  of  definite  integrals,  that  it  will  be  worth  while  to  discuss  it,  and  to 
add  the  table.  In  we  firtt  place,  obnerve  that  when  a>l,  the  subject 
integrated  becomes  infinite  between  the  limits  of  integration  (at 
in  which  case  the  principal  vulue  (as  M.  Cauchy  calls  it,  page  633)  is  to 
be  talcen,  or  the  limit  of  f  l^  ,  ^vhcn  9  is  diminished  uiihout  limit. 

Soidner  uses  the  symbol  li.  a  (from  ihe  initial  letters  of  logarii!.m-int^jnil) 
to  stand  for  fl  rfx  :  log  j  ;  a  notation  which  I  propose  to  luiiow. 

From  the  second  foim,  and  page  653,  we  have 

which  applies  when  «>!.    By  expansion  we  have  (a>l) 

r*  €~'dt     ,  fl* 

-j  ^—=Y+He  -e  +-5;-.... 

Add  iiiese  together,  and  diminish  0  without  limit,  which  gives 

li«as— J    ^  -j-=y+loglogfl+Ioga+^^  +  2.3* 

ObMfve,  that  if  in  the  last  we  were  to  change  a  into  ar\  the  last 
leries  would  differ  from  \un~^  by  log  ( — 1),  the  conection  for 
continuity  described  iii  page  633.   Agun,  as  in  page  262,  let 

{log(l+j)}-»=rar>  +  V,4-V,j:4-Vaj'+.... 

^         -"^^  v.^^- . . .  («<i). 

B"t  (page  593)  the  value  of  y  shows  that  li.  a— log  (1  — r?)  approaches 
witljout  limit  to  y  as  a  approaches  to  unity,  and  the  f^nme  of 
li.  (1  ~a)^loga,  when  a  diminishes  without  limit.    Hence  we  have 

li.(l-o)a:y+loga-V,a+iV,a«-... . 
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^y+oga   2    2  12    3  24    4  720  ""S  16o" ' '  " 

Again,  li  a+«)=/l,i;^^)^^^^ 

TTie  first  intfL^ral  is  found  hy  making  a  =  0  m  the  last  series,  and 
tlie  second  from  the  original  development,  which  gives  log  a — log  Q 
-f  V|  (a  -  ^)  +  J  Vg  (a*  -  (^')  + . . . . :  ihe  addition  of  which  gives  for  the 
limit 

li.(l+a)=y+log«+-  - Y  12  +  3  24  "T  72"o  +  -- 

The  coefficients,  as  given  by  Soldner,  which  can  be  partly  terified 
from  page  262,  are  as  follows,  (a**)  meaning  coefficient  of  a*. 

(a)=:-l,  (a-)=:i,  {c^)^^^.  <«'>=^» 

3)2880'    ^'^^  169344* 

(af)s:  *00116956105,  (a*)  ^  '00081695044 

(a**)    -00067658493,  (a")=  *  00053855062 
(a»)s -00043807461. 

From  Taylor's  theorem, 

l,.(a+x)=.h.a+j—  +— ^+_-^_._  +  .... 

A  particular  case  of  Bunnann*s  theorem  is  also  applied  by  Soldner, 
-wbicli  may  be  uselul  in  other  cases;  namely,  a  metood  of  expanding 
F(<i-|-')  in  powers  of /(*+«)— /a If  we  assume  F(a4*') 
s5A«'fAtJ+^Ati'+>**.f  we  easily  deduce 

Va  1   dA,     .      1   dkt  . 

^       *  / «  rfa  fa  da 

Ijet  Forsli.  jt,  ^slog  jt,  we  have  then 

_  a  (logg  ~  1)  o        _{(logo)'— 2loga-t-2}  a 

^'"i^^a'   ^"    (loga)«   •  (log  a)' 

A^»=«Ooga)"^'{0»g«)'-»  (loga)-'  +  n  (n-l)  (loga)-"— • . . 

in(ii— 1). ...  1}. 

Let  log (a+j)  — loga  and  let  the  last  factor  of  all  but  its 
first  term,  be  ±  («  -  1)  B..   "We  have  then 

^  «      .  {loga-B,}ayV,  {(loga)^  +  2BJ 
or  since       y+^-f^^-f....  =:i»^c.+.)-»,..i=f., 
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wBcra  B,=l,  B,=  B,-loga,  B,=2B,+  (log  a)«,  B,=3B^-(loga)«, 
vad  to  on.  This  teries  is  very  conTeigent  when  a  is  ooniiderRble  com- 
pared with  «• 

1  '  t'-^dt 

Lastly,  take  the  equation  li.  — =  —  |      — (a>l),  and  conrert 

J  i«c«  • 

the  mtegral  into  a  continued  fraction,  as  in  page  591.   This  gives 


—I 


_!^_    _1  1_  (log  a)-'  (logg)-'  2(loga)-*  2  0oga) 

a^^'alogaH-     1+        1+        1+  1+ 

One  or  odier  (  f  these  raeihodb  will  apply  in  every  case,  and  by 
them  tlie  foUuwmg  table  was  coustructed,  lor  values  of  a  leas  than 
unity. 


a. 

li.a.(— ). 

a. 

1  *             ^  V 

li.a,(^>. 

a. 

h.0.(— ). 

•1270254 

•7534596 

•00 

■iiiiiiiiiiiiiifl 

•84 

•1925S52 

•2019321 

•68 

•01 

•0018297 

•35 

•09 

•02 

•0042052 

•36 

•2115883 

•70 

•7809469 

•03 

•0069137 

•37 

•2215106 

•71 

•bU9n577 

•04 

•0Ul)8V):i4 

•38 

•2317064 

•72 

•8393700 

•05 

•0131194 

•39 

•2421833 

•73 

•8704701 

•06 

•0165667 

•40 

•2529494 

•74 

•9029543 

•ot 

•0202246 

•41 

•2640133 

•75 

•9369300 

•08 

0240852 

•42 

•2753841 

•76 

•9725181 

•00 

•0281416 

•43 

•2870714 

•77 

l-001)S-vH 

•10 

•  0323898 

•44 

•29!)08r)2 

•78 

1*0490943 

'11 

•036*^207 

•45 

•3114326 

•79 

1 • 0904 1 28 

•12 

•0414502 

•46 

•3241357 

•80 

1-1340120 

•13 

•0462592 

•47 

•3371959 

•81 

1-1S01246 

•14 

•0512530 

•48 

-3506294 

•82 

1 •2290215 

•15 

•0564316 

•49 

•3644496 

•83 

1-2810197 

•16 

•50 

•3786711 

•84 

1  -3,304941 

•17 

•51 

•3933088 

•85 

1-3958924 

•18 

•0730829 

•52 

•4083791 

•86 

r4597547 

•19 

•0790093 

•53 

•423S992 

•87 

1 -5287419 

•20 

•0851265 

•54 

•4398875 

•88 

!• 6036733 

•21 

•0914368 

•55 

•4563637 

•89 

r 6855829 

•  22 

•0979426 

•56 

•4733487 

•90 

!• 7758007 

•23 

•1040107 

•57 

•4908650 

•91 

1-8760780 

•24 

•1115521 

•58 

•5089366 

•92 

r 9887871 

•25 

•  M^00'21 

•59 

•5275895 

•93 

2- 1172535 

•26 

•  i2o*JbU3 

•60 

•  540*^5 1 5 

•94 

2-2663481 

•27 

•1335104 

•61 

•5667522 

•95 

2  4430226 

•28 

•1412566 

•62 

•5873242 

•96 

2-6017277 

•29 

• 1492232 

•63 

•6086021 

•97 

2-9443801 

•30 

•1574149 

•64  1 

•6306240 

•98 

8 •3448241 

•31 

•16583G0 

•05 

•Gr)31300 

•99 

4  0329587 

•32 

•  1744935 

•66 

•6770660 

1  00 

infinite. 

•33 

•1833911 

•67 

•7015805 
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When  ff>l,  W.a  continues  negative  until  li.  1*4513692346,  which  is 
=0,  after  wiucii  it  contiuuee  positive.  Also 

IL  •1  =  «0-0323897896         ILe-^as -0-2193839344 

li.  10=    61G35995048  li.e   =  1-89511781G4 

The  following  is  the  tihle  for  Talues  of  a  greater  than  unity  >— 


n. 

Cva 

*    ja    #  A 

innnite. 

17 

8*8764646 

140 

38*492841 

1  •! 

r 6757728 

18 

9-2238743 

150 

40-502303 

1*2 

0' 9337783 

19 

9*5680258 

160 

42-485178 

1  -3 

0*4801 770 

20 

9 -9053000 

180 

46*380020 

0-1449911 

22 

10-502353 

200 

50*192168 

24 

11-2UU316 

220 

53-932872 

1*5 

0*1250650 

26 

11*821734 

240 

57*610933 

I'd 

0-3537415 

28 

12*428628 

260 

61*283401 

1*7 

0-5537438 

30 

13-022632 

280 

64*806034 

1  -8 

0-7326370 

32 

13*605092 

300 

f)8  •3'i'?G12 

1*9 

0*8953206 

34 

14*177131 

320 

71-820157 

2-0 

1*0451038 

36 

14- 731)097 

360 

78-683375 

2*5 

1-6672940 

38 

15*293002 

400 

85-417888 

o 
o 

2  loooboy 

4U 

If  J  V  Won 

4 

2*9675853 

45 

17-173366 

480 

98-565102 

5 

3*8845880 

50 

18*468696 

520 

105*00191 

6 

4*2222224 

55 

19-731245 

560 

111*35993 

7 

4-7570508 

60 

20-965412 

000 

117-64651 

8 

5 -25371^2 

65 

22- 174669 

640 

123*86784 

9 

5*7212387 

70 

23-361813 

720 

136-13526 

10 

6- 1655995 

75 

24  529138 

800 

148*19668 

11 

6*5919851 

80 

25-678554 

880 

160*07861 

12 

7-0005447 

90 

27*929887 

960 

171*80200 

13 

7*3965480 

100 

30-126139 

1040 

183*38376 

14 

7-7808256 

no 

32-275096 

1120 

104*83783 

15 

1548249 

120 

34*382807 

1 200 

206* 17582 

16 

8-5197165 

130 

36*464085 

122U 

217*40761 

When  the  number  ia  ven'  rfnrlv  equal  to  1,  the  table  may  be  aban- 
doned in  fjivour  of  the  exp^ession^  tor  li.  (1  — a)  and  H.  (1  -|-«),  in  wiiich 
a  will  then  be  very  small}  and  the  tjeries  very  convergeuL  Also  the 
fonniila  for  li.  (a-|-  x)  mutt  be  used  instead  of  interpolatioDt  if  values  of 
li.  a  for  large  intermediate  values  of  a  are  required.  The  following 
iDtegrals  (ano  many  others  of  more  complicated  forms)  may  be  obtained 
by  means  of  li.  in  which  it  is  to  be  understood  that  the  integration 
is  indefinite,  requiring  to  be  taken  between  limita,  or  a  constant  to  be 
added,  as  may  be. 

C^=\l        or  r  ^=U.6-+'  -U.  a-+» 
J  ^ogx  J  .logjf 
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JT—T —       log     /       dxszxMfa'—  ff^—-  dr. 
£loglog«        ©     J    ^  ^     J  la^fg 

I  uow  come  to  those  isolated  instauces  \s  iuch  cannot  be  made  tu  cume 
under  any  of  the  pieceding  methods :  of  theie  there  it  i  ooniideraUe 
number  ezbting  in  various  works,  out  of  which  a  selectioD  must  he 
made,  and  it  i»  a  matter  of  no  little  difficulty  to  settle  what  paits  of  the 
voluminous  writings  on  definite  integrals  are  most  likely  to  be  useful  to 
the  student. 

Having  applied  the  remarkable  property  of  cusines  and  sine-  m  page 
291,  it  may  be  interesting  to  point  out  some  other  functions*  which 
have  an  analogous  property,  and  which  arc  of  great  importance  in  some 
questions  of  phvsiosl  astronomy.  Let  uss2+^  j:  (1— u'),  which  gim 
by  Lsgrange's  theorem  (psge  170) 

But  4--(l+2sr+jt«)*,  ^=r(l+3rjp+ji*)-*.  Letthelait 

series  be  Po-f  Pi  ^ +  P»  •  •  •  •  i  ihen  i^,  is  of  the  ;uh  degree  with 
respect  to  and  if  A<n,  we  have  for  TT  {n  ■\- 1}  fP^z^dz,  ot 
fir  (I-  i^r  Ms^  the  following  terms, 

s» (I  "zy  -  kz"-'  D-«  (1  -«•)•+....  ±  W  D'^-» (!-«•)•, 

that 
fibe 
.then 

P.,  being  rational  and  lower  than  P,  in  dimension,  we  see  that  /P«kP„dk 

may  be  mnde  *n  take  the  form  2  { Ai  J"P„  i*c£^},  k  never  being  so  great 
as  71.  And  each  term  of  tlie  last  vanishes,  whence  the  theorem  it 
evident.  But  if  m=/j,  we  have  one  term  of  the  form  A,J"F\z'rfr, 
which  integrated  by  parts  us  before  leaves  one  term  only,  ±  A,r(«  +  1) 
D~*  (1—2')" :  ar  r  (w  + 1),  according  aa  n  »  even  or  odd.  Now  (page 
580) 

=  r(n  +  l):(«  +  i)(n-i)(it-f)....|.f.^. 

Now  A,  is  the  coefficient  of  «"  in  P„  or  in  2-*  D*  (1— t  F  («+ 1) ; 
we  have  then 

A,=  +2^.3»  (2«— 1).  • . .  (n+ 1) :  r  (n+ 1),  (+,  n  even ;  — ,  nodd). 

*  Thns  an  certain  fimetions,  bv  aid  of  whieh  Mr.  Murphy  (in  his  ekmentt  of 
electricity)  han  put  Laptacti  eoefficient$  (page  540)  ia  a  very  clear  poiotOf  t ' — 
as  tQ  those  primajry  pcopertics  ou  whieh  their  utility  chiefly  dtpesds. 
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Hence  ±  A.  is  positive,  snd 

f P« dr--" D-' a    ^v-    g-*'2it....(it^-l)xw... .  1 
J-»F.dx-.yi;   a  *^-(n+i)(n-i)....|Trr(MT) 

2.2  * •  271  ••••2«1  3 


(2>i+l)....3.1,r04+l)  2«+r 

If,  then,  (l+2sjr+i^'*  be  expanded  into  P«+Pi;r+.. the  funetion 
P«  hss  the  property  that  ft\  P.  P.  dx  is  =0  or  2 :  (2ii+ 1),  according 
u  n  and  m  ave  unequal  or  equal.  Also 

0^(1 or  L_  ild-,.). 

2-r(n+l)     2*.1.2...n  <fcr-^  ' 

Let  (f>T  —  Jf''"  ^jj  v  dt\  the  limits  being  anything  whatever  independent 
of  X :  if,  then,  we  change  x  luto  jr-h^,  and  subtract,  we  have 

^019  or  0  (»+a)  — s"**  (f-*»— 1) 

with  the  same  iiiiuts ;  and,  in  the  same  manner, 

A«^ss/€-«(«-^-l)»^»<fo  (limits  as  before). 


As  another  example,  integrate  both  sides  of  /J«"^d»»JP'"*,  from 
«sa  to  x=^bt  which  gives 


n  reaolt  which  shows  that  an  integral  of  a  complicated  form  may  be  so 
dependent  upon  a  more  simple  one  aa  to  be  calculated  without 
di&ttlty. 

Again,  f:      (e-»»- 1)     if»2=log  x  -log  A  log  *. 

Intetrratc  both  sides  with  respect  to  and  then  take  the  difference  of 
both  m  Ips,  which  gives  (observing  that  thetecoad  operation  destroys  the 
con&taut  ui  the  first) 

/J S-"  (€-*•— 1)»       dDSSA*  (« log  4f-«)SS  A*  (JF  log  «). 

Repeat  the  progress,  which  gives 

/;«—'(€-*•— O'v-'di^s-A'^-y  logx— ^^-i  A'  (-rMog  r), 
and  so  on,  which  gives 

From  page  51 9  we  may  deduce 
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-rr--- — =       ,1    dx  0(a)l. 
The  traiiBfoiiDatioii  »  made  as  foUowa : 

J  ,  1+C4f     ainuT*  J  ,ll+ct*«"*"l+cr^«f 

 ^  f  j:""' (1 +c  cos  0.  j)  (ix  rd^cosad 

s:-  (e^+O*  w  I  — : — ^  — =  

8ma»  '      J,  l+2cco8e^,x+c«^  smaar 

if  kssj{—  1).  Make  cs  1 ;  a  correspondiiig  anbtractioii  gives 

the  second  beiug  obtained  by  changing  «  into  x~'  in  the  first.  The 
trantformation  already  noted  gives 


•  l+2GosO.«+ji«       sinaT  sinO' 

Multiply  the  two  last  by  2  sin  6  rfd,  and  integrate  from  0=0, 


2r 


2= — :  (1— cosaO). 

a  sin  air  ' 

In  (A)  write  l+logx.a+ ibr  and  let  siniid:aina« 
~- A«+ A,  a-H  • , . .  £quate  Gorrespondiiig  powers  of  a  on  both  sides, 
and  we  have 

0 1+2  cos         ^STe  r  (»+ 1)  .A« 

whence  tliis  integral  vanishes  whenever  n  is  ocUI. 

In  page  593,  last  equation  but  two,  from  ilu;  value  of  A  (I  +  r)  or 
logr(l+s),  find  A(l+x)+A(l  +y)-A(l+  r+y),  whidi  fcjives 


Ml-t^Kl-i;^)  dv  ^^^r(l+:r).r(l+y) 


•       I—©       logo     ^  r(l+«+y) 

Write  y+i:  for  y,  and  subtract  the  first,  which  gives 


.  logo  r(l+y)r(l+a?+*+y)- 

Subtract  this  from  the  preceding,  with  y  changed  into    and  we  hm 
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'  (l~p*)(l  -p^)(l--p')  dv^ 

^        i—v  iogt? 
_    r  (1  +  j)  r  (1 +y)  r  (1 r  (1  +x-|-y+2) . 

r(l+jr+y)r(l+y+»)r(l+»+»)  ' 

and  thus  we  might  proceed  until  there  are  any  number  of  factors  in  the 
numerator  of  the  subject  of  iutegruiiuu.    Many  integrals  may  be 
deduced  from  thia  fonn* 
An  equation  in  page  243  gives,  with  (—1,  a,  +  !)« 

xdr  sin  J  sin  r.Trfj'      p'asin  2x.idj: 

(page655)=-C^  '-he-^a+....)=~- 

Change  x  into  2x,  m  into  2m,  and  tiien  make  a  equal  to  + 1  and  —  i 
successively. 

Change  a  into  —a,  and  add ;  in  the  result  write  a  for  a*, 

j'dr  sinx  t  1 


In  the  first  equation  write  nx  for  x,  and  nm  for  m,  multiply  by 
2adn^  and  integrate  with  respect  to  n  from  n=0, 

J'iSq^  '"8  cp.»x+«')-2  log  (1  -o)/,^ 

which  gim  j  ^^;^,log(l-a»o«ii«+<^=^l^^ 

Differentiate  this  with  respect  to  o,  maken=l,  and  show  thnt  the 
leauU  is  the  same  as  we  should  have  got  by  beginning  with  tlie  equation 
in  pntre  242.    For  ii  write       make  a  successively  equal  to  —  I  and 

1,  and  subtract,  which  gives 

,"-iSN^~--2Si^°«"^""'  J, 

The  preceding  two  pages  contain  certain  excursions  (by  Le^cndre) 
Into  the  field  of  definite  integrals,  not  mnde  with  any  fixed  objtct,  and 
by  the  fadiities  which  arise  from  being  able  to  find  some  one 
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fiinflamental  integral.  Wh  never  we  arc  able  to  find  J* y/r.^ax.cix,  for 
aii  values  of  a,  ii  i»  generally  easy  to  find  a  function  which,  ex- 
panded in  the  fomi  A,0(«,  j)  +  A,0(a,a:)+  ,  will  give  for 

jfx*fx»dx%,  scriei  whose  inTelopment  is  known.  But  this  method 
mast  always  be  of  twofold  application;  for  since /^ar.<^r.dx  follows 
from  Jfx,4>a^.di^  a  similar  process  can  be  instituted  ^i*h  tunctioDS 
which  can  be  expanded  in  the  form  A|  (aiX)-i-A«  |^  (agf)4- •  •  *  • 
For  instance,  we  have 

J*  sin  WT.jrdj:      T  r^cosnr.dx   x 

whence  if  <px  can  be  expanded  in  sines  or  cosines  of  x,  f  <^x  (m'4-Jt*)~*rfr 
can  be  expanded  in  a  series,  the  finite  form  of  which  may  be  known. 
Let  us  now  take  functions  which  can  be  expanded  in  terms  of  the  form 
A  (m*+ j')-'. 

As  a  preparalDry  step,  it  is  required  to  expand  sinav:sin6r,  a  being 
<b.   Now  we  have  (page  586) 

sin  tax     a  l—o^Ji*  4— q^i*  9--flf  j* 
sm  vbx^  b'  I— 6^*»*4-6«'5'9~6«j»**  * 

If  we  were  to  fake  n  of  the  fractions  in  the  product,  not  counting  the 
first,  to  be  resolved  into  sums  of  fractions,  as  in  pages  270,  &c.,  we  should 
first  observe  that  numerator  and  deuumiuator  have  the  same  dimenaion ; 
whence,  lowering  the  dimension  of  the  nuroeratur,  we  have  Ibr 
the  separated  quotient*  But  (a<6)  this  diminishes  without  limit  as  it 
Increases  without  limit:  it  remains  then  only  to  find  the  fractions.  Pro- 
ceeding as  in  the  chapter  cited,  we  have  to  find  the  value  of  (Ar+6j) 
sin  irax :  sin  t6t,  when  bx=z  ^A,  k  being  a  whole  number.  By  Chapter 
IX.)  these  values  are  both 


.rah        1        f     1  11 

,  whence  -  sm  -r-   =  — ^  +r — r~h 


,    xak        1  ,  .  Tnh 

—  sm 


b  'voostA 

:2kim(wttkib)  . 
"  -rcos.kil^^b^a^  » one  term  inquired. 

Make  k  successively  1,  2,  S»  &c.»  which  gives  {va ;  6  =d) 

sin  iroj  _  2  J   sin  0       2  sin  26     3  sin  39  1 

— JL  J  __4cos2d     9co839  1 

'^wbx  \l^^x'''I^l^''^9^0U*'"*'\ 


tmrbx 
cm  irax 


sin  xbx 


2    /     A  .  JL    .ft*Jr"co80     6'j:*cos2d  1 
 1_     26*  f  cos  0    ^  cos  2e       cos  30  1 

the  second  formula  bdng  obtained  by  difoentiating  the  first  with 
respect  to  a. 
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Repeat  the  same  process:  k  being  an  odd  number,  the  value  of 
(A  +  26x)  cos  vox :  cot  when  ^  ^k^  is  found  to  be  2  oos  iwak :  2b) 
-f'vnn  (iv^)f  whence 

2cos(j^A-0)  J  1_         1     )  4j^co8A<^a 

is  one  of  the  terms  required.   Make  iSr^l,  3,  5,  &c.  successiiFelyt  and 

Coeirar^4   j  cos  3cos»0        5cos*e  \ 

sin  Tor  2  (  sin^  Osin^O  25sin^fl  \ 
corSi""iSi  1 1— 46^«"  ~9— 46««»  ■*"25— 46«j!*~"  *  * '  *  \ 

the  first  term  of  which  =0  (page  G07).  Write  a^(  —  \)  :Tr  and 
b^i  —  1)  :  »•  for  a  and  h,  (which  does  not  alter  0)  a  d  we  liavc  the  follow- 
ing results,  (two  of  which  iiave  already  appeared,  pages  611  and  612,)  d 
heing  ra :  6. 

f-+f—    1  „^  ^  cosne 


f— '    ^.   ^  sin^wO 


,  „  ncosifld 


Where  2  implies  a  series  of  ulterniitely  ])ositive  anil  negative  terms,  the 
series  on  the  left  being  summed  for  all  inltger  values  of  Af,  and  those  on 
the  right  for  all  odd  vdues  of  n.    Now  make  whence  6=a: 

multiply  the  first  and  fourth  hy  coscx,  the  second  and  third  by  sine*, 
and  integrate  with  respect  to  x  from  0  to  cc^  remembering  that 

('*coscx.rfx        If  r*8incx.xrfx  r 

^  .  «-+irx*  "Wi*       J  .  "^^x"'  ~2i 

In  this  ease  Ossa,  and  we  have  (a<ir) 

^   cos  c«    =  sin  a.  «"^— sin  20 .  «"*+ sin  Sa  e"*— 


2g 


J 


€~*  sm  a  sm  a 

(page  243)=.^^^_^^  —  —  ^^Tiz^ 


l+«    +2e"*cosa  2  cos  a 

,  ^  1   

2co8a 


t    —  f 


smcxd^s-^; — — -— — ^ 
f*+e-*+2cosa 


-Vf-"  .  (t*'+t-*')cosia 

cos  cx  ax=:  .  ,       ■  a  • 

••+«**+2co8a 


I  have  left  the  completion  of  the  processes  as  an  exercise  for  the 
student :  the  following  formulae  will  be  needed, 


Digitized  by  Google 


670  BIFFESBMTIAL  AND  INTEGRAL  CALCULUS. 

l+2co8  20.x*+x** 

Let  ^+e~*s=ac  (x),  €*— e"'=:2«  (x) ;  fiom  the  |iiecedmg  may  be 
deduced,  die  limitt  of  all  the  integnls  being  0  end  a,  and  a<«; 

T(iir  "'2'  Z(^y  J    c(»a;)  ~T  ^(P)' 

/cos  rj.xrfj?  ^'1       1  p  Bincr.Jtljr      1    8  (^) 

Many  formulae  mav  V)e  deduced  froni  these  by  differentiation  or  iiitcirra 
tion.  The  luucUond  denuted  by  c  (x)  and  8  (a),  called  tlie  hyperbulic  sme 
and  coaine  (page  120),  have  propeitiea  cloady  analogous  to  tboae  of  the 
comaon  trigonometncal  sines  end  cosines. 

In  the  investigations  immediately  preceding,  it  has  appealed  tUbmh- 
lutcly  essential  that  a  should  be  less  than  b:  if  a  were  even  =6,  a 
quotient  term  (unity)  would  a]ipcar  to  be  added  to  the  fractions  into 
which  sm  Tax :  sin  x6x,  &c.  are  decomposed.  If,  then,  we  were  to  make 
a=:v,  we  might  expect  the  preceding  integrals  not  to  be  true,  and  tins 
can  readily  be  Yerirod  as  to  some  of  them,  though  some  happen  to  be 
true  even  in  this  esse,  owing  to  their  being  deriTed  from  the  pre* 
ceding  by  differentiation,  j  To  deduce  a  result  in  the  case  of  as«r»  first 
let  nsv— 10,  which  gives 

Multiply  both  sides  by  sin  cx  dLr,  and  integrate  irom  0  to  oc ,  which 
gives 

1  £-  C 


3  ^+e-+2cos(»— 10)  c^+fo^ 
Dinumsh  w  without  limit,  and  we  have 

sincx.dx     1   t  +1  1 


j: 


To  find  tuiwax  and  cot  vox  by  the  preceding  method,  malce  a=6; 
but  we  need  not  increase  the  series  for  sin  ax :  co8  6:e  and  cos  ax :  sin  kt 

by  unity,  the  qunticTit  term  wbicli  the  method  in  page  f)6S  would  give, 
«inre  thr?se  series  arc  derived  by  dilierentiation,  which  makes  that  con- 
sunt  term  vanish.    We  have  then  (x=l, 

'^=T  IT^  +9=S?  •  •  •  •  f 

^         1      2a  (111,  1 
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Abel  has  made  an  applitariun  of  the  formula  (c)  which  deserves 
notice.  His  prelliuinary  assumption  is  that  every  function  of  x  can  be 
expressed  in  tiie  form  Ji'^Jv  dv,  the  limits  being  independent  of  a;. 
This  prop(Miitioii»  however,  can  only  be  said  to  be  geneially  troe  on  the 
luppontHm  that/b  may  be  a  divergent  leriea ;  and  every  such  caae  will 
neea  inquiry  aa  to  the  conserpionces  of  employing  the  scries  in  int^ia* 
tion.  If  we  assume  (iiX=ij^t"^fvdv^  this,  if  fv  can  be  expanded  in 
positive  power?!  of  r,  is  only  possible  when  0x  can  be  expanded  is 
negative  powers  of     for  we  have  from  the  preceding 


fp:=/(0).*-»+/'  (0).ar«+/"(0).«-«+ 


Fo  that  if  ^=A,  j:~'4-A,x""+ . . . wc  have  /©rrAi  +  Aj  <  4-i  Ajo' 
A4  u^-f  ....  Such  casea  are  generally  those  in  which  ^jr  dimi- 
nishes without  limit  when  a:  increases  without  limit;  and  these  aro 
the  cases  to  which  the  following  method  wiU  most  often  be  applied.  If 
we  take  any  other  limits,  say  —1  and  1,  and  if  ^  can  only  be  deve- 
loped in  wliole  powers  of  or,  development  of  abowa  that  we  must 
have 

/li       dp=  C—  1  )•  ^<'^  (0). 

Assume  foroaseries  of  the  form  AoR»4-A|R|+«*>*t'where  fi«sl« 
Rt:=D  ( 1— v").  &c.  and  R^asD^  (1— as  in  page  664.  Since,  then, 
/ti  V* l^iw do = 0,  we  have 

A,/liR„c/t;=0(O),    A,/llR,rdt'+A,/ilR,rcfo=-0'(O),  &c.; 

from  which  Aj,  A,,  &c.  can  he  found.  But  the  results  of  this  method 
will  give  for  the  most  part  divergent  series,  which  cannot  be  safely 
inteijrated.  ' 

Assume  0a;= fe'^fi  di\  between  fixed  limits,  but  of  what  value  is 
of  no  consequence.   We  have  then 


Bqnatioo  (c).giv€s  —  =y  — g  +2J 


*  («+t/— give* 

/  sm  vi  C^ft>  dp  =  
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Let  the  last  factor  be    (x,  0  >      have  then 

<i  (i)+ • . . .  +^  (*)=/;  ^  (iM-W 

J***  tdi 

Let  ^slog  (1+x),  and  deduce 


3rilog(l+j)-l}  log(l+x) 
2  4 


iogr(i+jf) 

•  tMT^L^     JL     ^  ^^^^ 


Thit  tlieoreiii»  though  deduced Ifom  the  iiippQekioii  <^r=: j" t^fvdt^ 
may  be  pfoved  independently  of  any  tuch  aaiumption.  We  evidently 
have  by  czpanaioii  and  page  581 


Subatitute  thevalnea  derived  from  this  in  page  266,  in  the  value  of 
making  jr«ss^,  vemembering  that  1 : 6»  1 :30,  &c.  are  Bj,  Bi^  Ac 

lir-i      -  00) 

the  last  factor  being  H^-^^ 'J -\)—4>  {r—t  J-Vi-\4,{t  J -\) 
— -0( — <^ — 1)},  all  divided  by  2-^—1.  Subtract  <^0  from  botb  sides, 
and  add  (^j,  which  turns  i0J  into  ! -f  .  ,  .  . -|-0-r,  «iid  inakes  the 
preceding  correspoud  precisely  Wiiii  wimt  was  proved  before.  The 
following  caae  anica  fiom  ^asain    or  ^=:coaas» «  disappeaiing  of 

I  -i^ —  -cot-,  whenGe  -r-. — r  =— . 

the  last  is  already  known:  a  =  T  furnishes  another  ventication 

In  the  value  of  0  (1-4- 1) .  fii^f  found,  add  0j  to  both  aide^ 
and  fur  0x  write  02.i,  pulling      lor  x ;  the  result  is 

^+0(a+2)+. .  •.=:/;0(2x)<ijf+ 
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Multiply  by  3»  and  tobtract  the  value  of  4a4- ^  (a+l)+ •  #  •  •» 

^a~^^»  (a  +  l)+0(«+2)-  = 

(«+ 1)      («+  2)+ . .  i .  = 

For  4»x  write  ^( — ar),  and  having  determined  <^(  — a)  +  0(— 
4-....,  write  —a  for  fl.  The  theorem  in  page  501  is  then  easily 
ver ilied.  Moreover,  whenever  0 (a + £ tj —  1)— ^(o  —  i^— 1)  ia  posi- 
tive from  IsOto  Is  CD,  the  theotem  ia  page  650  easily  fbllowt,  tince 
ipa—if}  («+ 1)  + . . . .  hdng  then  algebndctlly  less  than  is  less  than 
^  (if  0a  bfrpoaitive)« 

In  the  preceding  theorems,  the  original  supposition  ^rz=  fr~'"  fr  do 
has  been  rendered  unnecessary  by  a  demonstration  whicli  la  iiulcjx  udent 
of  it.  Resume  this  supposition,  (which  Abt.'l  tnkos  as  always  possible,) 
and  take  die  kuuwii  et^uutiuub  (Irom  t=0  to  /;=:<x) 

1  1  £ 

the  last  from      .  —  =- —  :  it  beine  femembered  that  a  inust 

be  poaitive.  Write  x-i-aijj^l  and  al^/— 1  for  x,  which  easily 
gtvea 

.  (aygj./ogpg  ■■  ■  _ — —~. —  =  , 

^      sm      '  2or2<^— i 

which  last  is  i*^  proceeding  thus,  we  get  the  following 

theorems. 

Let 

/;0 (x,aO. y=-^lAx,  /TO  (X,  oQ  j^j^^  =^  {<t> (x+a)-0x}  ; 

the  fourth  formula  being  obtained  from  the  second  and  third.  Difierent 
forms  may  be  obtained  by  making  afsxtanf,  and  substituting. 
We  ahall  presently  cite  an  example,  but  we  may,  by  means  of  the 

2X 
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preceding,  refute  the  notion  that  every  function  oi  «  can  be 

by  Ct~**fodi\  between  limits  independent  of  t. 

Let  0x=T,  then  K  {pc,  ai)^x,  and  if  x  can  be  expressed  m  the  form 
Jt'^fv  d»,  we  have 

jf  I  - — -        (x+a),  which  is  faUe  unless  a=0; 

consequently  it  is  not  true  that  x=^Jt~"fv  dv  can  be  satisiied  by  any 
form  offb  which  aOowi  of  integratioB. 

Remember  that  in  the  application  of  the  preceding  fortnnUe^ 
Ax^fc^fudowmt  not  only  be  true  numerically,  but  essentially  tme 
m  form,  so  that  x-^atjj-^l  and  x—atj — 1  may  be  aiibititated  for  ;r. 
For  inrtancei  if  we  were  to  take 

J  ^  1        "J  .  1+r  »inx~^'* 
and  apply  the  first  theorem,  it  would  give 

dt  9 


r. 


,  c**-2co8  2x.£«+l  48in4rain(*+a)' 

But  this  is  not  allowable;  for  the  drfinlle  integral  with  which  vrt 
commence  is  only  true  in  ;i  nuiuerical  and  limited  sense,  from  xrrO  to 
ar=»,  both  inclusive  ;  nor  can  it  be  permitted  to  substitute  x-\-al  »f^\ 
for  *.  Moreover,  the  result  is  false,  it  being  easily  shown  that  tlie 
leh  side  remains  finite  when  x  appioeidha  a»  whereaa  the  rigbt  side 
increases  without  limit 

The  foUowbg  theorem,  however,  will  be  afierwaids  shown,  and  may 
be yerified  when  x'talj—  1  is ettbstitiited  finr  ir, 

r^c-^__(fos-]og(l-f«)— log'-  . 

V 

Let  then  ^  be  log  (I  +«)  —log    and  apply  the  theorem,  whicli  gitet 

— 5+355  )  rH.=2^°«CT;r; 

Again,        /+;  r*" r-"  dvcrs^-'ftZ  r lit  =:  Vx.  g 

apply  the  theorems  to  ^ss^'\  and  the  results  may  be  easily  shoiini 

to  he  fnlse;  and  the  same  in  every  case  in  which  the  limits  of  integra- 
tion which  give  have  different  signs.  Here,  as  in  page  607,  wc 
must  not  use  a  result  whicli  is  Bubsequently  to  enter  into  the  subject  of 
an  integration,  unless  that  result  be  true  throughout  the  limits  of  inte- 
gration. Now,  in  obtaming  the  first  of  Abel's  theorems,  of  which  we 
are  now  speeldDg,  we  have  to  me  the  Integral /^coe  ovf  iff  :(1 -MO, 
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which  enters  iuto  a  Bubse((ucnt  integration  with  respect  to  v:  as  long  as 
V  is  positive,  this  is  ^  Tt""'  (a  bciiig  positive),  but  when  v  is  negative,  it 
is  ^Tc**.  It  is  easy,  however,  to  e^Ltend  Abcrs  theorem  to  this  case  in 
the  following  manner. 

Let  i^i=i{r**ivdvt  the  linito  being  — «  and  -f-A»  segatiTe  and 
|NMittve»  and  kt  mis  theorem  be  univenafly  true.  We  have  tiien 

Now  in  the  first  integral  v  is  negative,  and  in  the  second  positive ; 
proceed  fioconlingly  with  the  included  iTiteo:ra1,  and,  on  the  aamenaaon- 
iug  as  before,  we  have*  by  this  and  aimiiar  procetaes, 

/TO  cx,o  4-  =^A«-"^^t,-|/jc-/i.ci». 

Apply  this  to 0x=^T.«^'',  £(^,200  =  VT.«*'*^COBfl«f, 
O(x,2ff0==V*»<**^'*»«^**''  Then,  temembehng  that  «ss— «, 
/3=:4-tt,  and 

we  have  the  following  ecjuations, 


The  Umd,  difieientiated  with  respect  to  x,  ma][  be  verified  by  page 
634 ;  the  two  first  may  be  thus  written,  after  xedactkm,  with  an  obvious 
abbreviation, 

j-c-'^coa^.j;  «V5^'  {i-Ji:.- r-^ 

tbe's^Mmd  of  which  may  be  verified  by  differentiating  the  first  with 
respect  to      If  «ssO,  the  first  may  be  reduced  to 


 A  t..   ^i^Jt^A^A   1...  Vm^^wJt 


All  these  inlenali  can  then  be  caieukted  by  Kramp's  table  (pag^  651). 
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If  me  throw  tht  last  xcMlt  into  the  fivm 


we  may  see  that  difrerentifition"  wiih  respect  to  a  and  will  enable  via 
to  apply  the  table  to  the  di  tt  miiuation  af  J"*!"*"  Pc//,  where  P  is  any 
function  which  has  a  rational  and  miegral  function  of  ^  for  its  numera* 
tor,  and  an  integer  power  of  fr+i"  for  ila  denaminator. 

Two  hilegraU,  each  of  which  it  infinite,  may  have  a  finite  difierence. 
Thiia»  if  in  those  of  ])age  630t  we  make  n  diminiih  withoal  limit,  the 
fint  increases  without  liniit»  while  the  second  becomes 

Now  let  tan**  (h :  a)ssfi^  iuT^  (&' :  snd  we  have 

Expand  the  second  iaclui  lu  powers  of  rt,  which  gives  for  the  whole 
pioduct 

rj»*»  {1  log  (a'^+n-ilosCtt'+A*)  +  Aji+Bii'+ 
and  Tn,n  or  FCn+l)— I*  when  n=0.   Consequently  we  have 


"c-*'co«&r--«'^'cos6'x  .      1,  a'*+&" 


«  2   "  a*+6* 

/•r-— .     a'      fcosij-cost'x^      ,  6' 
^— J— ^=:log-.  .l.=log^ 

The  following  integial  can  be  found  in  finite  terms : 

bv  changing  «  into  a :  dr*  But  the  latter  multiplied  by  —2  b  dy :  ifa, 
whenee 

the  constant  i)uing  dete  rmined  by  making  a=:0. 

The  following  is  a  remarkable  instance  ot  discontinuity.  Expand 
and  add  log  (I— and  log  (1— oc"^""'),  which  readily  gives 

/  a*  a*  \ 

log (1— 2acos«+rt«)= -2 ^oco8x+-j cos2jr+— cos  3*4-. . . .  i 

a  series  which  is  convergent  from  ar=  —  i  to  a=  +  l.    Integrate  wiih 
respect  to    from  x^O  tc        snd  we  then  have 

/#  log  (1 — 2a  cos  j: + a  ) .  «/<r=0      (a'  <  or  =:  1). 
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But  this  process  cannot  be  depended  on  when  a>l  or  < — 1 :  let  such 
be  the  cn^e,  then  tlie  preceding  is  true  if  for  a  we  write  flr\  which  gives 
from  the  preceding 

80  that  the  hrst  of  these  equations  reallv  involves  Uic  second.  Make 
one  step  in  integration  by  parts,  and  we  nm 

nooordbg  as  <^<  or  >1.  Also 

Let  a+«-=2ii£  ^^=2.  lug  (1 +^.)=2,  l<,g(l+i-j  J 

where  fix  is  the  lesser,  and  /5,  the  greater,  of  the  values  of  a  in  a* — 2ba 
+  1^0.  The  two  results  agree,  since  ;3|yS,=  l.  When  the  roots  are 
impossible,  or  A<1,  still  6— ^(6*->l)  must  be  taken  for  A,  and 
b-i-n/^h* — 1)  for  fit :  that  is  to  say,  such  an  assumption  is  only  a  part  of 
that  law  of  continuity  of  form  which  is  always  to  exist  in  the  tr  rnsition 
from  po5pib1e  to  imposFihlf^  quantities.  If  b  be  impossible,  tiuii  the 
values  of  a  may  also  be  reduced  to  the  form  m%ntj — I  i  but  it  is  not 
easv  to  settle  a  priori  which  form  is  lo  be  used. 

l  lim  chapter  coutuius,  in  the  parts  immediately  preceding,  a  few,  and 
but  a  ftWf  of  the  very  large  number  of  isolated  definite  intemls  which 
have  been  given,  the  number  of  whieh  is  daily  increasing.  Of  them  all 
it  may  be  said,  that  though  the  results  are  in  general  of  little  import- 
ance, the  methods  of  obtaining  them  are  highly  instructive,  and  the 
cautions  which  tlicy  afford  are  absolutely  necessary.  1  have  omitted  for  ^ 
the  most  part  all  reeulis  which  can  be  obtained,  1.  from  ordinary  in- 
tegration ;  2.  from  difftTeniiuHon ;  3.  from  transformation. 

To  exemplify  the  two  last,  let  us  take  the  following  integrals, 

Difoentiate  the  first  n  times  with  respect  to    and  we  hare 

J*  sinjJ.jc/T      2t(— 1)"    d\  - 

Again,  change  b  into  1 : 6,  and  we  hare,  by  the  ssme  prooessy 

p  sinx.jdlr     2*.    jfc-f  I-VCl-y)! 
J.i-6cosar~*  ^^l         b  I 

/'sinj.cos-j.j-rfj?  2t  ^  ^  i  (^+1—^(^-^)1 . 
,  (i-6co6«)-  '^r(ii+i)rf6-'6  ^^l      6  r 

in  the  result  of  which  b  may  again  be  changed  into  1 ;  6.  Now  differ- 
entiate the  second  integral  n  times  with  respect  to  or  2nor  2n-{-l 
timet  iritb  jespectto  b^  which  glTct 
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in  all  of  which,  integration  is  made  to  depend  upon  differentiation.  We 
nlao  learn  inri'lentally,  that  tf~*c~*''**  is  a  function  which  gives  the 
eame  results,  wliethcr  it  be  differentiated  2n  times  with  respect  to  h,  or 
n  times  with  respect  to  a.  Let  the  student  apply  a  similar  procei^s  to 
differentiation!  of  f'^i'^fdnbxdx  and  J*^«""*  cos  6j  rfj,  and  compare 
the  Tesiilte  with  those  of  page  ((30. 

As  to  transformations,  let  us  take  the  integrals  which  tie  freqiuntly 
called  Euler'a  integnU,  or  fiulenan  integrals. 

For  J?  write  —  log«»  and  ^^^J  (^^^ 

A  reader  of  Lcgendre  would  hardly  know  the  first  form  of  F/i,  or  of 
Poisson  the  second:  and  it  is  the  same  with  m?inv  other  integrals  in 
ditfercnt  forms;  insomuch  that  there  is  hardly  nnv  ])()int  attention  to 
which  will  save  so  much  time  and  trouble,  as  the  formadou  ol  quick 
and  ready  habits  of  transformation. 

In  the  teoood  integral  ehange  9  into  «\  k  being  positive,  and  fbr  m 
and  fly  write  m  tk  and  n:k^  which  gt?ea 

r-  r  — 

fV-'(l-a;»)5^'  dr=— ^  denoted  by  (  : 

A  notation  altogether  opposed  to  analogy.   Let  m :  k:=m\  ti :  k^n\  &c. 


This  form  is  the  one  under  which  the  integral  was  first  inesented  by 

Euler,  and  the  property  just  proved  contains,  as  remarked  by  Legendre, 
nearly  all  the  theory  of  these  transcendents  The  case,  however,  with 
which  they  can  be  reduced,  and  if  need  be,  calculated,  by  means  of  Fly 
renders  this  separate  theory  almost  ^iperfluous. 

I  shall  conclude  this  chapter  witii  some  exteoaions  of  the  preceding 
theory  to  certein  multiple  integrals. 

Let  there  be  n  different  variables,  dPi,  Xg«  • .  .j;,  it  is  required  to  find 

where  the  limits  of  each  integration  are  to  be  so  Itkep  HaH  eveij 
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positive  value  of  every  variable  is  to  be  inchided  between  them  which 
will  make  j,+  . . . .  equal  to  or  less  thau  uoitv.  Let  us,  for  in- 
staaeOy  tiikB  fi?e  yniables,  r,  tr,  jt,    ^,  and  find  the  nitegial 

Jtr-'  uf-'  x^-'  y^-'  z'-'  dvdwdxdydz. 

In  tbe  lint  place,  and  beginning  by  integration  with  TCfpeet  to  <f 
it  Is  obvious  that  z  -must  take  every  value  from  0  to  1— y* 

in  which  y  must  take  every  value  from  0  to  1 — v  —  w—Ty  in  which  x 
muBt  take  every  value  from  0  to  1 — v  —  w,  w  every  value  from  0  to 
1^9,  and  V  every  value  from  0  to  1.   Now  we  have 

fl  X*  (a-j)-<|j=rf-+"«r  (m+D.r  (a+l)  :r  (m+«+l). 
Apply  thiii  and  /j--r^«.-t  dt={l-.r-iiH-dfy)'  j^^^^ssE, 


,       i_.       ^,  s  .ra.r(e+i)  n 

f,^.nrf,-ra.r(«+>+y+j»+i)  r^.ry.ra.r* 

J*  r(t+i+y+/8+«+l)'r(i+J+y+/«+l) 

and  the  same  procees  may  readily  be  generalised.  For  v  write 
(t  :?)>*,  for  U7  write  (w:Q)%  &c.,  and  for  a  imte  aip^  for  ^  write 
fi :  9t  ^*  and  we  have 

VP     V     r     *  / 

all  elements  being  included  in  the  integration  in  which 

does  not  exceed  unity. ' 

'  For  instaiice,  the  quarter  of  a  circle  is  f  dx  dy^  where  «*+3l*  is  not 
St  is  then 

Eeipiired  the  filiie  of  the  total  dement  el  the  first  preeedibg  mtMnd  ia 

which  the  sum  of  the  variables  lies  between  c  andc+3c.  It  will 
be  sufficient  to  take  three  variables^  and  9%  and  to  suppooe  that 
thcintesnd  ia  i)jicstioii  is 
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which  must  lint  he  found.  Far  ^  y,  <  write  exv  c«»  and  the  pre- 
ceding  heoomee 

^^T^^  J       y  ^  z'  ^  dxdydZi  where  J  +  ^  +  3r  is  not  >1  i 

and  the  integral  is  a  constant  already  detennined»  call  it  C.  Con- 
sequently the  integral,  a*  +  y4-^  »ot  exceeding  c,  is  Cc*"'''^'^',  aiid 
x-fy  +  r  not  exceeding  c-ff/c-,  it  is  Cc*"'"''"*''  + (a-f/54  y)  Cc*^"^ '"^  </c  ; 
whence  the  latter  term  is  that  element  of  the  integral  which  answers  to 
the  aggregate  of  values  ul  a,  y,  aud  which  satisfy  the  condition  of 
lying  between  c  and  cH*^* 
Next,*  it  la  lequiied  to  find  /ar->y^»''-»/(*+y+?)<fedjf  d:^ 
on  the  supposition  that  «+y+e  never  exceeds  I.  All  tbie  demenla  of 
thia  integral  answering  to  values  of  x  lying  between  c  and  c+  dc  are 
aggregated  in  (a+/3-i-y)  Cc^''*'*"**/c£ic,  Conse^ttentlj  the  integral 
required  is 

(a+/5+r)C;;c-'-/cdc.  or  (^^f|^/ic-'-/crfc. 
■nd  by  a  change  tnnilar  to  that  already  made,  -mt  find 

r'iL  r  A  r  X 
=*^^*  _£ — « — ?L_ /■c-^+'-./cdc, 


noTcr  exceed  /. 


By  this  process  can  be  immp^lintelv  solved  many  problems  connected 
with  the  eighth  part  of  any  solid  \U)ose  equation  is  aj;"+ iy'-f  ci-"  =  l, 
among  which  are  spheres,  spheroids,  and  ellipsoids  :  including  par* 
tieuUrly  the  detemination  of  their  solid  contents  and  eentres  of  gravity. 
And,  similarly,  of  all  curves  whose  eqoatioa  is  a4B"+6y^=l|  indnding 
circles  and  dlipses.  Something  of  the  same  sort  may  be  done,  b«t 
not  so  easily,  when  the  limits  arc  0  and  oc.  Take,  for  instance, 
ft  i.^'^y^  ^' if  dr  dy.  Assume  jr=rco8'6,  ^=rsin*<9;  the  pro- 
ceBs  in  page  395  uivc?  J'J^r.  (r  cos'O)"  (rsin*  0)''2r8in0co6(/drdfi'* 
from  r=0  to  r=cx:,  and  trom  0=0  to  0=:i»  ;  or 

2/^.f+'+»  dr •/ain^+»  9  cosP***  9 

*  This  theorem  is  due  f o  M.  Liouville ;  all  that  precedes  has  bsm  us«d  \f 
Laplace  and  other*  in  problems  of  probability,  but  only  in  the  case  of  whole 
rxponi'ntu:  M.  Lejtiuue  Dirichlct  uppcars  to  have  tirsi  drawn  attention  to  the 
gt-iierul  form  of  the  theorem.  There  is  a  paptr  eoat^ninf  another  dnnonstratifli^ 
bj  Mt.  D.  F.  Qngoiji  in  ihs  Canhridgo  Maflis^iHcal  JooiaBi»  vol.  ib  p.  ilk 
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the  second  Lategration  being  actually  performed  by  making  sin  d^zv, 
and  changing  the  funetions  and  the  limita  accoidiiigly.  For  «  and  y 
write  asT  ana  ^y*,  for  a  and  p  mte  (a-hl) :  m-^l  and  08+ 1)  :n«*l, 
and  we  have 

/0  (oaf I-  /  rfy 

/^r  r       ■  <fr; 


the  limits  being  0  and  oc  for  every  vai  iahle.  It  would  make  no  differ- 
ence if  we  wrote  Ovi^-f- ia'-  f  c  and  0  (r+c).  If  we  now  ask  for 
/ <t>  C-'+y+O  sTif  z''dsdy  dz^  fint  let «  be  conatant :  we  have  then 

Multiply  bv  x*tfjp,  gnd  integftte  the  second  aide  by  the  same 
fonnula,  which  gives  for  the  integral  lequiied 

r(«4-i)roHi)r(y-hi)  j.^,.^.,.,.^,. 

Proceeding  in  this  way,  the  general  theorem  is,  that 

0  and  a  being  the  limits  of  every  variable.   A  transibrmatiim  may  be 

made  by  writing  a,  j7»,  &c.  for  &c.  This  theorem,  however,  is 
nothing  more  tT^nn  the  last,  since  /  may  have  anj^  value  :  and  in  the 
proof  ju?t  finisiied,  the  upper  limit  of  r  may  be  any  whatever.  But 
those  of  0  must  be  0  and  or  yx  or  laii*6  must  take  every  "^osr 
lible  value*  To  make  x=r  cos'  ^,  y==r  sin'  0,  and  to  assign  0  and  /  for 
the  limits  of  and  0  and  }tr  for  those  of  0,  ia  in  iact  to  make  x  and  y 
take  all  possible  values  in  which  «-|-y  does  not  exceed  I. 


CaATTBR  XXI. 

ON  DIFFBREMTIAL  EQUATIONS  *  AND  EQUATIONS  OF 

DlfeTEBENCRS. 

Hitherto  I  have  only  considered  the  general  theory  of  this  subject, 
with  a  lew  applications  to  actual  solution.   The  present  chapter  is 

*  it  would  have  been  u  tnoru  tUnicult  tHstk  to  have  lelectcd  the  matter  for  this 
dhaplcff  fisna  tha  mast  wbkh  bas  bem  vriitan  on  thu  subject,  hwl  i  act  deriTsd 
ssneh  ssiistaacs  OD  this  poial  Imn  thns  vciy  csctUsat  Ffaodiwsfln  which  ksnra 
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intended  to  exhibit  those  isolated  modes  of  solution  Mrhich  may  one  day 
form  pfttt  of  a  genesal  theory.  It  wUl  he  most  convenient  to  dhride  thii 
diapter  into  articles,  after  the  manner  of  Chapter  XIII.   By     |^,«  •  • 

toaas  ninal. 

(1.)  The  cfiuauon  y'^"'=0x  is  integrated  as  follows.    Let  C„ 

C  C«_i  be  the  values  which  y»y>'y",.  • .  .y^*~'^  are  to  have  wiieii 

«=0.  Then 

where  ifdxY  is  the  symhol  of  rf  mircepsive  integrations  with  respect  to 
or.  This  successive  integration  may  be  reduced  to  single  integrations  hy 
the  following  theorem,  wliirh,  with  its  inverse,  i  leave  to  the  student. 
Let  I,=  (J dxy  <px,  P,=/a^ "  (px  dx, 

n  — 1 

r  {»+ 1)  .I»+i=:«"  P,  -  njf-*  Pi+ n  —  s"'*  P,- . . . .  i«P^i + P. 

P,=*"      7w*-»        (it— 1)  OP^ I«— .    .  ±n  (»- 1) . , . .  1 1^. 

(2.)  If  we  take  the  equation  o^jr+^y./sO,  wehave  theeoD)|ilele 

integral  in  af4>xdx'\-f<t)y  dy^C,  niomed  that  f<t>x  d  t  canhe  foimd. 
But  if  this  integral  should  be  an  unknown  transcendental,  we  are  not  to 
concliiflf^  thnt  the  cfjuation  cannot  be  integrnted,  for  it  may  happen  that 
n  relation  between  y  and  J",  independent  of  the  transcendental,  can  be 
(iliiamed  from  an  equation  involving  this  transcendental.  Let  "^r  and 
^"'-c  be  inverse  functions  of  j,  in  such  manner  that  ^y~'x=a,  and 
f-^yffxssx.  Let  99  he  another  function  of  and  let  ua  consider 
Y>^wp«,  or  the  performance  of  two  inverse  openiions  separated  bv  the 
peribrmance  of  an  intermediate  operation  0.  It  by  no  means  fouowi 
that  Y'dY'~*x  contains  fx  directly :  for  instance,  when  f  and  0  are  con- 
vertible, or  f  Ox=:(hf/Xy  we  have  Y^Oy'^j— Now  kt 
yxs  Jiptds,  whence  the  preceding  equation  gives 

aYfj+yy=C,  or  y^f^iC-afx) 

aif.  4-^=0  gives  y=lo^»  (C-ologx)=^ if* 
9  y 


lately  made  their  appearance,  artd  which  I  hare  that  bMHI  abls  to  ibUoVt  to  a  esn* 
nderable  extent,  in  tne  choice  of  topics.    They  are 

1.  Cournot,  Traits  dl6mentaire  de  la  Throne  dcs  Fooctions  et  du  Calcul  In- 
finitesimal.  Parts,  Hachette,  1841.  (2  vols.  Svo.) 

2.  Duhamet,  Coura  d'AnalvM  da  I'Ecola  Polytaeh&iqat*  Pack,  Bacbate. 
(ToLi.  1841,  vol.  ii.  Id40.) 

3.  Navier,  (suivi  dfl  notes  par  Lioaville,)  Klsuni^  dm  Lc^nt  d*Aiialyw  doBiiela 
iVEcole  Polytechniquc.    Paris,  Cariliiui-Gopury,  1840.  (2  vols.  Svo.) 

Eaeh  and  all  of  these  works  I  can  most  cordially  recommend  to  teachers  and 
rfndtnili*  Tbmtb  is  also  anollioi  ynA.  to  which  I  may  yet  have  to  acknowledge  my 
obligations,  but  hitherto  only  the  flist  folnoio  has  appMied,  and  too  lata  for  nao  to 

AVnii  myself  of  its  contt-nts. 

Muiguo,  Le^ious  Ue  Caicui  Uitlcrentiel  et  do  Calcul  Integral  r6dig^  d'apres  les 
rotfthote«tkioafiH<apDbli«tottia4diladaM.iuL.Cim^    tfTilfj  Baftisliar. 
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or,  whenaotl, yftiiiliC.V(l--r*)— «»C.a. 

Id  fiiet,  the  lut  remit  depends  ufKm  tin  (a  ■m'^  j)  and  om  (a  •in~'^«)» 
wUefa  are  simple  algebraical  functions  whenever  a  is  a  ivliole  number. 
Thus  tin (2  sin"'  or) =2  sin  (sin~'j:)  cos  (sin-'  x)=z2jJ{\ — r').  When 
the  trnnscendcntal  introduced  by  integration,  and  us  ])ropertics,  are 
well  known,  the  reduction  of  the  integral  to  its  simplest  form  is  easy 
enough.  Atid  there  arc  some  cases  in  which  the  same  determmation 
can  be  obiaiucd  where  the  transcendental  ia  unknown,  of  which  the  fol* 
lowing  are  bbtoiicany  remarkable : 

dB           ^  H>  

Awume      ^=V(l-c«wn«0),  whence  ^=q:V(l -e«8in*0) 
— =— e^amOcosO,  -^s— e'8in0coB0« 

-^=-c"(8in'0— Bin^^)=-e'bin  (0  +  ^)  .sin  (0— ^) 
d^ 

^    »v  9  ■  ^    d(r  .  .       .  - 

or  ®)  +  V(l  -  ^*  sin'  ^)=C  sin  (6-^), 

or  sin'O)  ±  VCi       sin*  ^)=:  — ^ain  (0+4»). 

Let    .       ^±x=^»  0x=V(a+6x+cx*+ex»+/r*) 

Proceeding  at  before,  2     ss6+a»+3«a*+4/j;»,  *c. 

Multiply  by  2da,  and  integrate,  wliich  gives  ^  ^  =  C+e(r+/<T*, 

or  4'y=  («-y  W{  ^ + ^'  C-^  +  y )  +/(^ + i/)"}- 

4 
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In  both  these  cases  the  ojoded  transcendental  it  an  eUiptie  function, 
(page  656). 

(3.)  Let  J:=/(y'),  then  dy:=:y'dx  gives  ysi^f  f(f^,d^ i 

if  this  can  be  iiitrrrated,  x/  must  be  eliminated  between  the  valocs  of  « 
and    and  the  primitive  equation  is  obtained. 

(4.)  Let  then     bdng     :  dy)  we  hare 

*=*'/(7)-//(7)^.«d»=/(^). 

between  which    is  to  be  eliminated* 

(5.)  Let  y=Jr0(yO+Yr(y'),  of  which  the  equations  lu  pages  196 
and  365  are  particular  cases.   Differentiation  gives 

y'=^(y')  +  {x<f>'(yO+V'(y')}  y"  Ovrite  z  for  y'), 

from  page  195.  Eliminate  x  between  this  and  y=:x ^z+yr, 

^  (6.)  The  equation  7/=  0(j:,y')  can  be  made  to  deponfl  on  one  of  a 
linear  form,  and  eliminatiou.  For  y'  write  and  differentiate  with 
respect  to  j;,  which  gives 


This  equation  is  of  the  first  order,  and  of  the  first  degree  with  respect  to 

dz  I  dx.  If  it  can  be  int^rated  (say  it  gives  z=f(x,  c)  )  we  have  then 
y-<P{x,fix,c)}.  Thus  y^x+if*  gi?es  «sl^2<y,  or  jpsC<f2t 
+ 2  log  («  —  1 ),  whence 

«c+2V((y-*)+a  iog(V(y-i^)-i) 

is  the  primitive  equation. 

Again,  y=ar+6+v^'  gives ;e=«+0'i J  ^£^+Csy«4.C^ 
whence  x=Y.<^-«Qp  — a*— ft) +  C  is  the  primitive  equation,  or 

(7.)  The  equation  (aa'+^;y  +  c)+ (Aj+ Bv+ C) y  can  be  reduced  to 
tiie  homogeneous  form  by  making  x=r+  «,  y=«?+/8,  and  taking  «  and 
A  BO  that  ««+6^+carO,  A«+B^+Cs=0,  in  which  case  we  imve 

(aty+&w)  +  (A»+Bu')^=0,  integrable  by  page  194. 

There  are  two  cases  of  eireeption,  I.  When  «  or  /3  are  m finite,  or  when 
A;B=a:6.  2.  When  they  take  the  form  in  which  case,  besides  the 
pTCceding,  we  haye  C :  Asse ;  a.  In  the  first  ease  ax + by  =2  gives 
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from  which  the  form  dx—YJz  can  be  obtained.  In  the  second,  the 
equation  can  be  reduced  to  (flj:-f- ''y  4-^)("  + Ay')=0,  and  if  the  first 
factor  may  be  rejected  (whicli,  however,  depends  on  the  problem),  we 
hmve  fl  +  A/sO  for  the  equation. 

(8.)  y'+Py=Q]/%  P  and  Q  being  functions  of  jr«  is  reduced  by 
simplo  divisinn  hs  y",  and  making  y'^^'r:*,  to  the  form  — 
-fP^^Q  Cpog^  195).   The  exccptioa  when  nsi  is  obvious  enough. 

(9.)  The  lector  trhich  will  make  en  equation  integrable  per  se  (page 
196)  would,  we  night  suppose,  be  the  principel  instrument  in  the 
integr  itio.i  of  equations :  but  it  is  rendered  almost  prtctically  useless  by 

the  difficulty  of  finding  it.  It  can  always  be  determined  wlicn  the 
equation  is  integrated  (that  is,  when  it  is  no  longer  wanted).  Reduce 
the  equation  to  the  form  y'— =  and  let  y=^f{x^c)  be  the 
pnmiuve,  or  c=<i»  (u.,^).    We  have  then 

.  ,         ^      IAN       </*  rf* 

so  that  i/'—x^^^y^  multiplied  by  d4ndy  becomes  d.^tdr,  and  is 
intq^nUe.  And  if     be  any  function  of  •  (t,  y ),  the  &ctor 

d(^ 

makes  the  equation  integrable. 

f4f  d^ 

If  the  form  of  the  eqiiatkm  be  F-f  Qy'  =0,  the  ftu^r  is 

(10.)  When  the  factor  is  a  function  of  9  only,  or  of  y  only,  it  can  be 

fiaind.  Take  the  equation  which  determines  tlie  factor  M  (page  199), 
and  since  any  solution  is  a  sufficient  factor,  let  there,  if  possible,  be 
one  in  which  M  is  not  a  function  of  so  Uiat  dli :  dyssQ,  The 
equation  then  becomes 

provided  the  secoud  side  be  a  function  of  x  only. 

(11.)  If  an  equation  of  the  71  th  order  be  reduced  to  the  form 
. .  .y,,)-:0,  or  yW+y-0,  and  if  Y'(y^— >,. . .  .y,*) 

=  C  be  one  of  its  immcdiatclv  preceding  equations  of  the  (/i— l)th 
order,  the  factor  may  be  shown  in  the  same  manner  to  be  {df  :  di/"'^^). 
Ami  if  y,=Ci,  "^grrCj,  &c.  be  the  n  equations  of  the  l)th  degree 
from  t:ilher  oi  which  the  given  equation  will  follow,  11  may  be  uhowa 
that 

....  is  an  integrating  factor  5 

/»/•>  ^*  being  any  iunctions  whatew. 

(12.)  In  the  case  of  y^sr^x,  in  which  1  (or  any  constant  c)  ia  a 
ft^or,  X  is  also  a  faetor*  and  xif'ssxtpx  cives  y'x— y= fx(px  dx^  which 
is  one  of  the  corresponding  equations  of  the  first  degree.  The  other  is 
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(13.)  When  Vdx+Qdy=^0,  where  P  and  Q  are  homogeneous  func- 
tions, the  divisor  Pjr+Qy  gives  the  faclor  which  makes  the  e<^uaiiuQ 

become  mtegiuble ;  for 

iE?^=»"H-«,r(pg.-<iS'-™)' 

nnd  if  P  and  Q  be  homogeueous  fuuctioiu  of  the  nth  ieffee,  we  have 
(pages  64,  1 94) 

dP    ,  rfP       „  dQ    ,  dQ  _^ 


(14.)  The  functional  equation  (f)i+4>y—(p{x-^y)  has  a  solution 
which  is  well  known  to  be  the  only  one,  ^j:=cx,  and  ihe  proof*  is  given 
in  Eoler^ft  eddiratod  nroof  of  the  Tmionnal  theorem.  But  a  mole 
tunple  proof  is  deriTed  ftom  differentiation.  Coimder  y  as  eonstant, 

and  the  preceding  gives  (J^+y)  »  whence,  y  being  arbitrary, 

<fi'x  must  be  always  the  same,  or  4kc:=zcx-{-Ci.  Apply  this  to  the 
equation,  and  we  find  Ci=0.  From  this  equation  it  may  be  immediately 
found  that  (px  x<py=<p  ix-{-y)  has  no  other  solution  Uian  (pj—c'^  that 
0f +  4'2/=0  (•'^y)  haii  no  other  solution  than  ^x=:clogx»  and  that 
^xx.fy—^  (xy)  has  no  other  solution  than  0x=x'. 

It  11  importaDt  to  obaenre  that  the  limited  character  of  the  |irecedii^ 
■olotions  IS  entirely  dne  to  x  and  y  havbg  no  dependence  on  each 
other :  takeany  instance  of  such  dependence,  and  the  case  is  much  altered. 
For  instance,  let  or  24>x=(p  (2r).    Thh  \9  solved  by  ^=cj,  as 

before,  and  also  by  ^xrsx^/ (27r  log* :  log2),  where  fx  is  any  really 
periodic  function  of  sin  r,  cosx,  &c. 

(15.)  Any  differential  equation  may  be  reduced  to  a  set  of  simulta- 
neous diff.  equ.  of  the  first  order.  Thus,  if  in  y'"+Py"+Qy+Ry 
+  S=0,  we  make  y'^w,  we  have  the  three  simultaneous 

equations 

Conversely,  any  aimultaneous  equationa  may  he  rednoed  to  nngle  diff. 

equ.  between  two  variables.  For  example,  let  a,  ^  be  functions  of  it 
and  let  three  equations  contain  diflf.  co.  up  to  x'",  y'*,  and  z^.  To 
obtain  an  equation  between  x  and  t,  differentiate  each  equation  6  +  1 
times,  giving  39+3  equations  involving  I6»  19,  and  20  diff.  co.  of  the 

*  In  briei,  that  proof  is  as  follows.  The  equation  imTnetliatcly  f^res  f  ''mr) 
=:infx,  m  being  any  integtr,    L#et  n  be  another  integer,  aud  Wt  mi^/sz,  wlach 

m  m 

gives  m^xsznfz,  or  f  —  a^«=-  pxy  so  that  the  [^receding  holds  when  »j  is  fractioosl. 

ft  ft 

But  from  the  equation,  ^x-^pO=^r,  or  0.  and  fr-l-?  f—r)=5|0  =  0,  whence 
*-pjt~f(—x),  >f  (  — mi')=  —  ^  (iMx)  =  — mfr,  or  Uie  cqualion  hoids  when  si  ii 
tisgativs.  Jlence  f  (stdr)  ^  mfx  is  universal,  and  jn^  1  givss  frnmrnfl,  so  ttst  m  ia 
fweaasaljsatsrasasunplafaetor}  aad  tlit  ssmt  of  sr  ia  fr« 
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flevend  Tsriables.    Betireeii  these  42  equations  eliminate     y»  •  • . . 
2,2\. 19+1  +  20+1,  or  41  quantities :  the  result  is  a  diff.  equ.  of 
the  16th  order  between  jc  and  t.    To  genci  ;ilize  this,  let  there  be  the 
variables  or,,       . .  .r,  and     and  ii  equations  going  up  re^^pectively 

to  the  it|th,  A,th  A,th  diff.  co.  of  the  several  variables.  Diiicieutiaie 

each  equation  AtH-^8+  ..•.+*,  times,  wKieh  will  gite 

A  (^1+^+  •  •  •  •  equations  in  alU 

These  eqnatioaB  contain  ;ri  and  (Ai+^t+*  *..+%.)  diff.  co.;  ^  and 
(2*1+*.+  . . .  diff.  CO. ;      and  (/r,+2*,+ . . . .)  diff.  CO.;  and 

so  on .  ExcluuTC  of  X|  and  diff.  co.  tbere  are  then  {ki-^k^-^ .  • » ,  +i(« 
being  4) 

l+(ic-A,+«+l+(«-A,+«+--+l+(ic-*.+W, 

or  n — l  +  (/i-— !)(*: — A'^  +  JC— A:,,  or  n(«:  — A:,)  +  n— 1  rpiantitiea  ;  nith 
n(*: — Ar,)  +  /i  equations,  us  before  shown.  The  equuuoiis  exceeding  the 
qnantities  by  one*  all  may  be  eliminated,  leaving  an  equatimi  of  the  tfth 
order  between  «ri  and  I* 

For  instance,  let  there  be  two  equations  of  the  form  Py+Qy'+Rv 
+  Sy+T=0,  between  x,  y,  and  t.  Differentiate  each  once,  giving  two 
new  equations  of  the  form 

Ad[i"+By"+(V+1V+lSjr+Fy+Os;0; 

betweeu  i!)c  four  equations  eliminate  y,  and|^'';  there  remains  an 
equation  oi  the  second  degree  between  jc  and 

This  is  the  general  theory  of  tbe  reduction  of  such  equations :  but  it 
would  hardly  be  safe  to  say  that  the  elimination  is  always  practicable 
without  any  of  the  circumstances  which  imnettmoa  require  additional 
consideration  in  algebraical  elimination, 

(16.)  The  only  case  in  which  there  is  anything  like  a  method  of 
integratiiii!;  simultaneous  equations  without  elimination  is  when  they  are 
linear.  Suppose,  for  example,  that  x  and  y  are  functions  of  t  to  be  deter- 
mined from  (j'  means  dx :  dt,  &c.) 

where  P„  Q, ,  iicc.  are  functions  of  i  only :  this  is  the  most  general 
linear  form.    Kcduce  these  by  elimination  to 

Let  0  be  a  function  of  <  to  be  determined ;  add  the  second  multiplied 
hy  0  to  the  first,  and  assume  »sjr+6y,  which  gives 

e'-y0'= CA»-i-A.  0)  (a;-^y>  +  ( B. + B.  0)  y  +  C, + C,  0. 
Take  0  so  as  to  make  the  coefficient  of  y  vanish,  which  requires 

e'=zA,0*+(A,-Bj0-B», 

and  gives  5^=  (  A,+ A,  0)  2  +  C,+ C,  0. 

If  tlie  fir?!  can  be  integrated,  the  second,  by  substitution  of  0,  is  made 
linear,  and  z  can  be  found*   Also,  since  the  integral  of  the  first  equation 
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must  contain  a  square  root,*  two  disuiict  forms  c&u  be  given  to  0,  and 
two  forms  of  z,  or  x+Oy  found,  Hence  x  and  y  can  be  found  ia  tenns 
of 

When  A|,  B|,  At  end  Bg  are  constants,  It  is  bufBcIcnt  that  $  should  be 
aconstant,  and  a  root  of  Atd^+CAi— Ba)^-*BtssO.  Let/iandi'be 
the  roots  of  this  equation,  then 

X  +  fiy:=^*^'f(fi^ + C  ^)  r-<*i+*^'  di 
j+,^=«c*«+*«*>7(C,+C,  v)  r<*i+*«'>'df. 

:  When  /« and    are  equals  the  valuei  of  9  and  y  obtained  ftom  tbeie 

take  tiie  form  ^ ;  and  the  real  Taluee  may  be  fonnd  by  Chapter  X. 

But  in  the  particular  case  preceding,  a  more  sunple  artjiice  will 
suifice.    The  two  original  equations  give 

a^+ey'sCAi+dAO  *+(B»+eB,)y+C+aC,. 

let  0  be  10  telcen  Oiat  B,+eB<=0  (A|+OAJ,  then  x+^:=;rgifet 
ft'sCAi-f  0A|)ar+C|+OCt,  and  the  aoludon  is  as  befoie. 

(17.)  The  same  process  may  be  applied  to  the  case  of  three  or  more 
variables.  Thus,  let  the  equations  be  meaning  dxxdU^  &c  as 
before) 

a^ssAidP+Biy-i-CiZ+Bi}  /sAtJr+&c.>  ;s'sA«d;+&G.  j 

At,  As,  &c.  being  funeliona  of  t  only.  Multiply  the  aecond  by  9,  the 
tbiid  by  0*  and  add,  making  ic=jr-(-0y+0z,  which  gi?ea 

u'-(A.  +  f?A,+0A3)  «=E,  +  0E,+0E, 
if  we  Mtnme  if  s(Ai+0A,+0A«)     (B|+ OBt+^B.) 

«'=(A.+tfA.+0A,)0-(C,+OC+0C!;). 

Thus  the  question  is  reduce  1  to  inU  urating  a  pair  of  simultaneous 
equations  between  0,  and  t ;  li  llus  caii  be  duue,  bubstitution  makes 
the  fiiat  of  the  three  ejquationB  a  common  linear  equation  between  u  and 
I.  If  all  the  ooefficients  be  constant  ezoept  £i«  and  ^  it  ia 
sufficient  that  0  and  0  should  be  the  roots  of  the  pair  of  equationa  ^ 
by  writing  Q  ia  &  and  0'«  If  Ai4-0A«+4>AjStf,  we  may  rednee 
these  to 

(«-B.)6-B.*=Bi,  (a--CJ0-C.es=C,; 

and  tlie  values  of  0  and  B  hence  obtained,  aubstltuled  in  A|+At^ 

+  Aa  4*=^)  give  an  equation  of  the  third  degree  to  detern.i'nc  a  ;  from 
•which  0  nnd  0  may  be  found  by  the  tv  o  last.  Each  it  of  the 
equation  of  the  third  degree  gives  one  lurm  of  tt'— iitts£i4'^l^'i'^l^# 
and  three  final  primitives  are  thus  determined. 

*  (le.)  Lct«"s:AiX+B»y+C,.  and y"=A,*+Bty+Ctt  where  A4,Ai» 
B|9  Bn  are  constant,  and  C|  and  Ct  functions  of  I  only.  Multiplication 

♦  Ai  appears  by  instances,  except  wheu  A^  -  0.  But  in  Ihc  latti-r  cise 
/■^Bay+tft  cAU  be  integrated  8epar«U«l)'>  aad  the  value  of  y  subi titut«d  ia  11m 
other  e^untioOt 
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of  the  Mcond  by  9,  addition,  and  ataumption  of  Bt+Oi9s0  (Ai+ A« 
give 

2"=  (A|+ A,  B)  «+C»+ Cg 
which  can  be  integrated,  as  iu  page  155. 

(19.)  If  the  eqnationa  be  linear  and  with  oonatant  coefficients,  the 
folutiun  always  depends  upon  that  of  common  algebraical  equations. 
For  instance, 

+ (m" + iy"  +  c .1  +    = 0,  /  -{-fx' + + Ay = 0. 
Assume  drssi^,  which  girea 

Eliminate /3,  and  we  luu  e  an  equation  of  the  fifth  degree  to  determine  «. 
Let  the  five  values  of  «  and    bo  &c.,  ^t,  /S^,  &c.    The  complete 

integral  is  then  got  by  adding  all  the  particular  integrals  multiplied 
by  oonataots,  and  this  gives  the  equations 

jt=:C,r»*  +C,*-«,  +C,f^  +C4r^  +C,f«* 

(20.)  If  any  of  the  roots  be  equal,  a  wider  form  must  be  t  ;^ken  ;  but 
the  folio  win?  (which  might  also  be  a])plied  in  pa"^e  211)  the  best 
mode  of  obtaining  it.  Let  ai  and  ex,  be  unequal  (u3  yet),  and  put  liic 
two  first  terms  of  « into  the  form 

i-»*(C,+C.£^"-'>0,  ur  £-''(^C,+C,+  C, (a,-a.) +  ... 

Kow  let  at — at  diminish  without  limit,  by  approach  of  to  aii  and 
aathis  process  goes  on,  let  Ct  increase,  so  that  Ct  (ok^oi)  may  always  be 
Kg;  whik  at  the  same  time  C,  alters  so  that  C|+G^  is  always  K|.  Then 
Ctiot^aty  or  Kt(a,--ce,)  diminishes  without  limit,  and  still  more  the 
Fuccccding  terms,  so  that  £'''(K,+K,0  is  the  final  substitute  for  the  two 
fir«t  terms  wheti  a-,  becomes  =ai.  Similarly,  fig  f^*  (K^-f-I^O  uaust  be 
put  for  the  first  two  terms  of  y. 

(31.)  Generally,  let  Jr=C|^(<rtO+C;0(0(,O+««  be  one  of  the 
Boluti^)!!^  of  a  set  of  equations  where  oi,  Ac.  are  the  roots  of  an 
algebraical  equation.  If  any  of  these  roots  become  equal,  some  of  the 
solutions  merje  into  one  only.  Suppose,  for  example,  four  roots  equal, 
required  the  general  form  of  the  solution,  so  that  the  number  of  con- 
stants shall  remain  the  same  as  in  the  case  of  unequal  roots.  Let 
a,=:ai+0t,  a*=ai  +  'jjj  a«=:aj+^,,  whence  the  solutions  belonging  to 
these  four  roots  may  collectively  he  brought  to  the  form 

(Ci + c,+ C.+ c,)  ^  (ai  0 + (C*    c;  e.+ e,)  ^'    <) .  t 

+(C,oi+c,el+c,^:)9  C^iOf 

2Y 
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As  dt»  Oat  ^4  diminish,  let  C|,  C„  C4  be  alwa3r8  determined  so  as  to 
make  the  four  first  coefficients  be  Ki,  K  ,  2Ka,  2.3  Kj.  Suppose  also, 
which  is  allowable,  that  the  above  conditions  arc  ful(i11o<l  in  such  way 
that  Ci(^,  Ca(^,  shall  have  finite  limits,  ur,  say.  i^liail  be  always 
finite  quantities  Lt>  I%i  Ij*-  This  does  but  require  that  6j,  6^  shall 
diminiih  without  limit  in  such  a  way  that 

ihall  always  be  finite  and  equal  to  2Ka  andRt ;  wiudi,  aattoeane  tlm 

?uaiitities  diminishing,  with  only  two  conditions,  is  always  possible. 
Fence  it  follows  that  Ct^+Cs^^-j-C^^,  &c.  diminish  without  limit, 
being  h,0^-^ Lidt-^-Ltd^*  and  the  final  iolution»  belongiog  to  the 
four  equal  roots,  is 

K.  0  («,  («,  0      K,r  0»i  0 .     K*     (ai  0  •  <*» 

and  so  on  for  any  number  of  roots. 

(22.)  Take  the  equation  Ny+F/+Qy+R=0,  and  for  y  aubetitate 
V :  (W+«).  Multiply  by  (W+«)%  and  we  have 

-  N     -f  iiz* + (NV'+ QV + 2RW)  z 
-f  N  CWV'-VW')+PV«+QVW+RW-=:0, 

which  has  several  integrable  ca&es.  Firat.  when  RsO>  thia  equation  is 
integrable  whatever  V  and  W  may  be ;  but  in  this  case  the  original 
equation  is  easily  reduced,  for  if  y=iz~\  it  berimes  — N2'  +  P  +  Qx:  =  0, 
and  is  linear.  Hence  the  equation  before  ua  can  be  integrated  (and 
thence  the  original  one)  whenever  V  nnd  W  can  be  fouml  ^o  as  to  give 

N  (WV^— VW')+PV«+QWV+RW«=sO».  ..(V,W), 

wliich,  however,  supposes  (lei  the  stuUeut  show  it)  that  a  particular 
aolution  of  the  original  equation  can  be  found,  but  ezpreaaea  thia  eon- 
dition  in  a  useful  form.  LetV:  W  be  a  particular  value  ofy»aacer^ 
tained  by  trial  or  other  means,  and  =T,  whence  the  preceding  condition 
ia  aatiafied.   Determine  V  from 

NV'+QV+2RY-»VasO,  or  ¥;=€"•' 

We  have  left  tkeu  -NVi'-i-Rz«=:0.  or  ^=-1 :  |  f^+cji 
VY 

and  y  =  y^Yg         complete  solution. 

(23.)  Thus,  if  P-fQ+R  shoukl  happen  to  be  =0,  in  which  case  it 
is  clear  that  y=l  is  a  particular  solution,  we  have  (making  N  =  l  fur 
simplicity)  a  complete  integration  in 

ysi/Rf^^+^J-^  <ir+C} :  {/Ri^<»+"i^iir+C-f^«+*"J'^}. 

(24.)  Again,  let  V  and  W  be  detcnuiued  by  QV-f  RW:=0,  which 
reduoea  (V,W)  to  N(WV-VW')+PV«aO.  Ftm  ^theae  two  wt 
have 
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which  equation  is  tlif  refore  necessary  to  the  success  of  this  artifice : 
and,  this  condition  subsisting,  QV-hRW=0  alone,  satisfies  (V,W). 
Now  assume  NV  i-QV  +  2RW=0,  givuig  NV'-QY=0,  or 

as  before.    The  complete  integral  is  y=V :  {W+s}. 

(25.)  Assume  PV  +  QW=0,  which  shows  (  y  )  =  is  ^« 
neceaaary  condition.  And 

N V'+  QV + 2RW  =  0  gives  log  V= J'i  ^2R  ^  -     <ix,  W=  -  ^  V  ; 

uud,  z  bciug  found  as  before,  this  case  is  lutcgrabie. 

(26.)  Assume  PV''+RW«=0,  which  gives  2  ^  =y  -g;^^ 
(Y,W).    Here  NY +QV+2RWs=0gif« 

log  V=  -  j'i  (Q+2v^=FE)  ds,    W=^^-  |-^.  V  ; 

uuil,  z  being  found  as  before,  this  case  is  also  iutegrable.  All  flieie 
cases  really  de^iend  ou  the  same  pnnciple. 

(27.)  From  the  preceding  it  may  be  shown  that  the  complete  integral 
of  Ny-fPy'+Qy+RsO  must  be  of  the  form 


r  being  an  afbitrary  constant,  and       &c.  not  containing  any  arbitrary 
constant. 

(28.)  Also  by  detennining  V  from  — NVsrR,  and  W  from  NV 
+QV4-2RW=:0,  the  eqnaUon  may  always  be  fedueed  to  the  form 

(29.)  If  in  §  (22.)  we  make  N,=:-NV,  :P,=K,  Q»=NV'+QV 
+  2RW, 

R,=  N  (WV- V  W 0 + P V + QV W  +  RW« ; 

we  have  Nii'+Pia'+Qi  «+Ri«0,  end  if  we  make  z=\\ :  ( W,  + 
we  get  another  equation  of  the  same  form,  and  so  on.   Hence  we  reduce 
y  to  the  continued  fraction 

which  may,  in  certain  cases,  exhibit  its  law  with  sufficient  distinctness, 
when  only  a  few  of  the  first  terms  are  found.    Suppose,  for  instance, 
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we  want  a  eontinued  fraction  for  (1  •f-x)'*.  We  find  ihatys=tf  (1  jr)** 
giTcs  (l+ap)y +iny=0.  Let  V,  V„  &c,  be  A**,  Br*,  &c.,  and  let 
Ws5W|:=....=:l.    It  is  evident  from  the  furm  of  the  frac^on  that 

we  must  have  a=0,  A  — ^  ^  assume  V'^^:(l+«)f  or  Vrsc^  Wsl, 
which  gives  (Nsrl+J?,  P=0,  Q=m,  li=0) 

— (1  +«)  c«'+mc  e+mc=0,  or  —(1  +*)  n'-f  mz+msO. 

If  z  were  Bx",  —  (1 z'-fmr+m  would  be  —  B/3r^"'  +  (w  — B/3) 
ar^+m,  which  vaniabea  with  x  when  Bsm.   Now  when  x  it 

small,  i=  Bx*  nearly,  ai  la  evident  from  the  fraction,  eo  that  It  ia  only  by 
this  auppoeition,  namely,  making  Bx^  approximate  to  a  solution,  that 
we  can  get  a  continued  fraction  of  which  all  the  terms  after  Bx^ :(!  +  ...) 
become  comparatively  insip^nificant  as  x  is  diminished.  Assume  then 
z=»ix:(L4-;;i),  or  form  the  new  equation  with 

N=2~(I+x),  Ps=0,  q^m,  R=j?i,  Vs=fMx,  W=lj 
which  gives 

(l+x)nu:*'4+»«;+{in'jr+(I-a;)w}  Zj— (l+j)  m+»i*x+m=0, 
or  (1  +*)  «'i+«J+  (mx— *+ 1)  Jc,+«*— x=0. 

If  z,  =  Cr'',  it  will  be  lound  tiiat  similar  reasoning  gives  yt=I, 
C=~i(m— 1),  ani  proceeding  in  this  way  it  will  be  found  that  the 
successive  values  of  V  are,  after  c  and  mx, 

(ot~1)  J    (m-H)  J        (m~2)jf    (m+2)ir    (m-3)  x 
"*      2     •        6      *  6     *       10     •  lo'~* 

.  x-„  L  !!£  hC^^z^ll ik!t±}l£  iC^^^)^    (^4-2) x 

-1+  1-      1+         1-  1+       I—....  • 

Find  log  (i+x)  by  taking  the  limit  of  (I  — I  divided  by  m 
fm=0) 

iogCi+*)-jq:  1^      rj.  q:  1+7—' 

Find  s*  by  taking  the  limit  of  (l+x:m)**  (insoc) 


1-  1+  1-  1+  i_  14.  1-.../ 

(30.)  Every  <Uff.  equ.  is,  or  amounts  to,  an  expression  of  some  one 
diff.  CO.  in  terms  of  those  which  precede  it,  and  of  the  variables.  Hence 

by  differentiation,  every  diff.  co.  can  be  expressed  in  terms  of  a  given 
number  of  them.  If,  then,  for  any  one  value  of  x,  the  value  of  y  and  of 
a  sulhcient  numhi  r  of  dill"  co.  l)c  given,  Taylor's  theorem  may  be  applied 
to  tlie  devclopiuent  uf  y  in  terms  of  x.  For  ejtample,  lety'=xy'+^, 
from  which  we  find 

y«*=(2+a»)y'+Si3f'+y =(5x+20  y'+(3+x»)  y  ; 

and  so  on.    Or  thus,  let  y^"^=Ai,y'+J3»y,  which  gives  (y^  being 
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B^=i*+3,    A3=:j:*  +  9j:'  +  8,  B,=j;»+1x; 

and  so  on.  Ijet  it  be  known  that  y=y„aDd  y'^i/e*  when  xsx^i  we 
have  theo,  by  Tajflor'e  theorem,  making  in  the  preceding  ezpree- 
nonsy  * 

y=yo+y;(*-^o)+(A.y'o+B,y.).^i:^V(A,y',+B,yj 

a  remit  which  may  generally  be  adTantageoutly  uied  for  obtaining  actual 
values  of  y,  when  x  differs  little  from       This  method  is  so  easy  in  its 

principle,  however  laborious  the  details  of  instances  may  be,  that  no 
further  examples  will  be  necessary. 

It  seems,  however,  ns  if  there  were  three  arbitrary  con?tant«,  r  ,  i/  „ 
and  y'o ;  for  it  is  certain  that  the  prececHng  value  uf  //  solves  the  equation 
for  any  and  every  value  oi"  cither  ot' these  three  quantities,  as  nmy  easily 
be  verified,  bj-  makmg  .r — j-^nrXjaud  applying  the  preceding  ex,prcs8ioa 
to  the  equation  y'^=iX-\-jr^)y'-^i/,  It  will  be  finmd  that  all  the 
coefficients  of  powers  of  X  vanish,  if  in  all  cases  we  have  A«4t=s(n+I) 
A^+xAh-i  *nd  B,+t=(7?  +  l)  B,+j:B,+„  which  will  be  found  to  be 
true  of  the  preceding  values  of  A„  and  B„.  But  only  two  of  these  con- 
stants are  introduced  by  integration  ;  the  third  arises  from  an  arbitrary 
supposition.  If  the  complete  value  of  i/,  containing  its  proper  number 
of  constants,  be  0x,  it  is  always  jKwsible  to  give  another  by  develop- 
ing <px  in  powers  of  a:— j«,  jto  being  taken  at  pleasure. 

(31.)  The  form  y'^Fy+Q  is  completely  integrable ;  the  next  form, 
y'ssPy'+Qy+R,  will  never  be  completely  integrated  until  a  mode  is 
devised  of  expressing  y  by  a  definite  integral,  as  is  shown  by  the  only 
case  which  has  yet  been  intc^jrated.  This  equation  can  be  reduced  to 
the  form  y'=ij'-j-Sy  as  in  §  (28.),  or  as  follows. 

Write  vi/  for  and  make  v'=zQv,  or  rssfi'''^,  which  reduces  tlic 
equation  to 

ry'=P»«y»-f-P,  or  y'c:Pf«*.y»+Rr^*. 

Next,  determine  x  in  terms  of  C  ton  c{^sP€^^.di,  say  xr^V^^Y  and 
substitute,  which  gives 

y+j-f         witby^  substituted  for  «J. 

(32.)  The  simple  case  y'=y*-\-ai'*  goes  by  the  name  of  jRiecatrt 
equation.  It  is  obviously  in  titrable  when  m:=0,  and  also  when 
mcs— 2;  for  in  that  case  the  substitution  of  1 for  x  reduces  it  to 
— x'ys/'f  or*,  an  homogeneous  equation.  Assume  yssca'-f  «a^«9 
which  turns  the  equation  into 
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or,  |iu!tiii^  for  jr,  —  u'=M*+ajr"^"*''^^  bo  that  the  equation  is  inte- 
grabie  ^^  hen  m=: — 4.    For  u  write  1 :  m,  which  reduces  this  tu  li '=1 


4-ax~^'*+*^  and  for  write  a;%  which  produces  a~*Jf***tt'a=l 
+ar"^"+*^*«*,  in  which  make  — af+l=— («+  4)  a ;  thb  gives  a  new 
equation  of  the  form 

7/1  +  3       m+3     '  m+3 

TV'liich,  by  n  rppotition  of  the  process,  is  intofrrable  if  m,  = — 4. 
Similarly,  it  j^?.  —  —(7;?, +  4) :  (w,-f  3),  the  equation  is  made  inletn^able 
by  another  such  iransturmation  if  vii^rz — 4,  and  80  on.  The  law  of 
regression  is  pointed  out  in  mr=:  —  (3//ii  +  4)  :oti+ 1),  and  if  we  begin 
with  — 4»  and  proceed  backwardsy  we  find  the  aeries 

.  ^        8        12        IG  4k  . 

—4,   — — 


3*       5'       7 3A-r 

k  being  any  whole  number.  In  any  such  case  then,  the  equation  it 
integrable. 

Again,  if  in  yrs^+ojr",  we  write  1  :y  for  y,wc  haye  — 
+oaf^y»,  and  a;*for  «  gives  —  ar'a^'ys:  in  which 

—a^-lsfna,  or  a=l;(l+m)  restores  the  original  form,  with 
— m ;  (1+m)  inatead  of  m.   It  is  enough  then  that 

fit  4k  4k 


The  final  lesuU  then  is,  that  Riecati*B  equation  is  certainly  integrable 
whenever  m  is  negative,  with  a  numerator  diviaible  by  4,  and  a  denomi- 
nator one  more  or  one  less  than  Imlf  tbc  mimcmtor.  No  other  integrable 
co?rs  have  been  found,  except  the  extreme  limit,  (already  mentioned,) 
when  A- is  infinite,  or  m=— 2.  The  transformations  of  the  preceding 
&)ethod  are  numerous  and  troublesome,  and  we  shall  presently  sec  an 
easier  mode  of  proceeding. 

(8S.)  As  to  equations  of  higher  orders  than  the  first,  we  need  hardly 

consider  any  except  those  of  tlic  second.  Yen*  little  Indeed  lias  been 
dowc  in  the  way  of  general  soluUou  even  when  tlic  equation  is  only  of 

the  second  order. 

If  the  equation  be  linear,  or  of  the  form  y^"^-f  Pi^  -f  .  . . . 
•f  P.y=:0,  and  if  fi  particular  aolutions  Vi,  Vg..  ..Vm  can  be  found,  so 
that  y=V|,  yssYtt  &c.  aeverallj  satisfy  the  equation,  then  ysC|Vt 
+C|Vt+..  -  is  the  complete  solution.  That  it  is  a  solutiou  is 

evident  by  trial ;  and  it  contains  n  distinct  arbitrary  constants.  And  if 
the  equation  were  2/"^+  . . . .  -f  P,  y  =  X»  the  application  of  the  principle 
explained  in  page  155  would  give  a  complete  solution,  by  coiisidermg 
C|,  Cf,  «^c.  as  functions  of  x,  to  be  deterauacd  by  the  equation  itself, 
and  previoua  assumptions  similar  to  those  in  the  page  cited.  These 
assumptions  are  2C'V=rO,  ICV'^stO,  2<yV"=. . 2CV<*-«=0, 

whence  y=^CV  gives  ^sXCV,  /=2CV"  andy>:=2CV« 

+  2C'V^-»,  whence  the  equation  is  satisfied  by  2:C'V<— >=X,  sina 
the  terms  containing  C„  C„  &c.  all  .make  •  • . .  +P.y=0,  We 
have  then  to  determine  C/,  &c*  from 
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2CV«0,  2C^'«0.  2C'V"=a,. . .  •ZC'Vt-»>=X, 
by  common  ulgebru;  uiid  integration  gives  the  ▼alues  of  C„  C|,  &C. 

(34)  Apply  theprcccdiDgtoary'''-3x--V'+6^"-*^/'-6x--»y==X. 
If  XsO,  Oic  complete  aoluUim  is  y=C,«+C,ap«+C.j:»,  whence  we 

C\  +2C,«+3C',J*=0,         C',=  -Xx- 
2C',   +6G'.*=Xx-%  C,=iXjrt-*« 

(35.)  The  equation   (a  +  ^^/y^"^  +  A,  (a  +  6r)*-y        •  •  •  •  • 
4-A„(fl+6T)*-"j/~0  haa  n  particular  solutions,  and  thence  a  general 
solution,  found  by  assuming  y=(a+6j)"*,  which  gives 
m  (m- 1) . . .  (m  -«+ 1) + Aim  (m  - 1) . .  •  (fli-»+2)  + . . .  +  A.=0, 

an  equation  of  rt  dimensions ;  let  its  roots  be  iiii,  ffh,. .  •        The  com- 
plete solution  is  then 

yssCi  (fl+6*)"''-i-C,Ca+6x)'^+  . . .  •  +  C.  (a+ftj)*^, 

Bubiect  to  moaiecations  already  explained,  (pagf  211  and  689,)  the 
«SS«iforepairofequalrootebeing(C,  +  e.%-r)(.  +  /^      &c.  If 
made  =£S  this  equation  can  be  reduced  to  the  common  hncar 
equatioii  with  constant  coefiicients* 

(36.)  In  theory  it  is  permitted  to  auppoaa  the  solution  of  any  alge- 
braical  equation;  bat  in  practice  the  inabiUty  to  do  it  m  finuc  terms 
S^nenfly  makelagreat  cfifference.    Suppose  one  d,ff^^^^^^^ 
eiven  in  terms  of  another,  for  m^tnT^^e  If     -t.  we  have 

!J'=0(z),and  if  this  c.n  he  luic^iaud  in  the  form  r  =Vf,  ^v•e  have 
yr^iidxf^T.    But  .uppo.e  tluU  (as  is  indeed  g,^»^i.«j^y 
?an  only  obtain  the  form  x=Vr-^»  mconvertiblc  m  finite  terms.  We 
must  then  take 

and     must  then  be  elimmated  between  «=V/'.  ^  V^^"' 
(37 

5ives  V  \- 1  •»  ^  / — J  y,     •  /• 

wcmnatfind  yor/y'rfx,  or  J*^  .^^^^  integrated  in  a  similar 

the  two  equations.    And  0  (y,  y ,  y  )  -  0  ^'^^    J,:!ifl  i.  ^  fer  ani 
manner  by  changing  the  independent  variable.  wnUng  l 

— x"  :  x"  for  y"  :  which  brnigs  thi 
Or  thus :  making  y=^,  >vc  have 

&om which  eiuauoa  of  ihe  6i*  oite  «  iitobefcuiidiiitoraitofy. 
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manner  by  changing  iimupv»«v^.  --^ — Z'a.  iSm^  i// r./  ^HsO 
^x" :  x"  for  y" :  which  brings  the  equaUon  to  the  fom  Y'  Cy, 
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and  .T=  fz~'^  (I>/.  Or  if  y  be  found  iu  tenns  of  iay  y^'^z^  thco 
x—j z'^  '^'z  dz,  and  z  must  be  eliminated. 

(38  )  Let  tlic  complete  integral  of  <^  . .  .y<"^)rrO  be  known, 

and  let  it  be  y=V^  (r,  a  J),  r, . .  . .),  a  function  nf  x  and  of  n  arbitrary 
constants.  The  equation  ^^i),  being  identically  true  when  is  substi- 
tuted for  X,  gives 

c?0  rfy    rf0  dt/  d<i>  dy^-> 

f/v  ,  .  .  d^  dti  ,  rf0  ifii 

or  t/rrr/i// :  ffa  13  a  solution  of  this  last  linear  equation,  in  which  the 
codUcicnts  of  u,  ^c.  iire  functions  of  J,  a,  6,  &c.  By  the  same  pro- 
rcsB  it  will  be  found  that  u=^dUf  •  db  is  a  solution  of  the  &amC|  and  ao  on. 
Hence  the  complete  solution  of  the  last  equation  ia 

uzsA  ^   ^  ^  +  •  * "    A,  B,  &c.  being  new  constants. 

For  example,  the  equation  xyy"  -{-yy'—iy'*=sO  has  ysax*  fur  its 
complete  aolution.  The  new  diff.  equ.  then  ia 

(j  I/  "  -i  y  )  u  +    —  2/^' )  u  +  .rtm"=0  ; 
or,  dividing  by  6*  w  +  (1 — 2A)  xu' + a  0, 

^=:c',  ^craloga-.x^  whence  M=(A+Blogj:)  a*  is  the  complete 

da  do 

aolution  of  the  last,  which  ahowa  that  the  equation  deduced  from  §  (35.) 
would  have  a  pair  of  equal  roots ;  aa  will  be  found  to  be  the  caae. 

(39.)  The  equation  0  (x,  r/''\        . . .  ,y<»+->)  can  he  reduced  to  the 
nth  degree,  as  ia  ahown  by  making  j^^^ssz;  when  z  iafound«j^ia 
found  by  direct  integration.    But  if  x  can  only  be  found  in  terma  of 
a  proceaa  aimilar  to  that  in  §  (36.)  must  be  followed. 

• 

(40.)  The  equation  P/4.%'^=:R  is  integrable,  if  P,  Q,  nnd  R  he 
functions  of  y.  Divide  by  P,  which  leaves  the  form  y  -fQy''=R, 
multiply  both  aides  by  and  it  will  be  found  that  the  first  aide  ta 
the  diff.  CO.  with  reapect  to  x  of  ^e'^      We  have  then 

ttx  dx  dx  \       dxj  dx 

By  changing  the  Independent  variable,  it  will  be  found  thaty"+Py 
+  Qy''=:0  is  integrable  when  P  and  Q  are  ftinctions  of  jr.  To  solve 
this  directly,  multiply  by  i^^,  which  call  W,  and  we  then  have 

I ;  U  being  Vfy\  Hence  Us:^(2/QW-'£fa),  and 


Digitized  by  Google 


ON  DIFFERENTIAL  EQUATIONS.  697 

(41.)  In  tlic  same  way  can  lie  integrated  y"  +  Py'* -f  Qi/'" r=  0,  when 
P  and  Q  are  functions  of  and  y '-f  ly +  Qy"=0,  when  P  and  Q  are 
functions  of  jr.  The  resnlts  are  most  easily  obtained,  that  of  the  first 
firom  the  second,  that  of  the  second  from  y=Zt  which  gives  s'+Fs 
+ Qs*s  0.   This  last  gives 

rWsV  Q 

(W.y+QWr=0,  or  i^,+^^ 

which  18  easily  inlegraLed.    This  case  belongs  to  the  general  form 
9  (-r,  y',2^")=0,  nhich  is  reduced,  as  iu  §  (37.)  preceding. 

(42.)  The  rnmplete  intcgriti  n  of  y"-f-py +  Qy  +  R=o,  P,  Q,  and 
R  bcitii;  functions  of  .r,  requires  only  any  parJicular   solution  of 

+  Vy' -\-Qi/  =  0,  other  than  y=0.  I/et  y  =  Y  he  such  a  particular 
solution,  and  assume  y=Yi;  fur  tlie  general  solution.  The  et^uatiou 
then  becomes 

Yt?"+2Y'V+Y  'D+P(Yr'+Y'r)  +  QYu+R:=:0, 
or  Y»"+(2Y'+PY)t»'+R  arO; 

since  Y"+PY'+QY  =  0,  by  hypothesis.    This,  with  respect  to  v\  is  a 
linear  equation  of  the  first  order,  which  gives 

Reduce  this,  when  R=:0,  to  the  form  m    (3.'3.).   The  negative  sign  may 
then  l>e  omitted,  or  replaced  by  any  constant.    Why  ? 

(43.)  If  11=0,  we  find  for  the  complete  solution  of 

(44.)  If  in  §  (42.)  we  suppress  the  condition  that  Y  is  to  be  a 

particular  value  of  y,  wc  have 

Y»"+(2Y'+PY)  c'+CY^+PY'+QY)  o+R^O ; 

and  Y=r«^  gives  the  form  Yv"—iY  (P^4.2P'-4Q)  f>+Rs=0. 

(45.)  If  Y  be  a  particular  value  of  y  in  t/" +  Qy=:0,  the  complete 
values  of  y  in  the  followhig  equations  are  as  w  ritten, 

/+Qy=0,   y=CYj~;  y  -l-Qy+R=0,  y=YjiM^cir. 

(46.)  The  equaliun  y"+Py'+Qy=0  is  reduced  by  y  =t  6^"  to 
Pv  +  Q=0.   The  solution  of  this  last,  §  (27  ),  is  of  the  'fonn 
oss^+Y' :  (x+C).  I  leave  it  to  the  student  to  reduce  the  value  of  y, 
as  derived  from  t»  to  the  fym  CY+C|Yi  which  it  is  known  to  have. 
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(47.)  When  an  equation  can  be  made  homogeneous  on  anypartsonlar 

supposition  as  to  the  dimension"  of  the  diff.  co.,  substitutions  invented 
accordingly  will  frequently  reduce  the  order  of  the  equation.  For 
example,  y"^  y'^ -^^  y'*—x^  y"  is  homogeneous  if  y',  ]/'  he  of  the 
dimension  of  jr%  x\  x°.  A&sume  y^zjL'^Ut  y'^JLVf  wiiich  gives  u*i;*  +  i;* 
zzy".  But  2zu+j;V:=:x«>  or  2udS'^xdttszvdjB  ;  and  ttV+t^cxo'+r, 
or  (u*  v^+v*— 17)  dxssjedv.  Hence 

dx  dv  du 


an  equation  of  tKe  first  order  between  u  and  v.  Hie  reduced  equation 
may  be  as  difficult  as  the  original  one,  but  there  is  always  an  advantage 

in  knowing  how  to  form  an  equation  of  a  lower  degree :  and  it  may 
generally  I)?'  takm,  that  if  the  reduced  equation  cannot  be  in^^^cTated  by 
our  present  means,  neither  can  the  original  one  ;  or  vice  versa,  that  if  the 
original  equation  can  be  integrated,  methods  can  certainly  be  found  for 
succeeding  with  the  reduced  equation. 

To  generalise  this  inocess,  let  0  (x,3/,y',y^):=U  be  homogeneous 
wben  y,  y'y  f  are  of  the  dimensions  n,  n— 1,  it  -  3.  Asaume  y  =4^, 
y'sx"~'t?,  y"=z3^'*Wy  Yih'iQh  gives  an  equation  of  the  form  y  (istvio) 
ssO»  by  hypothesis.  Again, 

ju"-«ii4.aV=:jf^v,  or  dris^du  :  {y—nu) 

(n— l)«""'»+«"~V=j—*ir,  or  (i«r:x=:<iv:(to— }i->lt>); 

du  dv 

substitute  fur  w  its  value,  and  we  have  the  reduced  equation  required. 

(48.)  When  the  equation  is  homogeneous  with  respect  to  y,  v'.  y"» 
&c.,  the  reduction  of  one  unit  of  the  order  is  always  practicable,  by 
assuming  y=«^'"^.    Thua  yy  *  gives 

«*^iJ^(tj^+i/)=s<v-*(;i^-|.B^)«^  or  t>^(««+tO=!<«*+«^». 

(49.)  An  equation  may  sometimes  be  reduced  to  au  intcgrable  form 
by  a  chaiige  of  the  independent  variable.  Let  it  be  y" + Py ' + Qy + R= 0, 
and  aiaume  x^f^.   We  have  then 

<^  dr    V   dl?    d^J  dH  ^d^^  di^ 
To  destroy  the  second  term,  we  must  uitegrate 

P      -^=0»  w^ich  gives  ^:=zfr^*'dx. 

But  if  we  have  P=0,  and  want  to  restore  a  second  term  in  which  the 
eoefficient  it  the  function  n  of  (,  we  must  integrate 

— ^,  whidi  givea  w/r^** 
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(50.)  The  solutions  of  some  equations,  oUierwiM  unattainable,  hwi 
been  expressed  by  definite  intej^als,  but  a  j^rcncrnl  method  of  jMSsiDg 
froni  any  equation  to  such  asoiution  has  not  yet  been  ascertained.  The 
ibllowmg  are  e^^iimples. 

Lety= ^£^"(1— r*)"dr ;  we  have  theu,  differeutiaung  with  refipect 
to  X,  and  integrating  by  parti  irith  respect  to 


2»+2     ^  2*+2' 


Let  tlic  limits  of  integration  be  —  1  and  +1,  the  separate  term  |then 
vanishes  at  these  limits,  if  n+1  be  positive^  and  we  have 

""iH^^    211+2  di^* 
or    ^+  H!i±2  ^-a«y=0  give.  y^flM^H^^^d., 

A  little  examination  will  show  thnt  this  intce;ral  undergoes  no  altera- 
tion when  the  sign  of  a  is  changed,  and  also  that  n  must  he  >  — 1,  or 
271  +  2  positive.  The  preceding  value  of  y  may  of  course  be  multiplied 
by  an  arbitrary  consUnt,  but  it  is  not  yet  complete.  The  following 
wtite  will  find  another  soltttion,  and  aToid  the  (in  this  case)  com 
plicated  form  of  §  (43.)   Asrame  ysd^x*  which  gins 


£  +?2±H  il_fl«-£!  .  2ifc+2»+2  il  ^^^~A+(2tt+2)/c  ^ 
y        xy^z  9        t  ^ 

Assume  A  +  (2ii+2)  A=0,  or  A=  -  2/i— i,  which  reduces  the  pre- 
ceding to 

il-of'ssO,  and  fll6^(l-«0— 

satisBea  this  if  n  be  negative.  But  since  2n+2  is  to  be  positive,  n 
mutt  lie  between  0  and  —1,  or  27i+2  between  2  and  0.  Let  2fi+2 
=rin;  it  then  appears  that,  under  the  mtriction  0  («*)  2,  the  complete 
solution  of  y"+fliJP'V— <^=0  ia 

which  this  is  not  altered  hv  chancing  a  into  — fl.  Do  this,  add  and 
divide  hv  2,  and  write  cV—  ^  ^^"^  ^^^"^^^  ^ivt^s  the  complete  solution 
ofy"  +  /«i-Y  +  a'y=^ 

y=C      CM  axt.  (I- '  rf»+  C.tf-^»/ll  cos  OJT  (1 
IVhen  fiiasO,  the  whole  process  faBs,  since  the  sepsiftted  term  in^the 
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first  intention  does  not  Fanith ;  but  still  the  second  soltttion  is  ihea  of 
the  form  Cfsinax,  which  is  a  solution  of  y^+a'^rrO.  When  }vu=2| 
the  processor  the  second  solution  fail?,  nnrl  that  of  tlie  first  gives  a  solu- 
tion :  but  this  case  is  best  treated  In  obscrviiiG;;  that  y'*-\-2x~^y' 
~(jiy)":x,  whence  the  equation  becomes  (jry)''-i-a*.ry=0,  and  its 
solution  is  j:y=:C|COBajr-f    sin  cue. 

When  msl,  the  two  lokitkms  sre  no  longer  distinct,  and  «e  most 
proceed  as  in  §(21.)  Let  m=l— 3 ;  the  second  solution  withoat  the 
constant  arises  fifom  integrating  with  respect  to  co60xv.(l— >v>~^ 
multiplied  by 

J^Ul-l^«,orl+-|  log,^' {log.**  ; 

and  for  the  first  'solution,  in  place  of  the  preceding  we  must  put 
(I  — or  1— log  (I't- ')  4-  •  •  •  •  Hence  the  two  together  give  a 
solution  arising  from  integrating  oosatf«.(l  multiplied  by 

c. + c.+4?c,  log  j«+ ia  (c.  -  c.)  log  ( I  -t') + . . . . 

As  2  diminishes,  let  Ci  +  C»  have  the  limit  Ki»  and  let  hCt  approxi- 
mate to  K,.  Then  ^  (Cj -  C. )  has  the  limit  K,-  limit  of  a  (Kj— Ct),  or 
2K«,  since  cKi  has  0  for  its  limit. 

And  it  is  easily  shown  that  the  remaining  terms  diminish  without 
limit,  whence  Ki+ Kg  log  x-j-  K,  log  ( 1  -  v*)  is  the  hmit  of  the  preceding, 
or  the  complete  solution  of  y''+«*^y'+a*y=0  is 

y—^ij-i  cos  axv  (1  — v')'* dv+Kf  J±l  cos axv  (1  -r*)"*  log  (j:  1 

When  m  does  not  lie  between  0  and  2,  only  one  solution  can  be  obtsined 
by  tin's  method,  namely,  that  one  in  which  the  exponent  of  1 — 9*  is 

greater  than 

(51.)  Many  equations  can  be  reduced  to  one  of  the  preceding  forms : 
thus  ysdfs  turns  y+a'y=:ft  (»— 1)  :r*y  into  s"-i-2»W'«'+al»s=0. 
Again,  Riccati's  equation,  §  (32.),  can  be  msde  to  depend  upon 
lf*'ssajf^lf.   Change  the  independent  variable,  and  makears:^^.  We 

hne.  then,  §(49.),  ^  -  ^  2-«^T^«^»y=0. 

Let  u  ?-  ^+J!Ll^  

Aguxk,  let  j/"— at" ^y.   Assume  or  •c:s21og{:i.   This  givet 

The  student  may  try  the  following.    If  t-  be  a  function  of  /,  and  y  of 
and  if,  moreover,  y=xii\t),  x:=f{c,t),  then  the  oquation 
y'+iy+QysO  gives  R»''+StA+To'»+Ut/+VasO,  where 

T=Xr.V.  -  V«Xi  +2  (xw  f.-Vr.  Xr)  i^X^ff^X^^H^QxV^  f. 

U=Xi.Y'.-V'«  X-  +2  (xw  V'-V'w  X.)+PY',(2x, V'.+Xf  W+3Qxflf. 
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This  method  cannot  tedace  the  equatioD  y^+fte.sO  to  the  fint  d^;ree, 
ualesi  a  solution  be  already  known.   Why  ? 

(52.)  One  or  other  of  the  solutions  in  §  (50.)  is  intc^rable  whenever 
m  is  an  even  iiuml  cr,  positive  or  negative,  since  fs*"0vdv  can  alw  avs 
be  obtained  when  <^  is  a  rational  and  integral  fuuctioo.  But  the  follow- 
ing applicatiou*  of  the  method  of  generating  functions  (page  331)  will 
•how  us  how  to  obtain  the  complete  integral.  Take  the  equation 
y+mx~y -4-0*^=0,  and  let  y  be  the  generating  function  of  a.  to  the 
variable  jp— c;  that  is,  Itiy  Imve  the  form  ...  +  c)*+a»+i  (x-c)"+' 
+  .  .. .  :  call  this  S (r — c)*.  Then  i/  Is  the  generating;  fnnrtion  of 
(71+ l)<7.+„  or  is  S  (^<  +  l)o,fi  {x  —  r.y,  and  vix'^y'  is  thatof  m(«  +  2) 
tL^^t,  while  y''  is  that  of  (rt  +  2)(n  f  L)  and  since  every  term  of 
|f"4-mf  ~'^+a'^  mu6t  vanish,  we  huve 

{(«+2)(n+ J ) +fii  (n+ 2)  }  o^+t+a^  fl.s=0. 

Assume  (n+m  — 1)    =  (n  +  2)         and  ilicrefore  (/»  +  w  +  a».|.t 

=  C"  +  4)        which  give  by  subsutiitioa 

(n+4)(«+m-l)6,H+a«6.+.sO,  or  0i+2)(it+«-3)  ^+,+flP&.=0 ; 

whence  i  in  «"+(wj — 4)  *"'*'  +  a'z=0  is  the  geueraticg  function  of 
Now 

But  since  is  generated  by  z :  r',  and  («  +  4)  by  2  :  il^  we  find 
thai  if  wc  can  integrate  2''+(m  — 4)  t"' s'+fl^t  =0,  we  can  also 
integrato  ^''-f  nurds' H-a*2s=0;  and  that  we  find  y  from  «  by  the 
equation 

_  Z     ni—B  z' 

"Now  we  have  iutcgi;ite<l  ^hen  mr^O  and  when  7;i^2,  in  finite 
(rigonomctrical  terms;  liencc  wo.  can  integrate,  also  in  finite  terms, 
when  m=4,  8,  12,  &c.,  or  6,  10,  14,  &c. :  that  is,  when  m  is  any 
even  number. 

The  preceding  reduction  appliea  whatever  may  be  the  value  of  m,  so 
that  all  cases  are  integrable  as  soon  as  the  integration  is  practicable  for 
ail  values  of  m  between  —2  and  +2. 

(53.)  Consider iir^  tlie  nature  of  the  preceding?  reasoning,  it  may  he 
desirable  to  give  a  vcrificauon  of  the  result.  This  may  be  done  as  follows, 
stating  only  results.  Starting  with  the  last  equation,  dififerentiate  both 
aides  t^ice,  but  as  fast  as  if  makes  its  appearance,  substitute  the 
value  derived  from  a" + (nt  - 4)  ****  if-^a^^O,   This  gives 

^  Soe  a  paper  hv  Mr.  R«  L.  ElU^i  io  ths  Caubridgs  Mathsmatical  Jcminaly 
Tul*  ii«  pp*  lOU  and  193. 
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wlience  it  iMdily  follows  tiiut  y  +  mx~  y  +a'y =0. 

(54.)  The  piecedJog  gives  no  cine  to  the  cue  in  wliieh  m  iia  nega^ 
the  even  number,  hat  another  transformation  may  he  made  which 
apptiM  both  to  positive  and  negative  even  number*.  For  a*  vrite  a» 
or  let  the  equation  be  y"+m3r*  ^■^ay=0,  and  let  m=2py  p  being 
integer  and  positive.  We  have  then»  on  the  same  tnppositions  as  before, 

(n  +  2)(n-f  2/?+l)  a.,,+fl.a.=rO. 

Assume  fl,=6w:(«4-l)0i  +  '0  ••(^^  +  2/?  — J),  which  readily  gives 
(«  +  !)(«  + 2)  ^,^,  +  a6„  =  0,  ur  what  wc  should  have  got  at  first  H  p  had 
been  =0.     iliiice  is  to  be  Csin  (^a.,r  +  C,)»   the  complete 

integral  of  y"  +  f'y=0.    Now,  to  take  an  instance  of  the  mode  of  obtain- 
ing Sa,    from  56,  .1*,  observe  that,  if  p=3, 

or  cla?)*  b^^dt; 

sig^iifying  that  the  operations  of  muliiplyiiig  by  'Ij^,  integrating,  and 
then  multiplying  by  j",  are  to  be  repeated  three  times  in  that  order ;  the 
whole  cmliug  with  division  by  j:*.  Applying  this  to  every  term,  wc  have 
for  the  complete  solution  of  y''+2/?j~'y'-|-ay=0, 

ysCjT*  (jf/,  dxym  (Va.dr+C,). 

;  The  form  of  this  may  be  usefully  changed  as  follows.  Since 

the  power  of  a  introduced  being  immaterial,  on  account  of  the  arbitmy 
charscter  of  C.  Now  in    ^<^a. x) . if  U/a,x)^  it  is  indifferent  wh^her 

wc  suppose  a  or  «  to  vary ;  let  us  then  suppose  a  to  vary,  md  to  be 
constant;  wc  must  then  integrate  fKia  a—0.  To  show  the  sort  of 
result  we  get»  let  us  take  psS ;  at  full  length  then  we  have 

Car* tja.xjd{ja.x).ja.ijd {J a .x)<Ja.xfd  {J a . x)  s i u  (^a . jt  +  C J 

since  C  may  be  any  function  of  a*  And  thus  we  have  generally 

If"+2pjr'»'+o3,  gim ,=c (fdoy 
Hence  we  might  suppose  by  analogy  that 
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and  this  may  easily  be  confirmed.  Starting  with  this  ec^uation,  we  come 
by  the  process,  as  before,  to 

(n+2)(ii-2p+ 1)  flM*+«>»=0* 
Aisume  a,=(n  -  l)(n— 3) , . . .  (/z  —  2/;  + 1)  6„  whicli  gives 

(ji+2)(ii+l)6,+,+«6,=0 

as  the  fint  would  haTe  been,  had  p  been  =0.  Now  we  sec  that  a^x* 
is  made  from  6«d^  liy  the  following  uperation, 

the  opeiation  being  800oetai?e  difiiion  by  «  and  difeentUtkm.  This 
can  be  Tcduoed  to  the  fomi 

^^Kdl^ir-T)  ;^J™(V— +0.); 

and  if  we  now  make  the  variable  of  differentiation^  x  being  G0iuitant» 
we  find  that* 

y"-2pjr  y  +  ayzrO  gives  y=  C (^j^j  —  • 

It  must,  however,  be  earefally  remembered,  that  the  validity  of  the 
last  operaSioii,  as  in  the  eorresponding  integration,  depends  sdely  upon 
the  function  with  which  we  start  being  a  Amction  of  the  product  ija.s, 

(55.)  We  may  now  see  how  it  arises  that  Riccati's  equation  can 

i"        '  -  -     ^  -  -  -         -   ^  - 

§ 


(m+2).  Hence  m  must  have  the  form  4|»:(l«-^),  which  will  be 
found  to  agree  with  §  (32.)* 

(56.)  Another  method,  proposed  by  Poisson,  is  as  follows.  I^et 
yssj*;!— aj:*i>-*du,  u  and  n  being  positive, 

Now  the  second  integral  ^*J^^S^^^^         ^  ^»  parts, 
The  first  term  vanishes  at  both  limits,  and  substitution  gives  sunply 

*  Tlic  preceding  articles,  (52.)  and  'j4  ).  are  taken,  wit!i  some  aUerntlon  i»f  fomi, 
from  the  very  iogeuiouw  paper  aUeady  atctl,  whidi  contaiua  several  geneialiiatiuns 
of  the  piocan  UgUy  worcby  of  the  illinlioa  of  natbsmalidaM. 
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y"=fi'ax*~*y.  Let  the  preceding  be  J'V^/f;  then  Cf^Ydv  h  a  solu- 
tion of  y"=n*aJf*~*y.  It"  /^=2,  the  preceding  is  iutegrable,  and  all  its 
solutions  are  contained  in  y=Cs'^*  '+C4£~*^*'.  Hence,  for  some 
values  of  C  and  Ci,  we  have 

But  iince  the  first  side  must  diminish  without  limit  aa  x  increftsea«  we 
have  (on  the  principle  explained  in  page  576)  CsO,  and  since  x=0 
gives  tfV*  for  the  fint  side*  we  have 

Change  v  into  ^a,v,  f^€-^^-^^dv^^  \J 

By  BUCOessive  differentiations  witb  respcc  t  fo  it  is  easy  to  obtain 
from  these  results  the  value  of  f^s-^^-'^^^'^v^'' dv,  p  bein?  a  positive 
or  negative  integer,  and  hence,  by  aggregation  of  results,  can  obtained 
Jl6—v*—cJi*v-^^v  di\v>hcTC(pv  is  a  rational  and  integral  function  of 
t)*  and  t>~*.  For  our  present  purpose,  however,  let  t?"  =  i^in  tiic  nrst 
integral,  so  that  we  have 

o  « 

This,  then,  is  inlegrable  whenever  2/r'  -  l^2p,  p  being  a  positive 
or  negative  integer :  mat  is,  when  n  is  of  the  form  2 :  (1  +2p),  or  n— 2 
(the  exponent  of  the  equation)  is  of  the  form  '^4p:{l'^^)i  winch 
agrees  with  preceding  results. 

(51.)  The  solution  of  f^szu^iuT^y  above  obtained  has  onlj  one 
arbitrary  constant,  consequently  the  solution  of  s'+sP  =  n'oi^* 

derived  from  it  has  none,  and  recoorse  must  be  had  to  the  method  of 
§(43.).  To  show  how  this  nriscp,  suppose  that  7/"+Py'  +  Qy=0  is 
completely  solved  in  3/=CV+CiW,  then  y^i^**  gives  «'+s*+P« 
4-Q=0.   But  we  have 

and  the  only  arbitrary  constant  in  z  is  C :  C,  i  but  this  is  still  one 
arbitrary  constant,  and  therefore  the  equation  of  the  first  order  is 
completely  solved.  But  if  yssCV  only  hsd  been  gained,  the  value  of  z 
would  have  been  simply  V* :  V,  without  any  constant  at  alL 

(5B.)  To  form  a  proj  or  notion  of  our  state  with  respect  to  the 
solution  of  diffcrentinl  equation:^,  I  repeat  tlic  supposition  of  pngc  103. 
Xiet  us  suppose  we  Iiad  not  been  iu  possession  ot  the  operation  inverse 
to  involution ;  so  that  all  problems,  the  solution  of  which  is  reducible 
to,  say  x=V<^  would  have  presented  the  difficulty  which  those  who 
know  better  would  call  a  want  of  adequate  means  of  expression.  Tlie 
first  thing  noted  would  be  th:it  such  problems  are  soluble  when  a=0, 
1,  1,  9,  &c. ;  in  fiicl,  Avhen  n  =  ny.n.  Othtr  cnsps  would  have  their 
soluuous  obtained,  by  some  iu  approximate  fractious,  by  some  iu  series, 
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by  some  in  continued  fractious,*  and  so  on.  Finally,  the  acquisition  of 
•  distinct  idea  of,  and  notation  fur,  the  sauare  root  of  would  reduce 
all  those  problems  to  one  class  which  had  been  pnctically  divided  into 
seTenL 

Thus  it  has  stood  hitherto  with  the  equation  of  Riccati,  y'+y^srox**, 
or  with  y'sraj^y,  from  which  it  springs.  Count  Riccati  first  pointed 
out  (I/cipsic  Acts,  1732,  accordinn:  to  Dr.  Peacock)  that  tiierc  were 
integrablc  cases  :  why  those  which  remained  were  not  intecrnhle  did  not 
appear.  The  various  modes  in  whicli  tlie  remaining  cases  were  after- 
wuds  integrated,  by  means  of  series,  definite  integrals,  &c.,  were  gene- 
nlly  themselves  omy  partially  applicable.  At  last,  the  general  equa- 
tion y  +  ?/'+<^y=0,  had  its  complete  solution  expressed  by 
y=Ct)~*'"  jsiii  (^a.J+C,)  :  ^rt},  in  which  D  denotes  difll'renliation 
with  respect  to  a ;  a  resullf  which  is  unintelligible  whem  m  is  anything 
but  an  even  number,  positive  or  negative.  Any  other  supposition 
throws  us  upon  the  Uiiilcuiues  of  fracLiunHl  diiT.  co.  (pages  uUb^—dOO). 
Bat  at  the  same  time  we  see  that  the  difficulty  arises  fnm  our  not 
having  well  understood  means  of  expression  in  which  to  convey  the 
sohition. 

It  is  a  remarkable  point  in  the  history  of  this  science,  that  most  of 
the  results  which  ordinary  nutations  can  express  were  obtained  at  an 
early  period.  Any  stoppage  has  almost  always,  sooner  or  later,  been 
found  to  arise,  nut  fruni  liie  defect  of  metliods,  but  fruui  the  non- 
existence of  the  piojKr  mode  of  expression.  If  we  take  any  K^neral 
form,  and  proceed  to  its  differentisl  equation,  we  shall  always  see  mat  the 
equation  so  obtained  is  one  of  those  which  admits  of  solution.  For 
example,  y=C0(x+C,)  gives  y':y=<^' (j+Cj)  :  0  (x+Ci),  whence 
+ Ci  must  be  a  function  of  y  :y.  Say  a7+Cic=y  (y :  y) »  (hen  we 
have 

an  ititegrablc  diff.  equ. ;  provided  tliat  the  solution  of  all  algebraical 
eqiidiions,  or  the  iuversioTi  of  all  functions^  be  assumed.  The  following 
forms  may  be  readily  obtained : 


^  It  may  interest  the  historical  reader  to  know  that  tlie  continued  fraction 

was  used  in  the  estractton  of  ilw  ^ pi. ire  root  long  before  the  time  of  Lord 
Brounker,  to  vhom  the  invention  oi  this  mode  of  expression  u  geocrally  utlributed. 
It  wae  lately  claimed  by  M.  libri  for  Pletro  Antumo  Cataldi,  whobe  work  on  the 
square  root  (1613)  is  cited  in  stij^iort  of  the  assi-nion.  On  L-xaminatitui  of  tlils  wo.k 
i  find  that  there  is  no  doubt  of  the  fact,  and  tiic  following  sentence  wjll  be  sutticient 
to  •horn  it.  Tbe  author  is  siNiaking  of  ^  1 8  (pajje  70) :  — **  Notiet,  ebo  tt5  »i  potondo 
c6modam«to  mils  ttampa  formare  i  rotii,  e  rotti  di  rotti  cume  andarianoi  aod  eoid 
4«&  2  come  ci  siamo  sforzati  di  fare  in  ijueiito.  noi  da  qui  inSxi  gli 

—  2     2  2 

^  ^  i  fiDnnsremo  tutti  &  ^sta  limiUtudine  4,it^  &  ^  Cacendo 

b  &  2  Ow     9*  ^  o» 

—      vn  punto  ull  '8  denominatore  di  ciascvn  rotto,  k  significSfSj  dw 
°       il  se>;uente  rotto  e  rotto  d'efso  denominatore." 
t  This  result  is  stated  to  have  been  first  given  in  the  fonn  of  a  qui  stiou  proposed 
for  solution  liy  Mr.  Gaskin,  in  tbs  Cambridge  Bssmination  Fspert  for  1839. 

2  Z 
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fS=r«^(r+C;-hCj         gires  y"=xW) 
y=^(Cx)4-C,  ....  /'=^x(f'') 

y=C(*r)%orC.Cr   ....  ^^^y^+S^X' 

y=:0(j»+Cjr+C|>       ....  ^'-^y^=2xy. 

In  all  these  casc^,  tfte  golutioa  may  be  obt&iued  irom  the  equation,  if  fj 
be  an  ordinary  function. 

(59.)  The  mode  of  deriving  the  singular  toltttion  of  oT  difibentiil 
eqaatkm  from  the  primitive  (page  190)  may  soroetiBiea  be  imifBdeiit,^ 
•fvlu  ii  7/=0(x,c)  is  6r8t  introduce  in  the  form  yr(x,y)=c. ,  The* 

method  may  l)e  thus  exteuded,  h  bf^ing  TeTncmbrred  that  the  object  it 
nothir)^  more  than  tu  make  r  such  a  Uinctiou  ol  jr  and  y  as  mil  not  alter 
the  form  of  y.    Ltt  the  primitive  equation  be  y,c)=0,  and 

ftssume  c  to  be  a  function  of  x  oiid  y.  We  have  then,  u&iiig  the  uoutiua 
of  page  388, 

^,+Ay+^.(c.-hc,y)=(^  or  ; 

and  in  order  that  y  may  not  be  affected  by  changing  e  from  a  CODttaat 
into  a  variable^  we  must  to  choose  the  form  of  c  that 

where  </>(.r,  t/,  r)=0  ir*  bupposcd  to  give  c=ft>  (r,  t/),  andthesuh^titution 
in  nuidc  oii  the  hrbl  bide,  in  obedience  tu  the  well-known  mode  of  form* 
ing  y  for  the  ordinary  diff.  equ.  Observe  alio,  that  the  first  aide  of  the 
equation  is  the  same  tbin^  as  ^«(x.y):^,  (Xyy).  Here  then  is  a 
partial  diffL  equ.,  from  which  we  might  suspect  that  the  form  of  c 
required  contains  nn  arbitrary  function.  But  it  is  not  so,  a-s  follows. 
The  complete  solution  of  tlie  preceding  partial  dilF.  equ.  i8</>(r, y, c) 
s=  ^)  (  r,f/),  as  may  casdy  be  verified  ;  f  being  an  arbitrary  function. 
Combine  this  wilii  0  (^^yj  c)=0,  and  we  only  get  f4f  (jr)y)  =  0,  which, 
/  being  arbitrary,  merely  amounts  to  <I»  (r,  y)  =  const.,  the  origiiial 
equation.  Any  other  solutions  of  the  proposed  question  can  then  only 
he  obtained  by  other  and  particular  considerations.  First  let  it  be  pos- 
sible to  assic:n  c  so  that  0,  (r,  r)  =  0 ;  it  then  appears  that  the  two 
forms  become  identical  if  r  =  <l>  (j,  y),  or  (p  (j,  y,  c)=:0  ;  so  that  r  must 
be  derived  from  0,=O,  for  substitution  in  0=0:  this?  is  the  coutmou 
mode,  explained  in  the  page  above  cited.  But  there  may  be  others,  aud 
the  whole  point  will  require  the  following  elucidation. 

(€0.)  An  equation  of  two  variables,  such  asx*a=(y— 6)^,  is  s^id 
to  be  solved  w  hen  a  relation  between  x  and  y  ia  found,  which  satiafiea 

it,  and  completely  8olv(  fl,  when  that  relation  introduces  an  arbitrary 
constant.  Thus  r— a=y  — ft  is  a  aohuion,  but  not  complete:  (x  — fl)* 
=  0/ — 6)'4"C  is  the  comi)letc  solution.  Nevertheless,  Jt=a,  y—b 
satisfies  the  ei|uution,  and  bhould  therefore  be  called  a  bolutiou,  but  uot 
a  solution  for  which  reeoune  must  be  had  to  the  diflBerential  calculus :  tfc 
would  equally  be  a  solution  if  ^  stood  for  someUiiog  else^  and  not  for  tht 
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diff.  CO.  of  f/.  Let  the  former  be  called  differential  solutions,  and  the 
latter  extni-differcntial.  \  relation  between  x  and  y  may  even  be  extra- 
differential,  as  ill  (r-  ?/)(  r-fyy')=0,  which  is  satisfied  by  y=.r,  but 
VNiihuut  rei'ereiice  tu  the  uienniug  of  y'. 

An  equation  of  three  variables  may  also  have  its  differential  and  extra- 
differential  BolutionB:  thna  (c— a)2«+(y^6)  ry=x— a  iBtatiafied  by 
2=T,  and  tills  is  a  differential  eolution,  as  it  is  only  a  solution  when 
and  Jtg  are  diC  oo.  of  z.  Again,  x y =6  is  an  extra-differential  solu- 
tion, !i!h1  x=<i,  r=r  is  a  mixed  solution,  the  meanin-^  t»f  being 
required,  luid  not  that  of  c,.  Ndw  it  appears  that  the  mam  qTu  -^tion  of 
the  last  articie  is  reduced  to  the  golutioii  (of  what  sort  matters  nuihing) 
of  a  partial  diti.  equ. ,  and  also  that  all  the  dilierciitiul  solutions  lead  to 
the  constant  value  of  c;  all  other  forms  of  c  must  therefore  be  derived 
ftom  the  extra-difoential  solutions.  One  of  these  is  obviously  seen ;  it 
is  the  pair  of  relations  4>=:0,  0<.=O:  it  remains  to  inquire  it  tiiere  be 
any  others.  The  equation  A=(B4-Cm) :  (B,  + C/i)  cannot  be  true 
independently  of  m  and  w,  unless  cither  C=0,  or  B  and  Rj  be  infinite 
in  the  ratio  of  A  :  I  and  C  :  Hi  In-  Tii'tlnnir.  Applying  this  to  the  partial 
diff.  equ.,  we  find,  then,  that  ail  its  extra-diilerential  solutions  are  con- 
tained in  the  determiimtion  of  c  from  the  condition 

• 

0,=:oc,   ^.sroc,  -T^sO;  orfrom^«s=0. 

Thus,  if  the  original  equation  be        (r,  y),  giving  0sc— we  find 
^^1,  and  cannot  be  made  =0 :  but  ^« :  0^=^  —  1 :     and  ^«  and 
must  be  both  infinite  for  any  singular  solution  of  the  difierentij 

equation  ;  which  agrees  with  page  191. 

The  equation  rp(  r,  i/,c)  =  0  implies  that  y  i>  n  function  of  j  and  c, 
such  that  dy:dc=. — ^e'-<p^^  f^"  fhat  both  ilic  picccding  cases  cume 
under  :  dc=0 ;  and  every  uuiereut  form  under  which  y—  fiJc^tC) 
can  be  converted  nito  (p  (^:,  y,  c)=0,  gives  the  singular  solution  of  the 
diff.  equ.  in  its  own  way ;  some  by  ^«=0,  some  by  0yt=  gc  . 

(61.)  The  manner  in  which  Clairaut's  form  is  often  solved  (page 
196)  may  be  extended.  The  equation  y=y'x+yy',  being  differentiated, 
gives  (r+  f'  y')  ij"  =  0,  and  y"=0  leads  to  the  ordinary,  and  T+/'y=:0 
to  the  singnlar,  solution.  Now  let  ^(jr,y,  c)  =  U,  and  let  <^,4-^.v  y  =0, 
derived  from  differentiation,  give  crrF  (x,y,  y').  Consequently  the 
diff.  equ.  is  ^  (a,     l'')  =  0,  which  gives 

tw       F,  .y'+ F^.y'')  =0,  or  0,  (F. + F,.  y' + F^.y'  )=:0, 

which  is  sstisfied  either  by  F.+F..y'+Fy.  y"=0.  or  ^^0.  If  the 
first  can  be  generally  solved,  it  leads  to  the  form  y=;/(jr,C|,Ci),  and 

the  diff.  equ.  derived  from  0=0  may  be  satisfied  by  /,  or  rather  only 
leads  to  a  relation  between  and  'C„  which  rednees  these  two  con- 
stants to  one.  But  0,  combined  with  <;^(x.y,  F)  =  0,  gives  the 
singular  solution  of  tins  baiue  diff.  equ.  in  the  usual  manner. 

(62.)  Given  a  solution  of  a  diff.  equ.  y'=x(x,y),  not  containing  an 
arbitrary  constant,  it  is  required  to  sscertain  whether  it  is  a  particular 
ease  of  the  general  solution,  or  a  singular  solution.    In  the  first  place, 

if  ysts«  be  this  solutiou,  try  whether  this  last  supposition  makes  x« 

2  Z  2 


Digitized  by  Google 


708 


DiiFERRNTlAL  AND  INTEGRAL  CALCULUS. 


and      inOnite :  if  notj  it  is  certainly  not  the  singular  tolution  (page 

l<'3),  ;in(l  must  therefore  be  n  case  of  the  ordinary  sohition  :  if  it  dor^, 
it  must  be,  in  the  geometrical  sense,  the  fingulnr  solution.  Bur  we 
must  bear  in  mind  that  a  s  olution  which  is  in  rvi  iy  property  biugular, 
for  instance,  wliicli  behmijb  to  a  curve  touching  all  the  curves  denoted 
by  the  ditf.  cqu.,  may  also  be  itself  only  one  cose  of  the  ardinary  solu- 
tion, and  therefore,  in  the  distinctive  sense,  not  singular.* 

(63.)  The  theory  of  tlie  'singular  solutions  of  equations  of  higher 
orders  than  the  fir^^t  has  no  very  striking  result?,  either  in  crconierry  or 
analysis;  the  following  will  he  a  suUicient  8i)eciniea  of  it.  L"t  \  =0  be 
an  equation  between  r,  y,  c,  and  c,;  and  let  V,+V,y'=:V'.  A  diff. 
equ.  of  the  second  order  is  produced  by  eliminating  e  and  C|  between 
V=0,  V'=0,  and  V'.+V^y^  or  V'srO.  Now  suppose  that  e  and 
are  functions  of  x  and  y ;  it  is  required  to  determine  them  so  that  the 
diff.  equ.  of  V=0,  both  of  the  first  and  second  order,  may  remain  the 
same  an  before.  Let  e'=r,  +  Cyy',  r'i=r(r,),4-(c,)yy'.  DifTerentiatioii 
gives  V,  +  V,  v'4-V,r'-f  V  ,c'i=0  ;  as<uine  V,  ^-f  V,,  c',=rO.  and  we 
have  the  same  equation  as  before  for  furnung  liiti'.  equ.  of  the  first  order. 
The  last  equation  then  remaina  V'=0;  differentiate  again,  and  we  have 
V',+V' /+V'.c'+V'.,c',=0;  assume  v.  ef+V,,  r/^^O,  and  i««hat« 
again  lr'£:0,  as  before,  to  be  joined  to  the  former  two  for  obtaining  the 
diff>  cqu.  of  the  second  order.  The  two  assumptions  give  V,V',j- V^^V, 
=  0:  with  this,  and  Vr=0  and  V'  =  0.  eliminate  c  and  ^,  The  result  is 
an  equation  )>etwet  ii  t,  y,  and  y',  which  is  a  first  integral  of  the  difT. 
equ.  of  the  second  order,  hut  cannot  he  deduced  from  either  of  its 
ordinary'  first  iutigrals  by  giving  any  particular  value  to  the  con^lauts- 
If  we  mtegrate  this  singular  integral  of  the  first  order  generally,  we 
have  an  equation  between  j?«  y,  and  one  constant,  which  is  a  singular 
primitive,  but  cannot  be  dednced  from  the  complete  primitiTe.  A  com* 
plete  example  of  this  will  be  desirable.   Let  us  have 

(I)  y=C£'+c^f-4-rc„    (2)  y>=ct'-r,i-',    (3)  y^^Cf'-f 
(1,  2)  y  =  ( I  +  c»  r')  i/  +  2r,  e-'+c]         y  =  y'+Sct'+c*  4-* 

(1.2,3)  4y=:y^"-h4/-y'«. 

Here  are,  the  primitive  equation,  its  two  diff.  equ.  of  the  first  order* 
and  one  of  the  second.  Assuming  e  and'  C|  to  b«  functions  of  x  uid  y, 
we  must,  to  preserve  the  same  resulting  equation,  have 

(«'+Ci)  c'+(£-'+c)c',=0,    e'c'— £-'c'»=0, 

*  A  proof  is  frequently  given  which  professes  to  show  that  when  maie* 
infiotte  and  jc  finite,  trat  it,  when  ^  ( jr,«+A)  has  a  IVaetiansl  power  of  A  in 

di»vclnpmcnt  with  an  exytonent  les>  than  unity,  tin*  sulution  ^~sr  cannot  Ik?  dtducvd 
from  the  general  ioluUoQ  giving  any  particular  value  to  its  constant.  At  Urn 
same  time  another  proof  b  given  that  th»  cmvs  which  tooehes  eveiy  cunre  Chat  li  a 
solution  of  a  tUff'.  cqu.  is  itself  the  stngiilar  solotion.  Thaw  propositions  palpably 
contradict  each  other:  for  example,  a  c;iven  par.ihol  1  move*!  with  it?  vertex  on  a 
fixed  parabola  of  the  saini'  lucil  K  u^th,  uud  i>o  ilut  the  axis  of  the  moving  p-iXAboi* 
is  normal  to  the  fixed  parabola.  The  fixe<l  is,  therefore,  by  the  second  propositioD* 
tlie  hiij^ular  solution  of  tlu'  ditF  c<}H.  of  all  the  movinj;  parabolas,  and  by  tiie  furt 
propoHttion  it  is  nut  itself  one  of  the  moving  paxabulatt:  but  it  is  evident  that  the 
fixed  ^  ir.iiola  u  ons  of  the  mofing  parabolas.  The  dsfeetis  in  tha  first  propositieB, 
which  appliss  the  expaasimi  of  x  C«»  «r+A)  ia  a  vaiy  dtthiaas  naonsr. 
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which  give  C£'+f|e"*s=s— 2,  and  from  this,  and  (1)  and  (2),  we  find 

(4)   y"+4y+4=r0  giving  (&)  y =— j«+Kr-l-iK«; 

(4)  gives  y"=— 2,  y*=— 43/— 4,  which  satisfy  (1,2,3);  and  (5)  also 
satiafiea  (1,2,8).  But  (4)  is  not  a  particular  case  of  either  of  the 
equations  (1,2),  nor  (5)  of  (1).  Hence  (4)  is  a  singular  solution  of 
(1,2,3)  of  tlie  first  order,  and  (5)  a  singular  primitive  of  the  same. 
But  note  til  at  the  singular  solutiuii  of  (4),  or  ij—  —  1,  does  not  satisfy 
(1,2, 3).  Also  observe,  tliat  ii  we  had  deduced  a  bingular  s-olution  from 
either  of  the  equations  (1,2),  by  making  c,  or  c  variable,  weahould  in 
either  case  have  found  the  equation  (4)  again. 

The  geometrical  meaning  of  the  preceding  is  as  follows.  The  equation 
(I)  belongs  to  an  infinito-infinite  number  of  curves,  since  any  one  value 
of  c  admits  of  an  infinite  nimiber  of  curves,  belonging  to  the  different 
values  of  r^.  Aiiy  relation  whatever  i)et\\een  c  and  r,  anmmus  to  a 
selection  of  a  class  of  curves',  every  one  of  wliieh  is  touched  by  auullicr 
curve.  Thus  take  t,=-9t',  find  the  singular  bolulion  of  y=ct'H-^c«"* 
and  we  know  that  the  curve  thus  found  touches  every  one  of  the 
carves  (1)  which  has  its  C|  equal  to  the  function  </)  of  its  c.  But  the 
curve  (5)  is,  for  every  value  of  K,  still  mwe  closely  connected  with  a 
class  chosen  out  of  (1 )  ;  it  not  only  touches  every  one  of  tbrm,  but  has 
the  same  curvature  with  each  of  them  at  the  point  of  contact.  Take 
any  given  value  of  x  and  y,  and  from  (1)  and  from  ct'-f  Cit""'= — 2 
determine  c  and  Cj,  and  from  (5)  deiernnne  K:  then  the  curve  (1),  or 
its  partiettlar  case  thus  deteimined,  touches  the  particular  case  of  (5) 
just  determined,  at  the  given  point  Cr,y),  and  the  two  have  the  same 
jadtus  of  curvature  at  the  point  of  contact.  Moreover,  for  any  one  value 
of  K,  eliminate  x  and  y  between  (1),  rt'  +  r,  c~'=  — 2,  and  (5),  the 
result  will  be  a  relation  between  c,  c„  and  K,  which  expresses  how  to 
choose  tliose  curves  which  are  all  touched  by  that  case  of  (5)  which 
belongs  to  the  value  of  K  chosen. 

(64.)  It  is  worth  noting,  that  if  3/^"^=0  (y^""^. . .  .y,  r)  be  a  diff. 

equ.  of  the  nth  order,  its  singular  solution,  if  any,  of  the  degree  imme- 
diately prrcrflinc:,  makes  the  partial  difi*.  co.  dy'"^ : dy^"''*  become 
infinite.   Thus,  in  the  example  above,  we  have 

which  is  made  iniiDite  by  y'-4-4y  +  4=0. 

(65.)  The  equation  XdJP+Yiiy+ZdzsO  does  not  of  necessity  arise 
from  a  relation  of  the  form  ^(5,y,s)=0;  if  it  be  the  unaltered^on. 
sequence  of  such  a  supposition,  we  must  have  X^— Y„  Y,— Z^j,, 
Z,=X,.  In  this  case  the  integration  is  an  exlcusiun  of  that  in 
pa^e  VjI  ;  supjiose  z  a  constant,  or  <iz=:U,  inugratc  X<ij+ VJy  on  this 
supposiiiou,  as  in  the  page  cited,  and  let  P  be  the  integral,  or  rather 
P+C,  where  P  is.  or  may  be,  a  function  of  o",  y,  and  a,  but  C  is  a 
function  of  z  only.  Differentiate  this  last  on  the  suppositioii  that  all 
three  varv.  then  P.dir+P,<<y+P,<l«+C,rfz  must  be  identical  with 
Xdi  +  Ydy  +  Zdz.  But  P  was  so  found  that  P,dj-|-Pyr/y  should  be 
Xdjp+Yr^y,  whence  (P.+C.)ci«a=Zrf«,  or,  C  being  a  f\mction  of  z only. 
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Z  -  P,  mutt  be  the  wme,  and  C =/ (Z— P.)  dz.   It  will  most  fteqaeady 

happen,  unless  a  complicated  instance  be  cuitrived  fur  the  purpose,  or 
Bome  peculiar  artifice  employed  iu  integration,  that  we  have  P,=Z,  or 
C  is  merely  a  constant.  For  example,  let  +  ;r)  r/r  4- 4- r)  </y 
+  {x-\-y)  dz=zO,  which  fulfils  the  conditions.  Make  a  cunstaut,  or 
dz=0^  and  P=a-^+yz+ix+C  is  the  integral,  derived  from  intejirating 
(y+«)<ir+(*+j;)  rfy*  But  P,=x+y,  or  P,=Z;  whence  C  is  a 
constant.   Now  try  another  mode :  make  g  a  constant*  and  we  have 

(y-f2)<f<+(«+<)<'y*  or  +-^=0,or(y+2)(*+«)+C=P3sO 

P.=r(r+y+2*),    Z-P.=— G=-««+con»t. 
(jp+«){y+»)+Cs=jy+yz+«x+const.,  as  before. 

(66.)  Suppose  that  a  factor  M  lia»  di!:a]>peared  from  r^r^c.  after 
ditiercntiation.  Then  MX  dj:  +  &c.  is  a  complete  uiliereiitial,  or 
(MX),=(MV)«  (MY).=(MZ)„  (MZX=(MX)..  Devclope  these 
ei][nations,  and  we  have 

M(X,-YJ=YM,-XM„  M(Y,-ZJ=Z&f,-YM^ 
M  (Z,-X.)=XM.— ZM^ 
giving       Z  (X,-Y,)+X  (Y.-Z,)+ Y  (2;-X.)=0. 

Unless  this  condition  be  fulfilled,  no  factor  can  make  X<f j+  &c, 
integrable.  If  it  be  fulfilled,  make  z  constant,  or  dz=zO,  integrate 
Xdr+ Y(fy=0  as  an  equation  between  two  variables,  make  the  result- 
ing arbitrary  constant  a  function  of  x,  and  proceed  as  before.  The 
foUowing  instance  will  show  the  method. 

Let       xy  dz  +  yz  dx-^zxdy-\-xi/z  {dx-\~dy-\-dz)  —  0  i 

the  equation  of  condition  (divided  by  jyz)  becomes 

(1  +a)  +y)         (1 (y-s)=o. 

which  is  tnie. 

rf-s=:0  gives  (y+d^f)  d:i+(x+jy)  (fys=0,  or  log(xy)+x-f  ysZ, 

where  Z  is  a  function  of  z.  Now  consider  2  as  variable,  and  for 
yzdx'^zxdy-\-xyz{dx  +  dy)  write  its  value  syzdZ,  which  gives 
xy  Jx-f  jy2  az+tyz  dZ^O^  or 

(1  +  ^)  dz  +  zdZ^O,oi  Z=conBt.--logz— 
whence    log  (*y«) + x+y + x = const.,  or  jy2f^+* = const 
which  is  the  primitive  equation  required. 

(67.)  Next,  let  Xf/r  +  Yrfy  +  Zrf2  =  0  he  neither  integrable  of  itself, 
nor  by  the  addition  of  a  factor.  Returning  to  our  geometrical  illustra- 
tration,  it  appears  then  that  this  is  not  the  equation  of  any  surface  what- 
soever :  that  is,  there  is  no  surface  on  which  any  point  (x,  z)  being 
assumed,  and  given  infinitely  small  increments  dx  and  dy,  dz  is  always 
expressed  by  ~(X4fj-|.Ydy)  :Z  But  on  any  one  surfiiee  it  may  be 
possible  to  draw  a  curve  through  any  point,  such  that  at  eveiy  pobt  of 
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that  curve,  transition  from  2)  to  a  point  infinitely  near  it  on  the 

curve  may  i^atisfy  tlie  condition.  To  try  this,  let  U=0  be  the  equMtinn 
of  a  surface,  giving  \^di-\-i^dy-\-K(lz=L{).  Let  M  be  an  undctumined 
ftctor,  multiply  the  first  equation  by  it,  aod  add  the  result  to  the  second. 
We  have  then 

(P+MX)dx+(Q+MY)dy+(R+MZ)J*=0  (M), 

■which  is  integrable,  with  or  without  a  factor,  by  the  piroeding  article,  if 
M  be  deteimined  from  the  partial  diff.  equ. 

(R+MZ)      P+MX~ ^  Q+  MyV&c.=0. 


Assuming  tlicn  ihe  pussibility  of  integrating  all  partial  di£f.  equ.  of 
the  firtt  order,  we  can  find  M  so  that  (M)  shall  be  integrable :  let  it  give 
V:=0,then  V=:0  and  Uz^sO  together  give  X<i2+&e.=:0,  or  the  cunre 
which  is  the  intersection  of  the  surfaces  U=0  and  Y=0  i^atisfies  the 
required  condition.  And  since  V=0  contains  an  arbitrary  function,  an 
infinite  number  of  ctirvcs  may  be  made  to  pass  throuu;h  any  L^ivcn  point 
ofU=0,  on  each  ot"  wliicli  any  point  beinu;  supposed  to  move,  its  velo- 
cities in  the  directions  of  u;,  and  z  always  satisfy  Xdx :  dt-\-\dy :  dt 
-\-Zdz  :dt:=0.  Or  any  surface  may  in  an  infinite  number  of  ways  be 
supposed  to  be  the  locos  of  a  family  of  curves,  a  motion  on  any  one  of 
vrbich  will  give  this  relation  always»  but  motion  from  any  one  curve 
across  the  rest,  never. 

Another  way  of  viewing  the  subject  is  this  :  assume  y^i>rj  and  sub- 
stitute, which  gives  (X-f  Y^'j)  dj:  +  ZJz=0,  being  written  for  7/  in 
X,  Y,  and  Z.  Let  the  last  give  t  —  ^/  (.r,  r),  then  the  curve  which  13 
the  intersection  of  the  cylinders  y=.i^iy  2  =  y»  (x,  c)  satisfies  the  eijuation. 
Then  an  infinite  number  of  curves  can  be  ^wn  whidi  sati^  the 
relation ;  but  the  preceding  is  more  satisfactory,  as  showing  that  every 
surfiMse  may  admit  of  having  such  curves  drawn  upon  it 

(68.)  Etjuations  of  a  higher  order  between  f/jr,  rfy,  and  dz  are  not 
usually  integrable  per  se ;  the  following  example,  however,  will  be 
instructive.  In  dz'—dz'+d^^-  we  see  an  equation  which  can  have  its 
most  general  solution  given  m  few  words,  as  follows.  This  equation 
denotes  no  general  relation  between  or,  y  and  1;  but,  if  jfs:^,  z  is  the 
arc  of  the  curve  whose  equation  is  y=<i>x.  ljeU\u  proceed  to  such  an 
integration  as  that  of  the  last  article,  without  any  reference  to  this  pro- 
perty.  One  solution  can  be  readily  seen :  let  &  bb  any  constant,  and  if 

:esin04-yoosO=A,  then  zssxoosO— ysinO+B. 

iSow  let  A  and  B  be  functions  of  9,  but  8uch  that  jtcosO— y  sin  0— A', 
—  jfsinG— y  cosO-hB  =0.  The  eouatiou  dz'rscir'+rfy*  will  still 
remain  true^  and  we  shall  have  B^ssA.  But  «cos(^— ysinOssB'' 
and«sinO+ycos9=B'  give 

x=B' sin 0-1- B" cose,   yssB'cose— B"sin 0,    2  =  B"-f-B. 

Take  B  any  function  whatever  of  0^  and  if  the  first  and  second  equations 
give  the  coordinates  of  a  curve,  the  third  gives  the  arc,  measured  from 
flome  point  to  be  determined ;  or  rather,  since  x  and  y  involve  only  dilL 
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CO.  of  B,  it  would  uo  ways  alter  the  question  to  add  a  constant  to  B,  &ud 
to  determine  that  constant  to  that  g  ahodd  ?aoiah  for  a  gifen  value  of  x. 

The  aolutiona  drsat treated  in  the  aame  man- 
ner, will  lead  to  the  well-known  detenninatkm  of  the  arc  hy  meana  of 
the  invvdute  (page  364).  The  student  may  also  try  to  understand  the 
following :  the  first  solution  above,  when  0  is  constant,  amounts  to  sum- 
ming the  elements  of  h  tangent  of  the  curve ;  when  6  is  variable,  it 
amounts  to  summing  the  elements  of  the  tangent  supposed  to  roll  over 
the  curve,  each  element  being  taken  into  the  sum  as  soon  as  it  coinddea 
for  one  instant  with  an  element  of  the  curve. 

(69.)  In  the  preceding,  integration  is  reduced  to  the  oolotkm  of  a 
functional  diff.  equ.,  thus.  Let  y=fx  be  the  equation  of  a  curve,  and 
J^Crfr'+t/y*)  18  f'lund,  as  soon  as  fpi)  is  found  so  as  to  satisfy 
^'0 . cos 0  —  (pt'O . sm u  =/(0'O . bill 0  +  0"U . cos 0).  The  following  is 
another  instance  of  the  same  kind,  which  I  leave  to  the  student :  show 
that  /YrT.itrs^^.^~^0«,  if  0j  can  be  found  ao  aa  to  aatisfy 
^.<^x.<^''0x  =  yrx.  In  both  these  cases,  the  converse  is,  generally 
speaking,  the  easier,  namely,  to  satisfy  the  functional  equation,  or  to 
depress  it,  by  the  integ^ration  :  a  circumstance  which  poitits  out  the 
iitility  of  nolifing  sucli  relations,  since  it  will  generally  hap|x?u  that  a 
niuile  ol  making  the  easier  of  two  processes  depend  on  the  more  difficult, 
is  also  a  mode  of  making  the  more  difficult  depend  on  the  more  easy. 

(10.)  The  general  process  of  page  203  has  heen  extended  (by  Jacob!) 
as  follows.    Let  there  be  any  number  of  variables,  say  three,  u,  o»  lo, 

each  of  which  is  a  function  of  any  number  of  independent  variables,  say 
two,  X  and     and  let  there  be  three  equations,  as  follows,  u,  meaning 

Xtt,+Yii,,s=u,  x».+Yiv=sv,  Xio,+y«v=w  ri), 

where  X,  Y,  U,  V,  W  may  eacli  be  a  function  of  all  the  five  \  ariablcs. 
Grant  that  the  simultaneous  equations  (4,  or  3+2 — 1  in  number} 

du  dv  <hc>  tlx  ^dy 

"U     V  ~  W  ~"  X  ~  Y 

can  he  integrated,  and  let  P— const,  Q=:const.,  R=:const.,  S  =  coiist. 
be  the  primitive  syslum,  where  P,  Q,  R,  S  may  each  be  a  function  of 
the  five  variables.  Then  the  system  (1)  is  satisfied  by  the  valuci>  ot  i;, 
10  in  terms  of  i>  and    deduced  from 

«|(P,Q,R,S)=0,    ic(P,Q,R,S)=0,    p(P,Q,R,S)  =  0  (3). 

where  p  are  any  functions  whatsoever.  Differentiate  each  of  (3) 
with  respect  to  jt,  and  we  have 

«%+».«.4-»,»,+w«fn,=0,  ir,-f&c.=0,  p,+&c.!=0  (4), 

also  w,</*+cy,c/y+cT,(/tt+c?,di;+«y«dio=:0, 

or  X»,+ Yo^+ U«T,+ Vw,+ Ww^=0  (5), 

by  (2)  :  and  similar  equations  from  k  and  p.  Let  Aj,  A,  be  such 
quantities  aa  will  satisfy 
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X|W,+X,r,+X,p,=01  and  let  /hx 

MoHiply  equadont  (6)  by  v„  and  (7)  by  and  add;  which 
gtve%  (4), 

and        —  (X|  0,+ Ac  iCy 4-Xa  fiy)=:  Ally  by  a  Bimikr  proceis. 

Now  multiply  the  equations  (5)  by  \i,  X«,  X„  and  add,  making  use  of 
the  equationa  (6)  and  (7)t  and  thoae  just  found,  and  we  have 

-AXi/,-AYw,+  AU=0,  orXi/,+  Yf/,=U, 

whence  the  first  of  (I)  is  satisfied:  and  aimilar  prooenea  may  be 
applied  to  the  second  and  third* 

(71.)  The  preceding  theorem  shows  on  what  the  mtctjration  of  the 
general  equation  u=9  (x,^,u«,Uy)  depends.  Let  u«=j7,  tt^ssf,  and 
we  have 

or  9^0,=^F5'*+*f^»  

since  Py=<7,.  First,  let  us  integrate  these  equations  independently  of 
the  conditiou  y;^=</,.    We  are  then  first  to  integrate 

dp   ^  dq  _djc_^dy^ 

p— "^r— 0*  "  0>  ^  * 

let  P  =  const.,  Q=con8t.,  R^const.  be  tlie  integrals  of  this  system: 
then  c  (P,  Q,  R) =0,  ^  (P,  Q,  R)sO  are  the  integrala  of  &e  equations 
(1)«  independently  of  9,.  Now,  considering  «r  and  k  as  functiona 
of  p,  9,  Jr,  |f,  fiinn  the  four  equations  of  which  the  first  is  fi^a+sv^p* 
4.KJ,9,=0,  by  ordinary  differentiation.  Add  the  fifth  equation  p,=q^^ 
and  eliminate  the  four  quantities  p„  p^  q^,  from  the  fivej  toie 
result  is 

dx  dp    dx  dp  ^dif  dq    dy  dq  " 

Then  any  forms  «:=0,  t7=:0,  being  taken  which  satisfy  this  equation, 
and  p  and  q  being  obtained  in  terms  of  y,  and  substituted  in  the  first 
value  of  u,  the  solution  of  the  given  equation  is  fi>und.  One  mode  of 
aatisfying this  equation  is  being  any  function:  but  this  suppo> 

aition  ia  equivaleot  to  reducing  0=0,  ic=:0  to  one  equatkm  only. 

(72.)  Another  general  mmle  is  us  lollows.  However  p  and  q  maybe 
expressed,  the  equation  d,p:  dij  =  d.q:djt  remains  true,  every  mode  in 
which  p  and  q  contain  x  and  y  being  taken  into  the  account  Let  the 
partial  di£  equ.  be  reduced  to  the  form  qa^  (P9^»y«tt)*  >nd  p  being 
auppoaed  a  function  of  «,  y,  tr,  form  the  preceding  rehUion,  We  have 
then 
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dp     ^  dp     dp     .  , 

the  shorter  notatiim  expretsio|^  explicit  differentiations  from  9=^. 
Here  p  is  a  functkni  of  v,  t,  y,  and  the  solution  requires  first  the  pie- 
Tums  solution  of  the  simultaneous  equsttons 

dp     _^     du  ^^^j 

If  these  can  be  integrated,  we  have,  saj  Mi=ei,  lCt=r<^  Ms=Ct»  and 
/(Mi,M«,Ms)=0  fwthe  solution  of  (1).  Take  any  one  solution  in- 
volving an  arbitrary  on^trint.  nml  havinc:  expressed  /)  by  mcnns  of  it,  it 
■will  frequently  happen  that  z  can  be  expressed,  either  ])y  intej^rating 
q=:fp,  or  dzT=pdx-{-qdi/.  Anotbcr  arbitrary  constant  wiil  thus  enter, 
and  a  primary  sulutiou  ^  {Id.)  is  obtained,  from  which  tiic  general  solu- 
tion must  be  got  in  the  way  presently  pointed  out.  Of  course  those 
solutions  should  be  taken  in  which  p  is  expressed  in  terms  of  s  and  p 
only,  or  if  u  enter,  it  should  destroy  tt  in  ^  after  substitution ;  or  if 
not,  u  should  enter  only  ss  a  common  factor  in  p  and  q, 

(73.)  Thus,  ktq=ff  XYU,  X,  Y,  and  U  beins?  severally  functions  of 
of    and  of  u.    The  differential  equations  then  are 

 du  dx  . 

l*-X'YU+|f*»XYU'  "p'XYU-wfyXYU"  ^fip--*XYU~  ^' 

From  the  first  and  second  dfpH — ^  <itt4-  — ^  duz^O, 

n  —  lX        n — 1  U 

From  the  second  and  third 

du=^~ — 'pdx,  or  dp -{-^^  dx-i  ~-</u=0: 

n  ^  nX        A — 1  U 

II  i  JL 

whenoe      kgp+-k>gX  +  ^^logU»logfl,  orj»X«  U"-«=« 

^=/>'XYZ=(aX"^  irs=i)'xYU=srf'YU'^» 
<ftt=:U"==5  CaX"»dar+«'Yrfy) 

/U^  da=ii/X"-  d:»+a*/Ydy 

Here  is  a  primary  solution.  Make  6=<(>a,  and  the  general  solution  is 
determined  by  diiOferentiation  with  respect  to  a  and  elimination. 

(74.)  The  singular  solution*^  of  partial  diff,  rnu.  have  not  been  in- 
vestigntcd  in  any  manner  which  deserves  tlic  name  of  a  general  theon*. 
The  general  sohition,  when  it  contains  an  arbitrary  function,  is  itself 
the  singular  solution  of  one  which  contains  an  arbitrary  constant.  Let 
Xir«+ Yiiy=  U,  and  let  the  equations  dx :  X^dy :  Y=<ri  :  U  be  satisfied 
by  M=c,  M|=Ci,  M  and  Mt  being  functions  of  x,  y,  and  c  and  ci 
being  constants.  Each  of  these  equations  satisfies  the  given  equation : 
fyt  wis  given  equation  ia  in  fisct  the  same  as  XF.+YFy+UF«sO, 
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where  F=0  is  an  equation  involving  x,  y,  and  u.  This  follows  from 
1/,=  — F, :  F„,  1/,=  -  Fj,:  F..  But  M=c  gives  M,  c/r+M^rfy+M.dc 
=  0,  or,  by  the  equatious  rfjr :  X=c/y :  V=rfu  :  U,  we  have  XM,+ YM, 
+  UM,=  0,  whence  M=c  satisfies  Xi/,+Yw,=  U.  Now  the  two 
solutkmB  Mssc,  Missct  antwer  to»  and  are  in7olve(d  in,  AM-f  At  Mt=At, 
BM+B|MtsB|»  ^rhere  A,  B,  &c.  are  functions  uf  any  numher  of 
arbitrary  constants:  for  these  merely  imply,  and  are  implied iD»  M=c» 
M|  =  C|.  Ilcnce  AM-f  A,  Mi  =  A,  satisfies  the  partial  difF.  equ.  Now 
let  its  constants,  iiist«:a(l  M'  being  constants,  become  fiinctions  of  i,  ?/, 
such  that  for  every  s-ii t  il  fuuction  a,  we  have  A^  M  +  (At) ,  M;  =  (AJa ; 
so  that  no  diiTercntial  relations  oi  the  tir&i  order  are  disturbed.  There 
wQl  be  as  many  of  such  equations  as  of  functions  which  were  constants ; 
and  from  them,  a  and  all  the  rest  may  be  deduced  to  be  functions  of  Uf 
and  Ml.  liCt  the  values  of  these  functions  be  substituted  in  AM  +  A,  M| 
=A„  and  we  have  0(M,  M,)=0,  in  which  there  is  no  restriction 
upon  4>.  because  A,  &c.  may  be  any  functions.  Here  is  the  common 
general  solution,  which  is  therefore  nothing  but  a  singtdar  solutitm  (tf 
the  most  general  form  wliich  satbfiea  dx  ,^=:dy  :Y =du:\J. 

(15.)  Let  a  particular  integral  of  any  partial  diff.  equ.  be  found 

^vhich]contains  two  arbitrary  constants,  say  f(x,  y,  w,  c,  c,)  =0.  Let  c,  bea 
function  of  r,  then,  if/4-/n  ^"'1  =  0,  c  may  be  supposed  to  be  a  function 
ofx,  y,  and  w,  provided  c  be  obtiiined  in  terms  of  r,  </,  and  u  from  the 
preceding  equation  :  which  introduces  an  arbitrary  fuuction,  since  Ci  may 
be  any  function  of  c.  This  illustrates  the  last  article  :  but  a  singular 
solution  niuy  l>e  often  found,  by  makin  /,—(),  f,^ = 0,  finding  the  definite 
values  of  c  and  which  satiny  thei^e,  and  substituting.  When  such  a 
solution  can  be  found  the  geometrical  explanati<m  is  as  follows.  The 
equatinn  /'=0  belongs  to  an  infinito-infinite  number  of  surfaces,  cor- 
responding to  diflferent  values  of  and  c.  Every  hiw  of  rehition  which 
connects  r  and  r,  points  out  one  peculiar  family  of  these  surfiices,  which 
family  has  a  connecting  surface :  the  solution  which  contains  the  arbi- 
tranr  function  belongs  to  all  these  connecting  smfoces.  But  these  last 
Burmces  may  themselves  have  a  connectiBg  surface,  which  is  related  in 
the  same  manner  to  all :  the  solution  without  either  arlntrary  function  or 
constant  belongs  to  the  last. 

For  instance,  ?/  =  r  r-f  c,  y  +  a-^(l +c^-!-'"!)  is  the  equation  of  every 
[)  ijsible  plane  which  has  a  lor  the  perpendicular  dropped  on  it  from  the 
uri^m.  From  such  planes  an  infinite  number  of  developable  surfaces 
may  be  formed;  let  c,=0c,  and  the  equation  of  such  a  surface  wiU  be 
found  by  eliminating  e  between  the  preceding  and 

*+<f>'c.y+a{l+c'+(4>c)«}-*  (c+4>c.4>'c)=0. 

All  these  developable  surfaces  have  their  tangent  planes  also  touching 

the  sphere  whose  radius  is  a.  Eliminate  c  and  C|  between  the  first 
equation  and  the  two  following, 

j?+a(l+c*+<i)-*,c=0,  y+«(l "♦ei=0; 

and  we  have  a* the  equation  of  the  sphere. 

(16.)  It  thus  appears  that  we  may  distinguish  the  solutions  of  partial 
diff.  equ.  of  the  first  order  into  three  kinds.  1.  One  which  contaloa  two 
arbitrwy  constants  more  than  were  in  the  equation.  2.  One  which  eott* 
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taioB  au  arbiirury  function.  3.  Que  which  contaias  neither  constant 
nor  AinctioiL  La^ngc  tenned  these  sevenUyUie  oomplcie,  general, 
and  smgular  aolutioiit.  To  the  thiid  term  there  ctn  be  no  objectioD« 
hut  the  dwtinction  of  complete  and  general  is  not  eaeily  made.  Tfaecom.* 

plete  solution  may  be  a  very  limited  cn^e  of  the  gceneral  solution,  as  in 
tt=CT-fC'i  y,  wbich  is  the  (bo  called)  complete  solution  of  ii  =  xv,-\-yv^ 
The  ceneral  solution  is  w  =  j0{y:.T),  one  form  of  which  isrr+r,y 
:  x-fc»^^;ir^-i- . . . .  ad  inj.  It  will  much  otlcud  our  ideas  of 
language  to  say  that  this  last  is  enmpleUd  b}r  making  cx=0,  =  0,  dtc* 
It  would  be  b^r  to  call  the  first  solution  primary,*  the  secoDd  general, 
and  the  third  siugular. 

Let  0  u,fl,  h)=Q  1)0  the  priman,'  equation,  then  the  partial  diff. 
.equ.  is  obtained  by  elimiuatini;  a  and  Mjetween  ^=0,  =  0, 

«y-=0 ;  or  bv  considerino-  a  nnd  6  in  the  first,  as  functions  of  x, 
y,  u,  obtained  from  tliCbcctimi  and  Uurd.  Suppose  that  ihis  &ubt»titutioQ 
made  gives  y  (t,  77,  </ )  =  0,  where  f^u,  and  q  =tf^  Then 
is  an  equation  identical  ih  meaning  with  f =0»  when  a  and  h  are  oon* 
aidered  as  above.  If,  then,  from  yff^O  we  find  in  terma  of  x^y^p^q^ 
and  substitute  it  in0=n,  we  have  (as  in  page  l'J2)  an  equation  abso- 
lutely identical,  independently  of  all  relations  :  and  every  diff.  co.  of  0  sq 
altered  is  identically  =0.  Differentiate  then  separately  with  respect  to 
p  and  q ;  the  iirst  operation  give:* 

the  implied  suppositions  are  that  0  contains  p  through  a,  and  6, 
while  V,  deduced  from  y=0,  contains  and  a  and  b  contain  p  both 
directly  and  through  u.  Now  from  Y'=0,the  proposed  diff.  equ.,  from 
which  u  is  obtained  for  substitution  in  the  preceding,  we  have  ^y+Y^.ti, 
=  0;  substitute  for  Vj,  in  the  preoedingt  go  through  a  similar  process 
relatively  to  9,  and  wc  have 

Y^.       </>.+  <^.O„  +  06^-'      fu        0-+0a^^u-f  0»6,* 

Now  the  singular  ?olntion  is  derived  from  ^<,  =  0,  ^»  =  0,  and  ^  —  Q 
necessarily  contains  t/,  so  that  ^,  is  not  =0  :  Consequently,  unless  or 
bf  are  made  infinite  at  the  same  time  that  ^«  or  0»  vanishes,  a  singular 
solution  will  give  Y'p-Vx^O  fi-^u=^'  Singular  solutions  then 
may  be  sought  among  those  relations  which  satisfy  Y^p=0,  yr,=rO,  Y^. 
beint,^  finite;  or  among  those  which  make  Y'l.  "^fit^i^c,  and  y/,  being 
finite.  But  it  does  not  follow  that  these  modes  will  give  all  the  singular 
solutions;  for  and  b,  may  possibly  become  infinite  when  ^,andf» 
vanish. 

(77.)  For  example,  take  the  surface  on  which  the  normal  intercepted 

between  the  tangent  plane  and  that  of  jy  ia  always  of  the  aame  loigth 

k  :  the  equation  of  w  hich,  t,  y,  u  being  the  coordinates  of  any  point,  is 
found  to  be  {\-^p^-hqO—k*  =  0.  Tlie  suigidar  solutions  maybe 
contained  in  2u*  pz=:0^  2u^  q=0 ;  now  u=0doe8  not  aatis^  the  equa- 

*  ■RvL'Ti  npain<?t  tVis  word  lios  the  objection  that  tlioro  \n  an  infinite  number  of 
primary  solutions  :  lhu»  ^  «  =  cjr"+Cj  j-"-»3r  »s»  for  ali  raiues  of  «,  a  pfimarj  lulu- 
tioB  of  the  pioposed  equal***!!. 
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tion,  but  p=0  and  (/=rO.  t!ii])Kini?  wr=  const.,  do  satisfy  the  equation,  if 
that  constant  be  ±k  :  and  z''—k^  =  0  is  llie  sinmilar  pohition.  It  is 
evident  enough  t\mt  the  two  planes  thus  obumcd  aie  the  envelopes*  of 
all  surfaces  of  the  kind  required.  For  the  primary  solution  it  is  obvious 
that  a  sphere,  with  its  centre  on  the  plane  of  jry  and  a  radius  will 
answer,  or  (jf— a)*-|-(y-- ft )'+«'= /f*.  Assume  then  b=<{>a^  and 
eliminate  a  between  the  preceding  and  +    — ^rt)^«=0,  and 

we  have  the  general  solution.  The  priman'  solution  i«  tlui?  a  sphere  of 
grivpn  radius,  the  i;('ncral  solution  a  tube  (page  402)  made  by  the  motion 
of  that  sphere  w  itli  its  centre  on  a  given  curve  in  the  plane  of  ary,  and 
the  singular  solution  tiie  pair  of  planes  parallel  to  xy  within  which 
all  such  tubes  are  contained.  (This  tube  is  called  wfactHHmal  by  the 
l^ncfa  writers.) 

(78.)  In  the  same  way  it  maybe  shown  that  u=;>x+5y+/(p,  7) 

has  for  its  primary  the  plane  u-=ar-\-!jij-\-  f(n,b)  ;  for  its  general  solu- 
tion the  result  of  eliminating  between  this  and  j  r  ^  ^'  V -f^+/fc^'fl 
=0,  which  gives  a  develojiable  surface,  and  for  its  siiiu;uhir  solution 
the  result  of  eliminating  a  and  b  between  the  original  and  r+/a=0, 

(79.)  I  now  take  some  detached  artifices  which  have  been  given  for 
the  integration  of  various  paxtial  difL  equ.  of  the  first  order. 

/(p,  r/)=o,  or  q=<f>p9  the  general  equation  of  developable  surfaces. 
Here  du — pd£-\-  ip  dy^ 

tt=|)jp+^.y— +      .u)  dpt  whence  OP+^'y^  //- say  Y^'p, 
or  11— VP*   Jr4-^'/>.y— V'/'^O. 

Eliminate  p,  and  we  have  the  general  solution.    This  esse  is,  under 
another  form,  a  repetition  of  that  in  the  last  article. 

(80.)  zz=f(p,q).    It  may  be  discovered  from  §(71.),  that  2rt= 
(J)(y-\-cx)  must  contain  a  solution  of  this  equation  :  or,  for  some  form  of 

we  have0(^  +  cx)=:^'ic^'  (y+c.r),0'  iy-^cx) }.  For  y+c-r  write  or, 
and  for  0  (y+cx)  write y,  which  gives  y=i  (cy  ',y'),  a  common  diff.  equ. 
from  which  can  be  found,  say  y=^f  i^iCt)'   Hence  arsy  (y+<^^»OM  * 

Srimary  solution  of  xs/*(jp,^),  firom  which  the  general  solution  can 
e  found.   For  instance,  let  s^pf,  then  y=cy^  is  the  diff.  equ.,  which 
gives 

Let  Ciss^c  and  t =^^^+  ^c^  (*+ : 

eliminate  c,  and  the  general  solution  is  found.  Or,  eliminate  c  from 

(81.)  *(p,a?)=v(v.y).    Let  ^(p,i?)=:a,  y(g.y}=<V  whence 
pss0,  (x,  a),  g=sy,  (y,  a). 
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a  primary  solution.  Awume  6=x^>  ind  diminAte  (for  the  general 
solution)  a  from 

(82  )  If  ^(r,  y)  be  difTerentiatctl  twice  completely,  it  gives  ^„<ir* 
+2fp^dxdy  '\-<p^^drf^  say  r  dr'^-{-'2s  d  r  dij  +  ldi/^  :  and  the  conditiooB 
under  whidi  such  au  expre&sioii  m  cumpletely  integrable  are  ry=<«« 
But  it  tt  seldom  that  a  factor  can  make  auch  an  expreaaion 
integrable.  Let  Rdje*  •{■2Sdxdy+ Tdy*  be  integrable,  if  p08aible>  after 
multiplication  by  M  ;  we  have  then 

(MR),=:(MS)„  or  SM,-RM,=  M  (R^-S,) 
CMS),=(MT)«  or  TM.-SM,=sM  (Sy-TJ. 

From  these  findM,:M  and  M^iM,  Bay  A  and  B*  Then,  if  Ay=B«f 
M  is  posaible^  and  kgM  is  found  by  iotegrating  Kdx-^Bdy,  Henos 

it  appears,  1.  That  when  the  expression  is  integrable  already  there  is  no 

factnr  under  which  it  will  remain  integrable,  except  when  S'  =  RT,  in 
w^hicli  case  tliere  is  an  intiuite  number.  2.  When  tlie  expression  i'^  not 
integrable,  there  may  be  one  factor,  but  generally  only  one,  and  ma^i 
fretj^ueutly  nunc  j  except  when 

S:T::R:S::B,— S.:S^-T., 

in  which  case  there  is  an  infinite  number.  Foif  example,  ^dx* 
+2(jy«f  l)<£rdJjf+^dSy*  is  not  integrable:  to  determine  the  uctor, 
if  any,  we  hare 

(jy  + 1)  iM,  -  y '         M y        A  -      :  M  z=y 

jfi  M,-  (j^+1)  M,=  -Mx    B=M, :  M=« 

and  Adr-|*B<iy  ia  integrable^  and  gives  jey,  whence  M=i**' :  multiply 
and  integrate,  and  we  have     itself  for  the  primitive  function. 

(83.)  If  wc  take  a  partial  diff.  equ.  of  the  first  order,  containinc:  two 
arbitrary*  con&tauis,  wc  may  from  it  form  one  of  the  second  order.  Thus, 
if  ^  (x,  3/,  v>  =  we  may  determine  a  and  6  from  9j  +  <r*f'' 
+  ^,f=0,  9,-f  ^p54-^./=0,  in  terms  of  j,  y,  w,  7,  r,  and  t 
These  values  substituted  in  ^=0  give  an  equation  of  the  second  order. 
Again,  assuming  ^=x^>  ^^'^  predsdy  the  same  equation  of  the  second 
order  if  a  and  h  be  functions  of  j,  y,  ?^  ;j,  9,  provided  that  a  be  deter- 
mined from  0a-|-0i.^«  =  O,  or  <P.-\-(pi'-x^a—0.  Hence  we  can  ijct  a 
solution  of  the  first  order  having  an  arbitrary  function,  since  x 
urlnirary;  and  if,  therefore,  we  can  integrate  this  equation  of  the  first 
order,  which  integration  will  introduce  another  arbitxaiy  functioD«  we 
have  the  complete  solution  of  the  given  equation,  with  its  two  arbitrary 
Ainetions.  But  we  must  first  extend  the  conclusions  of  page  64  to  the 
extent  of  showing  that  two  arbitrary  fiinctiona  cannot  alwaya  be  elimi* 
nated  in  the  fovniHtinn  of  the  equation. 

Let  A  and  J \  1  i^ivcn  functions  of  r. »/,  and  and  / (  r,  y, »/,  0A,  \£<  B) 
=0,  au  equation  m  which  y  is  a  given  form,  and  4*  and  ^  auy  fuucUuus 


Digitized  by  Google 


ON  DIFPSRBNTIAL  EQUATIONS. 


719 


whatever.  DitFereutiate  with  respect  to  x,  y,  a-jr,  jy^  and  t/y,  which 
gives  altogether  six  equations,  involving  ^A,  y^B,  0'A,  y'B,  0''A,  'B, 
wilh  jr,  7,  r.  .9,  t,  and  the  known  functions  of  tiiem  A,,  A^,  B«, 

&e.  Now  BIX  quantities  cannot  generally  be  eliminated  from  six 
equations:  therefore  the  equation  /=0  is  not  always  the  solution  of  an 
equation  of  the  second  order.  It  certainly  verj'  often  happens  that  the 
process  which  eliminates  five  also  eliminate?  the  sixth.  Tliereforc, 
although  the  preccdint;  part  cf  the  process  t«hows  tliaL  evi-rv  oquatiou 
which  has  a  primary  of  thu  tirst  order  containing  two  arbitrary  constants 
baa  two  aiUtrary  functions ;  yet  the  convene  is  not  true.  If  a  tepresent 
the  number  of  arbitrary  functions,  and  r  the  number  of  complete  oroors  of 
differentiation  performed,  tlie  excess  of  the  number  of  equations  over  that 
of  the  functions  given  and  introduced  by  differentiation  is  ^  (r+  l)(r+2) 
^afr+l).  This  can  never  be  unity  (which  is  required  that  one 
equation  may  he  a  necessary  consequence  of  elimination)  except  when 
a=l,  r=l.  If  a=5,  tlien  JCr+l)(r  +  2)  first  exceeds  5(r+l) 
when  r=:9,  and  tbe  difference  is  5.  Consequently,  an  equation  of  five 
arbitrary  fiincdons  has  fi?e  distinct  equations  of  the  ninth  degree,  in  all 
cases  in  which  there  is  not  some  peculiarity  in  the  elimination :  and 
this  is  the  first  set  in  which  all  traces  of  the  arbitrary  functions  vanish. 

(S4.)  It  is  not  cerium  that  every  partial  equation  of  the  second  order 
even  has  a  solution.  The  most  general  case  in  which  am  thing  like  a 
method  has  been  proposed  is  as  follows.  Let  Kr+S^-l-T^ssV,  where 
R,  &c.  may  be  functions  of  z^p.q:  ^s  is  the  must  general  equa> 
tion  of  the  second  order  and  linear  form.  The  principle  of  solution  is 
that  explained  in  page  203,  and  may  be  stated  as  follows.  There  are 
already  three  ordinary  diff,  equ.  existing  between  the  quantities  jr,  y,  ti, 
p»  v>     ^»  ^>  »J*J"t:ly 

dusspdii'qd^t   dp=rdx-^sdjft  dq^tds-k-ldjf, 

which  are  universal,  or  true  when  u  is  any  function  whatsoever  of  »  and 
y.  To  make  use  of  them  then  is  not  introducing  any  new  condition 
into  the  question  ;  for  that «  should  be  a  function  of  «rand  y  is  already 
an  implied  condition.  Consequently,  the  given  equation  is  neither 
more  nor  less  than 

or      JLdpdy+T  dq  dx—Vdy  dx^s  (R  dBy*^S  dx  i^+T  dsg^. 

If  we  call  this  last  rr=r  .yr^,we  sec  that  the  equation  includes  among 
its  conditions  that  if  n  vanishes  a  must  vanish,  and  rice  trrv(1.  This 
is  not  uU  tiie  meaning  of  the  equation,  but  a  part  of  it,  and,  so  it 
happens,  enough  for  our  purpose.  Proceeding  in  the  same  manner 
with  T  and    we  find,  making 

Tidpdjc- dq  dy) -  S  dp  dy + Vrfy'=:p  Rdy^-^xdy^ T<ir*=« 
Kd^dy'\''l  dqdix — Vdxdy  =9  du^pdx — qdy  =v 
R  (dq  dy-dpdx^—Sdq  dx  +y  dlx'ssr 

that  tin  given  equation  is  equivalent  lo  either  of  the  following,  f>=rcr, 
a—iUf  r—L(x.    Whence,  u  mix&t  be  such  a  function  of  x  and  y  as  will 
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make  all  the  tour,  pt  9t  r,  at,  vanish  wheu  any  one  of  them  vauishea.  But 

the  e^uatiuus 

B(>+SaH-Tr=Va«   adp^pdx-^cdy,  ad9=«dr+rdy» 

wbieli  may  easily  be  Terified,  ahow  that  the  four  cquatioDa  p=0,  {r=0, 
rsO,  a=Ot  are  all  aatiBfied  when  any  two  are  aatiafied.  Hence  we 
aatiafy  the  original  equation,  though  bjr  ^  fmm  a  complete  solution, 
when  we  find  any  primitive  of  the  foUowina:  system,  containing,  I.  Aoy 
pair  out  of  ()  =  n,  <t  =  (),  r=0.  6e  =  (>.  2.  The  equiition  i;  =  0.  Here  are 
three  equations  l)ci\veen  (Ive  varial)lcs  r,  ?/,  7/,  p,  7  ;  let  A  =  a  be  one  of 
the  primitive  equuuunB,  of  which  liicre  may  be  liiree,  two  variables 

being  independent.  We  have  then 

A«       Ay  <(y + A.  du+ A,  (2^ + A,  <^ = U. 

Let  0=0  give  i/yrr^rfx,  and  then  <r=0  gives  B/iifp-hTdg—Vfid^ 
sO»  from  which  substitute  for  dq^  and  for  du  from  v=0.    The  result 

contains  only  (^r  and  dp,  and,  every  necessary  condition  liaving  been 
used,  this  must  be  true  independently  of  dr  and  dp^  whicii  might  be 
made  the  two  independent  variables.  Equating  each  coeMcieut  to 
nothing,  we  have 

A.+A,/*+A,0>+g/i)+A,^=:0,  A,-A,^=0  (<r,«). 

Let  B^b  be  another  primitive,  which  will  give  similar  egnatiopf. 

Then,  as  in  page  203,  the  condition,  not  that  the  diff.  equ.  a  —  0,  a=0, 
should  be  satislicd,  but  that  one  should  be  satisfy  d  whenever  tlie  other 
is,  may  be  expressed  by  B=0A,  among  the  cases  of  which  we  are 
therefore  to  luok  fur  &oluliou8  of  lir-f  Sjr  +  T^=V.  And  on  examination, 
as  in  the  page  cited,  we  shall  find  that  every  form  of  ^  satisfies  it,aa 
ibllowa.  Take  the  equarion  B«ifjr+Byd'y+&c.ss0^A  (A«4iv+Ac.X 
and  for  A«  and  A,,  B«  and  P>.  write  their  values  from  and  the 

ooiresponding  equation  for  B.   The  first  aide  becomes  ^ 

-B,/idjr-B,(j>+g;*)  dx^B,^dx 

+  B,dy-i-B.  ipdx + ydj^ )  +  B,  '-^  dp + B,  dq, 
or  (B,+9B.)(c/3^-/i(ir)+~!  (R^  J^+T(i^-\/i  t^), 

which  is  ^'A  X  a  similar  function  of  A,  so  that 

 B,+?B.~0-A(A,+(?A,) 

T-UB,-^A.A,) 

gives  R/i  dp + Tdq  -  Vfi  d« = w  (^dy^ftdx)^ 

■vvluch  verifies  tlic  assertion  above  made  relative  to  B  =  h^A.  Fot  dp 
and  dq  write  rdx-^sdy  and  sdx-^ldy^  and  dix  and  dy  being  independent, 
we  have 

Rfir  +  T«— V/i  +  w/i=0,    K/x4  +  Tf— a»=0  ; 
or  R^+(RfiHT)*4'T/i<-V/i,or/i(Rr+S<+T<-V)=0, 
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since  11^'  — S^-i-T=0.    Hence  the  equation  is  Batisfied  by  B=^A* 
It  may  be  observed  that  ft  has  two  values,  either  of  which  may  be 
choeen;  or  it  may  happen  that  it  may  be  convenient  to  use  both. 
For  example,  let  R,  S,  and  T  be  constants,  and  V  a  function  of  x  and 

y  ;  whence  is  a  constant,  and  dy—fidx  gives  7/=/iX+a,  which  substi- 
tute in  V.  Then  Rft  dp+Tdq^\fidx=()  gives  R^p  +  Tq^fifVd.v 
=  A.  After  intctrmtion  of  Vf/r,  put  back  y — ^ix  for  and  the  first 
iuUgral  of  the  given  equation  is 

with  either  value  of  ft*  If  we  proceed  to  integrate  this  equation  by  page 
203,  we  must  first  integrate  the  system 

R/idy— TJx=0,  or  dy  —  fix  d£=0, 

(fti  being  the  other  value  of  /u^  and  ft/ii  being  T :  R)  and 

'Rfidu:sfifYdx»dx+<t>  (y — fix).dx. 

The  first  gives  1/ r  =  ^i ;  substitute  for  in  tlie  fcicond,  tlien  since 
{a-^ftijc  —  fixy.diy  (p  being  arbitrary,  is  simply  ^ (a-|-/^»x  — /lo;), 
which  has  the  same  appellation  if  divided  by  /iR,  we  have  for  the 
integral  of  the  second  equation,  putting  back  y—fii  x  for  b  after  iutcgra- 
tion. 

Where  the  meaning  of  J'drJ'Vfir  has  nuicli  more  than  the  notation  ex- 
presses, nor  does  the  operation  occur  often  enough  to  require  a  distinct 
notation.  We  begin  with  V=:  y  (t,  y),  which  we  change  into  f  (jr,  ^-fa), 
and  integrate,  giving,  say 'y,(jr,a),  which  we  re-convert  into  yi(',y- 
Then  we  change  this  into  f^i  ^~/'^)' integrate,  giving, 

say  '^i  (r,  a)^  wliich  \vc  tlirn  re-convert  into  V>s(x,y— fii  jp),    Fkom  the 
equation  y*f(|  x=a,  and  the  last,  we  now  have 

u  =  ~/<ir/  V  dx + 0  (y —fix) + f    -  A»i  *)» 

^  and  y  beinc;  any  tunctions  whatever.  Let  us  choose,  for  instance, 
r-f-6»+5<=j;-i-y.  We  have  then  ^—6ii-i- 5=0,  or  5  and  1  are  the 
values  of  Proceed  with  Vsx+y  in  tae  way  pointed  out,  and  we 
have 

^(z-f  a-f^j)  <ix  =  3i'-i-aj:,  fur  which  put  3^^4-(y— 5x)     or  xy— 2x*, 

Integrate  x  (a-l-x)  —  2r*,  which  gives  Jflx*^J-jr*,  for  which  put 
i  (y — *)  or  Jy**— i  J!*.  The  solution  is 

Verification.  Taking  the  first  two  terms  alone,  r=y— 5j,  j=x, 
/  =  0,  r  +  6?  +  5/  =  x  +  y.  Now  0  (y  —  /ix)  gives  r  -f  Gv  -f- 
=  (/i*  — 6/i  +  5)  0"  (?/  — /iX),  which  vanishes  when  fi=  1  or  /i=5.  The 
equation  woukl  ccruiiuiy  be  as  well  satisried  if  to  the  preceding  we 
added  Ax+By + C,  whence  it  might  seem  as  if  we  had  not  the  complete 
solution.  But  obaervcy  that  AiP-fBy+C  may  be  made  to  become 

3A 
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E(y-5x)-f F(y-x)  +  C,  if  E+F  =  13,  5E-hF=s— A;  eo  ihut  the 
preceding  addition  only  amounts  to  an  eltemtionof  ^  and 

When  the  roots  /<  and  /i,  are  equal,  first  assume  /i,s/ti+a,  then  show 
by  the  method  of  §  (21 ^  complete  solution  is 

•which  requires  the  assumption  (obviously  allowable)  that  an  arbitraiy 
constant  of  any  value  may  he  a  multiplier  of  either  function. 

(85.)  Looking  at  the  preceding  method,  and  generalizing  by  analogy 
from  ordinary  diff.  eqn.,  wc  might  seem  to  have  all  but  a  demonstrative 
right  to  infer  that  every  partial  diff.  equ.  of  the  second  order  has  two  of 

tlie  first  order,  eacli  cnntaiin'n;:  one  arhitrarv  function  :  which  two  nr\i^e 
from  one  primitive  containing  t^vo  arbitrary  funrtions.  All  this  is  very 
often  true,  no  doubt;  but  there  is  not  a  f^iuL^lc  ]n»iiit  of  it  whicli  cannot 
be  refuted,  if  asserted  universally,  or  at  lcii»t  bliown  to  ha  Intlierto  in* 
capable  of  general  proof,  and  very  unlikely  in  certain  cases.  First,  ia 
the  equation  <7=«cr,  we  have  begun  by  presuming  the  existence  of  a 
solution  which  allows  a  to  vanish,  when  of  course  tr  vanishes.  The 
solution  ^ve  thus  obtain  mnx  b  -  the  must  general  of  its  kind :  that  i«.  nf 
those  whirl)  allow  a  fti-,<|  „  to  vanish  ;  but  how  do  wo  a-rertniii  ihal  there 
arc  no  >-'jlutii>ns  in  winch  tlii-s  is  inij)osvih)e ?  or  how  do  wc  know  that 
there  are  not  some  in  which,  wlieii  a  vaiut>he6,  ^  necesgurily  becomes 
Jnfinite,  and  sa  remains  finite? 

But  do  not  these  objections  equally  apply  to  the  solutions  of  equations 
of  the  first  order  in  page  203  ?  Undoubtedly  they  do,  and  the  proof  of 
the  perfect  i^oncrality  of  ^^ucli  s^cbitions  is  thcrcf  ire  not  complete  till  p:i:rc 
204.  It  may  be  thus  further  iiluslrated,  with  our  knowledge  of  primary 
solutions. 

Jj^t  /  (r,  y,  ^A)  =  0  be  the  t^uluiiou  of  a  partial  uni.  a^u.^f  nud  A 
being  given  fianctions,  the  latter  of  x,  it ;  and  0  the  arbitranf 
function  introduced  by  the  common  method,  which  we  may  therefore 
write  cy/A-f  Ci  x*^'  We  have  then  one  primary  solution,  with  two  in- 
dependent consiMiit-.  If  there  be  any  other  general  sohition,  we  can 
obtain  it  in  an  nitinite  minifiL  r  of  moflcs  by  making  c  and  t\  functions  of 
J,  y,  and  u  ;  and  we  have  a  right  to  ono  relation  between  r  and  c,.  Let 
it  be  c,=cjc :  and  bolve y=0  with  respect  to  ^A,  giving,  say  f  y»  A  +  c,  xA 
=F(x,y,w).  If  then  wc  determine  c  from  Y^A+<p'c.xA=0,  giving 
hr  c  and  C|  fitnctions  of  A  only,  all  differential  relations  of  the  first 
order  remain  as  they  were  whenc  and  Ci  were  constants;  and  the  partial 
diff.  equ.,  from  which  /=o  arosc,  is  satisfied:  but  c^A+CixA  is  adll 
only  an  arbitrui  y  function  of  A. 

The  process  of  page  204  miLjht  be  extr ntkd  to  the  proof  in  §  (S4.), 
and  wc  might  be  compelled  to  admit,  that  when  two  arliitrary  functions 
appear,  the  most  general  solution  is  gained.  But  whether  every  diff, 
equ.  of  the  f^econd  order  has  two  arbitrary  functions ;  and  whether  every 
iuch  equation  has  a  solution ;  as  also  whether,  if  it  have  a  solution, 
there  are  dilF.  equ.  of  tlie  first  order  belonging  to  it, — are  all  unsettled 
(jucfetions.  To  take  a  well  known  instance  illustrative  of  these  donhts, 
let  i  =ii  be  the  eipiation,  or  R— 1,  S  — 0,  T  =  0,  ¥  =  7.  Wc  have  then 
p=zqdy*t  a^{dp-qdx)  dy^  T^dqdy-^dp'-qdt)  di^  u—t^y^ which  vauish 
simultaneously  if  dy^O^  c/xcsO,  or  if  dfyssO,  dp^qdxssO.  The  fii«k 
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would  ^ive  the  solution  ^r=0j:,  which  docs  not  contain  Uy  and  must  be 
rejectea:  the  aeooDd  cannot  spring  (with  du=pdx-\-qdy)  from  any 
relations  hetween  and  9,  all  variable :  and  q^c  can  only  give 

the  solution  «=icar*+cy+c,  j.  But  the  followiug  solutionis  ran  eaaily 
be  verified,  or  (the  two  latter)  obtained  bj  indeterminate  coefficients^ 

tt^  C»  €"i'+Sy + c.  fi'^s'+'^y+Cg         y  + . . . . 

If =**+^"x.y+*''  J?  ^       X  .... 

u=«^y+Vir.J:+0'y.y +  ....  3 

In  all  three,  two  x-difiVrtiitiations  give  the  same  result  as  one 
y-differentiatiou :  which  is  all  that  the  equation  requires.  The  tluid 
seems  to  involve  two  arbitrary  functions,  and  really  does  so  with  respect 
to  sr ;  but  yet  these  two  only  amount  to  one  with  respect  to    as  in  the 

second  solution.  For  if  ^ys^Og  +  Oi jf+ • .  and  Yriy  =  6o+^iy 
+  ....;  if,  after  substitution,  ffo+^o-t+c^i •  •  •  •  be  called 
<^x,  the  tliird  is  converted  into  the  second.  We  shall  see  the  complete 
integration  of  this  equation  presently. 

(86.)  The  most  important  equation  of  the  second  degree,  beyond  alt 
question,  is 

changing  the  variables*  for  convenience,  since,  in  meclianical  pro- 
blems, one  of  them  is  usually  the  time  (/).  If  an  daatio  fluid  be  con* 
tained  in  a  tube  of  very  small  section,  and  if  a  be  the  velocity  with 
which  sound  travels  in  Uiat  6uid,  then,  the  ])rcceding  equation  being 
solved,  dtt  :<ir  will  represent  the  velocity  of  the  jiarticles  at  the  distance 
X  from  an  arbitrary  origin  in  the  tube,  at  the  end  of  the  time  and 
du :  dt  will  be  always  ]»ro])orlional  to  the  compreetiing  force.  This 
equation  has  been  already  integrated;  wc  have  R=l,  S, 0,  T=— a% 
V=sO,  /x«-a»=0.       ±a,  and 

a=s0(*+ai)+Y'(*— «0» 

where  ^  and  y  are  arbitrary  functions,  deducible  irom  the  state  of  the 

tube  at  any  one  moment. 

An  independent  integration  may,  however,  be  desirable,  and  we  may 
obtain  it  as  follows.  Supposing  the  equation  to  be  r=:/,  ;>  =  ?/„  q  =  u„ 
the  equation  gives  —  and  the  property  of  all  functions  is />,=9,. 
We  have  then  + 7, -/^.4-</„  and  77,-9,  =  —  (;;.— g,).  Hencep+g 
is  a  function  wliich  fcatifefus  (fi  +  9)j=     +  we  must  have 

p+9=/(x4.0;  and  p-q  satisfies  Q;— 9),=— 9),,  or  wc  must 
have  p— g=/(#— 0.  The  functions  being  arbitnury,  we  have  at  once 

p  =  0  (i:4./)-|-Y,  (x-t),  9  =  0  (x+0— f  (-r— 0 

ii=:^i(»+0+Y'i(«-0+«'y»     u=0,(ar+O+yi(*— 0+x*» 

♦  The  two  (lifTercut  nu'aniD['=;  nf    must  be  tlistinr^'ii'ibfil :  bothaiSIO 
by  ciutom  that  the  dathing  oi  ihti  two  cannot  always  b«  ttvoided. 
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equations  which  can  only  agree  when  rry  and  are  constants*,  and 
therefore  may  be  considered  as  included  in  the  arbiirary  fuuctions.  Or 
we  might  integnte  by  page  303  either  0+9=/ (j+0  or  p- g=:/ (x- 0, 
and  we  should  produce  the  tame  remuts.  Change  i  into  at  on.  hoth 
aides*  and  we  obtain  v«=£^     and  its  soLution. 

(87.)    c^r-\-2xys-\-y'^  i  =zQ  gives  u  =  x0(y  (y 
g*r— 2pg*+p*  <=0  gives  M=0(jrYm+y) 
T^t^Tipix  gives  «=:0<y+*)+Y'(y— *)— Y^(y— 

For  Hr+Sf -l-TlsO,  when  R,  S,  and  T  axe  fiinotiona  of  d  and  9,  see 
page  4*73.   Apply  §  (84.)  to  this,  and  a=0  gives  /<  a  ranction  of  p 

and  q ;  whence  V=0  shows  that  crrzO  can  be  reduced  to  an  equation 
which  can  be  integrated  under  the  form  f{p^q)  =  c.  Also  this  and 
dy=fidx  give  du  —  rrlr,  where  and  y  can  be  made  functions  of  p  and 
c  onlv.  Eliminatiua  of  p  gives  an  equation  betwf  cn  rfr,  dy,  du^  and  c, 
whicii  may  sometimes  be  integrable.  From  the  preceding  we  gain  this, 
that  some  class  of  developable  surfaces  must  be  a  solution  of  the  given 
equation. 

Rrs=  V  and  T2= V,  when  the  coefiSdents  arc  functions  of  x,  y,  and  p 
only,  and  of  x,  and  q  only,  are  only  ordinary  diff.  equ. :  for  y  must  be 
constant  throughout  the  first,  and  x  throughout  the  second.  ThoSj 
tkke  p  for  a  variable  in  the  first,  and  we  have  the  form 

i*.{3i,y,p)  ^=^fiJ[,y,p),OT  p=:xi'*y>M»  tt=/x.<i*+a3^, 

P  and  a  being  arbitrary  functions. 

(88.)  Let  0(r,«,/)=:O  be  the  equation,  not  containing  x,  y,  ti,p,  or 
g.  Let  X  and  y  be  each  considered  as  a  (unction  of  both  4  and  and 
tfp=rdjp+<c{y  and  dq=»dX'^tdy  then  give 

and  jdr'i-yds  and  ads-^-ydt  must  be  complete  dififerentials.  Assume 

then 

xdt-\-ydlssdvt  or«=^,  y=— .,..(t»). 

The  original  cqmtion  invcs  <p,dr -\- (l>,ds ^^dl^  0 ;  from  which 
jr(ir-|~y<if  becomes  (and  which  must  be  a  complete  differential) 

But  from  <^=0,  r  is  a  function  of  *  and  <,  giving  r,=: — 0,t<^,<, 
r|=  —  </^i .  v*,,  wlience  in  tlie  last  equation  two  terms  disappear,  and  we 
have 

a  linear  equation,  similar  to  those  alrcadv  considered.  If  r  can  be  fonml 
from  it  in  terms  of  «  and  we  have  x  audy  from  (f),  and  tin  nee  <uid 
q  IVom  (p,  9),  after  which  we  find  u  from  uszpi'^qy— f  {xdp-^ydq). 
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For  example,  r£— i*=rO  give*  <3-5-+2«  ■—  +—  .-=0:  bo  tint 
r=<^  {s :  0»  from  ^  (87.)  Hence 

aud  wc  sec  Lliut  this  merely  amounU  to  supposing  v  any  function  of  q,* 
adiUng  to  px+qy  any  other  fimctioii  of  q;  ¥rUh  me  conditioa  that,  if 
ttsyx+m-f  Qf  we  must  have  idp-^ydq-\'dQ=0,  The  latter  agrees 
with  §(79.). 

This  particular  example,  however,  is  thus  most  eaaily  integrited. 
The  equatiou,  for  dp  and  dq,  combined  with  ri~f"=0,  give 

dp=irdi+sdif=—  {sdx+idjf)=Y^» 

whence  P^fq  necessarily  (page  19U).    Afierwarda,  as  in  §  (79.)< 

-       d'u         d'u  .  cfw 

(89.)  Let  o.  ^.  +  a.  + . . . .  +«.  -  (,.,). 

Without  goincT  into  the  full  Invcslii^ation,  the  process  may  be  described 
as  follows.  Firfit,  when  0  (x,  y)  =  0,  let  fAiy  u$,  &c.  Vc  tlip  routs  of  the 
equation  ffoM"+"i    '    +  •  •  •  •  If  all  these  routs  be  unequal, 

the  solution  is  ii=^i  +  + Y'tCy  +  Ma «*)+••••»  V^sj  &c.  being 
arbitrary  functions.  But  for  every  set  or  equal  roots  write  {y + x) 
H-J^i(y+fii:c)+^V'a(y+/ii «)+•••- 1  with  as  many  terms  as  there 
arc  equal  roots.  Next,  when  0(x,2^)  is  not  =0,  treat  it  successively 
with  all  the  roots  in  the  manner  pointed  out  for  two  roots  in  §  (84.), 
y-\-fir  =  c  bcinp:  the  equation  firom  which  y  is  obtained.  Divide  the 
result  by  r/^,,  aiul  iimicx  it  to  V'i  +  Y't+. .  •  . ,  or  whatever  the  preceding 
part  of  the  method  gives.  Suppose,  for  instance,  that  n  =  3,  and  tliat 
/a'+6^"+ ll/i+6=0  is  the  equation,  the  roots  being  —1,  —  2,  and 
—3.  I  write  down  without  explanation  all  the  auhstitutions,  integra- 
turns,  restitutions,  &c  ftc.,  0(^»y)  being  sdty. 

ay,  »(*+c).  yH-j".  ■3+(y-*)-2'  T'T 

^  X*  ,  .r»      .r*  ^  X*     yx"  x» 


*  To  solve  fxfx,4a9Y(J'fsdat)m  DifirsnUate  both  tides,  which  gtvos  «s 
V*(/fifdjf)t  wy//*d»^x^}  mhnm/x^j^x,  sad  ia  theisfon  fsaad. 
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whence         -+^—^^n  —  ^fi-^^ 

gives  -^+f.(y-x)  +  V^.(y-2jr)+y.(y-3x) 

the  complete  tolutioD. 

(90.)  If  the  linear  equation  with  constant  coefficients  have  also  diff. 
CO.  of  lower  order  than  the  wth,  aRsume  v  —  ^^*".  An  equation  is  then 
found  between  ^  and  i',  which,  \m\\'z  solved,  gives,  say  »'=^/i.  We 
have  then  a  very  general  solution  in  u  — ^Ce^**''**,  where  there  may  be 
any  number  of  terms  (even  an  infinite  Beriea)  and  two  distinct  arbitrary 
constants  in  every  term.  For  instance,  let  ar+fr'+cf+^P'f/^'H^ 
= 0.  The  supposition  tt= ^^^^  gives  a^* + 6/1  r + ct^^e/i 
from  which,  if  y=^fh     ^ve  a  solution  of  the  form 

C.,  &c., /x„  &c.  being  any  constants  whatsoever.  An  infinite  number 
or  arbitrary'  constants  is  a  circumstance  of  identical  meanins:  with  an 
arbitrary  function,  for^(x+y).  for  instance,  ^  being  arbitrary,  and 
C»(x+y)*+Ci . . . .,  Co,  C„  &c.  being  arbitrary,  arc  con- 
vertible ;  asarealso  0(jr+y)  and  CoV^oCJ^+y)+C, Vi(r+y)+..«-» 
fi  being  forms  of  a  given  law.  It  may  happen  that  two  infinite 
trains  of  arbitrary  constaats,  as  in  the  last  r(»u1t,  arc  equivalent  to  two 
arbitrary  functions:  but  this  is  by  no  means  always  the  case.  We  must 
now  consider  the  question  of  the  arbitrary  functions  which  enter  into 
results,  as  to  the  means  of  determining  them. 

(91.)  It  win  be  advisable  to  dwell  on  one  particular  instance,  and 
view  it  in  more  than  one  light,  since  it  is  not  practtoe  in  the  operations, 

so  much  as  a  clear  view  of  the  office  of  the  arbitrary  functions,  which  is 
requireil.  Let  the  eqimtion  be  r=za*  /,  of  which,  beyond  all  question,  the 
coni]>1c!e  solution  is  u^(piy  i  r^-\-yf/  {y^aT)y  and  the  solutions  of  the 
fiffi  unier  arc  p -^-cui^^la  jj  p—aq—  —  2a'^'  {y — ax).     If  Jr,y, 

ti  be  coordinates,  we  liave  here  the  equation  of  a  doubly  infinite  class  of 
surfaces,  of  which  the  third  ordinate  u  is  the  sum  of  the  ordinates  of  two 
cylinders,  whose  generating  lines  are  parallel  to  the  plane  of  x$ft  and 
make  angles  with  the  axis  of  t,  of  which  the  tangents  are  a  and  —a. 
Let  there  be  a  curve  of  which  the  equations  are  x=:(xv^  y  —  ^>'-,  ti^yvi 
the  surface  will  puss  through  this  curve  if  the  forms  of  <^  and  be  jtrtj- 
perly  asssumed.  In  order  that  it  may  do  so,  the  e<juation  yv 
=(p{fiv-{-aav)  +  ^f  {pv-^auv)  must  be  identically  true.  This  can  be 
done  in  an  infinite  number  of  ways :  let  ov  be  the  inverse  function  to 
iBv  +  ocn^,  so  that  +  oaioo  =  v.  We  have  then  yfsos^o 
+  yr  (fi^v — o^nsv),  and  whatever  yjf  may  be,  ^  can  be  found  accordingly. 
Let  there  he  n  second  curve,  x=:a, r,  y  =  y8,  r,  i/  =  y,  r,  and  let  fti^iV 
+ otfi  r^t  V—  V.  We  have  then  another  equation  like  the  preceding,  and 
subtraction  gives 
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in  which    is  the  only  unknown  function :  say  the  abo?e  is 


We  have  here  a  functional  equation,  like  that  in  page  228,  and  though 
cmr  present  meiuis  of  exprebfcU)n  hardly  inaMe  us  to  liiy  the  merest 
rudiments  of  what  will  one  day  be  the  caU  ulus  of  functions,*  yet  a» 
much  as  this  is  known,  that  many  such  equations  can  be  solved,  and  that 
there  is  an  iufinite  number  of  solutions  in  most  cases.  To  try  an  instance, 
let  us  ask  whether  such  a  surface  can  contain  two  straight  hues,  both 
passing  through  the  origin.  Let  «.  a„  &c.  be  not  functional  symbol?, 
butshnple  cocfficienU:  this  converts  the  curves  into  straight  hnes,  as 
required.  We  have  then  o=:(p  +  a»)-',  {p^+aaj  and  the 
functional  equation  is 

For  ©  write  v  :  fit-oa, :  and  yt>— f  (^»?)='»' 

This  equation  has  one  solution  evident:  let  V^=ci?+C  and 
c=l  •  (1— A)  Hence  HfV  is  of  the  first  degree,  and  also  (pv,  whence  the 
equation  tt=:«(y+ax)+t  (y-or)  is  that  of  a  plane.  Bui  C  need 
not  be  a  constant ;  it  may  be  any  function  of  v  which  remaiiis  unaltered 
under  a  change  of  v  into  kVf  whence  we  have 

which  a  may  he  anv  function  whatever,  provided  that  0  (cosj)  does  not 
contain  x  except  under  a  periodic  in-on.. metrical  luncUon.  Ihere 
exists,  then,  an  inftrnte  number,  or  a  whole  class,  of  surfaces,  wlllCh 
satisfy  the  required  couditiou. 

f92.)  It  was  at  one  time  a  question  much  digcu^^cd  whetlirr  the 
arbitrary  functions  which  enter  iuto  a  snhition  mav  he  d..cont.nuous ; 
and  D'Alembert  maintained  the  ih  iraiive  agamst  Kuler,  Daniel  Ber- 
noulli, and,  finally,  La-ran^e.  I'he  latter  is  nuw  umversalW  considered 
to  have  settled  the  .,uestion  u.  ti»e  affirmatiye.t  That  dwcontmuoua 
curves  can  be  drawn  upon  a  continuous  surface  is  obvious  :  consequently, 
it  is  certainly  possible  that  continuous  surfaces  may  sometmies  be  drawn 
through disconUnuons  curves.  Hence  it  might  be  a  question  what  sort  of 
discontinuityisanowablein«r,^r,&c.,sothatr/>  and  -f,  ns  deduced  from 
them,  may  be  continuous.   This  discussion  would  probably  be  whoUy 

•  la  my  article  -  Calculus  of  Functions,"  ia  th«  EUicyclop«dia  Metropolitans, 

refcenr^'will  W  fouud  tu  the  principal  sour^.^  ''^.^^"ZSiS Sjll'Si' O^^^ 
suiered  apart.  Most  mathemaiical  irorkt  m  the  bighw  branches  hsw  more  or  less 
ftn  do  with  llie  first  Drincu^cs  thfrt>  laul  ilown.  i      ,  ,  . 

renliiil  to  bv  D'Alcmbert,  who  thought  he  h«l  nhown  hu  opponents  operstwas  to 
page*  (606,641). 
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above  the  present  state  of  mathematics,  and  that  of  which  we  have  just 
tpoken  was  ia  different  one :  namely,  whether  it  is  allowable  to  auppose 

0  and  y  themselves  to  be  discontinuous.  The  neeewrity  of  meedng  this 
difficull^  arose  from  the  physicul  (questions  whicli  were  considered.  The 
equation  u,,  was  found  to  be  that  of  a  vibrating  chord,  and  of  a 

tliiti  column  of  air  in  a  state  of  oscillation.  Now  suppose  that  a  stretched 
elastic  string  were  constrained  into  an  arc  of  great  radius  towards  the 
middle,  remaining  straight  towards  both  extremities.  The  figure  would 
then  be  disGonttnuous ;  bat  if  the  constraining  apparatus  were  iostanta- 
oeously  removed,  the  string  would  certainly  begin  to  vibrate  and  yield  its 
tone.  No  question  also  that  during  the  whole  motion  the  law  of  accele* 
ration  would  be  determined  by  v„-=zci^Ug,,  at  every  point  except  where 
the  effects  of  the  first  discontinuity  are  found  for  the  time  bcinir. 
D*Alembert,  having  remarked  that  the  force  <»f  acceleration  depends  on 
the  curvature,  asks  what  force  shall  be  coni»idered  as  applied  at  a  point 
of  discontinuity,  that  measured  by  the  curvature  on  one  side  or  by  that 
'  on  the  other.  The  proper  answer  would  have  been  either,  or  both,  or 
neither,  or  any  other :  for  the  general  state  of  the  string  would  not  be 
affected  if  any  infinitely  small  portion  of  it  were  supposed  to  have  any 
finite  extraneous  forces  applied.  D'Aleml)ert's  question  amounted  to 
carrying  the  notion  (ct/ovenient  when  properly  understood)  of  malt  rial 
poinU  too  far:  whatever  mathematical  convenience  there  may  be  in 
this  phraseology,  in  physics,  force  requires  man  as  much  as  it  does 
tbae:  and  a  pressure  might  as  well  be  supposed  to  act  for  no  time  at 
ally  as  to  be  communicated  by  means  of  no  mass.  If  a  mechanical 
problcin,  stilvcd,  -were  altered,  say  by  allowing:  a  very  mall  mass  to 
/  have  m  times  its  proper  gravity,  the  sohitun  would  require  less  and 
less  alteration,  as  the  mass  a0cctcd  was  supposed  less  anil  lei>s :  and 
if  the  mass  were  only  one  of  the  intinitely  sniall  tilcmeiUs  of  the 
differential  calculus^  it  would  require  no  alteration  at  all.  The  same 
writer  required  that  the  solution  should  be  expressed  by  one  equ* 
ation,  *'une  seule  et  mfime  ^uation.*'  The  answer  of  Lagrange  in- 
volved  some  of  the  considerations  of  pages  fi05 — 630,  and  actually 
showed  !ii)w  to  proceed  by  one  equation.  From  the  pages  cited,  it 
appear-  iliat  any  curve,  however  discontinuous,  muv  have  one  and  the 
same  equation  throughout:  subject  at  most  to  a  disturbance  of  re&ulis 
at  the  points  of  discontinuity,  which,  for  the  reasons  above  mentioned, 
does  not  affect  its  application  to  physical  questions. 

Had  the  considerations  with  which  Lagrange  closed  the  discussion 
taken  that  hold  on  the  mathematical  world  which  they  did  not  do  till  the 
time  of  i'  ourier,  it  would  have  been  matter  of  wonder  if  the  conclusion 
had  not  been  carried  further,  so  as  to  affect  equally  the  constants  of  an 
ordinary  diff.  cqu.  and  the  functions  of  a  partial  one.  Let  us  take  tlie 
equation  y"ssO,  of  which  the  complete  solution  is  y  s  aop + 6.  Let  theae 
constants  be  discontinuous,  so  that  the  equation  may  repre^nt  the 
slopes  figured  (dotted)  in  page  621,  of  which  the  equation  is  given  by  a 
periodic  scries  in  page  622.  If  j/'  be  taken  from  the  series,  it  will  be 
found  to  be,  by  pa;,'e  607,  =0  at  every  point  except  the  junction  of  the 
right  lines,  at  which  it  will  be  inhnite.*    lu  like  mamier,  throwing  out 

*  UWjfidit*  be  taken  on  the  liroit  of  A^y  Ar*,  frum  the  ti<;iiri\  it  wil!  s;ive  0  if 
we  flut  fion  the  junctioa  either  way,  and  go  if  one  of  tha  uecessury  til«mcuti  be 
taksa  on  each  lids  of  the  junction* 
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only  the  epochs  of  discontinuity,  nny  other  onlmary  dilT.  equ.  may 
have  discontinuous  coiibtauts.  la  the  same  luauuer  any  pnaiary  &uiu- 
tion  of  a  partial  diff.  eqvu  may  have  its  constants  diicontinuous,  which 
will  produce  functions  of  a  similar  character  in  the  general  solution, 

(93.)  Let  us  now  consider  w,,=ra't/„  the  equation  which  gives  the 
law*  of  sniall  oscillations  in  an  infinitely  thin  tube  of  air.  Here  repre- 
sents the  velocity  ot*  any  particle,  and  w, ;  a*  is  the  compression,  or  the 
iiiii'ereuce  between  the  densi^  of  tlie  particle  and  that  of  ordinary 
air.  The  functions  0  and  y  are  determined  as  soon  as  the  state  of  the 
tnbe  at  any  one  moment  is  known,  say  when  <sO.  At  this  epoch,  let 
ax  be  the  velocity  of  the  p  irticle  distant  by  x  from  an  arbitrary  origin 
taken  in  the  tnho,  niul  f^r  its  compression.  Cr>nseqnently,  when  <=0, 
\vr.  have  7/^=:ax,  or,  since     =    (jr -f- rt^)  + 1/- (,r — rr/),  we 

inive  fjj'x  -{■'^'x—cix,  0't — ^f'x=a^x^  whence  i^i'x  and  ^f'x  are  found. 
First,  the  tube  bein^  supposed  of  indefinite  length,  let  the  initial  state  of 
the  system  be,  that  it  is  all  at  rest  and  uncompressed,  except  only  in  the 
interval  from  d?=c  to  dr=c+^  in  which  the  velocity  and  compression 
follow  such  laws  thiit  0r=*x  and  \f/x=^'^j.  We  have  then,  using  the 
notation  of  page  6l(»,  ^  rrtrl'^^^'r,  where  I'"*"*  means  a 

constant  which  is  1  whenever  the  subject  of  the  hinctiun  lies  between  c 
and  c-th,  and  U  in  all  other  cases.  Calling  v  the  velocity  of  a  particle, 
and  5  the  compression,  we  have  then 

At  the  end  of  the  time  then,  the  state  of  the  tube  will  be  this;  all 
those  particles  in  which  ^+at  lies  between  r  and  e-\rk  will  he  afi^teil 

with  velocities  represented  by  <!>'  (j-{-at),  and  compressions  represented 
by  a"'  «I>  (r  +  a/)  :  wliile  the  in  which  r  —  at  lies  between  c  and  c  +  Zi, 
have  the  velocities  and  compl\:^.-5luns  4''(  r — at)  ami  —~a'^ {x—at). 
AU  the  other  particlca  are  at  rest.  The  first  and  last  points  of  llic 
former  disturlmnce  are  at  J7se--4tf  and  ^sse+A— of  the  latter  at 
dr=o-f-a<  andxsc-{-A+a< :  whence  it  appears  that  the  two  disturbances 
travel  uniformly  along  the  tube  in  different  directions  with  equal  and 
opposite  velocities,  — a  and  a.  When  /  =  0,  the  same  parts  of  the  tube 
are  acted  ou  by  both  disturbances  :  until  c  +  /t — at  becomes  vyvA  to 
r  +  at,  or  until  t^h:  2«,  there  are  still  points  atlerted  by  both  tcrins  of 
the  velocities  and  compressions ;  after  h:2a  of  time  has  elapsed,  the 
effects  of  die  two  functions  are  clear  of  each  other,  and  while  one  dis- 
turbance is  making  its  way  in  one  direction,  and  the  other  in  the  other, 
the  intermediate  spaces  are  reduced  to  rest,  until  they  feel  the  effect  of 
another  and  a  new  derancremcnt  of  a  portion  of  the  system.  It  thus 
appears,  that  only  what  we  may  call  simple  distnrbanf^es,  in  which  the 
velocities  and    compressions  arc  derived  from  <I'(x4  r/O  alone,  or 

{x—al)  alone,  are  capable  of  being  piupugalcd  in  eiuicr  direction 
without  alteration. 

Let  us  now  suppose  that  a  disturbance  oommencing  at  the  origin 
(csrO),  and  extending  over  a  length  A,  is  of  the  sort  which  can  be  com* 
municated  onwards  in  the  positive  direction  (j/=:^I').  At  llie  distance 
(  (>A),  let  there  Vic  a  fixed  obstacle  or  closed  end  in  the  tube.  Con- 
sequently xszl  always  gives  i;=U  for  every  value  of  t.   By  the  equation 

*  The  demonstration  may  be  fuuud  ia  aoy  work  on  analytical  mechanici. 
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t?=I*  ^''(/  — o/),  r  h  0  until  /—at  —  h,  but  from  tlicnoe  to  /-a/=0, 
there  wuultl  be  a  guccesbiou  of  dillcreiit  velocitieti  il  it  were  not  for  the 
obstacle.  The  moment  this  begins  to  take  effect,  we  have  do  longer  any 
leaaon  to  suppose  that  the  disturbed  parts  of  the  tube  are  afiectM  by  ^ 
ODly  {  but  we  must  take  the  complete  solution  v^^'  (x+aO+^ 
We  have  then  <l>'(/+a/)  +  ^  (/— ^or  all  values  of  /  greater 
than  (/ — k):a;  ctmscqncnth',  after  this  epoch,  wc  have  ♦(Z  +  ^O 
by  iniegraiion  with  respect  to  L    Write  (t— 0  :a  for  ^ 

in  which,  by  the  initial  condition,  '¥z  has  value  only  when  c  lies 
between  0  and  A.  The  obstacle,  then,  introduces  a  disturbance  whidi 
travels  in  the  contraiy  direction  to  that  of  the  one  first  given,  and  gives 
velocities  to  the  several  particles  contrary  to  those  of  the  first.  If 
2f—  -\-at)  =  .T—at^  or  .r  +  i=2/,  the  particles  distant  by  I  and  x  from 
tlie  uritrin  will  be  simil  jrly  disturbed  in  everything  but  direction. 
Hence  it  is  ea^^ily  shown,  tliat  the  ef'iV^t  of  the  obstacle  is  simply  to  turn 
back  every  disturbance  which  reaches  it,  and  to  uiuke  it  travel  in  the 
contrary  ilirection ;  the  effect  being  exactly  the  same  as  if  a  second 
disturbance  similar  to  the  first  had  begun  to  progreaa  in  the  opposite 
direction  from  a  point  distant  by  /  from  the  obstacle  on  the  other  aide.* 

(94.)  Finally,  with  regard  to  dijcoiuimiity  itself,  it  maybe  observed, 
that  there  is  no  ditfcrence  between  a  continuous  and  discontinuous  curvt^ 
except  one  winch  may  be  made  as  small  as  we  please.  As  in  page  610 
we  may  find  a  curve  which  shall  with  any  degree  of  accuracy  represent 
a  sueceseion  of  arcs  of  any  different  curves.  Hence,  were  there  any- 
thing solid  in  the  refusal  to  admit  curves  (or  functions)  incapable  of 
being  represented  by  nnc  and  tlio  same  eqnatinn,  it  mi^ht  be  answered 
that  even  discontinuuus  curve*  may  l)c  so  represented  wuhin  any  decree 
of  approximation,  and  in  finite  terms  ;  bo  that,  in  fact,  and  Y^j? 
(discontinuous)  may  be  made  to  stand  on  precisely  the  same  fooling  as 
objects  of  algebraical  calculation. 

(95.)  If  we  make  ^^y^etx,  i|=y+aT,  wine  }i  dimply  amounts  to 
changing  the  coordinates  in  the  plane  of  Ty,  witli  tlio  ?nme  origin  and 
the  same  axis  of  f/,  we  have  u,=i/,4v+U|,>7«=auii^au,;  proceeding 
thus, 

(m,,— 2up,+ w„),    i/yy=wr,+  2//j,+w« ; 
whence  vfi     gives  tt|«:=0,  om  s  04  4-  y^f. 

On  the  planes  of  u, {  and  u,  t)  construct  two  curves,  u^i>ly  u=^>i: 
thetif  if  4  and  ti  be  taken  at  pleasure,  and  if  P  and  Q  be  the  points  of 
tiiose  curves,  a  plane  drawn  through  P,  Q,  and  the  mi^in.  his  0£-f  y*^;  for 
M,  where  I  and  ij  are  the  coordinates  um  J  in  linding  P  and  Q.  If  (p 
and  be  discontimioii?,  tlic  mode  of  perlonniui<  this  conytnictinn  is  as 
easy  as  bt  fore,  and  the  di^-t-ontinitons  surface  thus  produced  is  readdy 
shown  to  be  a  soUilion  ot  llie  eipiuuon. 

r 

*  Tht  elementsxy  notion*  of  the  trftntference  of  wavot  conf  ained  in  the  aitidt 
Acou%hcs  in  the  Penay  C^clofindta,  may  be  of  no  to  those  etndeats  whoafeaew 

to  this  Kubjuct. 
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(96.)  An  equation  being  proposed  which  involves  any  number  of 
diff.  CO.,  the  solution  may  be  generally  expressed  in  powers  of  x,  or  in 
powers  of  y:  but  in  the  former  case  the  iirbitrary  functions  can  be  most 
conveniently  determined  by  knowing  values ot  u^Ug^u^^  &c.  when  ar=0, 
in  the  latter  by  values  of  v^,  u^,  &e.  when  ^=^0.  Suppose,  for 
instance,  tt4-tr,=ir^:  assume  tesA+Bj?+yjd:^4-J  j^£x^+* -••»  and 
the  equation  obviously  requires  that  A,  &c.  should  be  functions  of  y, 
and  that  A^=A+B,  B^  =  B-f-C,  C^=C  +  E,  &c.  Hence,  from  A 
only,  all  the  rest  can  be  determined,  and  wc  have  t<  =  A  +  (Ayy— A)  r 

-f  ^  (A,^^— 2Ay^  + A)  x'^-   The  value  of  A  is  that  of  u  when 

j:=o,  and  this  solution  has  only  one  arbitrary  function  of  y.  Now 
aaanme  u = A + By + i + . . . .',  A,  B,  &c.  being  fdnetions  of  x.  We 
hare  then  A+A,s=C,  B+B.s=£,  &c,  so  that  tt=A+By+A  (A+A«)y* 
+  J  3  +  B,)  ^4- . . . .  Here  A  and  B  ai«  arbitrary,  ana  are  deter* 
mined  by  the  values  of  u  and  when  y=0.  There  are  then  two 
arbitrary  functions  of  x.  Nor  is  the  second  solution  more  general  than 
the  first;  for  either  may  be  reduced  to  the  other,  as  in  the  example  of 
§  (85.)'  It  appears  then  tliat  the  number  of  arbitrary  t  unctions  depends 
upon  the  manner  in  which  they  are  to  be  determined.  In  au  ordinary  difi*. 
equ.  0(i',y,y',....)=O,  the  constants  can  only  be  determined  by 
giving  values,  expressed  or  implied*  to  y  and  its  diff.  CO.,  for  some  specific 
value  of  x ;  and  we  learn  that  the  number  of  constants  depends  on  the 
degree  of  the  equation.  The  general  theory  of  partial  diff.  eqn.  would 
seem  to  pomi  out  that  there  must  be  as  many  arbitrary  functions  as 
there  arc  units  in  the  highest  degree  of  the  equation :  but  it  must  be 
remembered  that  that  general  theory  does  not  succeed  in  integrating  any 
equations  except  those  in  which  eitner  one  variable  is  not  used  at  all  in 
differentiation,  as  in  §(87*))  or  in  which  there  is  the  same  order  of 
differentiation  with  respect  to  both  variables.  The  preceding  instances 
lead  us  to  conclude  that  when  arbitrary  functions  are  to  he  determined 
by  values  of  u  and  diff.  co.  with  respict  to  anij  o/tc  variahlcy  their  num* 
bcr  will  be  determined  by  the  order  of  the  equation  with  respect  to  that 
variable.  It  would  also  appear  that  the  arfaitraiy  functions  in  such  an 
equation  must  either  enter  with  their  derived  functions  ad  in/tnitum^  or 
under  the  symbol  of  definite  inl^ration;  certainly  not  in  an  ordinary 
algebraical  form.  Take  the  equation  u^=n+u,^  and,  if  possible,  let 
u—f{jc^y  l)e  tlie  solution,  /  and  U  being  determined  finite  alge- 
braical forms,  and  ^^  arbitrary.  The  first  side  must  contain  Y*"l',  and 
the  second  cannot ;  it  is  therefore  absurd  to  suppose  Uiat  w=/can  make 
and  ti+w,  identical.  But  this  absurdity  disapuears  if  Y'U,  v'U, 
Ac.  enter /atf  mfinUuMy  or  if  Y'U  appear  under  the  sign  of  definite 
integration,  in  which  it  may  happen  that  w+tt,  can  be  reduced  to 
identity  with  u„  by  integration  by  parts^  which  may  introduce  y/'U 
into  it+v,. 

(97.)  I  now  proceed  to  point  out  the  manner  in  which  Laplace, 
Fourier,  Poissou,  Cauchy,  &c.  have  exhibited  the  solution  of  some  j)artial 
diff.  equ.  by  means  of  definite  integrals.  First  take  the  equation  —  ai/, 
u  being  a  function  of  i  and  jr.  Assume  tis=A-f  Bx+iCx*+ . . . . ,  from 
which  we  readily  find,  as  in  §(96.),  B  =  a/cf<. A,  C  =  a*  (/A)«A, 
E=:a«  (/ dUy  A,  &c.  Let  A  =  f  /  +  and  let  f ,  ^  f ,  f,  &c.  be  the  iuc- 
ceaaive  int4;rals  without  any  cuustanta  added.   We  have  then 
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+  . . . .  j  +  -  (^-j  +« . . . .) 
Let  0d;=c+a.aa;4-  •  •  •    and  we  have 

no  constants  being  added  in  either  integrations:  in  fact,  supplvins^  the 
constants  in  cither  set  of  integrations  would  only  alter  the  arbitrary 
function  with  which  the  other  set  commences.  For  a  similar  reasou  we 
may  make  each  integration  begin  where  we  pleaae.  But  from  §  (1 .)  we 
have 

r  (n+i)(/od^)"+Vj= j"/;</''f<if-«x"-*/;t?0'i?dt>+. . . 

c: fifx^vY^whf  and  similarly  for        Subatitnie,  and  we  have 
the  second  seriei  merely  interchanging  »  and  A  But  (page  292) 

/i_  .  _^  ,„    1.3.5...(2;i  —  1)  » 
•  2.4.6  2»  2' 

1  2"+* 


/{'8in*'8d0 


i*.2*,,.«*    T.  1.2.3. .  .2/1 
5*      2»  2-,/.    2*«n'0.«  .  2*ain*0.4*  \ 

Similarly,  for  ti«t=  —  aii,  we  have 

\  tts=  /i  /J'  coa  (2  lin  a  a* )  Y''*  ^  d8 

/i'  cot  (2sin6V(j^)aO  ^vdvdd. 
If  we  had  begun,  as  Poisson*  does,  by  cipanding  in  powers  of  i—A 

*  Tkeorie  de  la  ChaUur^  pages  150, 151.    In  the  first  pagi^  three  Uqm  tttm  Hm 
bottom,  supply  r7  in  two  of  thu  valuM  of  #j  Midia  pig«  151^  at  and  affcv  th*  l 
value  of  *f,  for  wkxi*»  read  sin  «. 
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and  X — fr,  we  should'  have  had  in  the  final  result  f[  and  fit  with 
a     — k)  and  a  {t — A)  in  jilace  of  ax  and  a/.    If  a=0,  thepr^ediug  is 

obviomly  of  the  fovm 

(08.)  Next  asiunie  (««+«„).  Assume  M=Cr'+'^+*»,  ivhich 
ntiefies  the  eqimtiim  if  ysss  (o^+j^^.  We  have  then  for  a  genaal 
folution 

the  constants  being  any  whatever.  Hence  we  have  a  riE!:ht  to  assume 
as  a  solution  M=J*/<^(cr,  ^)r"''**'|£*+^rfarf)8,  with  auy  limits,  and 
any  function  0;  fur  every  element  of  this  integral  satiBfies  the  equation 
independently.   But  we  haye 

for  ^  write  at. a*  and  ai«/3%  usmg  diffexent  vaiiables,  and  we  have 

u=//0  (a,  /3) .    .  f^" .  (/i:/!:  r-^-»+wi--4tv-.#-    dio)  du  rf/3 

s:JtZSlZjS<p  (a.  /8)  g<'+««v-0  •  ^»+i»v-o  du,  d;^. 

Make  the  integratiens  firvt  with  fmect  to  a  md  jS,  and  it  is  obvioni 
that  the  indetemunate  eharaeter  of  0  givea  simply  V^(«+8p4^al» 
|f+2io  V0»  whence  we  have  as  a  solutioQ 


tt= JtlftZf  {T+20ijM,  y+2w  J ,at]  e"'*^  ^dw. 

The  same  method  woiiM  obviously  apply,  whatever  might  ho  the 
number  of  varinbles  on  the  second  side  of  the  tjiven  equation.    The  solu- 
tion is  also  c  itnipletc,  for  tlie  equation  is  only  of  the  first  order  with 
respect  to     and  f  must  here  be  determined  by  makuig  <=0,  and 
assigning  u. 

(99.)  We  now  eonBider  the  other  form  of  aolntion,  of  v<£=au«r> 
derived  from  the  aeries  as  in  §  (85.)  • 

in  which  0^"^^ T-TT-i  r— ,  \  7-1-^-^  (  r" ) 

^     1.2.3.. .  2ft.ar   1.3...2jt— 1  I.2.3.. .n  V4ay  ^ 

(psge640)  J  _(c4.,V-ir*~r(n+i)-(n-i)(«-|)...W«* 

2"  r^-'  dv 

^  1.3...2JI— X  "a/»J  — (c+oV-i)"^** 

The  first  part  of  tt  is  Oieiefore  (c+v  -^-1  being  called  «"*) 
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■ince  tbe  second  series  is  obtained  bv  diflfcrcntiating  the  fitst  y^hh 
respect  to  or,  multiplying  by  n,  and  then  changing  <p't  iuto  yfft.  And 
<pt  and  ft  arc  tl^e  values  of  u  and  when  xs=0.  And  c  must  be  some 
quantity  >0,  it  dues  not  matter  what. 

(100.)  When  the  complete  integral  requires  two  arbitrary  functioni^ 
the  preceding  method  will  generally  give  them.  Let  i/„  +  ?/„+if«siO, 
and  assume  ti  =  C6''+^^'^  We  find,  then,  a*  +  )8*  +  y*=0;  or  if 
a=XV— 1,  f'^f.ij—\y  wr  have  y  =  (A*-f  ^/»),  in  nil  of  which  the 
square  roots  may  have  any  feigns.    Hence  the  following  is  a  golutiou : 

multiplied  by  any  constant;  and  tbe  same  if  —JQ^^-Vfi)  be  u&ed. 
Hence»  as  in  tbe  last  artide,  we  have  for  u 

ffi't^  (A,  fi) .  cos  Xx.cos/iy  f  d/* 
+ //y  (X,  f»)  .cos  A«,C08;iy  •  f-v<*^'+^'>  -  <i\  dfi : 

any  limits  being  taken  at  dtber  integration ;  for  every  element  of  either 
integral  satisfies  the  equations.  Any  transformation  that  we  may  make 
cannot  pre?ent  the  wbole  integral  from  satisfying  the  equation,  though 
it  may  not  yield  separate  elements  which  also  satisfy  it.   ThuSt  let 

rsinOrrX,  rcosX=r;t,  and  proceed  by  page  395,  which  gi?e8  for  tf^ 
4>  (r  sin    r  cos  0)  being  really  of  the  same  effect  as  0  {r,  6), 

/ /0     0)  COB  (r  sin  d.x)  .cos  (r  cos  O.y)  frdr  ^ 
-¥fff     t))  COB  (r sin 0.x)  COS  (r cos  0.^)  r^rdrdB; 

any  limits  being  taken  for  r  and  0,  and  not  necessarily  the  same  in  both 
terius, 

(101.)  I^et  ifijr*w).    Assume  P  being  a 

function  of  a-  only.  We  have  then  Pat=  P"— mx"*  P.  Letfi  (ii«l)=m, 
giving  two  v  i'  1  8  for  »,  except  only  w  hen  4m=:  — 1.  We  have  then 
§(51),  P=rM^,  Nvl.cre  Q''+2jir-»Q'-aQ=0,the  complete int^ 
of  which  is  by  §  (oO«). 

Q=C,  ft\  gV--(i-.„t)-»  dc+C.x-»-+'/+l  tfV.."(i_^--.db. 

Let  p  and  q  be  the  two  values  of  «,  then  usincr  p  for  n  in  the  last, 
— 2p+l  =  — since  p+9=l.  Makev=Lusw-,  then,  remember- 
ing that  tbe  arbitrary  constants  may  have  any  sign,  we  have 

P=:Ci  of f;  f*^*    "  sin"»^»w  <ito+C«  x</;  t'v. «»  •  ttn«f-»ip  rfw. 

For  r'^  write  ir-^/i:  f^**^'**  dt;,  and  can  then  be  expressed. 

Let  C|=0a  c/a,  C«=  Y'o^'^  ^'^y  libber  of  sudi  terms  may 

be  in  the  solution,  we  have 

.  u =J^SSl  JlZ  r^<— ••+«^«)v.  0„  8in^^-» w .  da  du;  dt? + x'/,  &c. ; 
the  second  term  being  a  aimilar  function  of  9  and  ^.  Integnte  fint 
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x^nth  re!«pect  to      which  merely  introduces  an  arbitrary  function  of 

X  COB  w-\-  2(ir  ^t,  so  that  we  have 

Thit  solution  can  g^erally  only  be  depended  upon  wben  o  and  9 
aie  positive,  or        1  and  2?  — 1  each  >— 1,  for  reasons  uiown  m 

§  (50.).  If,  however,  p  and  q  have  the  form  X  ±/i  ^  —  1 ,  it  will  apjiear 
on  substitution  that  X  roust  be  positive.  The  form  8in*'*^~'it?  is  but  a 
transform  ition  of  cos(/iIogBinio)  ±ii/--1.8in(/ilog8into},  which  is 

never  iutinite. 

When  \ni~  —  1,  and  p  and  q  arc  each  ccjiial  to  proceed  as  in 
§(50.):  make    =  reason  in  the  uiauuer  cited,  and  it  will  be 

found  that  the  result  is 

uzzJx.JlJlZ^.i^"^  dw  dV'\'Jx  JlJ  lif,r"^  log  (j;  sin*  w)  dw  dv, 
in  which  the  subjects  of  (ft  and    are  omitted  for  abbreviation. 

(102.)  The  introduction  of  the  arbitrary  function  in  §(98.)  and  §(101.) 
depends  upon  the  following  assertion  :  any  fnnct'on  whatever  of  x  can 
be  ri  jtrcsented  by  As'^-f  B£^+  . . . .,  if  the  constants  may  he  any  what- 
&u€vcr,  even  infinitely  small  or  great.  In  converting  this  series  into 
f ^u.fi"'  dv,  and  making  the  result  represent  any  function  of  j,  we  should 
be  in  fact  making  the  mistake  alluded  to  in  pages  671  and  673,  if  we 
were  not  to  remember  that  SAfi^  might  be  here  written  for  f<^,s"dv. 
If  we  would  have  ilic  ])receding  give  us  2*,  for  instance,  we  only  give  the 
limit  of  (c"^—  1 )"  :  /("',  when  ^i  —  O.  Knowinn;  that  wliatever  is  true  up 
to  the  limit  is  true  at  the  limit,  we  may  theretorc  write  .r'",  becausr  wf» 
may  write  (£''''— l)" :  ju"*  for  any  value*  of  ;f,  liuwt  ver  Bmall.  Also  in 
regard  to  the  results  of  the  preceding  articles  generally,  the  student  is 
referred  to  tbe  higher  dasa  of  works  on  physics  for  the  manner  in  whidi 
they  are  used.  What  is  now  evident  is»  that  whereas  no  general  case 
(that  is,  with  any  given  values  of  the  arbitrary  functions)  was  actually 
attainable  before  these  transformations,  any  ?iich  case  is  now  calculable 
from  the  detinite  integrals :  and  that  which  is  prolix  is  substituted  for 
that  which  was  unattainable. 

(103.)  Whenever  one  of  the  vadables  or  y  is  missing  from^the 
coefficients,  and  the  equation  is  homogeneous  witti  respect  to  «,  11,,  and 

the  equation  may  be  reduced  to  (le])end  on  a  common  difL  equ. 
For  example,  let  wi+PwJ=Qtt%  P  and  Q  being  functions  of  r.  Assume 
vsszz^f  s  being  a  function  of  .r,  which  gives  2'^+P«'2'=Q«%  or 

This  is  a  primary  solution,  since  there  are  the  constants  C  and 
whence  the  general  liolution  can  be  found,  as  in  §  (T5.).    As  another 
exampic,  taie  w*  +  i/J  =  ?A     A  primary  solution  is  found  in  tt= 
C€"*^-**"*"*»;  make  Cs:i^»  and  find  B  from  — Bin6.«+coBe.y+0'0 

♦  Abel,  whom  I  have  mtntioncJ  as  having  made  this  incautious  a^iscrtion  rela- 
tive to  /pCifdo,  generally  useti  it  only  when  2A1*''  would  have  done  as  well,  and 
Ihert'luu;  avoula  enor.  This  is  to  be  j  artici!l  ir'y  noticed  in  rr^'ard  to  hin  view  of 
the  calculua  of  opetatioos,  alluded  to  in  the  /^•nny  C^lopadiUf  arude  Operaiton, 


Digitized  by  Google 


736 


DUFEKEKTIAL  AND  INTKGiiAL  CALCULUS. 


srO.  Substitution  gives  the  gcricnl  solution.  Thus  0'd=ccosO~Cittli0^ 
will  be  found  to  kad  to  (log  (<■,+  r)-4- C^'+i/)-,  which  may  easily 
be  verified,  and  may  itself  be  tukcii  ^ls  a  new  priiniiry  solution.  When 
the  equation  is  linear,  this  method  will  lead  to  a  definite  integraL 

(104.)  Ad  equation  of  difieienoes  can  hardly  be  properly  ttnderBtood 
without  Bomc  notion  of  a  functional  equation.  If /(t,  <^iax,  0ifcr, 
&c.)  =  0,  in  which  a,  ^,  S:c.  are  symbols  of  known  functions,  and  0 
of  one  to  be  dctermiiu'd,  wc  have  before  us  a  functional  equati  m,  from 
which  it  is  demanded  to  determine  0j:  so  as  to  satisfy  this  equation.  One 
of  the  simplt'st  ut  luncuunai  equations  is  a<Px=:aTy  where  a  is  known. 
One  solution  is  <px=x;  but  there  are  others :  for  if  (i>x=t/,  every  aoln- 
tion  of  cey=ocx  aolvea  the  equation.  Let  «r  denote  any  solution  of 
ay:^xi  then  of  all  the  values  of  a'~*erx,  one  is  and  the  others  are 
different  functions  of  x;  but  in  evetv  case  aar^x^Xf  by  hypotheus. 
liet  a~*  always  denote  the  inverse  of  ot,  wlneli  gives  a~*ax=T;  let 
a_iX  denote  any  other  inverse  of  s:  let  tiie  first  l)e  culled  a  roinuriihf^^ 
the  second  an  inconverlibft;,  inverse.  It  is  found  from  the  nature 
of  the  solution  of  an  equation,  that  for  every  solution  which  Qeyz=.x  can 
have,  oy  has  one  peculiar  fomii  with  which  one  of  the  inveraea  ia  con- 
▼ertible,  and  all  the  rest  inconvertible:  ao  that  every  invent  is  con- 
vertible wilh  some  form  of  the  function.  For  example,  if  y*+il(]^s:#« 
or  y— — a  + + <i')>  where  ^  signifies  extraction  withnnt  chance 
of  sign,  wc  find  two  forms  of  i/*+2ay,  namely,  {y-\-ay~~a-  and 
(— y— a)^ — o*.  Let  y*+2<?y=ay,  and  to  the  first  fornt  — <i+^(jr+a*) 
is  a-'x,  giving  a~W  =  ;  while  —a  —  iJ{,x-\-(i^)  is  a_iT,  giving 
a_,  cttDs:— 3fl— y.  But  to  the  second  form  -^a-sjix-^a*)  is  a~*jr^ 
and  — a<fV(^+a*)  i8«-i«.  And  it  may  be  ahown,*  tbat  whenever 
eqf^9  has  only  a  finite  number  of  solutions,  every  form  of  a_,  ox  is  a 
repentiruj  f  function ;  that  is.  if  a_,  ax  =  /8r,  and  if  /3x,  fi  0^), 
/1 1/3  i/ij)},  &c.,  or  ftxy  /3*x,  /^j,  &c.  lie  formed,  we  must,  £m  some 
value  of  n,  iiuvc  SVrr.r,  p'+'j^r/Jr,  &c. 

Let  /  (.r,  V^f"}  Vi       ft'^'-^y     O^^'  wlitic  u  is  known,  and 
&c.  are  arbitrary.    Find  ^x  from  afiT:=z<xx,  and,  if  there  be  cuuugli, 
form  one  more  of  the  following  equations  thsin  there  are  ariiitwiy 
functions, 

/03j,  0^t,     «/3r,. . .  .)=0,  f(jVx,  ^V,. . .  .)=0,  Ac. : 

then,  remembering  that  a/lrrrur,  of^'rsrcU',  dE*/3x=ra\r,  &c.,  eliminate 
the  n  arbitrary  functions  Y'l  aJ»  V't  &c-  ff'Ju^  the  n  + 1  e(iuatiuiis. 
The  result  is  an  equation  of  the  form  F  (x,  0x,  0/8 jr,  0/3'x, . . . .  )=rO ; 
and  if  the  question  be  now  inverted,  and  this  last  equation  proposed  as 
a  functional  equation  to  be  solved,  we  see  that,  if  A*x  be  the  highest 
function  of  in  it,  its  solution  depends  upon  ji  arbitrary  functions 
Y',  ar,  ^\,a'*r,  &c.,  where  or  may  be  any  solution,  and  ought  to  be  the 
must  general  Boluiion  of  i/^  r— £x:  from  which  £.r  is  to  be  found.  I  do 
not  say  that/=0  is  the  most  general  solution  of  Fc=0;  but  it  is  the 
most  general  which  we  can  find. 

*  Encyclopajdia  Metrupolitana,  Cttkulu$  of  Funclum,  ^  32 — 36. 

+  1  use  the  word  rrpentirttj,  .m<l  rxjt  prriodic,  because  I  cmisuler  fliat  the  latter 
term  is  wanting  to  exprea*  the  uitfcrenoj  of  character  b«!tira;u  algebraic  and 
tngoDomelnctl  qusntitiw. 
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The  onlj  mode  of  iolnng  Ifix^lx  which  has  yet  been  given,  when 
fix  is  not  repeating,  depends  upon  the  expression  of  /3*x  as  a  function  of 
n  and  x.  I^t  ^•r=;^  (n,  jr).  This  function  x  is  not  altered  by  a 
simultaneous  change  of  7i  into  n  — 1,  and  x  into  /ijr:  if,  then,  ?f  =  B^  be 
the  solution  of  const.=x  -r)*  t^^e  function  Bjt  is  a  subition  of 
Bi8xsr:B4P— 1.  Consequently,  C08  2irBj;  is  one  solution  of  £/8x=rix, 
and  0  cos  2v  Bjt  is  a  very  general  solution,  where  9  is  any  function  which 
does  not  contain  inverse  trigonometrical  operations. 

But  when  fix  is  a  repealing  function  of  the  wth  order,  any  symmetri- 
cal fanction  of  x,  fiXy  /3'x,. , . .  ^""'t  is  a  solution  of  ^/lr=*^j.'  But  so 
mucli  is  not  necessary:   for  any  symmetrical   function  of  the  set 

X(x,^x,  ..../8-'x),  x(^X,i8«x,  X),  x((^^^  /3'j..../5.r),  (tr.  ^viU 

do ;  and  the  last  is  not  necessarily  symmeirical  with  respcci  lu  a,  fix, 
&C.  Thus  aA^c^+Ac*<i^+oa'i^  »  not  symmetrical  with  respect  to  a. 

The  equatimi  FsO  may  sometimes  (theoretically,  aJkoay*)  be  reduced 
to  an  equation  of  differences ;  that  is,  to  one  between*  t/,,  Au„  A*u«,  Ac, 
or  between      ii.^i,  t/,^.,  &c.   Lei  «i«^|S:iSu,  be  capable  of  solution, 

and  let  <^?/,=  ?v.  Tn  F=0  write  for  x,  which  gives  F(?r,  r,^,, 
&c.)  =  0,  another  equation  of  diHerences.  If  the  last  can  be  solved,  and 
if  it  give  i;,=V^  we  huvc  0(iO~^^»>  where  is  a  known  function  : 
from  this  <|>x  can  be  found.  In  tins  subject  the  inversion  of  every 
lunction  is  assumed. 

The  arbitrary  functions  which  enter  into  F(v^i»«,  . .  .)=0  must 
be  solutions  of  I  (r+  l)=^x,  of  which  every  expressible  solution  is  con« 
tained  in  0cos27rx,  If  a  sobition  can  be  found  which  contains  nny 
number  of  arbitrary  constants,  each  constant  may  be  altered  into  any 
function  (except  an  inverse  trigonometrical  one)  of  c08  2tj:  for.  in 
satisfying  the  equation,  the  asserted  solution  undergoes  no  change  except 
what  arises  from  changing  x  Into  j^+l :  conseqaently,  cos  and  all 
functions  of  it,  remain  unchanged.  To  show  bow  material  this  con- 
sideration is,  let  it  be  proposed  to  find  the  equation  of  all  curves  which 
have  equal  diameters  (or  lines  drawn  through  a  given  pole).  Referring 
the  curve  to  polar  coordinate?,  we  have,  say  r  =  w^  for  its  equation,  and 
w#4"*'#+r=fl  expresses  the  fundanicutal  condition  of  the  curve.  Let 
!/,==/■  (0 :  »),  and  let  tJ,=yB,  then  Q : «  being  x,  we  have  v,+r,^.,=ff,  an 
equation  of  which  v,=:j^a+CcosTx  is  one  solution,  and  v,—\a 
-f-cos irx  ^  cos  2irx  the  complete  solution,  This  gives  rss^a+cosd. 
cos  20,  which  satisfies  the  condition.  Had  we  not  changed  C  into 
cos  2tx,  we  should  have  obtained  only  one  of  the  infinite  number  of 
curves  which  are  answers  to  the  question. 

(105.)  We  shall  now  consider  the  formation  of  an  cfumtion  of  diflfer- 
ences  in  a  manner  corresponding  to  that  of  an  ordinary  did",  equ.  Let 
ys:ax4-<^a*  where  a  is,  fur  the  present,  a  constant.  We  have  then 
Ay^a^  and  elimination  of  a  gives  y  =  {^y  :  Ax) . {i^y :  Ajt),  an 
equation  of  di^erences  of  which  one  complete  solution  is  seen  in 
«=«r+^a,  if  a  be  any  periodic  function  of  cos  {2tx  :  Ax).  But  if  a 
DC  any  other  function  of  t,  wc  have  Ay=:nAj4- rA;? 4- A.r. Aa-f-A0a, 
and  assuming  (x-^Ax)  Aa-i- A0asOy  we  have  the  same  equation  of 

^  In  all  iiiiestlons  connected  with  c(jiia(ioii$ofdi£R»enees,i^tUuids  for  a  function 
of  X,  9*  fur  aaother  functiuu  of    aod  $0  on. 
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differences  as  before.  If,  then,  a  be  detcnuiucd  from  ilie  last  equation, 
s;iy  cz\j/  (^T,  h)j  b  being  a  new  constiint,  we  have  for  a  new  solution  of 
the  equation  of  differences  the  foUowmg,  (ar,6).a:4-^Y' 
Thia  teems  to  aDtwer  to  tbe  •iogular  aoltition  of  a  diff.  equ.,  thou^ 
there  are  Bome  remarkable  potDte  of  diatinction,  aa  the  following  ezam^ 
will  ehow. 

Let  y=ajr+a*,  to  which  the  equation  of  differences  is  yrz{Ay  :  Ar)  t 
+  (Ay  :  At)'.  Assuming  a  to  be  a  function  of  r,  we  tind  that  iiy=a  Ax 
remains  true  only  when  j-Aa  -f-  Aj.  +  2a  Aw  +  (Aa)'=:0  ;  reject 
Aa=0,  which  ^ives  the  ordinary  Holutiou,  and  we  have  j-^2ti-t-Aa 
4- Ax=:0,  of  which  the  first  of  the  following  equationa  is  a  aolutioii«  tbe 
aecond  being  the  reoalting  value  of  y: 

This  last  equation  is  aa  complete  a  solution  of  y=(Ay :  Aj?)  .x 
+(Ay:Ar)*  as  yrscur+A*  itself,  but  it  involves  Ar  necessarily,  ami 
gives  impossible  values  except  w  hen  x  :  Ar  is  a  whole  number.   It  would 

not  be  rifj:ht  to  call  the  second  a  singular  solution,  because  if  the  sccotk! 
Bulutu  :i  wci  e  taken  as  tlie  principal  solution,  the  first  would  become  i/o 
singular  sDiutiun,  as  foiluwd.  Ab&uuic  b  to  be  a  function  of  Jr,  and  A^ 
in  the  last  remains  of  the  same  form  as  before  when 

(— 1)' *  A.    ^+ A6  (  - 1  )• '      A6  (  - 1)'  -^'=0 ; 

the  first  fuclur  of  which  vauishes  if  6= — (i  — l)''^,  if  such  a 

root  of  — 1  be  taken  in  the  value  of  6  aa  is  the  reciprocal  of  that  used 
in  tbe  Talue  of  y»   Substituting  for  K  we  have 

y=:{-Jx+c-iAr)*-i«*, 

which  becomes  ar+a',  where  a  is  written  for  — c+iAr. 

If  Aj:  be  made  infinitely  small,  the  equation  of  differences  becomes  the 
diff.  equ.  y—^x-^y'^;  the  first  solution  remains  as  before,  and  the 
second*  becomes  y=— Jjr%  the  singular  solution.  For  (— 1)'^ 
=cos(«-r:  Aj)-1-i^ — lsin(irx:Ax),  which  vanishes  when  the  aisles 
become  infinite. 

The  following  method  of  Poisson  puts  the  preoeding  question  in  ils 
proper  point  of  Tiew.  The  fundamental  equation  y^ax^u?  pveatwo 
values  of  a,  say  u  and  r,  which  become,  say  ti|  and  «i«  when  x  beoomcs 

a  + At.  The  equation  of  differences  is  then  o^t^^!1cd  by  eliminating  n 
between  (a—n)(a^v)  =  0  and  (a - — ri)  =  0.  Now  as  either 
factor  iu  each  equation  may  be  made  to  vauisii,  we  have  four  results* 
«=Uj,  u=Vi,  1/1= i".    And  we  have 

Now  the  first  pair  of  equations,  amoualing  to  AtfsO,  At7=0,  give 

♦  M.  Charles,  (Mem.  Jcad,  Sci.,  1 78a,)  who  first  noticed  the  second  sohition  of 
a»  cqoation  of  diir«renc«8,  hat  attempted  t0  show  that  thers  is  aaother  tolvtioa  of 

a  common  UifT.  eqti  of  which  the  suij^lar  sulutio  1  is  a  particul.ir  caso.  Rut  his 
method  contains  tli«  aioe,  &c.  of  aa  iiifiaite  angle,  which  ho  takes  to  be  fimte. 
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•£=a,  uso,  wbieh  amount  to  the  oiigitiBl  eqttttioti  yasat+tfi :  and 
either  of  them,  cleared  of  imdicaU»  would  give  the  original  equation  of 
diflferenoea.  The  remaining  pair  giTe,  X  hdisg  ^+9)3 

AX  +  2X  +  J  A.r=0,    AX  +  2X-iA(  =0;  take  the  iirst, 

Clear  this  of  radicala,  and  it  will  he  fouiKl  to  lead  to  the  original 
equation  nf  difft  rences,  while  it  can  be  solved  in  the  form  AX+2X 
4-iAr  — 0,  nnd  gives  X  =  ^  (— 1 )'  '^'  —i  Aj,  from  which  the  second 
aolution  is  found.  Tlie  equation  AX+2X — JAr=0  chives  X  =  — 
Ax,  which  also  gives  the  second  solution.  The  truth  is, 
that  complete  algebraical  elimination  of  a  between  (a— u)  (a — y)=0 
and  (a— «,)  (a~V|)=:0  gives  (ui— m)  (wi— u)  (Vi— u)  (t?|— 1?)=0  j  or, 
if  X  hecome  Xif  when  ^  oeeomes  x+Ajp, 

(~i  At-fXi-X)  (  -  J  Ajt  +  X,  +  X)  (- J  Aj:  -  X^-X) 
(-iAr-X,+X)=0; 
or  -iV(Ax)*-(X!+X«).i  (Ajr)«+CXI-X0«=O, 

or  (Ay)*+«AyA«— 3f(A«V  =0, 

by  simple  substitution:  so  that  the  equation  of  eitlicr  of  the  four 
factors  to  zero  amounts  to  the  last  equation.  This  casts  some  new 
light  on  the  singular  solution  of  a  diff.  cqu.,  or  rather  on  how  it  happens 
that  the  two  distinct  solutions,  with  arhUrary  ecnstantt^  of  an  equation 
of  diflferences,  do  not  give  two  such  solutions  to  the  corresponding  diff. 
equ.  which  arises  on  the  supposition  of  the  increments  being  infinitely 
^n\r\]\.  In  this  case,  the  equation  of  the  productof  the  four  factors  to 
zoro,  gives  ua 

(-i<i*+<iX)  (-i  ^ir+2X+<iX)  (-i  d«-2X-<iX) 

(— icb— </X)=0. 

Now  the  first  or  fourth  factor  being  equated  to  nothing  gives  a  simple 
diff.  equ.,  and  both  come  to  the  same,  when  cleared  of  radical  quantities. 
But  — JAc4-2X+c/X  =  0  and  — .V  <:/-r— 2X^'/X=:0  is  each  incon- 
gpruouswith  itself,  amounting  to  the  equation  ot  an  mlinitcly  small  quan- 
tity with  a  finite  quantity,  nnhs^  Xr=0  and  —l<l£±dX=:0  are 
co-existent.  Now  Xs=0  gives  y  =  — 4  a"d  the  second  equation  may 
be  reduced  to  ij=iyU-\-y"y  which  X^^O  will  be  found  to  satisfy.  From 
this  sort  of  process  an  independent  proof  mii;ht  easily  be  given,  that 
where  an  equation  is  reduced  to  the  form  a-0  (x,  y).  the  singular  solu- 
tion of  its  diff.  equ.  is  among  the  solutions  of  da :  dx^  oc. 

(106.)  An  erjuation  of  didereacei  may  hz  written  either  in  the  form 
^  (x,  u,,  Au„  A'  u,,  &c.)  =  0,  or  f  (x,  u,+„  w,+„  &c.)  :=  0.  The 
second  may  be  reduced  to  the  first  by  writing  u^+J^u„  ti,+2A7t,+ A  u  „ 
Ac,  for  tt,^.H  «^,,  Ac.  The  first  form  best  preserves  the  analogy  with 
ordinary  diff.  equ.;  the  second  is  more  g^n'-illy  usc  l,  au  l  perhaps 
more  convenient.  The  onlv  c.^^e  which  admits  of  cumpK  ic  saiution 
from  among  the  general  forms  is  Am,+  K,7:,=:U,  or  its  equivalent, 
P,w,=Q,:  but  this  ompletc  solution  cannot  he  obtamed  with- 
out supposing  that  wc  can  always  solve  th3  equation  Att,sR^  R,  beiu^ 
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a  given  function ;  just  as  in  the  iutcgration  of  ordinary  diff-  equ.  every 
equation  is  considered  as  solved  when  it  is  reduced  to  the  form  dyz=:^  dr. 
before,  we  denote  by  2B»  the  function  whoie  difference  is 
In  solving  equations  of  differenoes^  we  ve  generally  obliged  to  have 
xeeourte  to  the  insufficient  fonns  of  functians  which  are  intelligible 
only  when  t  is  intcc'cr;  such  ns  we  hnve  already  reduced  to  more 
g'^neral  form?  in  ]):il:''s  593 — 597.  Fur  example,  in  the  case  of 
ti,^., -P,  i/,=Q,.  let  X  be  integer,  and  divide  botli  bides  by  P«.P|..., 
P,.   We  have  then 


or 


P#  Pi  Pg*  •  •  P«      P^  P|*  •  1 1^9—1  ^1  •  •  'Pa 

B.-P,  p, . . . .  p.^  J  (p^p~F.) 
=p.p.. . .  p...  {c+^^  +p^+  ■  •  •  •  +p.p,..Tp^1' 

where  C  is  any  function  of  x  which  does  not  change  when  Jt  is  changed 
into  «  + 1 ;  tluU  is,  any  really  periodic  fimctaon  of  cos  2v>i.  This  soln- 
tion,  which  may  be  easily  venfied,  becomes  unintelligible  when  x  is 
fractional,  and  will  remain  so  until  we  can  find  the  general  solutions  of 
t?^,=:P,  I?,  and  tr,^., — ir,=rQ,:  r,^„  in  such  forms  that  no  number  of 
term?,  nor  number  of  factors,  shall  be  a  function  of  x.  In  that  case  we 
Bh;ill  linve  M,=r,  tr,,  u,+, — P,  w,=:r,+,  tP,+i — t',+,iZ?,=Q,.  As  we  now 
stuud,  P,  P,. . . . P,_i  and  C  +  Q^ :  Pq+  ....  are  the  same  sort  of  antici- 
pations of  V,  and  which  1.2.3...  .(x — 1)  is  of  Fx,  until  wc  become 
acquainted  with  the  generalities  of  that  function*  or  which  a  x  a  x  a.  • . . 
(.r  factors)  is  of  o",  until  we  airive  at  the  lull  notion  of  an  exponential 
function. 

For  example,  let  u^^'^aUa^x,  the  aolution  of  which  is 

where  C|  is  a  function  of  the  same  sort  as  C.  In  this  instance  the  sum- 
mation can  actually  be  performed,  as  also  in  every  case  of  u,^., — otg 

=  P.,  wltcrc  P,  is  a  rational  and  integral  function  of  x.  If  a  particular 
6<j|iiti  II     can  be  found  by  easier  means,  then  tj^-^Qa*  is  the  general 

ttuluLiun. 

(107.)  Three  modes  may  be  suggested  of  savin  o;  sonie  of  the  details 
of  the  last  mentioned  case.    Suppose,  for  instauce,  ilic  equation  is 

«.+i--<w,=a'+2j5«+ 1. 

First,  assume  «,= pi* p,  (kc,  being  functtm  of «. 
Sttbatitutian  gives 

v(J~a)=l,  3i^+5Cl~o)=2,  3/>+2g4-rCl-fl)asO, 
from  which  we  get  for  the  general  solution 
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"^l-a       a— Ci-a)'        (I— a)*  • 

Secondly ;  the  solution  of  u^i^uUm—K  being  a'  S  (A,  rt'^'+'^X 
one  case  of  being  :2^"'r,,  or  v,.,+t'^_j4- . . . .  ad  tw/,  we  may 
throw  the  preceding  solution  into  the  (mm  A,_i  + A,^,.a  + A^_3  a* 
+  •  •  •  -t  which,  moreover,  ol)viously  satisliea  the  condiliou.  A])i)lv  the 
calculus  of  operation,  and  this  becomes  the  operation  (l+A)~* 
+(l+A)-«,a+ . ....  or  (1  +  A-o)-', or  (1  (l—a)-*A+ . . . 

performed  on      wbich  gives  for  die  complete  solution 

"which  takes  a  finite  form  when  A,  is  a  rational  and  integral  function. 

Tliirdly ;  proceed  in:*  by  the  formula  in  ]\  311,  §  174,  wc  obtain  for 
the  complete  suluiion  (A'«,  A"«,  &c.,  being  diif.  co.  with  respect  to  x) 

■where  6»=I  +  a,  6,=  l  +  4tf +  a%  64=1  +  11  o  +  ll  a«+o", 

1  +  26  a+66  a«+ 26a*+o\  ^=  1 + 57a+302o«+302a'+57a*+a». 

If  a  be  negative  in  tbe  above  exaniple«  say  e,  the  only  circum- 
stance which  requires  consideration  is  the  change  of  Co*  into  C(— c)*, 
or  C  (  — l)'.c'.  Here  C  ( — 1)'  im])lies  a  function  whieli  changes  sign 
only  and  not  value,  when  x  becomes  x-{- 1,  and  it8  plainest  leal  form  is 
COB  TJ./  (cos  27rj:),  where  ^'(coa;r)  is  truly  periodic. 

(108.)  If  we  take  tr^i— av.=4r\  we  find  for  the  sohition 

■whirli  is  intclliu;il)le  only  when  T  is  integer,  uTilegs  it  be  thrown  into  the 
form  uf  a  dpfinite  intrcral,  (the  only  finite  form  known  for  it,)  in  wliich 
case  it  becomes  generally  intelligible.  If  a>l,  the  following  is  the 
form: 


Having,  in  Chapter  XX.,  fnllv  considered  the  method  of  transforming 
finite  series  into  definite  integrals,  and  of  making  the  delniite  integrals 
so  found  apply  to  cases  in  which  the  finite  series  become  incon- 
ceivable, from  the  letter  which  expresses  a  number  of  terms  becoming 
fractional,  we  have  nothing  to  do  in  this  chapter  except  to  consider  the 
method  of  finding  solutions  to  equations  of  differences  in  the  manner 
preceding,  namely,  in  the  form  of  a  finite  series  for  integer  values  of  x. 
The  subsequent  attainment  of  a  definite  integral  by  means  of  this  series 
is  a  subject  apart.  Laplace  has  shown  how,  in  a  few  instances,  to  pass 
iirom  the  equation  at  once  to  the  definite  integral,  but  the  cases  in  which 
the  application  is  practicable  are  mostly  those  in  which  it  could  be  dis- 
peoB^  with.  And,  moreover,  it  does  not  apply  to  equations  which  have 
a  term  independent  of  v,. 
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(109.)  The  general  reduction  of  a  continued  fnction  to  another  form 
depends  upon  equations  of  differences.  If  N,=:<7,  :  (6,+  (a,+i :  (6,+, 
+  ..••)))>  obviously  have  N^  =  (i, :  (^,  +  N,+,),  or  N,  i  +  ^,  N, 
sza,.  This  equation  may  be  reduced  to  a  linear  form  by  assuming 
N,=w,+| :  u,,  which  gives  «,+»+ft,M^i=a,tz,.  But  even  if  ihis  equa- 
tion could  be  integrated,  two  periodic  functiont  would  enter  into  the 
complete  integral,  and  it  would  not  be  easy  either  to  distinguish  the 
cases  in  which  these  functions  arc  only  simple  constants  from  the  rest,  or 
to  clionse  the  proper  periodic  function  in  those  cases  which  require  it. 
In  fact,  a  continued  fraction  ranks  with  a  divergent  scries  wliencver 
a,  <7^^i:^.  +  i,  &e.  are  or  permanently  bfccome  severally  greater  than 
unity :  BO  that  the  continued  fraction  can  only  be  known  from  its 
inyeloped.  form.  To  show  the  difficulty  more  closely,  take  the  invene 
method  derived  from  the  aboTe,  and  assume  6,sl.  We  have  then 
(^,«N,(N,+,+l),or 

1+               1+  1+&C.  • 

N^x  gives  w^—  H-&C.  ' 

We  might  now,  perhaps,  he  inclined  to  say,  that  if  this  divergent 
devflnpment  represent  anything,  it  is  r:  but,  if  we  take  it  as  an  object 
of  inquiry,  wo  find  tli  it  tlie  continued  fraction  last  written  might  he 
derived  equally  hum  N«  any  solution  of  IS,  >»,+i+N,=a:  (x-i-2).  If 
the  fraction  were  oonvci^ent,  we  might  decide  hy  the  common  sppnoi* 
mative  prooeaa,  in  particular  cases,  whether  it  is  oris  not  equal  to  or: 
hut  as  this  cannot  be  done,  and  as  in  common  algebra  a  divergent  series 
prodiiced  from  a  function  of  ambiguons  value  can  frequently  be  8hu\Mi 
to  be  an  analytical  representation  of  any  one  of  the  values,  I  think  it 
would  not  be  safe  to  say  anything  ebe  of  a  divergent  continued  Cractioo. 

(IIO.)  The  general  equation  of  the  second  order  i/«it+P«u«-fi+Q«u* 
+Z.s:0  can  be  solved  as  soon  as  a  particular  solution  of  u^^-^  P* 
4-Q^ti«!sO  is  found :  that  is,  it  can  then  be  reduced  to  the  solution  of  a 

general  equation  of  the  first  order. 

Let  7/,=:CT,  be  such  a  particular  solution,  and  let  be  the 

solution  of  the  complete  equation.    We  have  then 

wliich,  since  c7,+t+P,t;T,+i+Q,CTx=0,  gives  (£^v,  being  called 

from  which,  1)eing  found,  i*,ar«y,2«..  Two  constants  enter,  one  in 
z^,  iind  one  in  the  suumiation.  If  StS,s:0,  we  find  for  the  general  solu- 
tion of         P,      + Q,  i/,=0. 
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which  may  be  reduced  to 

where  C  and  Ci  are  functions  uf  cos  2tt.  In  this  manner  u,^^  —  2v, ,  , 
-i-  M,=:0,  which  is  sati^lied  by  u,=C,  is  also  found  to  have  for  its  com- 
plete solution  w, = Ci  ^ + C. 

(111.)  The  general  linear  equation  of  the  nth  degree, 

w,+«+P,w^_i -j-Q^M,^g  + ,    ,-1*2^=0  (1), 

if  completely  integrated  when  n  arbitrary  constants  (or  functions  of 

cos  2Tr,r)  cTitor  the  solution,  is  integrabic  when  n  distinct  ])ariiculiir  sohi- 
tioas  can  be  found,  satisfy inir  the  equation  deprived  of  the  term 
l£t  those  particular  solutiuus  !  <  i/,=ct^,  u,  —k,,.  . .  :  then  the 

equation,  deprived  of  its  last  tenn,  will  be  coinplciely  satisfied  by 

ii,s  Ao«+  Bic, + Cp,*f . . .  • + Mw^ 

To  pass  to  the  iiitci^i  ul  of  (1),  assume  instead  of  A,  B,  C,  &e*  functions 
of  COB  2vXj  Att  Bmt  C«,  &c.  any  requisite  functions  of  j*,  which  being  n 
in  number,  we  have  a  right  to  choose  ii—l  assumptions.    Let  S  be  the 

symbol  of  summation  with  reference  to  tlie  various  solutions,  so  that 
w,  =  S  (A, cyj  or  S .  Tff,.  Then  w,+i  =  S .  A^  ^,4.1  -f  S . ilA^  tr^^, ; 
assume   S.zir,+i  AA.  =  0.  Again, 

assume  S.tzr.+j  AA,=0.  Proceed  in  this  way  until  we  come  to  m,^.,_x 
sS.A«  t^,^»_i,  by  which  time  we  shall  have  made  n^l  assumptions^ 
namdv 

S.w^^i  AA,=:0,    S.f7,+,  AA,=0,..  ,.S,af,+^iAA,=iO. 
Fioally,  t<^=  S .  A.  m^^-i-  8 .  or^.  A  Ac  and 

«.+«+P.f.+— 1+ ....  +Z.=sS.  A,  (flr,+,+P,«^^+ . . . .) 

uf  which  S.  A,  . .  . .)  vanishes  in  every  trrm  contained  under  S, 

because  cr,,  &c.  ore  particular  solutions  of  the  cc|uaiioii  deprived  of  it^ 
last  term.  Wc  have  only  then  to  add  to  the  u — 1  assumptions  the 
equation  S.«ar«^,  AA^+Zi^sO^  and  thus  we  have  n  linear  equations  to 
determine  AA«,  A13«,  &c.  from :  after  which  B«,  &c.  must  be  deter- 
mined by  integration  or  Bummation»  each  having  an  arbitrary  constant, 
or  function  of  cos  2irT. 

For  example,  i/.  :4-Pr?/,n  +  QjrW,=0,  being  satisfied  by  y,:=f^r  and 
v,  =  a:„  has  u,  — Azrr^-^ iic^  for  its  general  solution.  Assume  «,=  A,CJ, 
4-  B,    for  the  solution  of  i/,+,4-  P,      +  Qx    +  ^,=0,  and  we  have 

«»+i=  A,       -f  B,     1,  if  we  assume        AA,+ic,^.i  AB,=0 

ii^=A«t7^«+B,ic,4.t+c^«4.«AA«+«r*-i't^« 

tt,+i+P,  w,+i+Q.  w.+Z,= A,  (tsr,+,+P.f3;+»+Q* 

+B,(i.v,+P,irM.i+Q.  AA.+tf.+«  AB.+Z, ; 

whence  the  complete  ci^u  ition  is  satisfied,  since  ct,+i+1\25?*+i  +  Q,ct, 
= 0,       + P,      + Q,  ^. = 0,  by 
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or  by  AA.  =  7-^^  ,  AB.s 


whence  ».=«.  X  Sii^:^  k.  2  Ss'  . 

(112.)  If  it  Eliould  happen  that  two  or  more  of  the  solutions  become 
the  same,  in  any  particular  case,  a  process  resembling  that  of  §  (21.) 
must  be  employed.   Suppose,  for  example,  that  v«4hi4*  P«  •  •  •  • 

H-T«««=:0  has  for  its  geufsral  solutinn  t^,3sAo,+Btf«+Cp,4-*««« 
Suppose,  moreorer,  that  cr,  contains  the  given  constant  a,  that  k,  con- 
tains 5,  contains  c,  &c.,  and  first,  when  6=ff,  let  CT,  =  if^.  50  t!tnt  in 
that  rase  tlic  compound  solution  At5,-f-B»i\  is  only  (A-fB)«3„  and 
contaiiis  one  arbitrary  constant  only.  liCt  6  =:a+ A,  and  let  accentua- 
tion refer  to  differentiation  with  respect  to  a ;  we  have  then 

A«r.+Bff.s(A+B)  o.4-BAfB'.+^fiJ^,«^.+ .... 

As  h  (liniiuibhcs  without  limit,  let  B  increase  without  limit,  so  that 
BA=:B],  and  at  the  same  time  suppose  A  to  increase  without  limit  with 
a  contrary  sigpn  to  B,  in  such  manner  that  A+BsA|.  The  next  term, 
or  iBihts'\  diminishes  without  limit,* and  atill  more  those  which 
follow ;  so  that  A,  t7,4-Bi  o',  is  the  part  of  the  complete  solution  which 
must  be  substituted  for  Aw^  +  Br,  when  ArrO,  or  aszb.  Again,  if 
a=c  makes  f>,=f«,  we  have,  making  c=a+A, 

A»«T.+B,o'.+Cp,»(A.+C)w,+(B|+C)  W«+1C*»«*.+. .  -  ; 

"whence  it  may  be  shown  in  the  eame  manner  that  Ajcrx  +  B^ta'^  +  C,  a", 
is  the  part  of  the  general  Bolutiort  which  must  take  the  place  of 
At^,+Bi:,+  Cp,  when  6=c=a ;  uud  so  on. 

(113.)  The  theory  of  the  linear  equation  «,4,-|-Pif,^,.,-|». . 

4.Yi/,=0,  where  P,  Q,  &c.  are  constants,  closely  resembles  that  of 
difierential  equations  of  the  same  kind.  Assume  v,=<f,  und  let  cr, 
K,  p,  &c.  be  the  roots  (supposed  unequal)  of  c"  +  Pc""*H- ....  +  Y  =  0. 
Then  the  general  solution  is  Ux=Atj'+ B>:'-|-Cp'+  ....  If  any  num- 
ber of  roots,  say  four,  are  equal,  c  being  one  of  them,  the  part  of  the 
general  solution  corresponding  is,  by  the  last  article, 

A©'+ A|  *rta'-'+ A,  JF  (x— 1)  fJ^+A,  «  (x— 1)  (jt— 2)  cb"'; 

which  is  of  the  same  form  asiB*(A4*AtdF+At<^+AtJ^. 

The  general  solution  of  u,+,+  Pf^^  1  +  Q»/.  +  Z,=0,  P  and  Q  being 
constant^  and  m  and  c  the  roou  of  €*+  Pc+Qs=0,  is 

«,=A='+B«'+-^  2^  24, 

except  when  t9=t:,  in  which  case  it  is 
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(114.)  The  following  mode  U  in  theory  applicable  to  equations  of 
aoT  order.  Let  us  take  one  of  the  third  order,  P,  t/,^.i 
+K.t««+Z,=0.  Aaeume  v^i+p^u^-^-q^ssQ^  asd  let  and  0»  be 
two  undetermined  functions  of  «r*   We  have  then 

which  becomea  the  given  equation  if 

Though  this  last  equation  be  not  of  the  firat  degree,  it  is  of  an  order 
inferior  by  a  unit  to  the  given  equation ;  and  if  only  a  particular  solu- 
tion of  it  can  be  founds  the  value  of  thus  obtained  will  produce 
corresponding  values  for  or,  and  fi,  with  which  the  complete  value  of 
Tni!«!t  hp  found  from  the  equation  for  Z^,  containing  two  constants. 
The  n  the  equation  n,+,-f-p^  +7r  rnust  be  integrated,  from  which  ii, 
may  be  found  w  iih  three  arbitrary  constants. 

If  we  apply  this  method  to  an  equation  of  the  second  degree^ 
fi«+ff  P«»«+i+Q«tf«+Z,sO,  we  find 

Fkom  thii  it  appears  that  when  P«  is  t=0  the  equation  is  alweya  theoreti- 
cally integrable,  since  logp«s/«  enables  us  to  determine  t,  from 

(115.)  The  equation        +  p,  P,  w,+^i  +  Q,  w,+,_,  + .  •  • . 

+P>p«-i*  •  •  •p«.«-i-i  YfK,  is  reduced  by  the  assumption  i(,r=popipk*  •  •  • 
P#~«  i>.  to  t>.+.+P,i>,+,,-i+ ....  +  Y.Wx=:0. 

(116.)  I  shall  enter  no  further  into  the  subject  of  simultaneous 
equations  of  differences  thui  to  show  how  to  integrate  the  pair 

At  v,.|.i+B| Aw,+Bi?,= *, 

and  <f>^  being  functions  of  and  At,  ai,  &c.  being  constant.  Multiply 
tiie  second  by  a  constant  0,  and  add  it  to  the  fint,  which  gives  . 

Ansume  0,  so  that  (B|+6,fl)  :  (A,+ii|  e)=(B  +  &0)  :  (A  +  fl0)=;<. 
This  gives  two  values  for  e  («,  and  6^)  and  two  values  for  and 
If  w,+/<iV,=m/„  and  w,+/^i;,=:u?'  „  we  have 

(A|+«i  a.)         (A+iie,)  id'  a. 
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and  when  u;'^  niul  w",  arc  found  from  these  equatioos,  u,  and  v,  can  be 
found  from  those  wiiich  precede. 

Or  as  follows.    From  the  two  equatioho  gi  ven,  and  the  two  which  are 
found  by  changing  *  into  x+ 1,  eliminate  v„  v,^i,  and      :  the  result  is 
a  linear  equation  of  the  second  degree  between  and 
This  is  a  method  which  will  apply  to  linear  equations  of  any  order,  and 
any  number  of  variables,  on  considerationa  similar  to  those  in  §  (15). 

(in.)  The  solution  of  linear  equations  with  constant  coellicients 
may  be  effected  even  when  there  are  more  variables  than  one,  by  means 
of  the  theory  of  generating  iaiictions  of  which  the  lirst  pnuclpleii  are 
explained  in  page  337.  Jit  the  equation  first  be  of  one  variable, 

a»ii»^+aii-L  ....  +«!  Ug^t-^ihu^ssO, 

For  the  complete  tulutiun  of  this,  we  must  have  either  the  set  of// 
values,  t/o»  Ui,  u«, . . . .  or  the  means  of  determinmg  them.  Lci  <I>1  be 
such  a  function  that  ti«  is  the  coefficient  of  in  it;  or  let  ^=Uo+Ui  t 
.  • :  that  is»  let  0/  be  the  generating  fimctbn  of  for  all 
positive  values  of  r.  Then  the  first  nde  of  the  preceding  equation  has 
for  its  generating  function 


which  function  accordingly  is,  as  far  as  positive  powers  of  /  are  con- 
cerned, identical  with  0 -rO  J-\-0  .t'+  or  0.    But,  from  the  form  of 

0<,  It  18  obvious  that  negative  powers  of  t  up  to  may  enter  the  above 
product.   Assume  then 

(«.r-+«,_i        . .  +a»  r>+a.)     A,r-+A^,         .  +Air». 

which  gives  ^i^A''+^^»-^+A..,<>4-....+A.<"-' 

let  A«...At  be  so  determined  as  to  make  the  first  ii  terms  of  this 
development  become  +ti._, T-,  and  the  ic^it  of 

the  development  will  tben  give  «.r+u,4.|  <•+»+....  of  itself.  Ifany 

of  the  various  modes  in  Chapter  XX.  of  expressing  the  coefficient  of  I* 
in  the  development  by  a  definite  integral  be  adopted,  there  will  result  a 
solution  ol  the  eriuation.  Hnt,  as  far  as  we  have  vet  gone,  t]»e  methocl 
will  be  more  powerful  in  inakir)g  the  solution  of  a  iinciir  ctpiation  give 
the  general  tenn  of  a  development  than  m  making  the  latter  irive  the 
former. 

For  example,  required  the  development  of  1— 2l-2«",  divided  by 
l  +  t^C-^t^^  First,  find  the  solution  of  tt,+,+  t/,+,+tt,+,+ti  — 0.  for 
which  wp  must  have  the  roots  of  c-»  +  c«+c+l,  which  ate —1,  4/— 1, 
and  —^—1.    Hence  the  solution  required  is 

ii,«:A(^l)'+B  (V-  1)'+C  (-V-iy. 

Now  jhe  firstjhrec  terms  of  the  development  ate  l-3<+0/',  or  n^szl, 
'/t-O.     Meiice  wc   have  the   equations  A+fi+C=:L 
-A+ U  V~  1  - C      i  = -3,  A-B-C==0,  from  Which 
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from  wliidi  we  find  for  the  ooeiBcientB  the  cycle  1,  —3,  0,  2,  1,-3, 
0,  2,  &c. 

In  this  way  an  expression  may  always  be  found  for  the  general  term 
of  any  algebraical  development. 

(118.)  Let  7/^,  ,^  be  n  function  of  .r  and  y,  rtkI  let  any  eiiualiun  of  tho 
form  au^,^=0  be  proposed ;  for  instance,  sucii  us 

Aasiime  t/,,  ^=A'B*',  whence  it  appears  that  any  valuea  of  A  and  B 
give  a  solution,  which  are  connected  by  the  equation 

ii4-6A+cfi+eA*H-  *  •  >  •  =0  (3). 

Say  this  gives  B=0A,  consequently  IkA'  (^A)'  is  a  solution,  k  being 
constant.  This,  aa  in  §(98.)i  we  may  make  equivalent  to  /A'(0A)* 
^A  </A,  for  any  limitiDg  yalues  of  A.  Or,  if  the  equation  (2)  give  n 
▼ahiei  of  B  in  terms  of  A,  namely^  0i  A,  ^  A,  6c.»  we  have  for  a  lolii- 

tiOQ 


,=/A'  (*»  A)»  f .  A  dA (0.  A) "  Yr,  A  (f A+ 


•  •  • 


containing  n  arbitrary  functions,    Analo|;y  might  lead  us  to  suspect 

that  we  have  here  the  most  general  solnti'm,  even  though  finfl'nii;  B  in 
terms  of  A  might  ffive  u  solution  with  ii  diflcrent  number  ot  arbitrary 
functions,  since  the  same  sort  of  thing  occurs  in  partial  diff.  equ., 
§  (U{>.)  But  buch  a  conclusion  would  be  unsafe,  for  we  have  no  infor- 
mation on  the  genesis  of  partisl  equations  of  finite  differences  which 
warrants  it. 

Suppose  V4ysati,^,.y+6u,,y+i+cti«H-t»yMi  which  gives  IssaA+^B 
•f  oAB,  or 


If  6  and  c  be  both  huite,  this  may  be  brouL^hi  iuto  cither  of  the  ioruis 

Y,/A'yAdA+Y,/A*+»  i^AdK-^ . . . 
or  Vo  /  A'  fA  rfA + Y,  /A'-»  ^  A  dA+ 


•  •  •  • , 


where  Y^,  &c.,  are  functions  of  y  (not  the  same  in  both  expressions). 
Now,  attending  to  the  remark  in  §(102.),  it  is  seen  that  J  A'^At/A 
is  merely  an  arbitrary  function  ot  r,  so  that  Y^  0r -f  Y.  (/>  (x  ±  1) 
-f  \  ,  0  (jT  +  2)  +  . .  . .  results.  If  0  or  c  vanioli,  the  series  may  be  made 
linite,  and  the  form  may  easily  be  altered  into  Xo  0y  +  X^'  0  (y  +  I)  +  . . . . , 
which  may  be  made  finite  if  a  or  c  vanish. 

Again,  tt,.,=rflil,+,.  j,+6u„y+i  may  give  w,,,=6-*/A'(l-aA)* 
fA  aA.   Aasume  yAcsAA*+iA^+^^^*i'  •  •  •  m  whence 
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(pgeG.9)  =Aa     ir»  . . . .  |  ^  ^^^^ 

or  a^...,=  ^  r(x+y+.^2)  

.  te-*^  Cr+X  +  l)r(y+l)  , 

+  f -(7^7+  m:2)    "  +  

in  which  ka~'^\  kr^''^  &c.  are  merely  arbitrary  conatanU. 

(119.)  Such  equations  as  the  preceding  occur  in  tJic  theory  of  pro- 
bahilities,  and  Laplace  treated  them  by  the  method  of  generating 
Ainctiont,  as  follows.  Let  the  most  general  aolotion  of  the  equation  (1) 
be  adopted  in  the  particular  values  Uo,«,  t^ti  &c*>  and  let  0(1,9) 
be  the  function  which  can  be  developed  into 

Reduce  the  equation  (1)  to  the  form 

OM,,  »+c«.,  y.i+eti«^  =0  (3), 

which  can  always  be  done:  thus  v,, ,, — v — cw,.  ^^,==0  is  trans- 
formed as  follows.  Let  i/,,^=U«,,  .y  i  fci^'l'i^t^tute  and  change  the  sign 
of  «  and  y,  and  we  have  U,,,— ^U^i,,— cU,.^i=0.  When  U,.,  is 
ibuud,  Ur,  y  is  therefore  found.  Frequently  the  change  ia  mote  simply 
made ;  thus  «,,,+ti,^i,  h-i=0  wTiting  x— 1  for  jr,  and  y—l  for  y, 
reduced  to  i/,,  jy+M,_i,y-i=0.  Let^(f|i7)  he  the  generating  function  of 
J,  abuve  written,  or  »/o,©4-  ,7  +  . .  . .  ;  then  the  generating  function 
of  tiie  first  side  of  (3)  is  {a-^  /d-^cv\-eP+  •  •  .  00  (^  ^^  hicli  naist 
be  a  function  of  t  and  v,  to  be  determined  by  such  conditions  as  the 
problem  requires,  and  must  give  0  for  every  term  P..  ^  t'  r*,  wbich^ia 
Buch  that  u.,  ^  can  be  the  firat  term  of  (3).  Subject  to  thia  condition  we 
mtist  have 

For  example,  let  t/,, ^ — Iv^,^  ,. — cm,, y_i=0,  winch  gives  0(^t?) 
=  V'  (/,  v)  :  (  1— — cr).  Now  Liie  terms  between  which  thus  ci^uution 
cannot  eatablish  relations,  if  only  positive  valuea  of  x  and  y  be  contem- 
plated, are  all  the  caaea  of  and  tr^,.  Let  it  be  reqmred  dMt 
shall  be  l«,  and  that  Vc,y  shall  be  i;^  it  being  understood  that  ^=n«- 
This  is  not  assigning  too  much,  for  it  gives  i'j,i=^i?i+c^„  ii,,  ,=6u^,i 
4-c^t,  &c.,  «i,e=/>»;x  +  c?/,  &c.,  not  more  thnn  enough  to  proceed  with. 
It  is  then  required  tbat  V  v)  :  (1  -/i^-n?)  shall  be  (4o  or  i;o)+f,  fi-t.  (* 
+  »/i  1?  +  >/s  +  terms  in  which  i  and  i»  both  occur ;  w  liich 

condition  being  fulfilled  aa  to  the  simple  powers  of  t  and  r,  the  deve- 
lopment will  in  other  terms  generate  the  co^deats  lequired  by  the 
equation. 

For  inatance,  let  if«,  ,=0,  tig^^asl^  (if  y>0)  ;  we  then  require  that 
v)  :         -  ct;) = V =1? :  (1 —iO 
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shall  be  true  wiiliout  interfering  with  terms  contaiuiug  powers  of 
which  gives  simpiy 

_  V    J,        bt       '    bU*     ,  1 

ftnd  the  coefiadent  of  is  that  of  if  in  A'nCl—t;)"^  (!-«»)—. 
Now  it  18  easily  found  that  the  coeffident  of  in 

which  is,  therefeie»tt«.,  required.    It  is  not  easy  to  see  that  it  satisfies 
0=0,  which  is  a  case  resembling  in  difficulty  that  of  F  (1),  when  Tjt 
is  known  only  from  1 , 2 . 3 . . . .  (r  —  1 ). 

If  it  be  required  that  Uo,  ^  and  u,,  o  be  any  given  functions  of  y  and  X» 
find  T|  and  V,  the  generating  functions  of  v,^ «  aud  t/g,  j,,  or  let 

tbe  gmnting  fimetaoii  Qfu^^u  ^  * 

(120.)  When  we  make  the  solution  take  such  a  form  as  that  given 
above,  a  change  of  sigii  in  9  and  y  produces  an  unintelligible  mult,  so 
that  we  cannot  immediately  pass  to  the  solutiun  of  v^,,— 6,+,,,- 
=■0.    In  fact,  an  equation  of  this  kind,  in  which  there  ia  mttLhighett 
term  wuh  respect  to  both  x  and     presents  diilicultics. 

The  application  of  the  method  of  generating  functions  is  complicated, 
and  it  m  btbt  to  liuve  recouji>e  lu  that  of  definite  iategrds,  as  in  §  118. 

(121.)  As  another  instance  of  this  method,  let  us  take 

In  order  to  solve  this  completely,  we  must  know  i/o.yt  ^^i.^,  u,.,oi  and  t/^,|. 
Let  the  generating  funetiona  of  these  be  fv^  fiv,  01,  and  0i  i.  The 
generating  function  of  or  ^  (t^  o),  is  of  the  form  a  t  (1  -6^-c!v*-cto)^ 
and  having  four  conditions  to  satisfy  in    let  us  assume 

The  values  of  u^^.o  and  9/0, ,  require  that  0O»O)  and  0  (0,v)  should  be 
and  fv,  whence  we  have 

*  The  sttident  who  knows  a  little  of  tho  theory  of  probabilities  will  see  that  thie 

IS  a  solution  of  the  fullowhig  question.    B  and  C  want  severally  x  and  y  points  of 

the  ^ame,  their  chances  of  making  a  point  at  each  trial  are  6  and  c 

required  the  chance  which  h  hat  oi  wiiuuog.  This  chance  is  us,g,  as  found  above. 
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Pi+Qo  +  So/  =  (i-6n0^  and  Po+Q..+Rot'=(l-rt;*)V»» 
or  a=(l        0^ + (1  - y»+  R* < - P,-Q.-H» v-g, 

Agtin,  the  value  of  d<^){i,v):dt,  when  tssO,  it  V'.v.  and  that  of 
d0 (<,  17) : <lb  when  ossO  is  ^| U  lliese  give  (tinoe  Q«=^0=:yO) 

B.= (1  -  6^;  ^  /  -  c<  *i  -  S',  <  +  yo. 

WlusDoe  the  fonu  of  or  b  found:  R«+S'«  is  f^iO-ef  0,  or  0'tO-fl0O, 
which  «re  the  same,  and  we  have 

as (1—60  (0^  +  0.  ^  i  )  +  ( 1  — nj«)  (f  t? +y,  r .  0  - (0/  +  yri:) 

For  example,  let  dsl,  cssl,  e=2,  and  let  Vm^^Ii  *iu9^h 
?/,  0=1,  <'i.i=l,  t/o  a=:l,  and  in  all  other  <»ses  let  f^«,  iig^^  «i.ft«<bi 

vanish.   We  have  then 

The  gcueratmg  fuuction  a;  {l— (i-J-t')«j  can  then  be  reduced  ta 

Eipanding  the  last  term,  which  gives  4o*<'(^ +!?)*•  for  a  general  terra. 
It  M  obvious  that  I'  tj»  never  ocenrs  except  in  the  term  r  (/ + r)"  *  ^, 
which  has  no  esistcncc  unless  x-f  y  he  even,  Oonaequeiillyt  the  solv 
tion  of    ,=ti^     2i#,_,.  ^  is 

fr,.ySsO(«+yodd>$ 

provided  that  (x+y  =  or  <2)  =  1,  tt^,=0,  m^,=0  (in  other 
cases). 

(122.)  The  vcrificition  of  such  a  result  as  the  preceding  may  be 
made  by  actual  solution  ;  that  \»,  by  forming  a  inUv.  of  double  entry  for 
^''^  J^'^'^'"  values  in  their  prope'r  places,  nud  calculating  the 
rest  from  them  by  the  etiuatiuu.    Tins  is  done  to  some  extent  iu 
foJJowiug  tables- 
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Spedmm  of  the  mode  of  fbrnung  tiie  temu  fiom  tbe  equation  m 

280 = 60  +  2  X  80  +  60,    224=  80 + 2  x  60 + 24. 

It  tm  alto  be  obienred  that  i/q.  oi  t'l.oi  t/^,  i  are  uaeleM  in  the  forma- 
tion  of  the  remaining  terma,  at  might  have  been  made  to  appear  from 
the  fnnctton  » 

(123.)  The  principles  of  the  cakulus  of  operations*  have  lately  been 
made  to  tiiruw  a  very  instructive  light  upon  the  connexion  of  linear 
operationB  with  those  of  cornnioti  algebra.  Tbe  following  theorems  are 
the  oonnacting  atepa.  Let  D  ha  the  aymhol  of  di£fe»ntiatkm  with 
Toapect  to  x;  ao  that  D0«es^x.  Let  •  he  a  oonatant,  and  deduce  the 
theorem  D  (£*'0*)=*^  (D<^jt-f  a0j),  or  «*'(D+o)<^x.  Repe^it  thii 
m  times,  which  gives  D^C*"' f/>r)=€"  (D  +  a)  "  0i,  where  (1)  +  ")"'  is  ii 
complex  symbol  of  operation,  applicable  after  development.  This 
th^rem  ig  tvcn  true  when  m  is  a  negative  integer;  for  we  have 
0a:=(D+")  (f"  9^)} ;  ^vrite  £-*'D-*     0x  for  <^j'.  and  we 

have  (e^  0x)  =  e**  (  D + a)-'  </>t,  which  may  be  rraeated.  AU  thia 
might  alio  be  easily  proved  by  expansion.   Hence  we  have 

(D+ a)-  .0*=:t-^  D*  (t-'  0j:),    (D— a)-  ir^  4>x). 

If m=-l,#j=0 ;  (D4-fl)-»  0=£—  D-»  OcsCc— ,  {D"'  0=/0<i»=C}, 

(D  +a)-"  0=c^ (px)"'.0=£-'  (Co+C,  jr+  . . .  •  +C«^, 

Let  D«  and  be  the  aymbols  of  differentiation  with  leapect  to  x  and  y, 
we  have  then 

B  y  similar  reason  nig  A  (« <px)= a"^  1 )  -  O*  ^ = a*  {a-foA  - 1 }  fJ, 
or  if  the  operation         be  called  £,  we  have 

Similarly,  if  denote  the  operation  of  changing  *  into  x+ i»  and  JE^ 
that  of  changing  ^  uito  we  have 

(E,-«r         0  (jf,y)=«^^^  Ar  a;  («-'    ^  (jf.  y)). 

These  may  be  extended  to  the  cases  of  negative  integer  values  of  m  and 
n.  Thus  (E— o)-*.Oa:a'-»  A-»0=Co'-*,  orCa',  which  is  the  same  in 
form,  C  being  arbitrary.  Thia  function  W  is  the  quantity  which 
vauishea,  or.beixnnca  0,  when  the  operation  £~a  is  performed  upon  it; 
for  (E  —  ^/ )  .  C <r  —  CEa'— Ctf  . a'  =  Ca'+*  —  Ca.a'=0.  Similarly, 
(E— f/)-".0  =  a'-"' A-*0:  now  A~*0,  the  function  whose  mth  differ- 
ence vanishes,  is  C9+C1 «+  •  •  •  •  +C«i-i  a^'. 

* 

(124.)  It  is  shown  (see  the  references  in  the  note  below)  that  all  the 
opentioiui  of  algehta  may  be  applied  to  the  aymhola  of  operation  naed 

*  See  pp.  103—168;  Penny  Cyclopwdla,  "Operation*'  and  «  RH.ilK.n 
C.imLri'itrp  Mathematical  Journal,  vol.  i..  pp.  22,  54,  123,  173,  212,  276,2^0} 
Ditto,  ditiu,  vol.  i).,  pp.  74,  H4 ;  Gregory's  Kxumples  of  tbe  DiHereotial  Catodiis. 
I  hsfi  bcsn  isdablsd  to  nasi  of  the  fSaecs  died* 
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ill  the,  last  article,  as  loiinr  as  they  are  not  mixed  up  with  any  operations 
dej  ( iidin[r  on  the  vuriables  employed.    And  the  theorems  may  be 

generalized  into 

V'D.  (t"  4>x)  =€*'. yr  (D  +  a)  .  ^j, 

V^A.  (a'0dr)sa'.y  (aE- 

V  (  A„  Ay) .  (a*  fc'^  (r,  y))=<f'6»'.  V  (aE,— 1, 6Ey  - 1 )  .0(x,  y>. 

These  properties  are  particular  cases  of  a  more  general  set,  wluc  li  o  we 
their  simplicity,  in  the  case  of  to  the  identity  of  the  opera- inua  of 
differentiation  and  multiplication  by  a  constant.  Let  there  be  any 
nimiber  of  functions  of  Vi,  V,«  &c,  and  let  D  be  the  general  symbd 
of  dififerenliatioD,  while  Di  it  that  symbol  for  Y|  only,  D«  for  ^nA  lo 
on;  so  that  DiV,=DV|  or  D,V»=0,  D,V,=0,  D,V,=rDV,=V'^ 
D.V,=0,  D,V,=a,  and  so  on.  Wc  have  then  iDgiW^Y,}  being 
Y.DiV,,  Ac.) 

D  (V.V.V. ...  0= (D.  4-  D,+  D,  +  ....) .  (V.V.V,. . . 

If  DV.=flV.,we  ha¥eV'D(V»V,)r=y  («+DO(V,VO,orV,y  (fl+D,)V^ 

since     (a  +  Dg),  so  to  speak,  only  acts  ujjon  V, :  in     (n-f-D^)  V,  is 
»imj)ly     (a-f  1)}  Vj,  since  the  distinction  is  now  usekss.    Agaia»  if 
Aa,  &c.  refer  Bcverally  to  Vi,  V<,  &c.,  we  have 

(V,V,.  • .  0=f  {El  E.. . . .  -1 }  (V^V,, . . .).  * 

(125.)  Let  a  linear  diff.  equ.  of  one  variable  be  given,  namely 

V  being  a  function  of  «r.  The  operation  performed  upon  ij  on  tbc  left 
if  a.  D'+Oit-i  D^'+  *  •  •  •«  whieh  may  be  reduced  to  the  form  (D— «0 
(D— • . where  fit  &c.  are  the  roots  of  the  algebraical  equation 
<7«  v'*+cr«_it;"''+  . . .  .sO.  If  these  roots  be  all  unequal,  then,  making 
A~*c=(a— j3)  (a— y). .  • B~'=s(i8— »)  C3— y),  • .    Ac,  we  have 

a.y=--~  V= A  (D-a)-*  V +B  (D-|8)-»  V+ . . 

§  (123)=  Ai-'/c-^  Vdx+Be^/c-^  V<ij?+ ....  +A,  c-'+Bi   

At»  Bts  &c.  being  arbitrary  constants.  The  effect  of  the  inyerse  process 
on  V  may  be  best  represented  by  remembering  that  V+0  may  be 

written  for  V,  nvA  tlir  process  performed  on  V  and  on  0  separately.  The 
latter  gives  all  that  arises  in  intcoratifni  from  tlic  introduction  of  arbitrary 
constants,  and  must  never  be  neuli  i  ted.  Sometimes  it  mav  he  desirable 
to  take  one  mode  of  operation  for  V,  and  another  for  U.  For  iniiancc, 
let  V  he  a  rational  function  of  «  of  the  Ath  degree :  let  (ao+fli  D+  •  •  •  • 
4-0.  D,)"'  hi  expsnded  into  ft^+^i  I>+  then  we  have 

y=i6« \  +6, Y'+ ....  4-6* V<'J)+A|C-+B4«^'+  •  • 
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since  V^'+'\  v(»+«)^  &c.  vanish.  If  there  should  be  /  roois  equal  Lo  u, 
we  find  among  the  fractions  into  which  (D«+  ....)*'  ib  decomposed, 
the  fallowing  set : 

U  (  D  -  a)-' + L»  (D  -«)-<'-'>  +  ....+  U-i  (D  -  a)  - ' . 

Now  (D-«)-»  Vsc-  (/rfry      V+«-  (C.+C»  «+••.  +  C^t  *^*) ; 

whence  we  fuul,  for  the  part  ut  tiic  vuiaeof  a«y  depending  on  these  i  equal 
roots, 

«-  {I^  (/(iry . V+L|  (/rfjr)*-».e—  V+  • . .  +  L,-.  /<ir. V}* 
{C»+C,  «+C      ....  +C^., 

T  am  here  only  giviuLr  a  sketch  of  a  method;  but  abundant  examples 
will  be  found  in  the  citations^  above  made. 

(126.)  Let  oD,  u + 6Dy  = V,  a  fiinction  of  x  and  y.   We  hi?e  then 

Now  if  (t,  y),  e"^*^  V  is  ♦fey+m*) :  hence  we  are  directed^ 
b:a  being  m,  to  find  (jvy+nur) <ir  by  the  symbol  /«^*^Vrf*; 
after  which,  by  the  symbol  c~^^ ,  we  are  further  directed  to  write 
y^mx  for  y  in  the  result.  But,  writing  V  +  O  for  V,  wc  have  </»?/  for 
the  integral,  0  being  arbitrary,  and  a~'  0      mj)  for  the  result :  hence 

usso-*        /e"*^  V<lap+<r>  ^  (y— ffuf). 

For  example,  let  aD,  7/  + 61),,  urr  12j''y.  Integrate  12x*  (y+ nix)  with 
respect  to  r,  and  wc  have  4i^y+3mj*;  put  back  y—mx  for  «r,  and  we 
have  4iX^y — tjix*  ;  whence 

A^u  bx* 
«=-j*  — —  +^  (ay  -ij)  ; 

since  </»  (y— wu),  0  being  arbitrary,  is  9  (ay— /»-t).  This  use  of  a 
symbol  of  operation,  D^,,  as  a  constant  with  reference  to  another  symbol 
of  operation,  D«,  is  one  of  the  severest  trials  to  which  thecalouns  of 
operations  can  be  pat,  though  following  readily  from  the  6r8t  principles 
of  the  seieQce.t 

(127.)  Let  r/,D:u  +  rt,_,Dr'D,M+.-..+rToD;u=V.  If  a,  ^, 
&c.  be  the  roots  of  c.  tJ'*+o,_|i)*~'+  ....  =0,  and  A,  B,  &c.  be  as  ni 
§  (125  ),  we  have  a.D:+ ....  s=a,  (D,— aD^  (D,— i^D,),  &c.,  whence 
we  have 

a;.tts  A(D«-aD,)-^ .  V+  •  • .  •  +  A(D,— aD^.O+ .... 
But        (D,  -  aD,)-«  Vsr'^         Vdr+r''*''  /O  .rfj? ; 

*  Page  751,  note:  particularly  in  Mr.  Gregory's  exuDples,  which  tfaottld  ba  In 
th«  handi  of  every  studaot  who  vrUhes  to  have  niaferiaU  for  Sflf^ercike  in  ths 

hi<^lH  !>t  proecs!<e<<  and  newest  t'onns  of  the  diff«KeotiAl  aad  integral  calculus, 
t  t*eniiy  Cycl<ip»tlia,  "  Uperaiiou." 

3C 
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and  the  second  term  ia  *(y+ax),  *y  bein^  any  function:  while,  if 
V=0  the  first  is  found  by  changing  y  iiitu  y+o*  in  the  Ksoltof 
J4>{^ty-ax)  di*,  token  with  respect  to  jr.  This  process  is  somewhit 
more  easy  than  that  of  §  (89.)>  inasmuch  ss  thexesult  for  one  lOOt  wiU 
give  those  for  the  othov. 

(128.)  Let  D,T/  =  aD^^    Wc  have  then  ?/ —  (D,  —  aD^)  '  .0,  or 
Jo di,  or  C«<i>«.0j,  <p  beuig  arbitrary.  This  givea,  by  derelopmeDt, 

a'  C 

as  already  seen.  For  the  symbol  «^  write  J+i^g-^+^v**  e/i :  i^T, 
and  we  have 

whieh  agrees  with  (  (98.) 

(129.)  Let  a.u«4,  +  ii._|U«4^,4...,»+atU,eiT^  whence  ii.ss 
(a,+aj  E  + . . . .  +0,  E")"'  V,   If  all  the  roots  of  <i|,+at«+  • . . . 
he  unequal,  let  them  be  a,       &c.«  whence 

a,  «,= A  (E  - cr)-»  V,+B  (E-/8)-»       . . . . 
5(123.)  =:Aa'-'2a-M.-fi3/i'-»2iB-'\,-f  ...+A.a'+B,i6  + 

which  gites  at  once  the  law  of  the  mult,  where  §(111)  only  gives  the 

process.  This  symbol  2)  is  here  put  for  ;  the  only  difference  being 
that  whcreiis  A"' V,  strictly  t^tniids  r»r  V  ,4-V  ....  ad  injimtum, 
XV,  stands  for  C  + V^_,  + V,  j-f-  . . . .  -f  V^,  i  and  a  being  i^uppused  to 
diiler  by  au  integer,  Aii  after  V.  is  supposed  to  be  included  in  C,  and  in 
the  preceding  case,  the  values  of  C  in  the  diffsrent  summations  may  be 
supposed  to  be  inclnded  in  A^  B|,  &e. 

(130.)  Tlie  proper  symbol  for  A-  or  (E-I)""  is  E— +nE— * 

+  4  n  K-"---f  .  ...  ad  inf.  or  A""  A,  =  A^_,  +  // A,_„_,+  

This  is  tiie  only  result  which  satisties  both  A"  A~*  A  ,rr  A^  and  A""  A*  A, 
=  A,.  But  i"A,  is  generally  taken  in  a  ni:inner  which  satisfies  only 
A*  2*  Ai=A,  and  not  1"  A"A,=A,.  For  instance,  let  x  ha  mi  mtcijer, 
and  let  2A,t=: A,_,  + . . . .  +  A«.  Then  2*  A,  means  2A,_i+  2 A,Ji+ 
....+2Ao,  and  XA«ssO.  This  gives  X*  A,=A..,-h2A^+. . . . 
+  (r-l)A«»  A2'A,r=A^,+A,-,+  ....+Ao,  A*I«A,=A,.  But 
I'A'A,  is  A' A,_,+  ....+(x— l)A«Ao,  or  A, -.rA,  +  (  r— 1)  A.. 
Nevertheless,  in  the  solution  of  equations  of  the  usual  kind,  may  be 
written  for  A"",  bince  the  Tcriflcation  of  the  solution  involves  only 
repetitions oi  t,  which  requires  only  repetitions  of  A,  performed  upon  ^ 
and  never  introduces  ^  performed  upon  A.    And  we  have  {n<x) 

v»A  ■    A  «4-l  .  «+l        r — 1  . 

Z  A»=A^,  +  7iA,_,_j+n  -—  A,.^+ .,..+»  — -. . . .  At 

2  2        «— n 

i'A.=»A^  2'^*A.=0. 

Again,  the  complete  meaning  of  Ap  AT  A..«  or  (i;,-!)— (E.-D- 
A.^y  is  the  senes  -»     •»  -» 
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eODtinued  a<f  infinilvm ;  while,  defining  2!A^  to  end  with  A^,  the  ex- 
prcffiion  for  1"  A ^  only  involves  those  terms  of  S  (nip  A^_p,y_«_,) 
m  which  x  —  in—p  iind  ij—n—q  are  not  negative,  Here  S  means 
merely  collection  of  cases,  and  difi&rs  from  ^  in  not  beuig  a  symbol  of 
operation. 

(131.)  Let  tfaei€  be  I        equal  to  « in  the  eqoetun  of|(129.)f 
and  let  tiie  leraltiiig  fiections  be 

Hw  operatioii  peifbniied  upon  V«  givea 

U  cT^A-*  (a- V.)+Lt  fl^«A-<?-»>  (or*     + • . .  +Lt.»  or^A-*  («-^V.) 

vbich,  since  Z  may  he  written  for  A"*  as  far  as  the  solution  of  the 
equation  ia  mceraedt  givea«  fat  the  part  of  the  aolution  anung  from 
tlMae  foota, 

C«»  G|»  Iec.  bebg  arbitiaiy  conataats. 

(132.)  Let  a. a.-,tt,+^,,+i  +  --  -+fl««-^^^^^^^^ 
which  case     y  is  the  inverse  operation  of  a,li,  +  a«-ir^  r.,-h.... 
+aoE;,Qr  of      (E,-aE,)   p«r£wmed  upon  V«,; 

a.«„^=A  (E.-«i;)-»  V,.,+B  (E,-^^E;)-»  V..,+  .... 

Now  (E,-aE,)-'  V„  Br' («-  ^t"  V„  ,) 

Tlic  operation  E^"'  performed  upon  thia  ehangcs  y  intoy+x— 1,  ao 

that 

(E,— aE^)-'  v.,  y  =:V,.,.  ,-|-  aV,.,.  s,+,+a*        ^+,+ ..... 

wbicb  migbt  readily  be  ascertained  directly,  hut  the  object  is  here  to 
show  the  conformity  of  the  condensed  notation  above  written  with  the 
actual  result  of  development.  Again 

in  which  the  arhitrarv  character  of  y  «lh>ws  n?  to  change  r/~'  into  r/. 
The  9()hit!on  might  be  readilv  written  down,  uiid  the  modilication  whicii 
it  undergoes  in  the  case  of  equal  roots  ;  but  wc  liavc  instancea  enough  of 
these  generalizations.   If  V„,=0,  the  solution  ia  airaply  a'fiy^x) 
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+  i8*  Y^i  (y -f  jt) -i- .  .  .  . ,  and  tiie  case  of  /  roots  equal  to  a  gives 

{f(y+j^)+^%Q/+^)+*'**+^fixiy^^)\  for  the  contribu- 
tion of  these  roots ;  y/,  y„  Ac.  being  trbitrary  functions. 

(133.)  An  equation  of  mixed  ilifTerences  is  one  in  which  opentions 
of  dilierences  and  differentials  both  occur.   For  e^tampk,  let 

or  A  (D,-«FO-*  V,.  ^  +  B  (D.-^^E.,)-»  V,,  ,-f. . . . 

in  which  CD.-aE,r'  V,.,=r"^/<i2.r^^  V,,^  &c. : 

each  of  these  is  a  complicated  form  of  the  element  of  the  solution 
required.   In  the  first  side  we  easUy  see/£ir,V,,,+a(/(lr)*.V.,,^i 

•f  a^(/<ir)*V,,y^i+          The  second  sidle  shows  how  to  obtain  &e 

same  without  repeated  integratioBS.  We  have 

v.,  V,,   flUfY,^  jf+i-i — J-  y,,  ,+t+  •  • . . 

Integrate  this  with  respect  to  9^  giving  say  W,,,,  Ihen  W,.y+a7W«,^i 

+ . . .  •  is  the  development  of  (D,— aE^)~*  V,.  ^  Now  invert  the  older 
of  the  processes,  and  let  a,  )8,  &c.  be  the  roots  of  o^c'  +  fli  .... 
—0.  We  have  then  (neither  &c.,  nor  A,  B,  &c.  being  the  same 
as  before) 

iH,t<,,,?=A  (E,-.aD,)-»  V,,  ,+B  (E,-)8D,r'  V,, ,+ . . . . 

in  which  it  must  be  remembered  that  IHT'  nnd  i^J^  are  not  convertible 
operations.  If  V,,  ,=0,  the  preceding  hccomea 

Now  Dr^O  is  T/^o  y  +  J^yiy+  ....  4--i*"'  V".,-i  ?/  operation 
no  term  higViiT  than  :c^'wiU  appear,  except  m  the  arintrary  fuiicUon  of 
X  which,  so  far  as  solution  of  the  equation  is  concenied,  may  he  added  : 
hence  '^i^l  make  all  disajipear  except  what  arises   from  this 

function.  "Hence  tiie  preceding  is      D*'^  Y'j,  so  that  the  aolutiaii  is 

+ar-«  Dr*  yi «+  

If  there  be  I  roots  equal  to  a,  the  corresponding  part  of  the  solution 
may  be  found,  as  before,  from  a  set  of  fractions  made  by  giving  k  all 
values  from  I  to  /,  both  inclusive,  in  the  following, 

(E^-«D.)-*  V,.  ,=0?'-*  Dr'     ,) ; 

which,  when  V^,=0,  is  ar*DJ-*Aj»(<r-»D7''0).  As  before,  IK'O 
contains     \  so  that  nothing  above  will  appear  in  the  result  of 

the  o]  cration  and  this  will  be  destroyed  by  the  subsequent  opera- 
tion JL>i'*^.    AH  then  that  is  left  fifter  A^*,  to  any  effective  purpose,  is 

&*-*  I>*"*  (00  r  +  0 ,  J  .  T/  -f  +  9*  -I  * . the  arbitrary  fuiictiooa 

being  iutioduccd  in  the  summatiou. 
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For  instance,  let  a'D'i/,,  ^  —  2'yD,ii*,,4.i  +  tt,-,4f=0,  or  u^js: 
(Ey*aD«)~*.0.   The  solotion  thea  ia 

This  is  thus  verified :  aubstitation  gives  for  the  first  side  of  the  equation 

a'         x+ <;6r  X  .y)  -  2«*  Dj;  x  (y + 1 ) )  +  u''  x  (y +2)) 

=0*1)2  {^4fa—2+l)+^,x(y-2y-2+y+2)}=:0. 

(134.)  The  same  procegses  may  sometimes  be  applied  when  the 
equations  are  not  homogeneous  with  respect  to  the  indices  uf  u^^  ^.  For 
example,  let  us  take  the  equation  ^1  u,,  y=a*^*  u,,  ^  or 

We  must  first  investigate  (A,-a^,)-'0,  or  {E,- (l  +  a*:^J}-*.0. 
This  is 

(l+aA.)»-»i^-^  Ul+«^')"'0).  or      {E.-6}*-iV'  {«~*<Ei»-«*"*0}, 
where  6=  I  —a"*.  Now 

a-»      -  6)-*  0= a-»  6-»      0=  6'  (P.+ i*i  *  + . .  • .  +  P,-i 

P«,  &C.  bein((  arbitrary  functions  of  y.  The  operation  Aj*  performed  on 
this  merely  alters  the  arbitrary  functions,  and  does  not  contain  any 
power  of  X  above  r"^*;  but  it  introduces  an  arbitrary  function  of  r,  i^x. 
If  we  nt)W  ])crt()rm  upon  this  result  the  operation  (E, — hy'~\  or 
^y-i  ^-r^  all  vanishcs  except  w  hat  is  given  by  the  arbitrary 
function  V'x,  so  that  the  final  result  is  i*^*^^^' AJT'  V'x,  on  which  it 
may  easily  he  shown  that  the  final  operation  '(SoA.)"'  haa  no  effect 
except  a  change  of  the  arbitrary  function.  Another  simple  change  will 
reduce  the  result  to  (a  — 1)^(1 — a~')' Afyx,  which  is  one  term  of  u,,g^ 
Tlie  other  is  jjnt  by  fimi  ly  chnn'/itig  the  sign  of  and  taking  a  new 
arbitrary  function,  and  tlie  result  is 

,=(a-l)'  (!-.«-»>•  A5^*+(- \y  (a+ 1)»  (1  AJ  x^, 

ill  which  we  may  interchange  x  and  y  when  we  interchange  a  and  a"^ 
To  verify  one  of  these  solutions,  say  the  first,  we  have 

A;«,,,=  (l-a-0'  {(a-l)»+«  Ar"-a  (a-iy+»  Ar^+Ca-l/i^}  t» 

=:  (<f-  ly  (I  -<r {(«-!)•  A;**— 2  (a- 1)  A^ ' + A? } 
•■A*tt.,,=fl«  (a-iy  {(l-d-O'^'AJV  (J^+2)-2  (l-a-*y*»AJVr(*+l) 

=:(a-l)''  (1-a-')'  {(a— !)•  (A*+2Ar'  +  Ar*)-2a(a-l)(A:+Ar') 

H-a«A*)  fx 

=  (l-a-y  {(fl-l)*Ar*-{2a(a-I)-2(a-l)«}  A^*  ; 

+  (a-l-a)*Aj}yj;; 
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whence  it  it  readily  shown  that  the  two  sides  of  the  eqiiatioii  are 

identical.  The  preceding  appears  to  fail  when  a  =  l  ;  hut  if  we  return 
to  the  process,  the  atep  which  is  first  affected  by  the  supposition  of 
a=:l»  or  6=0,  is 

a»-«  (E.-^)"-'  A7'  {a'^  (E,-6)-*.  0},  which  becomes  Er*  ^r*  •<> ; 

or  Er'yjP,  or  ^(jr+y— 1),  or  f  Cr  +  y)»'^Wch  is  r.nt  aflfected  by  the 
final  operation  A7'.    Hence  1>*'2"^*^X*  "  ^  com- 

plete solution  of  Al  t#,,  y= Av  r 

(135.)  UtA}ii„^|trA;t/^,„«orii,.,=|^  -|^|  '.0 

(E,-E,r » y  (J- y )  =  Er'  A7'E,-*  yff  (r-y) 

(E^- E.)-'  0=:JBr*      B"*  0=tsj  («+y— 1). 

Hence  the  solution  ia  of  the  form  ^  (0;+^)+^      y)>  ^  and  being 
aibitraiy. 

(136«)  Among  other  results  of  the  preceding  theory  may  be  noted  tbe 
ease  with  which  the  intermediate  diff.  equations  or  equatioiia  of  diffeiw 

ences  may  be  found.  Thus,  if  a»  w  +  a,_i  D?~' m+ . . . .  =:V,  or 
a«  (1),  — '/)  (D,— . .  .w=V,  the  equntions  of  the  (n — l)th  order  are 

a„  (1),        (1),  —  y).  . .  .t/=(D.-«)-'     a„  (D.  -  «)  (D,  -  y)  u 

=  /J)"' I/,  &c.  Those  of  the  order  n  — 2  are  a,(D, — y)....u 
:=(D, — a)~'  (D*— /3)~'  V,  &c.  I  do  not  however  consider  it  desirable 
to  enter  more  in  detail  upon  a  method  which  haa  not  yet  advanced  bejpond 
its  elements,  though  I  fully  agree  with  those  who  have  considered  it  as 
one  which  is  likely  to  proye  a  very  poweHul  instrument  in  analyaia. 

(137.)  In  the  equations  preceding,  it  has  been  required  that  th^ 

should  be  satisfied  for  one  valnc  only  of  Ar,  which  has  been  taken  =1. 
If  we  had  proposed  sucli  an  equation  as  Ug^^r — 1^     — Qx'  <3kr  being 
iui) thing  whatsoever,  it  would  have  been  eqnivakni  to  requinnic  that 
should  l>e  diircrcnt  ironi  u^^  and  yet  nut  a  fuucliou  of        whtch  is 

absurd.  The  last  equation  could  only  ne  satisfied  on  the  auppositioii  that 
P«  and     are  given  functions  of  Ax,  and  then  only  in  particular  cases. 

Kevertheless,  when  such  anequationdoes  occur,  it  may  sometimes  be  re- 
duced immediately  to  n  common  ditl.  equ.  Suppose,  for  example,/(T,  Ax,  t/, 
u'y  u'\  &c.,  Af/,  Au',  A?/",  &r  )  — 0  is  t  o  he  tnie  for  all  values  of  Ar;  t/', 
&c.  being,  as  usual,  the  dill.  co.  ul  u.  Take  any  given  value  of  j, 
and  let  t/<„  v\,  &c.  be  the  corresponding  values  of  t/,  u',  &c.  Then,  x 
passing  from  j„  to  x  through  the  difference  x — J"©,  we  have 

Form  a  new  diC  cou.  by  elimination  of  '^01  m  &c.,  and  we  have 
a  .'general  equation  belonging  to  the  class  of  curves  in  question,  in- 
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dependent  of  the  ])articiilar  values  of  a©,  ?/o,  &c. ;  and  the  cln?s  oi  i  iirves 
which  haa  Lhc  required  proper^,  expreuBed  by  ^=0,  is  tiiat  repre- 
tented  by  the  general  integral  of  the  equatbti  laat  obtained.  Or,  if  the 
equatioB  (A)  bis  integrated,  the  chui  of  ciirvea  required  ezists  when  the 
ooDttanti  introduced  by  integration  have  the  effect  of  rendering  it  in- 
different  what  value  <t  is  made  to  begin  with  in  verifying  the  origioel 
equation  f(  f".  i^  r,  ili:c.)  =  0. 

Fur  iijfcUute,  having  given  a  point  S,  required  a  curve  such  that  if  any 
two  pointa  V  and  Q  be  tuLeu  (the  reader  can  easily  construct  tiic 
figure)  the  tangents  at  which  meet  in  T,  the  line  ST  biiecto  the  angle 
PSQ.  Let  AS  be  ^  Ime  from  which  0  ie  measured,  ASPs0, 
ASQ=re  +  AO,  SP=r.  SQ=r+Ar.  Produce  TP  to  Z,  and  as  in 
Chapter  XIV.,  let  SPZ=/i,  then  SQT=;i+A/i.  £quAte  the  two  values 
of  TS  ill  the  triangles  SPT,  SQT,  and  we  have 

rwufi      _(r+Ar)8in  (/i+A/i)     /r+Ar  =  rA 
sin        4A0)  ~  8in(/i  +  A/i  +  iA6>)  V^+A/irr/iJ 

Ar  tan/i  tan  ^^cot  AOsr  tan  /«+ ^nu  /ii* 

For  r  write  1 :  u,  and  remember  tan  fx^rdB  idrs^ti:      which  gives 

~cotjAe=-^l- AMCOtiA0=2tt'+AM\ 
ITt  tanfii  taufi 

an  equation  of  ditierences  which  is  to  he  universally  satisfied  ;  that  is, 
for  ail  vaiue»  of  A^y.    The  tirst  fouud  dill.  e4U.  (A)  then  becomes 

(«-uJ  €01^^=^^+  a;  (A). 

Dittcrcntiate,  multiply  liv  2  sm'^  (0  —  0^)  ;  differentiate  aiiaiii,  mul  diviflo 
by  28in' (0 — Op),  and  ihe  result  will  he  7/"'4-m'=0,  or  u  4-//  =  t  uiusL. 
the  equation  of  tlie  conic  sections.  Every  conic  section,  iherelore,  lias 
one  position  of  SP,  for  which  every  position  of  SQ  has  the  required  pro- 
perty. But,  more  than  this,  verification  will  show  that  the  equation  of 
differences  is  satisfied  by  every  position  of  SP.  Take  the  complete 
inte^^ml  u=^a  +6  cos  (d+c),  and  substitute  in  the  equation  of  differences, 
which  gives 

b  {oos  iB-^AB+c)  -cos  (O-hc)}  cot  |  A6 
=r  — 6sin  (e+c)— 6  sin  (6+ A^+c), 

an  equation  which  is  easily  proved  identicaU  It  would  do  equally  well 

to  integrate  the  equation  (A)  directly. 

As  nnothcr  example,  it  is  required  to  find  the  curve  in  which  the 
ordinate  lei  fall  from  the  intersection  of  two  taiif^ents  is  cfiually  distant 
from  tlie  urdinates  of  tlie  points  of  contact.  The  general  et^uatiou  and 
the  equation  (A)  here  become 

(2y'+Ay')A«s=:2Ay,  and  (y'+y'^  (*-«i)s=2(y-yj5 

the  latter  of  which,  all  constants  being  eliminated,  g^ves  the  diff.  cqu. 
y^sO,  or  2/=Ci^+C|«-fCa:  integrated  directly,  it  gives  y=C  (x-rj* 
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4'yo(-^— ^o)"^y<"  in  which  Vo  ^^^^  l/o  come  out  as  they  are  defined; 
namely,  the  values  of  y  uiui  y'  when  x=jro.  The  general  equation  is 
satisfied,  and  the  property  is  that  of  any  paiabola  whose  axis  is  parallel 
to  that  of  y.  But  we  may  easily  imagine  it  possible  that  such  a  pro- 
perty might  be  given  that  yo,  y'o,  &c.,  being  defined  as  above  in  mean- 
ing, the  integral  of  the  differential  equaticm  (A)  does  not  allow  them  to 
have  that  nieanircr.  In  such  a  case  the  property  is  self-contradictory. 
Again,  the  pro])tniy  given  may  be  true  if  one  fixed  abscissa  and 
ordinate  be  started  from,  but  not  true  if  the  starting  point  be  changed  : 
in  such  a  case  the  integral  of  (A)  gives  the  curve  required,  but  the 
general  equation  of  diffnenees  cannot  be  trae  cioept  in  a  paiticidar 
case. 

For  instance,  let  the  equation  of  differences  be  ^y+xAj/ssh ;  the 
di£  equ.  (A)  is  y— y»+'f  (y''*y'*)=:A>  of  which  the  integnl  is 

which  for        gives  y =yo+J'o  3/0+*+ Cr^,  whence  C«-e(jpy 
Again,  y'ss—Cr^  whence  Sf^«=— Cf*^*4P»s5(4fty#+A):  r„  or 

we  must  have  A=:0.    This  last  condition,  it  now  appeals,  is  necessary 

to  the  Bp1f-rnTi?i5trnrr  of  the  proprrtv  wliich  the  curve  is  required  to 
have.  It  then  there  be  any  curve  which  salishes  the  condition 
Ay4-xAy'=0,  it  is 

y =yo  +  x«  y'o  Cl  — «  "^). 

Try  this  on  AyH-xAy'=0,  and  it  will  be  found  to  satisfy  the  conditions 
only  when  the  differences  hegin  with  the  point  (j^o-^/o),  un1f'?'«  ?/  —0. 
The  property  announced  cannot  then  belong  to  any  two  pomts  ot  any 
curve.    This  may  be  proved  independently,  fur  if  (j^i»ifi),  &C. 

be  a  succession  of  points,  the  equation  gives 

yi— y+*  (y'l- j')=o»  yi-y+«  (y't-y')=o»  jk— (y's-y',)=o 

fiwm  the  first  and  second  of  which  we  deduce  yc  (y  t-y\)=0, 

which  is  inconsistent  with  the  third,  unless  y  be  a  constant,  which 
does  not  satisfy  A^+J^^y'^O,  unless  y  be  a  constant.   The  last 
,  equation,  then,  required  to  be  generally  true,  is  equivalent  to  Aye=0. 

(138.)  Any  such  equation  us  the  preceding  might  have  an  infinite 
number  of  solutions  given  to  it  of  a  diEcuniluuous  character,  and  for  one 

given  value  of  Aj,  as  follows.  To  take  a  simple  instance,  suppose 
Ay'=0  (x,y,  Ar,  Ay)  is  the  equation.  Assume  a  value  fnr  A  r.  and 
divide  it  into  n  parts,  so  that  n^x=Aj:,  and  is  very  bmail.  A&j-ume 
valuwi  iui  y,  and  j:^,  and  for  y,  or  y+ Ay ;  j,  or  jr+ At,  being  determined 
horn  A.V.  Join  the  points  (x^,  and  (x,,  y^)  by  any  curve,  and  calcu- 
lating Ay',  from  the  equation,  and  thence  y\  :  lay  down  a  straight  line  at 
('it  yi)  accordingly*  An  oidinate  to  this  line  at  the  abscissa  Xi  +  is 
a  new  point  in  the  curve,  gfiam  proxime.  Kepeat  the  process  witli  ilie 
point  (To-f  ^^r,,,  yo+ *.Vu)  ii"d  tliat  just  obtained,  and  to  un  until  tiic 
curve,  or  rather  representative  ]K'lyg<>n,  extends  over  tlic  ahscic^sa 
j-Q-{-2Ax;  af\cr  which  it  is  to  be  repeated  again  with  the  last  obtained 
portion  a»  a  ^uidp.  The  smaller  «v  is  made,  the  moie  netriy  will  a 
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curve  be  obtaiued  saU&fying  tlie  given  cqualiuu  of  diileieuceB.  This 
method  will  «d  in  the  foraiation  of  a  complete  eoDception  of  the  poaBi* 
InUty  of  aatkfying  any  such  equation,  fot  any  Wi9  wife  of  Ax.  And 
the  same  method  will  not  only  apply  to  ordinary  diff.  equ.»  but  will 

furnish  a  stronj^  presnmptiou  that  no  more  constants  can  enter  than 
there  arc  units  in  the  order  of  the  equation  :  as  follows  ; 

Suppose  the  diff.  ciiu.  to  be  //'"=<^  (y '^y,  y»  j),  and  proceed  to  con- 
sider A'y=(Ai,')'^  C-^  yi  ^>  which  it  is  the  limit.  Take 
Ax  very  smalU  and  any  orduiates  y^Vxt  y*y  pleasure,  to  the  abacissse 
x««  dr«+ Ax,^,>f-2Ajp.  Having  thus  given  ^o,  Ay«,  and  A*  jfo,  calcuhUe 
A^y«  from  the  equation,  whence  y,,  the  ordinate  to  theabaciiea  j-o  +  3Ax, 
is  obtained.  With  y„  y^,  f/,.  and  A'  y,  from  the  equation,  calculate  y„ 
and  so  on.  We  have  thus  a  polvuun  by  joininp:  the  several  points 
obtained  each  to  the  next:  the  coordinates  of  the  angular  points  of  tlie 
polygon  balis^fy  the  equation  of  ditiereuces,  and  the  smaller  Ar  ib  taken, 
the  more  nearly  does  the  polygon  become  a  carre  which  satishes  the 
diff.  equ. 

Through  the  three  points  thus  assumed  only  one  curve  can  be  drawn, 
as  is  evidently  pointed  out  in  the  course  of  the  method:  as  also  that  the 
manner  of  choosing  y©,  Ayo>  ai^d  A* y©  as  tlie  limit  is  approached  deter- 
mines yo,  y'o)  and  y'V  Ht  nce  for  one  value  of  yo,  y'o,  ami  7//',  only  one 
limiting  curve  can  be  obiaiucd,  from  whence  it  may  be  presumed  that 
only  three  constants  can  enter  the  solution  of  the  diff.  equ.  The  diff. 
equ.  can  only  have  such  solutions  as  are  limits  of  those  of  the  equation 
of  differences.  I  call  this  only  a  strong  presumption,  for  reasons  which 
I  will  leave  to  the  student,  who  wiU  find  them  on  close  examination. 

(139.)  In  all  the  preceding  equations,  the  coeflScients  employed  have 
been  continuous  functions,  though  such  continuity  is  not  necessary,  in  the 
manner  in  they  have  been  used.    If,  fur  instance,  we  suppose  x 

an  integer,  and  propose  the  equation  «,+>4- Jw^+i+'r'w,  + j*=0,  it  is 
evidently  not  necessary  that  the  functions  of «  should  preserve  the  same 
form  when  x  is  fractional,  since  the  equation,  its  solution,  and  the  pro- 
cess of  verification,  are  all  wholly  free  from  the  consideration  of  sueh 
values.  But  it  is  not  even  necessary  that  the  coefficients  should  preserve 
one  form  when  x  is  integer,  and  results  may  be  obtained  in  a  finite  form 
when  they  circulate*  through  any  number  of  different  forms  as  x 
changes  its  values.  For  example,  let  — P,  w,=Q.ri  where  P,  is  the 
constant  a  or  6,  according  as  x  is  even  or  odd,  and  Q«  is  a'  or  6',  accord- 
ing as  2  js  even  or  odd.  Hence 

P-=50+(-l)')+^(i-(-i)'), 
Q.=-|^(i+(-i)')+|'  : 

and  the  method  in  §  (106.)  might  be  applied  without  much  difficulty. 
But  the  procfj^s  will  he  facilitated  by  assuming  ii^=r, +  tr,  (—1)',  and, 
after  substitution,  equating  the  )mrt8  which  are  independent  of  (  — 1)', 
and  also  the  coetiicients  of  those  which  depend  upon  it.    We  have  then 

*  Sir  J.  HsMchftl,  Exavi|4f s    the  Cakulus  of  Fmlte  Difificncss,  aeetion  sL 
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Ab  an  example  of  the  eecoud  method  in  §  (116.),  change  s  into  x+l> 
giving  a  thifd  and  fourth  eqvAtioii:  mnlttply  the  second  and  third 
Beveially  by  X«  and  /i>  and  add  the  first,  second,  aod  third,  making 
(a+6>X+a*6sO,  M»0.  We  thus  get  the  first  of  the 

^owiag  equatim,  and  by  siiiular  processes  the  second* 

v^-akv,^i +0'+*'),  fo.+.-ii5».=i iofb^ab^-af^i^ 
= i  (a'6 + oZ/ + a' + ( 1  - + a' (K, + (-1 )') 
M?, = i  (a'6-a6'-a' + 6')  (I  -ab)-'  +  «'  ( U  +  L,  (  - 1 )'). 

«  being  ijiflb).  Hence 

2(l-«*)  ^«  (M.+M,(-in 

M,  Jtiul  M,  denoting  arliitrnry  constante.  Ouc  relation  between  Mi  and 
Mj  mvist  be  cxj)oclcd,  since  tlic  original  equation  is  only  of  the  first 
order ;  this  will  )>c  bccii  m  uitempling  to  veiily  the  equation.  The 
preceding  value  ofu,  gives 

o!b  -4"  6' 

(jT  even)  u,=         +    (M^  +  M,) ; 

(X  odd)  ti,= jl^^'+a  (M.-MJ  ; 

ab'+a' 

(«  even)  tt,+i — P, •    (Mi— M  J 

—a  ^_^— oa'  (M|+ M,) 
^af-^a'  (M|  a— M,  a— M,  «— Mt  a) 
(*  odd)  «,+,-P.u.=^^+ar+'(Mi+lf,) 

_6f^'*'^--6g-(M.-M«) 
1  —  ao 

=:6'+a'(M,  a-M,  6+M,a+M,6). 

Substitute  for  «  its  value  \f(nh),  and  tlie  muUi])licrs  of  «'  have  the 
common  factor  Mi{^a+iJb)-^Mi{^a'- fjh).  The  value  ofw^,  ihcn, 
completely  satisfies  the  conditions,  and  has  one  constant  atbitrary,  if 

M,  (Va+V^)+M,(V»- 

(140.)  To  generalize  the  ])rcceding  method,  let  m,  stiind  for  a  function 
of  X  which  is  —  1  when  x—O,  m,  or  a  multiple  of  m,  and  wliich  vanishes 
in  every  other  case.    If  «,  be  the  m  mi\i  roots  of  1,  such  a 

funcUoa  is  seen  in  the  mth  part  of  a'  +  )8'+ •  •  . .  If,  then,  we  take 
Co    + Ci      + C,m,^+ . . , ,  +  C^,  m,_^+„  we  have  a  function  which 
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is  Co,  C„.  . .  .C^_j,  ftccordint;  as  x-.m  leaves  a  remainder  0,1,...., 
m  —  1.  This  has  been  termed  by  Sir  J.  ilerschel  a  circuluUng  luiicLion 
of  the  mth  flvder.  If  Q^^  &c*  be  eticiilating  functioiis  of  thit  kind, 
we  hm,  for  all  Mto^  tahiee  of  x  (the  reader  mast  be  caid^  not  to 
generalize  thia  equation) 

/(P„  a, . . . .  )=/(l\,  Q, . . . . ) .       (P.,  Q, , . . . )        . . . . ; 

for  /(P„  Qr* . . .)  is  itself  a  circulating  function  which  goea  through  the 
cycle  of  values /(Po,   ), /(Pi,Qi  •••.)»  ^c. 

Circuialing  functions  may  be  doubled,  trebled,  &Q.  in  order,  by 
assuming  new  circulating  functions  witii  doubled,  trebled,  &c.  cycles  of 
valiiea.  Thus  a3,+fr3^i+c3^  is  altogether  identical  with  a6«+&6^i 
4'06b^<f«Oii^+6^,.^+e6«^.  A  aimple  proeaaa  will  rednee  the  aohi- 
tion  of  any  equation  vhoae  coefficienta  circulate  to  that  of  a  set  of 
ordinary  equationa,  aa  follows. 

Let  «^(m„  M,+„. ..  .P^,  Q,. ..  O  —  O,  where  P,,  Q„  Sec.  are  cirnila- 
tors  of  the  pth,  9th,  &c.  orders,  ileduce  them  all  to  circulators  of  the 
same  order,  namely,  that  of  the  least  common  multiple  of  p,  7,  &c.,  say 
m.  Assume  u«  to  be  a  circulator  of  the  mth  order,  m,+*^  wi,_i  +  . . . 
Then 

0(m„..  .P^.  ..)=^(''«*#i <,,..P|...)»»*-l+.» 

Determine  r.,     •  •  by  the  m  aimultaneoua  equations  <^  (r, . . .  P^ . .  . 

0  (f,. .  .Pj. .  conditions  are  completely  satisfied,  or  may 

be  satisfied  by  assuming  relations  enough  to  reduce  supernumerary  con- 
stants. Thus,  suppose  ?^x4i+P*w,+i+Q  »''  +  R,=0,  where  is  a 
circulator  of  the  second  order  (a„  6„  i/,,  vJcc.j,  Q,  also  of  the  second 
order  (a'„6'„&c.),  and  R,  of  the  third  order  (a'',,6"„c"„  &c.) 
Reduce  these  to  circulators  of  the  sixth  order,  and  assume  one  of  the 
sixth  Older  C'  /  ^,  t^VsW^ y.)  for  u,.  We  have  then  six  equations  derived 
from  (r,+,6,+,  +  +  / 

+  ts+t  r + 1-, -.1  6,_,+ + ,  fi. _3  +  Vs  +1 6,_4  \  +  (a\  (h  +  h',  6,  ,  +  a\  6,_, 

remembering  that  6,4t=s6,^  and  6«.|.iS=6s^. 
-   These  equations  are 

The  actual  solution  of  this  problem  would  require  us  to  change  x 
successively  into  +  •  •  •»  up  to  j+  10,  which  would  give 66  equations 
between  65  quantities  besides  r,4i«»r«^M*  The  elimination  of 

the  65  other  quantities  would  give  a  final  equation  to  determine  r, :  the 

equation  for  «,  would  be  found  by  chaiurinG:  r,  into  s,^  a,  into  A^,  a',  into 
h' &c.  As  a  more  simple  instance  let  us  take  the  problem  already 
solved  in  §  (139.)»  namely 

3.+i+«.+i  2,)-(a2,+62^)  (r,  2,+*,2^,)=a'  2.+y  2,.„ 

which  gives      — ar,=:a',  r,+i— 6*,=6',  or  {jjah  being  a) 
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Now  2.-iil'  +  (-l)'}.  2,_.=i{l'-'+(-l)-n  =  i{l-(-0'l, 
and  eubBtitution  ia  «»=rx2,+««9«^  %wtB  the  same  result  m  bdbre, 
superior  simplka^  of  this  process  arising  entiiely  from  using  a 
circulator  for  ^ 

(141.)  Required  the  sum  of  x  terms  of  the  series  (To  +  K'^c^+Oi-\-K 
+  r,4-&c.    This  is  obviously  Au,=P,,  where  P,  is  a  ^,,  />j  (,_,), 
(say  A,,  Bx,  or  C„)  according  as  *  is  of  the  form  3m,  3m+l,  or 
3m +  2.    We  have  then 

3,+i + #,^.1 3«+^«4i      — (r,  3, + Sg      + ^  Sj*^ 
=:A,3,  +  B,3,_,+a3,_, 

f  Let  If  ae^  A  be  the  three  cube  roota  of  unity,  A«4B,^i4-Q«^t=A«, 
Ac. 

for  it  is  evident  that  C,  (1)'  + C,  a' +  (3g)8' is  a  circulator.  The  three 
results  put  together  by  m,— 3,  +  5x3,_,+/,  3,_t  will  give  the  expres- 
sion required,  if  the  resulliug  circulator  derived  from  the  constaut?, 
fiuy  L3,+  M3^i+N3,_„  have  L=0,  M=fl^  N=ao+V  Let  the 
student  verify  this  in  some  instances. 

(142.)*  A  merchant  b^ias  with  £A  in  the  stochs  at  r  per  pound  per 
annum,  and  £B  in  trade*  which  returns  r'  per  pound  every  two  years* 
He  spends  £a  per  annum,  and  invests  half  the  returns  of  his  trade,  as 
they  ccnie  in,  in  the  increase  of  his  trading  capital,  funding  everything 
cl&e.  Wliat  lias  he  in  the  funds  and  in  liia  busmess  at  the  end  of  «r 
years? 

At  the  end  of  x  years  let  him  have  F«  in  the  funds  and  in  trade. 
Then,  if  x  be  even,  F,^i  is  (1+')F«— a,  since  the  business  makes  no 

return  at  the  end  of  the  yW-    But  if  «  be  odd«  F,^i  is 

a+r)F.-.a+ir'T.-», 

Again,  if  «  be  even,  T,+,s=T.,  but  if  x  be  odd,  T,+,=5T,+ JT,  r',  or 

Assume  T,=sV,  2«+ W,  2«.„  and  we  have 

*  HcmfaeU  EssBDpleii  ftc^p.  161. 
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v,+,=(n-iy)v, 

(VC1  +  40=pO.  V,=p'4C|+C.C-iy},  W.=:p"-»{C»+C(-l)'-»). 

There  is  only  one  eendifcioB  to  determine  two  constantB,  C,  and  C«» 
namely,  that  V,sB  when  «=:0.  But  in  the  ^aloe  of  these  two 
constants  are  reduced  to  one ;  for,  since 

{C +C,(-l)'}{l  +  (-l)'}=;(C»+C,){I  +  (-l)'} 
T.=V,2.+W.2^.5r(j/*2,+p'-»2^,)  fCg+O, 

ami  C\  +  C,=  B.    From  this  we  have  {\  +  r=p) 

F.+i=pF.-a+4r'  2^  B  2.), 
or  F,+,-pP.e=+ir'Bp^'^>  2,-,-a. 

Let  F,=G,2,4-H.2,^;  then,  a  being  a2,4-a2^,  we  have,  Jr'B 
being  denoted  by  B,, 

G^-p«  G,a=B,        (1 + p) 


And  mO  gives  G.2.+H,2^=--^ +-~+K+KS  which  is  A, 

p~l  p'-p« 

wliujjce 


F.=Ap--«t_ +B.  Ji:^  2.+ B.  p  P-^^  2^.. 

(143.)  There  are  TSiious  equations  of  differences  which  are  sug- 
gested by  their  solutions,  and  for  which  no  direct  in? ene  method  can  be 

given.  For  example,  w,+i=2?/! — 1.  I^t  w,=cosr,  tlien  cos?'^^, 
=rco8  2y,,  or  v,+,=2t',-f2mT,  m  being  any  positive  or  negative  integer. 
Hence  r,=2'.Ci  — 2?nir,  or  w,=:cos  (C,  2').  But  we  may  also  take 
»,+,=2mir--2«?^  which  give8u,=  (  — 2>  Ci  +  Jmir,  or  w,=:co8  {Ci(— 2)' 
+ jmirj.  Here  are  two  distinct  solutions,  showing  that  the  ordinal 
iheoiy  IS  insufficient,  for  each  has  an  arbitrary  constant,  which  may  lie 
converted  into  an  arbitrary  function  of  the  form  /(cos  2vx) .  And,  Jf 
being  an  integer^  there  is  an  infinite  number  of  other  §duti(His,  for  since 
m  need  only  be  integer,  we  in ny  write  ffoX"+aiJP'*~'  +  ...  for  it, 
where  Oq,  <7ij  &c.  are  whole  numbers,  as  also  n. 

Let  w«  M,^i— («,+! — wj  +  l=0.  Assume  =  tanu,,  and  we 
have 

tan  ^,zscc^\        2.  (tan~'  + 
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Let  -2~^=f'x,jr^»^'.»'  This  eqnatioii  is  satisfied  by 

(144.)  Such  instances  are  not  without  their  use,  since  they  serve  to 
show  that  the  sohitions  of  moft  equations  arc  imnllainable  for  wan*^  of 
means  of  expression.  Until,  for  exam])le,  we  have  a  perfect  comi  ':<  - 
heuiiun  of  fractional  diff.  co.,  the  last  cquatiou  is  uuiiitelligible  exctpc 
when  y  is  integer.  The  couver&e,  however,  is  not  to  be  assumed ;  that 
is,  it  is  not  to  be  concluded  thAt  when  an  equation  is  integrated  in  an 
unintelligible  mode,  or  by  a  formula  which  cannot  be  interpreted,  that 
therelore  no  other  mode  is  assignable.  Fur  example,  the  complete 
inte^nl  of  v^v^y—v^u^^  has  been  shown  to  be  '^4'^t\,  wlierc  qy.T  means 
llic  operation  0  performed  y  times  following  on  x,  and  is  f  r  the  niost 
])art  uniiiilellitrible,  excc}>t  when  y  isint^cr;  so  that  Xh.Q  [  rocias  of  the 
dill",  cc^u.  cuuuot  be  performed.  But,  uotwitliataiiduig  tliis,  {xsx — y) 
is  the  oomj^lete  integral,  when  x  and  w  are  any  functions  wlkatem. 

(145.)  In  the  preceding  equations,  and  wherCTer  or  A,  is  used,  it 
should  be  remembered  that «  is  not  a  symbol  of  value,  but  of  distinctioD. 

Thus  if  A,yr;F,  which  is  a  function  of  x,  must  have  x  changed  into  ,i -k- 1, 

it  is  needless  to  write  Y'C-i'+l)!  and  A,  "^(x+l)  will  be  sviflficient. 
Hoth  arc  in  fact  the  pame,  since  fx  differnieed  or  differentiated  with 
rcijpeci  to  a  gives  the  same  result  as  when  the  same  operation  is 
performed  with  respect  to  x. 
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(Page  68.)  Tlic  fundamental  theorem  admits  ot  a  proof  which,  though 
le^  elementary  than  the  one  in  the  text,  is  not  so  complicated.  Grant- 
ing thtt  a  diff.  CO.  is  positive  or  nrntive,  accoiding  as  the  ftmetion  and 
the  variable  alter  iu  the  same  or  dirorent  directions,  as  seen  in  page  132, 
let  C  and  be  the  greatest  and  least  values  taken  hy  :  y^x  in  the 
interval  from  x=ia  to  +  Hence  tf}'x :  ^'j?  -C  and  (f)'x :  t//'r— c 
are  of  different  signs  thronghoiit  the  whole  interval,  whence,  "^x  retain- 
ing one  sigii,  by  hypothpfi",  (p'x  —  Cf'x  and  (p'x  —  c^x  are  also  of 
different  signs.  From  this  li  follows,  that  of  <^x — C^J?  and  ^jr  — c^x 
one  must  continnally  increase,  and  the  other  continually  decrease,  firom 
jrssa  to  jfsa+A :  that  is, 

and  ^  (a+ A)^^-  e     (a+A)  — ya) 

mnst  have  diffeient  signs.  Divide  both  by  Yr(a+A)  -  V^,  and  the 
same  thing  remains  true :  this  is  the  fondamental  part  of  the  theoran 
in  the  text. 

(Page  103  )  The  language  and  notions  of  infinitesimals  may  lierc  be 
used,  as  is  sliDwn  by  the  result.  We  have  /j.c/j-,  where  «resy(,  and 
cLt=>lf't.dt,  whence yyr^.Y^^.di  is  to  be  inUi^iated. 

(Pfge  103-168.)  I  have  thrmiffhout  this  wurlc  made  free  use  of  what 
used  to  be  called  the  separation  of  the  symbols  of  operation  and  quantity, 
under  the  name  of  the  calcvlvs  of  operations.  The  student  ^ho 
wislies  really  to  understand  algt^bra  nuist  make  himself  acquainted  with 
what  has  been  done  of  late  years  iu  the  gcneralizatiuu  of  that  science, 
ader  which  the  calculus  of  operations  will  cease  to  present  any  other 
difficult  than  that  of  the  differential  calculus  in  general*  The  state- 
ment of  principles  partially  laid  down  in  psge  164  may  be  completed  as 
follows. 

In  any  science  which  proceeds  by  rules,  these  rules  may  be  collected 
and  separately  taught.  They  depend  upon  the  meanings  cf  the  symbols 
employed;  that  is  to  say,  the  meanings  of  symbols  being  given,  the 
rules  for  the  use  of  those  symbols  may  be  investigated.  But  Uiere  is  an 
inverse  question:  having  given  a  set  of  rules,  derived  from  one  particu- 
lar set  of  meanings,  is  this  the  only  set  of  meanings  fiom  which  tliat 
set  of  rules  would  follow  ?  The  answer  is  by  no  means  in  the  affirm* 
fttive :  *  A  gives  B,  therefore  B,  when  it  comes,  must  come  from  A*  is 
not  good  logic.  Now  algebruy  in  its  most  general  sense,  is  ovcry 
science  winch  proceeds  by  the  fundamental  rules  of  general  aritiunclic, 
whether  the  meaniuga  of  its  symbols  be  those  of  general  arithmetic  or 
not  Tedlnicdin/e^e^raisthe  art  (only  an  art,  not  a  science)  of  apply- 
ing those  rules  to  symbols^  without  fewrence  to  their  meaning :  hgieal 
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algebra  is  nny  science  in  which  those  rules  are  used  with  any  of  the 

meanings  which  are  nllnwablc. 

The  t'^chmrnl  drJinHion  of  a  sjmbol  is  contained  in  the  rules  which 
are  laid  down  for  iis  use ;  the  logical  definition^  or  esplanattonf  pre- 
cedes the  branch  of  logical  algebra  in  which  the  i}'mhol  is  used.  But 
when,  some  symbols  having  been  explained,  and  it  being  understood 
that  all  explanations  are  to  be  so  given  that  the  rules  of  general  arith- 
mfeHc  shall  be  applicable,  we  wait  until  results  shall  indicate  the  mean- 
ings of  the  rest,  the  process  of  findini^  such  mcaninijs  is  interpn  tation* 

The  science  of  general  arilhnitiic,  tlie  rules  of  which  are  tiio';-  of 
every  algebra,  has  simple  number,  and  operations  upon  it,  for  ils  subject 
matter.  Its  symbols  of  quantity  arc  numbers  represented  by  letters, 
and  the  rules  are  as  follows : — 

1.  In  every  combination  of  +  and  — » like  signs  give  +  and  unlike 
signs  — . 

2.  Additions  and  subtractions  are  convertible  in  order;  thus 
fl+6=6-f-«,  and  a — 6  +  c=:a  +  c— 6. 

3.  Multiplications  and  divisions  are  convertible  in  order;  thus 
ax  6=6  X  a  and  flX6-7-c=:a-rc  x//. 

4.  Multiplications  and  divisions  may  be  distributed  over  additions 
•nd  subtractions:  thus  (6±e))(ass6xa±ex€i;  and  (6±c)-H> 

5.  The  rules  for  the  use  of  powers  are  a*y.a'—a'^'  and  (n^y  =  a''. 
To  these  rules  all  o])erations  may  be  reduced ;  though  some  may  be 

of  opinion  that  there  are  more,  and  bome  fewer.  This,  however,  docs 
not  matter  much  to  our  present  purpose  j  be  their  number  more  or 
fewer,  no  one  doubts  that  the  processes  of  arithmetic  are  reducible  to  a 
small  and  fixed  number  of  fimdamental  rules ;  and  any  one  may  add  to 
or  take  away  from  the  preceding,  as  he  thinks  necessary. 

Again,  the  rules  in  this  science,  ns  in  any  other,  are  to  he  understood 
as  applicable  only  to  intelligible  data.  Thus,  6—10  beiui!:  invntelli- 
giblc,  cannot  be  the  object  of  their  ap])licatiou.  The  signs  -j-  and  — 
meua  here  simple  addition  and  subtraction,  and  noiinug  else. 

In  the  next  a^  the  common  algebra  of  positive  and  negatiTC  quan- 
tities, we  consider  the  symbols  as  implying  numbers  representing 
quantities,  with  the  implied  addition  of  an  understanding  as  to  the  sense 
in  which  the  quantities  are  to  be  taken.  If  -f-a  represent  a  quantity  of 
one  sort»  —a  represents  one  of  the  some  magnitude,  but  of  a  directly 

*  This  process  seems  to  be  i^cuUar  to  matbematics :  to  go  on  ostug  a  word  or  a 
ngn  wtibout  any  knowledge  of  it,  except  that  H  is  a  word  or  a  sign,  to  be  used  m  a 

certain  way,  until  the  results  of  that  me  point  uut  the  meoniue  which  the  word  or 
gign  ought  to  have  had,  is  a  strange  idea  when  presented  for  tne  first  time.  But, 
nevertheless,  it  has  been  used  out  of  mathematics  :  in  logic,  for  example.  Wallis, 
the  fir«t  mathematician,  I  bollcve,  who  funnally  introduced  interpretation  into 
algebra,  had  previously  m.ide  \ise  of  it  in  luf;ic.  In  a  dispntatiuii,  '';it  F.nni  ;*:  •! 
Colk-ge,  Cambridge,  iu  Ib  il,}  whether  a  singular  proposition  u  to  be  held  umvcrkiil 
or  particular,  his  thesis  (printed  at  the  end  <^  hie  logic)  decides  the  question  bj 
interpretation,  as  fiillrnvs. 

A  singular  proposition,  nich  as  *  Virj^l  was  a  Roman,'  is  to  be  so  taken  that  the 
miee  of  logic  maj  be  applied  to  it.  Fvon  the  ]n  emteee '  Virgil  wee  a  Roman/  and 
'  Tlunier  was  not  a  Roman,'  it  certainly  follows  that  '  \'ir^il  was  not  Homer.*  Now 
if  tiie  two  premises  be  particular  propositions,  there  can  be  no  conclusion :  from 
'some  A*s  are  BV  and  'some  C's  ate  not  BV  nothing  can  be  inferred.  Con* 
8i  i|<i<  iitly  the  pren^tes  mtut  be  eonsidered  et  universal  propos  ;  i  s. 

Xhe  preceding  |ifoceet  asnran  preeisely  to  iaterpntatioa  in  algebra* 
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oppoBite  kind.    Aud  A+B  means  ihe  junctiou  of  quantities  equal  to  A 
and  B  in  magnitude,  and  of  the  same  kind  as  A  and  £,  while  A — B 
means  the  junction  of  A  and  the  magnitude  of  a  kind  ooQtraiy  to  B. 
The  third  species  of  algebra,  which  includes  the  form  of  the  greatest 

extent  in  which  the  symbols  represent  magnitudes,  rests  npon  geometri- 
cal definitions.  The  symbol?^  imply  lines,  in  wliirh  direction  as  well  as 
leneth  is  i^itriulied,  so  that  t\No  lines  whicli  are  in  diiiereut  direciions,  but 
oi  the  buiuc  length,  or  in  ihc  bume  direction,  with  dilferent  lengths,  are 
represented  by  Sstinct  symbols.  This  species  of  etplanatioiis  leaves  no 
•yrobol  unintelUgiUe ;  and  tJ^X  is  as  much  the  representative  of  a  line 
Off  one  unit  in  length,  inclined  at  a  right  angle  to  the  line  signified  by  1, 
as  —  1  IS  in  common  algebra  that  of  a  unit  of  Icngih  placed  opposite  to 
the  line  1.  I  do  not  propose  here  t«)  enter  upou  the  details  of  this 
algebra,*  intending  only  to  point  out  to  the  student  that  even  the 
algebra  ui  quanlilies  is  a  giaduai  asceut  from  one  geueralization  to 

another. 

But  the  symbols  are  not  necessarily  restricted  to  quantities ;  aa  long 
at  the  five  rules,  or  those  which  any  one  else  may  substitute  for  them, 

can  be  made  true  of  the  meanings,  those  meauings  may  be  any  what- 
ever. For  instance,  0vr,  a  function  of  .r,  may  be  the  subject  of  opera- 
tion, just  as  the  unit  is  that  of  ordinary  ariilunetic,  and  A,  B,  C,  &c. 
may  be  indications  of  operations  to  be  performed  on  0r.  As  yet,  the 
only  fundamental  species  of  operation  which  has  been  reduced  to  an 
algebra  of  operatums,  is  that  of  changing  x  into  a  being  a  con- 
stant. This  system  is  only  a  commencement,  and  many  of  its  results 
are  as  yet  incapable  of  interpretation ;  but,  as  in  the  history  of  the  old 
algebra,  the  results  are  always  found  to  be  true  whenever  they  are 
intelligible.    The  i  llowing  are  the  explanations  of  this  Fvstem. 

1.  The  subject  ot  operation,  answering  to  the  unit  of  aruiiiuetic,  is  any 
given  function  of  a  variable  x;  and  except  under  the  symbol  of  this 
function,  x  must  never  appear.  2.  The  other  symbols  employed  are 
those  of  operations  performed  upon  04^9  which  are  either  multiplication 
by  a  constant,  or  change  of  x  into  x+  a  constant,  or  some  combination 
of  these,  or  the  limit  tif  some  combination,  obtained  by  inereasincj  or 
decreasing  a  constant  without  limit.  3.  If  we  signify  <p(.r+l)  by 
E0-r,  or  agree  that  the  change  of  x  into  xi-l  shall  be  an  operation 
whose  symbol  is  E,  then  E"*0j  signifies  0(x+m)  for  all  integer  values 
of  m,  positive  or  negative.  4.  The  signs  -f  and  —  preserve  their  usual 
meanings :  thus  (E+  E*)  means  E^x+ E'  0r  or  <^  (r  4- 1)  +  0  (  r  -f  2), 
and  (3E— 4)  0j  means  30  («+ 1)— 4  0x,  &c.  On  Ihis  foundation  the 
truth  of  the  five  rulc«  is  easily  established,  and  many  results  imme- 
diately follow,  as  the  student  will  see  in  the  course  of  the  w*i,«rk. 

I  will  now  give  some  idea  of  the  difficulties  which  yet  einbarniss  this 
subject,  and  wiiich  uiay  sUind,  with  respect  to  this  algebra  of  operations, 
in  the  place  of  such  symbols  as      •!  in  the  old  algclira.  The  symbol 

£"0x  ia  tlie  re«ull  of  an  operation,  which,  repeated  n  times,  gives  £'^x 
or  0  (r+ 1).   One  such  operation  is  ^(  «-|-  -\  but  if  a  be  any  one  of 


•  Sec  the  Article*  Xegalire  and  ImpotttUe  Quanlilies  ami  Ui!,ilw!\  \\\  t!ip  Pen  ly 
CyclopiiMlia ;  Dr.  Peacock's  Alg^rs}  or  Mr.  Warr«q's  vo^k  on  the  memuog  of  im- 
poyiible  (puii(>tust 
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the  nth  roots  of  imity,     ^'''^^^  ^      operation  of  Bimilar  effect.  If 

bf  expiMt  conventkm  we  eidude  all  values  of  a  except  atal»  which  ii 

what  it  actually  donC)  we  may  produce  true  results  as  far  as  we  go,  but 
we  have  ascended  to  no  higher  place  in  the  calculus  of  opprntioTig  than 
that  which  commuu  arithmetic  holds  among  the  vaneiieit  of  algebra. 
We  cannot  yet  venture  upon  the  unrestricted  use  of  results  which  involTe 
fractional  exponents  of  operation. 

The  neit  difficulty  is  one  which  is  not  peeuliar  to  tkb  caloultiB.  Let 
us  suppose  that  from  and  after,  say  «srO,  we  have  a  sttccessionof  Taloea 
of  a  function,  giving  0  (0)  when  «sO»  0(1)  when  x  =  1,  and  so  on  for 
ever^'  positive  integer.  Let  us  waive  the  difficulty  of  interpolation 
(nagc  r)43),  and  say  Ave  have  reason  to  Itnow  that  0.r  would  he  the 
functioii  of  J  for  every  iK>6iuve  and  fractional  value  of  :  there  still 
remains  an  impossibility  of  deciding  as  to  whether  (px  is  the  function 
required  when  x  is  negative,  if  the  case  he  one  in  which  discontinuity 
may  occur.   Fnm  among  a  number  of  sunilBr  cases  we  may  ebooae 


where  yjrj  is  any  function  we  may  name.  This  gives  P=0*  for  every 
positive  value  of  j:,  and  Prr^j — 2fx  for  every  negative  value. 

Now,  suppob-e  wc  consider  the  operation  E~'aj,  meaning  that  on 
which,  if  the  operation  E  be  performed,  results;  or  EE~'0jr=^x. 
One  satisfactory  answer  is  E^'^s^C'—  1) :  but  unless  the  question 
be  one  in  which  it  is  either  proved,  or  justifiably  assumed,  that  there  is 
no  discontinuity,  there  cannot  beperfect  mi  i  a  nee  tliat  E~^^Jrs^(<jr— I) 
is  always  allowable.  The  data  generally  involve  the  assumption,  that 
there  \»  no  discontinuity  from  and  after  a  certain  point:  thus,  in  con- 
sider iuL^  the  scries  0  (a)  +0  (a  +  1 )  +  . . . we  mean  to  lay  it  down  that 
from  uiid  afier  j:=:at  <pJ^  is  the  sole  object  of  consideration ;  but  when 
we  pais  to  preceding  terms  in  the  course  of  operations  upon  this  series, 
it  by  no  means  always  follows  that  the  general  term  0<  applies  coo* 
tinuously  for  all  values  of  x  Avhich  are  <£u  The  theorem  tn  pige  &60 
is  frequently  rendered  useless  by  this  doubt. 

This  branch  of  the  ditferencial  calculuf,  whenever  we  leave  the  part  of 
it  which  answers  to  arithmetic  of  integers  in  algebra,  is  one  of  the 
subjects  mentioned  m  the  preface,  in  which  we  are  rapidly  approaching 
the  boundaries  of  lioowledge.  As  an  instrument  of  discovery  it  is 
invaluable,  snd  its  results  may  be  submitted  to  subsequent  verificatioo. 

The  operation  of  differentiation,  represented  by  Dp  enters  is  the 
result  of  diminishing  h  without  limit  in 

 J  ,or^.«r: 

and  thougli  the  symbol  may  be  new,  its  conformity  to  the  ruks  follows 
from  that  of  (E*-l)~A. 

(Page  173.)  Possibly  a  venr  strict  reasoner  might  think  that  the 

equation  0x  :  fx=:<p'x :  ^'j?  when  ^=0  and  fx:sO  is  not  sufficiently 
established  when  ^x :  yx  is  nothing  or  infinite.  Take  the  fraction 
(a<^ + b^ix)  I  (a^         y)i  and  let  ^^xif^xhe^O  when  0«  and  ^x 


Digitized  by  Google 


AFPKNDIX.  m 

yanish.  Now  <^)r:'^x  must  in  tliis  case  be  either  nothing,  finite,  or 
infinite,  and  the  fraction  just  given  is  readily  shown  to  be  6: 6,  m  the 
first  case,  a  finite  quantity  in  the  second,  and  a  :  Oi  in  the  third :  that  is, 
always  finite,  so  that  its  value  must  be  that  of  (a0'jr fr^x) : 

(ai^^jr+Zj,  Y/'x),  which,  0'j:V'^  beint?  nothing,  is  6:  A,.  If,  then, 
ix:^x-T,  we  have  («T+ 6)  :  (a/r-H6,)  =  6 : 6,  when  T  has  the 
form  0:0,  from  wliich  we  ilethice  tor  that  case  o/),T  =  a,  6T,  which,  a, 
a,,  Sec  ,  heiii:^  quantities  ot  o\iv  own  choosing,  is  only  sat'.slied  by  T=0 ; 
that  is,  (px :  \f/r  vanishes  with  •/^'  r:  «^  j.  In  tt  similar  manner,  the 
theorem  may  be  proved  when  (^'s :  f  'x  is  iufiniie.  Also  in  the  last  part 
of  page  174,  0r :  being  T,  we  have  that  T  and  T*  f'x :  <p'x  have  the 
same  limits,  whence  rither  TsO  or  T  and  ^'x:  y^'x  have  the  same  limit, 
the  latter  alternative  being  oidy  named  in  the  text.  But,  tuking 
iai>T+bfx) :  (a,  Y'^  ),  which  must  be  fitiite,  and  to  which  there- 

fore the  latter  part  of  the  alternative  npplics,  wc  find  h:h^  for  the  value 
if  the  limit  of  T  be  noihmg.  (NiiistMpuMitly,  {a*^' x-k-h^'  t)  :  (f^i «/'  '^  +  ^'1  V'  ') 
must  have  tlie  limit  b :  61,  or,  as  before,  4>'x :  f'jc  must  dimuubh  without 
limit.  Hence  there  is,  in  fact,  no  aitemativet  for  when  T  diminishea 
without  limit,  it  appears  that  <f/x :  ^x  does  the  same. 

(Page  190.)  It  would  be  b  tter,  perhaps,  to  avoid  the  use  of  Taylor's 
theorem,  and  to  deduce  the  hnid  lesult  Uoax  {^Ca<:+Ac)— ^(x,c)} 

(Page  193.)  If  y'=x{jc,y)  be  reduced  to  the  form  <M(x,y,y)=0, 
the  conditions 

whence  the  numerator  and  denominator  of      vanish  for  the  singular 

solution,  nnd  y"  takes  the  form  0 : 0.  This  represents  the  indeterminate 
character  of  the  ru  lius  of  curvftture  deduced  from  the  dlff.  equ  ,  which 
mny  )>e,  at  the  })<)int  in  which  one  of  the  primitive  curves  meets  the 
curve  of  the  singular  suiutiun,  that  of  either  curve. 

(Page  30a.)  The  following  is  in  some  respecto  better  than  the 
demonatration  given.  Let  there  be,  say  three  independent  variables,  x, 
y,  f  ,  and  let  the  equation  be 

dx      ay      dz  as      ay      dz  014 

where  0(T,y,;;,u)=r()  is  the  complete  solution;  the  first  equatioQ  it 
tmmedintely  reducible  to  the  second  (page  96>  i«t  the  simuitaniQUi 
equations 

dx     dy     dz     du   .  .  ,  .  , 

d'.  .  .  c/5        dl  ,  dl 

Tx^'^Ty'^y  ^dz'^'^du 
tnie  with  the  simultaneous  diff.  equ.,  and  thence 


c/s         dk  di, 
We  have  then  -r  dx+—  du        ti^+     Ju=0,  which  is  co-existently 
dx       dy  ^    dz  du 
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or  |=a  is  a  particular  eolutioD  of  the  partial  diff.  equ.  And  the  same 
ii  true  of  7} =6,  and  v«.   But  the  equation 17,  ^,v)i=0, 

whateter  Amction/  may  bf,  alto  eatisfies  the  partial  diff.  equ. ;  for  the 
preceding  equationa  give,  when  multiplied  dfi^dft  tfif»  fte.,  wad 
added  together, 

'^KdS,  dx^d,,  djc         dx  ^dv  dij^^'  ' 

whence ij,  Ci  v)  is  the  solution  of  the  equation. 

(Page  206.)  But  four  of  these  twelve  contain  C|  only,  and  are 
identical,  and  the  same  of  c,  and  c,."   This  ii  an  error ;  two  contain  C| 

onlv,  ni)d  are  identical,  and  the  same  of  c,  and  c,:  hence  three  distinct 
diflLrimi  il  equations  of  the  second  order,  lu  the  remaining  six,  twa 
(  uHtuHi  bulh  Ci  and  T„  t^vo  mure  both  c,  and  c,,  two  more  c,  and  Cj. 
But  no  one  of  tliese  sii:  is  a  diiY.  equ.  of  the  second  order  to  the  giveu 
primitive,  because  in  no  one  does  more  than  one  of  the  constants  of  the 
primitive  disappear* 

(Page  213.)  The  difficulty  which  arises  about  the  constants  in  thia 

and  the  next  pac^e  is  entirely  a  consequence  of  the  discontinuous  mode  of 
efiecting  the  sukition,  and  niijht  be  remedied  as  follows,  by  nicrelv 
integrating  tliC  generalized  lui  ni  ot  the  value  of  y',  instead  of  its  particular 
cases  geparatelj'.  For  examjile,  let  y'^ — 3Py''4-Qy' — R=0,  P,  Q,  and 
R  being  functions  of  x.  It  is  well  known  that  the  value  of  y'  takes  the 
form  P+oeV-f  CR*  W,  where  a  is  any  one  of  the  cube  roots  of  unity.  Let 
f  Pdxis  Pi,  &c. .  whence  y = Pi  +  a V 1+  a*  W, + C,  and  the  question  now  is 
jsimplv  to  rationiilize  tin's  equation,  and  to  show  that  the  same  rational 
form  is  produced  whatever  may  be  the  cube  root  of  unity  chcsen. 
Observe,  that  (y  —  C)  and  all  its.  powers  must  be  of  the  form  Pi  +  aV, 
-fa- W„  since  a*.=:a,  a^=^a\  &c. ;  assume  then  -C)'=Q4-li'jt-{-Sce', 
(y — C)*=sX+Ya+Zor*,  and  let  \  and  fi  he  such  functions  of  x  as  are 
found  from  /iV|+XR+Ys=0,  and  fiWi+XS+ZssO;  we  have  then 

(y-C)«+X  (y-C)«+M  (y-C)=:X4-XQ+/*P„ 

which  is  the  complete  integral  of  tlje  equation,  whatever  value  of  a 
may  be  used.  It  is  the  same  as  that  obtained  by  the  method  in  the 
page  cited. 

( I'aue  222.)  By  neglect  I  have  omitted  to  insert  sonic  account  of 
Fouriur  s  theorem  on  the  roots  of  equations,  in  conjunction  with  that  of 
Sturm.  Tiie  former  is  more  connected  with  the  Difi'erential  Calculus 
than  the  latter. 

,  Since  (0j;)*  must  be  a  minimum  when  4>x^0, must  chanfp 
sign  from  —  to  +  when  passes  through  0  by  increase  of  jc;  or  if 
fozzOf  then  0  (a*<to)  and  0'  {a^da)  must  have  diftrent  signs,  and 
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0  (a  +  da)  and  0'  (a-\'da)  the  same  sign.  If  ^to  be  a  rational  and 
integral  function  of  x,  as  a»jf + . . .  and  if  9'  r,  'i^'^',  0"j,  &c. 
be  taken,  and  if  ihe  succession  of  signs  of  these  functions  be  called  the 

criterion,  it  follows  from  inspection  thnt  when  .7=  —  OC  tha  criterion 
shows  nothinu;  but  changes  of  sign,  uiul  nothing  but  pcTmanenre^  ^\  hi  ii 
x=r  +  OC  .    Consequently,  in  the  passage  Irom  x—  —  cc  to       +  a;,  the 
criterion  loses  n  clianges  of  sign :  and,  as  there  are  n  roots,  real  or 
imaginary,  we  may  attach  to  each  root  one  of  these  changes  of  sign,  so 
as  to  say  that  every  change  has  a  root,  real  or  imaginary,  belonging  to 
it.    Now  if  we  examine  cases  in  which  diff  co.  of  <}>x  vanish,  with  or 
without  0.r,  we  find  that  a  change  of  sign  is  lost  for  every  re  \1  ro.it,  and 
that  except  at  a  ruot,  change.i  of  sign  are  always  lost  in  cini  iutmbt'i\s. 
And  since  there  are  only  n  changes  of  sign  to  be  lost,  every  pair  which 
is  lost  by  the  vanishing  of  ditf.  co.  unaccompanied  by  that  of  ^j^takea 
away  the  possibility  of  a  pair  of  real  roots,  or  proves  the  existence  of  a 
pair  of  imaginary  ones.  Moreover,  since  signs  can  only  be  lost  in  even 
numbers^  except  when  0a?  vanishes,  the  loss  of  an  odd  num  icr  of  «iLn^«i 
in  passing  from  x=a  the  less,  to  x  =  6  the  greater,  shows  that  tluTC 
must  be  one  real  root  between  a  and  6,  at  least.   There  may  be  as  many 
real  roots  in  that  interval  as  there  are  changes  of  tign  lost;  but  if  no 
chancre  be  lost,  there  cannot  be  any  real  root  in  the  interval.  The 
following  arc  instances  of  the  manner  in  which  the  changes  of  sign  are 
lost,  it  being  reniLmbcred  that  every  function  which  vanishes  is  to 
differ  in  sien  from  its  diff.  co.  before  Tanishing,  and  to  agree  with  it 
afUrwards  :* 


0  ^'  One  real 
jrsa-A  If  ±  root:  one 
dpsa       0  ±  change 
«r=a+A  ±  ±  lost. 


0  0'0"  Two  equal 
±?  ±  real  "roots: 

0  0+  two  changes 

±±  ±  lo?t. 


0  0'     0'"  Three  equal 

:|:  ±  X  ±    real  roots : 
0  0  0  ±  three  rhangei 
-H  +  +  +  lost. 


0" 


0'  0" 

jrsa-A    ±  +  ± 

«a        ±  0  ± 

»«+/^    ±  ±  ± 


Two  unagiuary 
roots:  two 
changes 
lost. 


(/)'  0  " 
+  ? 

+  0 


± 


+  ±  ± 


No  roots  : 
no  changes 
lost.  . 


<^"0'"0''  0'^'"  Four  imagmary 


x^a  —  h  ±  +  ±  +  i 
(ts^a  t  0  0  0  ± 
«=:a+A  ±  ±  ±  ±  ± 


roots:  four 
changes 
lost. 


0"0''>-0'0''  Twoima- 
+  +  ±  +  ±  ginary  roots : 
:p  0  0  0  ±  two  changes 
+  ±  ±  ±  ±  loat. 


(Page  253.)  Stirling  {Meth.  Diff.,  p.  8,  Introdnction)  is  the  first  I 
can  find  who  used  thc"^ diflerf  nces  of  notliing,  thougli  not  under  that 
name  or  definition.  He  uses  the  divided  form,  and  obtains^them  as  the 
coefiicienu  of  the  development  of  {(n—l)(n  — 2)..  giving  a 

theorem  which  we  should  now  express  by 


1.2.3. • I 'h 


(»— l)(i»-2). . .  .(»-*) 


-f  — 7i7i  1  ITS- +  ••••> 


4M' 


n 


*  For  a  more  fun  aTomit  of  Ibis  theorem,  which  in  here  given  merely  to  show 
how  the  (litlerentiul  t.ilculus  has  been  applied  in  the  tMbjsct  of  equstiims,  SJB  ths 
aitieU  Sturm  s  Thro, em  in  the  Penny  Cyclopedia ;  Yonu^j  or  IIymar%  0&  GqiW* 
taoos ;  Of  l*«acock*a  Bcpott  on  Analysis  to  tlie  Bcitivh  AsMciatiou. 
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which  T  Iwe  to  the  stnclent  to  prove.  S  irlincj  U8C8  the  table  of 
the  roefficiwits  o(  f.r  — 2).  .  .,  and  I  leave  the  follo%%iD«  a'so  to 
the  ^tl>(ll'nt  If  A....  be  tiie  &uni  of  the  products  of  everj  &eleaioQ  of  m 
numbcn  out  of  1, 2,  J,.  •  • . then 

from  which  a  titUe  of  cotfl&ciciits  for  (x  — IXj— 2)...     — n)  mnj  be 

(Page  305.)  Biirmann**  theorem  it  nothiog  hat  Lagran^^t,  m 
AiUowiw   If  xsea+y/r,  LMgrtnge's  iheorem  it 

Yrx=(lP^x)+(y*/x).jf+(^{^'*(rry}^  ^ 

+(~{f'-(/rn)2f3  +  &c.; 

where  the  eztenial  parentheseii  denote  that  x=:a  after  the  difierentui- 
tions.  Tbia  it  expanding  fx  in  powera  of  (j(-a):/r.    l4et  y  «r 

(x— a)  :/f=^r,  whence  0r  and  i — a  vanish  loae:her;  suhatitote  ^ 
for  jf,  and  (jr->a):0ir  for/r,  and  we  ha?e  Burmann^a  development. 

(Pase  313.)  Theaymbol /^,<tr,or  D-'y^ i^^ownd from  1+A=si^, 
and  we  have 


/'  1 4-  A  A  A"  \ 


since  1 :  log  (1 +A)  is  not  altered  by  changing  its  sign,  &ud  wriiing 
— A:(l+A)  for  A.  Take  the  value  at  the  upper  limit,  from  the 
aecond  cx^res^ion,  and  that  at  the  lower  limit  from  the  &8t»  and  the 
ezpreasion  in  the  page  cited  la  readily  obtained. 

(Page  330.)  The  student  mutt  obaerve  that  the  instance  taken, 

he -\- ce bj\  tlioiigh  it  serves  well  enoiiph  to  show  {he  nicthod,  could 
never  occur  in  any  e:Lample»  siuce  it  is  uot  itsdi  the  derivative  of  any- 
thing. 

The  mode  of  forming  the  derivatives  given  in  the  page  cited,  though 
advantageous  for  the  beginner,  aa  aaving  him  from  error  by  presenting 
most  of  the  terms  several  times,  formed  in  several  different  ways, 
admits  of  simpUficatiou.  The  process  need  only  be  performed  on  the 
last  letter  which  enters,  except  where  (lie  last  but  one  is  that  which 
comes  immedi;»t<'1v  bet'cic  the  last  in  the  series  A,  r,  t\  &c.,  in  uhirb 
cate  operate  ulso  upon  the  Inst  but  one.  This  will  j^rcvcnt  Uic  third 
rule  in  page  330  from  ever  being  wunled.  Thus,  in  forming  6*  from 
D»6*, 


46"  k    gives  only    46^  k 
givea  only  l26»cA 
126' e/  givea  l26««g+6^/« 


126c«/ gives  only  I26c»§- 
126c««  givea  246cc/+4'/(^ 
4c»e  givea  4cy+6cV 
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In  the  following  tables  the  method  of  Arbogaat  is  applied  to  ihe 
forms  which  more  Jrequeutiy  occur.  Let 

Then  A,=  D"-' 6 .0'a-hD"'-*6'.<^"a4- . . . . +m    .c^j^-^-'^a+b^  (f>^*^a, 

where  D"  b"  (which  does  not  menn  the  same  thing  at  in  the  text)  is  to 
be  taken  from  the  fuUowiDg  table ; 


Dft=c 


D*6  =:66g + 1 5^/+  1  (^^\        D*6^=  156*/+  606ce  +  15<f 

D*6*=  2 1 6*^  + 1 0  bbcf+  nOhe*  +I0bd'e 
DVj*  -  356y+  2 1  Ob*ce  +  I056c» 

D?//  DV  =  86/f  +  28cA-f-56^ir+35/" 

D*6*=  286    + 1 686ri^  +  2806^/ +  2 1  Oc'/ +  280ct'* 
D*6*=566'»-  +  4206V/+  2806V +8406c*e+  lOSc* 
D«6»=:  10674-  5  606'cc' + 4206*c» 


D"6  =rm,  D'6*::=96/4-36c;i4-84£»A4-12nr(7 

D'6*=366«A  4-  2526cA4-  5046e^4-  31  a6r'  4-  37  Sc^  +  12G0cf'/4-  280c» 

I>»6*:=846Vt4-  7566*c^+  12606V/-f  18y06r*/4-25206ce"+  I260c^e 

I>*65=  1 206*.^  4- 1 2606V+  8406V  4-  378U6Ve  +  9454c* 

D='6'= 12665/4-  12606*ce+ 12606V 


D»6  =n,  D«6»=106/n4-45c/4-l20f^4-210/A4- 126-' 

jyb*=4bbH + 3606c*+  8406d?A+  + 630c*A4-  2b20ceff  4- 1 5 7  5e/ » 

4-2100^'/ 

m*==1206*A+12606'cA+2520i>Vg+ 151567^4- 3l80ftcV+12r)006c>/ 

4-  28006e^4-  3 1 50cV4-  6300c'e» 

D*6*=:2104*A  +  25206'ci  +  42006V  +  94506«cy  +  126006Vc* 

^  +126006c»e+945cf 

D*6«=:2526*jf  4-31506%/+  2  loo/' V4-  12G006V€4-47256V 
D*6?=21 06«/4-  25206»ceH-3i  5U6  V 
D'6'=1206'e+6306«c*,  D6»=454»c, 
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Thus  we  have  ^^a+6jr+c        ^3"*"  *  *  * 

+(/*'a+(46e+3c»)^'a+66*c0'"a+6*0''a)--^+&c. 

up  to  the  tenth  power  of  r.  The  Btudent  may  apply  this  to  the  verifica- 
(i(in  of  the  scries  m  pages  262,  264,  and  315.  The  numerical 
cuciiicieots  above  given  have  been  carefully  yerified  on 

iog^i+j+-^  "^a^ + 

and  in  the  literal  pari  the  terms  all  agree  with  those  of  page  330. 

(Page  410.)  The  follawing  iheorom  will  be  very  useful  iu  this  part  of 
the  subject : 

;  =(a9-6;;)«-f  (^rr-cg)'+(cp— or)*. 

(Page  559 )  Dr.  Hutton's  method  is  not  quite  to  convenient  as  the 
following.  Find  Acrp,  A'ci©,  &c.  in  the  usual  way,  and  let  A"flr,  be  the 
last  which  is  employed.  Take  half  A'^^  from  A*~'(7p,  half  the  result 
from  A"~Vo,  Imlf  the  result  from  A"~^rt^,  and  so  on,  until  half  a  resnlt 
has  been  taken  frum  ao ;  then  halve  this  last  result,  which  gives  the 
approximate  value  of  -  a,  + . . . .  Thit  Icada  to  tbe  same  moH  aa 
Dr.  Hutton's  mode,  and  savea  the  aummationa  required  at  the  begin- 
ning of  the  latter,  and  most  of  the  divisions  by  2. 

(Page  621  )  To  avoid  confusion,  I  have  omitted  all  notice  of  another 
mode  of  development,  which  may  be  obtained  as  follows.  Add  the  two 
series  in  page  621,  wliich  gives 

lB,+B|Ooay+*** +A,siny+»..*  ss^  0(«)/ 

Let  B  ,= /;  ^  («+/)  cos      dv,  A',= /i^  (v+0  sin  ^ rfi; ;  then 

# 

4I3;+B',  cos  y  + . . . .  +  A'l  sin  —  + . .  • ,  =0  — '  (*)  0 

Write  X—/  for  « in  the  last,  and  we  have      '  , 

iB't— B'lOoa A'lSin  y+*<*««0  0(<)< 

s/fp  /(x)2/ 

Add  the  first  and  third  a3ries,  and  we  have 
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(o,«,ao- 


2  -T 

4(Ba+B'.)+(B|-B'i)cos  y +(B.+B^.)c(» + . .  • 

+ (A,  -  A',)  «ny +(A.+ A'O  MO  X""^'*' 

It  is  (0,9, 30  iiotO(x)/(r)  2/,  as  might  at  first  be  supposed, 
because  wbexi  drssO,  or  I,  or  22,  both  the  doubie  series  give  end 
their  sum  gives 

And  B»+BV=/i  {^+^  cos.-j-  dvszji     cos  -j- 

B..,.-B'.,..=/i  {f r-^  (1^+0}  co»  rfi, 

(2n+l)^rv  .          ,  (2n+l)ir(i^H-0^^ 
r=  J'^  fv  cos   j-^ —  dr+ J  ;  ^  (c+0  co*  j  

(2/»  +  l)Tt). 

= ji^^coi- — j — do, 

AlN      A.±A'.=/J -7-  *  n  odd  j 

by  similar  reasomng.  Hence  our  final  conclusion  is 
rs:  J/J  f»  ci»+cos  j  j^^o  cos  y  di; + cos  -  j-  J  J  f »  cos      d» 4- . . . 

+sin^/-^0iin:^d.+«n?^J70t»sin2pdy+... 

Hence  we  have  two  distinct  ways  of  expanding  Ifx  in  a  series  of  both 
smes  and  cosines:  namely 

/  ^  nw         7nTx\  n       .  nxv  .    .  7?tx\ 

i/i d»+2r(/ COS -y ciD.coa  —  j+ 1» t  / i sin-j- dp.sm -y  j 

but  the  first  is  only  true  from  x  =  0  to  and  vanishes  from  j  =  /  to 
J=2^  bnoming  when  r  — fi,  or  /,  or  21:  while  the  second  is  true 
from  0^=0  to  x=2/,  both  inclusive. 
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EUKATA. 

In  the  follnwing  column?,  the  first  denotes  the  page,  the  second  the 
line;  thus  (iO  meaiis  the  tenth  line  (wm  the  top,  aiul  10)  the  tenth 
line  from  the  l)ottoni  of  the  pa^^e,  not  reckon ini;  notes,  if  any.  The 
thud  culunm  contams  the  erratum,  and  the  fourth  the  coirection.  The 
numerical  tables  in  pages  253,  554,  587,  590,  657,  and  662  have  been 
carefully  coin})ared  with  the  authorities. 


13 

2) 

•0001            1  *001. 
The  asserdoD  as  to  Peyrard  refera  to  bis  amaller  (or 

18 

Note 

octavo)  tran^lition  o 

f  Euclid :  the  author  was  not 

then  aware  of  the  existeuoe  of  the  larger  one. 

20 

11) 

Omit  the  word  lhai* 

21 

7) 

same 

same  time. 

tA. 

■were 

wc  are. 

(22 

(8,  10 

two  hundredth,  200,  8 

hundredth,  100,  4. 

25 

(27 

absolutely 

absolute. 

28 

(17 

in  a  second 

in  the  fraction  A  of  a  second. 

35 

D,  6) 

 1_ 

2  3 

40 

(1 

VP'} 

46 

13) 

dm 

55 

(18 

uX 

58 

no 

• 

Pill 

•  • 

1) 

J(r^       1  \  •  .  r ' 

a/  /   M  -1-  « 

61 

(7 

u 

63 

(17 

du    ^      du  . 

64 

6) 

«=5 

(8 



+'-^=- 

(17 

0-1) 

67 

(13,  14 

15) 

itC  and  ^ 

and 

do.  do. 

do.  do. 

9) 

do.  do. 

do.  do. 

5) 

between  0C  and 0c 

0'x  between  0'C  and 

16) 

A  and  B. 

P  and  Q. 

69 

(13 

0'^a=OV^''0sO 

0"a=O,  v^'asO. 

71 

(22 

3) 

(«— a)« 

(jr-fl)* 

2.3.4 

2.3.4  • 

78 

(1» 

10) 

2^...»'  2.S...W'  2.3...71 

2.3...n*  2  3  ..n+r2.3...n+l* 

I  8) 

fi(n-l)jf-*. 
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m 


11 

m 
m 
in 

In  Tab. 

of 

Diff. 

m 

3} 

il 

(6 
Q3,  lA 
6) 
2) 

C21 

n 

O 

Q8 

m 

(20 

CO 
Q 

06 
3^ 
5} 
09 

Q3 

02 
2) 
(4 

01 


•501 
^"r  (C 
2-'7n28 
A'//, 


Strike  out  =  between  the 
Am +  17 

y 
a 

(At)' 

du  . 
—  Ar 

of  values 
objectional 
greatest 
being  the 
a-\-fHii  or  a+A 
x"  +  l 


•508. 

<^"jr=(C. 
2*'71828. 
A'm 
A*«, 
A»w, 


2 

columns. 


M,4:nu,+i/i. 


.-I 


+  1 


—  1  -oooi 

diff.  CO. 

cos"  d  sin""*  e 
d.sind 

r^sin^ 
a 

'J—c  — X  in  deuom. 
that 


0.. 

Ati  4-  Ar. 
u. 

J+1. 
a,  6^  c,  &c. 

n~2 

3  • 


dy  djt' 
(Ar.)«. 
u. 

of  values  of. 
objectionable, 
greatest  and  least, 
being  a  the. 
fl  +  (n — 1)  w  or  a+A — w. 

— i  +  -oboi. 

differential. 

cos*©sin"-*dete. 
d.BinO 


l-sia'O* 
--^ 

V— c+x. 
than. 

V  a 


These  results  are  subject  to  any  error  which  may 
arise  from  integrating  a  function  which  becomes 
infinite  between  the  limits  of  integration. 


780 

117 

121 

125 
127 

129 

130 
132 
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2) 

(4 

9,10) 

1) 
(10 

(14 

9) 

(25 

(12 
(6 

(n 

0.2 

10,  11) 
(7 


(18 

23) 
(8 
(8 

(20 
(3 


(7 
(24 
13; 

(4 

(10 
8) 

15) 

U-16) 
(3 


I 


3) 
1) 
(7 
(2 

16) 

7) 
(11 


0-e 
(«-v-»)« 

log(-l) 
4th  and 

but 

1;  * 

A  u.2m 


V. 


(*-*v-')-, 

no;-*. 

or. 
1  :  f  is. 

A'^.2«. 


it/*  and  ifcTeiB"'^ 


ReiDore  the  negatiye  eign  from  the  lecond  expret* 
sion  to  the  first. 

2/1;/ and  2;tvei»"* 
Omit  the  words  in  pa- 
rentheses. 
1 

3 

is  aVdr — atjO 

k 

t-M,  and 
^  seconds 
what  is  the  length  de- 
scribed between  the 
end  of  10  and  20 
seconds 

matter 
pro])urtion 
could  not  be  <px 
to  a 


2 

3' 

VSax  is  \^2ar— VScC 

the  density. 
<— A/,  and. 

feet. 

what  is  the  number  of  eecouds 
in  which  the  point  mores 
from  10  to  20  feeu 

manner, 
proposition, 
could  not  be  ^'x. 
to  A. 

and  —  ■ 

2^^ 
Chapter  IX. 
x(j-,4/). 

du* 


2V2i      ^  \/ 2n\ 
Chapter  III. 
^(j.t/). 

d*u 

The  letters  A,*  A,,  At,  &c.  ha?e  been  inadvertently 

used  for  ditiferent  things  in  these  two  pages; 
in  the  first  they  stand  for  (J^)»  C«i^%  &e.»  and  in  the 


second  for  (u'),  (u"),&c. 


to  y  only 

BKItMOVIlLt's 

fractions 
•xoe 

a 

becomes  0 


or  to  y  only. 
BbenouujV 
eiponeats. 
0  X  so. 

0. 

becomes  1. 
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781 


179 

180 
181 

184 
185 
188 

198 
201 

204 

205 

206 
209 

210 

212 


213 
214 

219 
221 
222 
223 

225 


226 

229 
232 

233 

234 
&c. 

237 
239 
241 

244 


1 


19) 


(5,6 

(5 
(2 

(H 
(8 

(2 
19) 

C9 
(1—25 

(5 

(9 

(12 

10) 
2) 
(6 

(14,  n 

(21 
21) 
16) 

(4 

(I 
(4 
(29 
(15 
(20 
(22 
4) 
(8 
11) 
Cut 


2.3...„_,         I  2.8.. •,»-!. 

On  an  error  of  reasouiiig  contained  m  thew  p<|;^ 
lookiiNrwanl  to  page  327. 


Note 
4) 
1) 

12) 
11) 
9) 


2rs:— 0=— 1 
«(*,y) 

c,  c 

incluf^cs 
annexed  to  y 
where 

au 
du 

dx 

See  Appendix. 

dx 

W,  —r^  and  -r-^ 

(Jv  dx 

primitive  dilf.  equ. 
series 

V, 

a  b-^e 

din 

as  if  its 

p.  157 
3.2»  4.2.3 

n 


2e:=x,  Oasl, 

a(jr,y). 

seems  to  irsclude. 
annexed  to  J  ^dx* 
when. 

'  du 
du 

dp 

-d^y- 

W,  -r-  and 

given  dili.  equ. 
series  of 

V, 
a — 6+c. 

as  uf  iu. 
A*a«. 
p.  70, 
2.3,  2.3.4. 
it 

m. 


A  and  B  should  be  at  the  extremities  of  the  continued 

curve  line. 

For  the  completion  of  this  test  of  convergency,  sec 
page  32G. 


0L 
4a«x« 

-f  rsin^ 


tan"'  tan 


i-i') 


^  d-\-fm* 


tan 


4a««. 
— riin^. 

2'*'2' 
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m 

244 

8—2) 

n2 

(20 

/A  1 

(21 

12) 

Amy 

251 

(I 

252 

10) 

253 

(5 

(1 

259 

1) 

A 

260 

11) 

4) 

264 

L  2.  3^)1 

265 

266 

(10 

210 

1) 

272 

(6 

SIS 

\.«' 

5) 

4) 

278 

(11 

279 

(2  and  9 

293 

(1 

— 

(6 

301 

(10 

302 

IS'i 

306 

(2 

307 

(9 

309 

(12 

310 

14) 

2) 

1) 

312 

(15 

313 

(T 

(17 

O  1  c 
OLD 

(13 

(17 

(19 

319 

8) 

BBRATA. 


Omit  this  paragrupli  altogether,  as  it  it  rendered 
Incurablv  false  by  the  preceding  niatake. 


reason 


f 
-  ein 
Bin* 


the 

•^k  and  +  k 


p]  and  [A-2,  p] 
APx,  ftc. 

ftflftiMm  nothing  dnd  union  iiu€r<  when  xtso. 


the  same  reapon  at. 

—2  sin. 
ain^. 
then. 
A<«0*"^. 

t*-l,/c-l+pl  and  [*— 2, 
*-2+p]. 


(  -1) 

omil  (when  fsO). 

125  1 

864  «-l 

af— 1,  jr— 2,  &c. 

r' — a 

1 


( 

i. 
2/8* 


(^-2)«, 
125  1 

96  x-r 
1)-\Cj:-i)-!&c. 

v°  —  a. 
(Aa  +  B)  (ij. 

The  atudent  iheuld 


2^8—1 

ascertttin  for  himself  that  this  error  is  of  no  con- 
aequence,  and  that  its  reiults  in  (5  aad  (10  are 
true. 


ezpTessioni. 
positive 

a  and  b 


Uniita. 

negative, 
c  and  6. 


liter  thus  ^  |  a(l+f)-"  (Vl+«+l)*.} 


COS  a.O*— a* 
u 

A*AO*  and  fffy 

r 

(-i)-v, 

(69.) 
for 

jT,  x=0  Ac. 
2nth. 


cosa  (0*— a*). 
A*A^«  and  ^'jr. 

(-1)-V,4.r 

(67). 
for  jr. 
I,  xsO,  &c. 

nth. 
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322 

1) 

329 

(W 

331 

6) 

336 

(19 

337 

16) 

341 

(15 

3) 

352 

(9 

(21 

363 

(16,  20 

(23 

(27 

369 

O 

370 

(19,20 

371 

11) 

373 

10*) 

377 

5) 

378 

(19 

ooo 

(13 

402 

13) 

404 

(15 

409 

(11 

410 

11) 

417 

(14,  16 

418 

3) 

419 

(1 

4) 

423 

(10 

441 

4) 

447 

1) 

13) 

448 

2) 

(13 

449 

(3 

450 

0 

453 

(15 

(n 

ri8 

12) 

455 

6) 

437 

(12 

ERRATA* 

A — jB  b 
Ai+2A»r+... 

4cy+43e 

411—2  ■ 

m 

ecience  of 

oy 

a  is  >  or  <6 
part  of  fourrigbt 
angles 


788 


log  A. 

A  =  B  i«'g  B- 


involute 

y 

convex  or  coDcayet  u  y 
is  positive  or  nsgstive 
convex 

(y-a)  «• 
third  ewe 

of  X 

tj — j]a 

nonnal  plane 


(A,+  2A,r  +  ...)  divided  by 
(<*i+2a,*+...). 
4c»/+4Ae». 
«i— 1. 

science  to. 

2F 

m  is»  4-  or  — . 

angle  v(\  m)  or  t  : 
(m — 1),  whichever  is 
positive. 

evolute. 
ahvays  convaz. 
concave. 

first  case. 

of  fx, 

z  —  ^a, 

osculating  plane. 


The  indeterminate  sign  ofi^U  here  used. 

cs*. 

as  <,  except. 


(flc-60* 

as  r,  except 
(A)  and  (M) 

fx 

2y5jp 
of  dp,  toy 

diff.  CO. 
Transpose  the  last  two  signs. 

•  . .  •  IZT)  it 
•  •  •  •  it}  -f- 

fw  nor  n 
U  +  AU 


(L)  and  (M). 

y=4>r. 

of    to  jr. 

Ap. 

sign  of  differentiation. 


±....jf,  + 

.  •  •  •  -4*  J 

nor  q. 
V  +  AV. 

The  fifteen  equations  are  exclusive  of  the  three 
just  given. 


*  It  mutt  bs  remsmbend  that 
than  the  fixed  ciida,  at«  alio 
distribution. 


fc  all  hypocyeloidi  ia  which  the  iwrdving  1$  la^r 
•(icycloidit  aad  eooat  ss  such  la  ths  prsesduig 
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784 

460 

(1 

461 

2) 

Id; 

Aim 

9) 

469 

(14 

471 

(2 

473 

14) 

474 

3) 

477 

19) 

479 

(2 

487 

(11 

(23 

488 

(12 

495 

(12 

499 

(10 

515 

(18—20 

ERRATA. 


12) 

8) 
2,3) 


XI) 

.  1) 

(29 
21,  22) 

(2 

12) 
(17 

(20 
1.2) 


opp.  *64 
3) 


15 


7) 

1) 
,16 

(16 


4- 


/,  &c. 


upper  or  lower 
(Z),=XZ 

p. 

(6) 


2Z 


lower  or  upper. 

(Z)«sXZ. 

21V^^ 


5). 

9|i  tsr„,  tsr* 


The  mode  of  comparing  the  coordinates  must  be 
transposed,  either  in  these  lines  or  those  which 
foUow :  these  lines  are  to  be  coneeted  thus.— *Let 
*=ai+a'i|4-a%  y-fii+  &c.  &c.  Calculate 
l^n-nd^,  or  (ar4-/3v  +  7  0  (a'rfr+/8'rfy+yrfr> 
-(ax+/5'y+y'z)  (ofiU+iSrfy+yfls). 
dT 


C  cos  (f>  +  E) 


No  part  of  the  independent  portion  daes  vumsli,  and 
the  result  should  be  4(aAAB- aASB)  +  2  (^.C^E 
— >CAE). 

VW+3fl+*!)'.  Ac- 
2  -  —  +  1  


2 


*>  3 


•  n  .  2«3« « tfi 


,  a-) 

I        727  102 

-»+^(^l+A.^J 

•43429345 
A'(l+J) 
A'(l+x),2*-» 
A 


jr(i-«)*. 
II. 

2 

""in* 
UO. 

it. 

2  •  3  • « ti      2  •  3  •  •  •  fi 


(jr+l)"+»  ■^(«+2)"*')* 

G-X^-K-) 


727  012 


•4312945. 

A%  2(1+T) 
A'. 


-t 
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785 


602 

604 

607  '' 
617 

621 
640 

652 

658 
660 


C62j 

663j 

671 
679 
680 


681 


(2 

8) 

(3 
(6 

(1,2 

(3 

11) 

8) 
9) 

(6 

Tab  LB 

opp. -45 
Table 

opp.  12 
(19 
(10 
(13 

(20 
9) 


I 


695 

(18 

697  i 

5) 

534 

12) 

571 

(5 

573 

(8,  &c. 

640 

20) 

conception 
X 

(0.  X  »).0  (x)  V 
/(r+C3cA) 

r  f/r 

IM*-!  I 

Omit  this  line  altogether. 
I  -3114326 

I  7-0005447 

V 

in  +  ?i  +  1 

X 

log  J- 

y=Y/,&c. 


exception. 
X,. 

(0,  T,  0, 0  ( j)  /. 
/(«  +yo- 

(1-0" 
#-+'Ha+eA). 


'3114362. 

7-0005477. 
fv. 

a«  -+-+ — I 
%  9     '  . 

log(a+6j"). 


ADDITIONAL  ERRATA. 
1 

+ 


if" 


+A  m'J 


*  The  result,  however,  may  be  just  as  eaiiily  ubtaiDed  from  tbe  iotegial  ia  17}  at 
ffom  iti  trunformation. 
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